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1. Introduction

I. SafareviC [2] proves that for a pro-finite p-growp G, the deficiency of G (in
the topological sense) equals the negative of d(m(G)). This means that if G is a
finite/>-group, where d(m(G)) = n, then there exists a group ^Twith deficiency —n,
such that G is the maximal p factor of K.

In this paper we extend this result to finite nilpotent groups by proving

THEOREM. Let G be a finite nilpotent group, where d{m(G)) = n, then there
exists a group K with deficiency —n, such that G is the maximal nilpotent factor
group of K.

We also prove the corresponding theorem relating to finite soluble groups.

2. Notations and definitions

DEFINITION 2.1. If a finite group G is generated by n elements and defined by
m relations between them, then G has a presentation

G= {x1,---,xH\R1,---,Hm} = FIR

where F is the free group on x±, • • •, xn and R is the smallest normal subgroup o f f
containing Rt, • • •, Rm. Clearly m }z n and the value « — m is said to be the defi-
ciency of the given presentation. The deficiency of G, denoted def(G), is the
maximum of the deficiencies of all the finite presentations of G.

DEFINITION 2.2. The ring of integers will be denoted by Z, and the integral
group ring, ZG, comprises all finite formal sums,

X z ( g i i Z i e Z . g i e G,

with addition and multiplication induced in the natural way. We state without
proof the following
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LEMMA 2.3. Let G be a finite group and u e ZG, so that u = £] z,#,- e G. If
£z, = 0

DEFINITION 2.4. G-module will always mean left ZG-module and if M is a
(J-module then dG(M) denotes the minimal number of generators of M as a
ZG-module.

The minimal number of generators of a group G will be denoted by d{G).

DEFINITION 2.5. Given a presentation for G, G = F//?, then i?/i?' may be
considered a G-module with the action of G given by conjugation, and the value
dG(R/R') — n is said to be the sufficiency of the presentation. The sufficiency of G,
denoted suf(G), is the minimum of the sufficiencies of all the finite presentations
of G.

DEFINITION 2.6. The multiplicator of G, denoted m{G), is the second coho-
mology group of G with coefficients in T where T is the additive group of rationals
modulo Z.

3. The Lyndon resolution

Let G be a finite group, then we construct a sequence of matrices with
elements in ZG as follows.

the
a column matrix, where yt,. . ., yai is a set of elements generating G.

Given AT"1, let Mr be any matrix whose rows wl5 • • •, uXr + l generate
G-module formed by all vectors v such that

vMr~l =0.

Since G is finite we may choose ar finite for all r and the ar + 1 x ar matrix Mp

is said to be the rlh incidence matrix for G.
If K is any left G-module, let Kr be the set of all column vectors

Since AP-fiT lies in ATr+1 we obtain a sequence of mappings due to R. Lyndon
[1] called the Lyndon resolution

A < • < A « A — A.! <- • <- A.! « - A.o

where, sines M'M''1 = 0, Image AT"1 c Kernel Af. The rth cohomology group
of G with coefficients in K may be defined as

Hr(G, K) = Kernel M'/Image M'" 1 , r > 0.
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LEMMA 3.1. (Lyndon [1]) Let G be a finite group.
If {xt , • • •, xn\R1, • • •, Rm) is a presentation for G, we may take the first

incidence matrix, Ml, to be the matrix

M 1 = (y(dRJdxj}),

where y is the homomorphism ofZF onto ZG induced by the natural homomorphism
of F onto G and dRj/dxj denotes the Fox derivative of Rt with respect to Xj.

Let T : ZG -* Z be the homomorphism induced by -t(g) = 1, for all g e G,
then we have

LEMMA 3.2. Let G be a finite group, then we may choose a presentation for G
such that

M1 = (y{dRtldxj}), xCM1) =

where Mn is a non singular nxn integral matrix, and

where Dm_n is a non-singular diagonal (m — n)x (m — n) integral matrix:

Z i , - • - , z m _ B ) .

PROOF. Clearly we can carry out elementary row operations on M1 and M2.
Thus M1 may be put in the required form. With Ml in this form then the first n
columns of z(M2) are zero, so that column operations are then induced on the
non-zero columns of x(M2) by carrying out row operations on the zero rows of
T ( M ' ) .

COROLLARY 3.3. With M2 in the form of the lemma we have

H\G, T) = m(G) s Zx x Z2 x • • Zm_n

where Zt is the cyclic group of order z;.

4. The main theorem

THEOREM 4.1. Let G be a finite nilpotent group, where d(m(G)) = n, then there
exists a group K with deficiency — n such that G is the maximal nilpotent factor
group of K.

PROOF. Choose a presentation for G as in lemma 3.2 with T ( M 1 ) and T ( M 2 )

in the desired form. Then we have

G = F/R = {Xl, • • - , x r \ R l t - • , R r , S x , - - - , S t , T x , - - ' , Tn}

where zy = z2 = • • • = z, = 1, zt + i ^ 1 for / = 1, • • •, n.
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Let K = F/JV = {xlt • • •, xr\Rt, • • - , * , , 7 \ , • • •, Tn}.
Clearly T̂ has deficiency —n, otherwise this would carry back to G and

contradict the fact that d(m(G)) = n.
We may also assume t > 0, otherwise the theorem holds trivially.
We have in F modulo R', by lemma 3.2,

with T(M7) = x{tj) = T(WJ) = 0, which gives modulo R'N,

S; s £ uj S7-, with T(tf,) = 0.

Let M be the normal closure in F of the S,-; then T ( ^ ) = 0 implies
VjSje[M,F], whence Si = Slr modulo N, where S- 6 [M, F] and reJ? ' .
However, R' c [Af, M] <= [M, F] modulo Â  yielding M c: [M, F] modulo N or

MNjN c [MN/N,F/N].

Let AfTV/iV = Mo c K and we have

or M o c ^(A"), for all A; where rk(K) is the A:th term in the lower central series
of A:.

Since KjM0 s G we have

(i) G is a nilpotent factor group of K,
(ii) if L is a nilpotent factor group of K, of class k, then L i s a factor group

of K/rk(K).

However KjFk{K) is a factor group of G since M0 <= Fk(K) and the theorem is
proved.

Next we prove the corresponding theorem for soluble groups.

THEOREM 4.2. Let G be a finite soluble group with sufficiency n, then there
exists a group K with deficiency — n such that G is the maximal soluble factor group
ofK.

PROOF. Choose a presentation G, in which the sufficiency is realised,

G = FIR = {X1,-- ',XT\Rlt ••-,Rm,T1,---,Tt}

where {Rt ,•••, Rm} is a minimal generating set for R modulo R', T( e R' for
i = 1, • • -,t, and m—r = n.

Let K = FIN = {*1,---,jcr|*1, •••,!?,, ,}.
Clearly ^Thas deficiency — n, otherwise this would carry back to G and con-

tradict the fact that the sufficiency was realized in the above presentation for G.
If M is the normal closure in F of the Tt, then modulo N we have
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R <= [M, M], whence M <= [M, M], whence MN/N c [MN/N, MN/N].

Let MN/N = Mo <= K and we have

Mo c [M o , Afo] or Mo c Kw for all k

where K(k) is the kth term in the derived series of K.
Since K/Mo = G we have

(i) G is a soluble factor group of K,

(ii) if Z- is a soluble factor group of K, of class k, then Z, is a factor group of
K/K(k\

However K/Km is a factor group of G since Af0 c ^( l [ ) and the theorem is proved.
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