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THE TOPOLOGICAL DEGREE OF A-PROPER MAPPING
IN THE MENGER PN-SPACE (II)

ZHU CHUANXI AND HUANG XIAOQIN

In the paper "The topological degree of A-proper mapping in the Menger PN-space
(I)", the new concept of A-proper topological degree has been given. Now, utilising the
new concept, we give the corresponding definitions of convex A-proper, P,-compact
and P7-compact in Menger PN-space. As an application of these new concepts, we
prove the existence of solution for some equations.

1. INTRODUCTION

In this paper, utilising A-proper properties, we discuss the existence of solution for
some equations. For the sake of convenience, we recall some definitions and properties of
PN-space.

DEFINITION 1: (Chang [1].) A probabilistic normed space (shortly a PN-space) is
an ordered pair {E,F), where E is a real linear space, F is a mapping of E into D (D is
the set of all distribution functions. We shall denote the distribution function F(x) by
Fx, Fx{t) denotes the value Fx for t € R.) satisfying the following conditions:

(PN-1) Fx(0) = 0;

(PN-2) Fx(t) = H(t) for all t € R if and only if x = 0, where H(t)=0 when t sj 0,
and H(t)=l when t > 0;

(PN-3) For all a ^ 0, Fax{t) = Fx(t/\a\);

(PN-4) For any x,y € E and h,t2 € R, if Fx(ti) = 1 and Fy(t2) = 1, then we have
Fx+y{ti + t2) = 1.

LEMMA 1 . (Chang [1].) Let (E, F, A) be a Menger PN-space with a continuous
t-norm A, then xn C E is said to be convergent to x 6 E if for any t > 0, we have
lim FXn.x(t) = H(t).

LEMMA 2 . Tie geueraiised topological degree Deg(/, fi,p) ias t ie following prop-
erties:

(i) Deg(J, fl,p) = l,Vp € fi, where I is an identity operator;
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(ii) If Deg(/, Q,p) ± {0}, then the equation f(x) = p has a solution in U;

(iii) IfL : [0,1] xQ -> E is continuous and for any fixed t € [0,1], L(t,.) : Q, -> E

is aa A-proper mapping satisfying

lira inf FL(ti l )_Mt0,l)(e) = H(e), Ve > 0.
t t iGfl

Let p ^ ht{d$l), 0 ^ t < 1, where /i«(x) = L(t, i ) , then we have

Deg(/it,«, p) = Deg(/i0) Sl,p), V O ^ t ^ l ;

(iv) If fi0 is an open subset of fi and p £ /(O\fio)> then we have

(v) If Q(i) and f2(2) are two disjoint open subsets ofQ, and

then
Deg(/ ,n,p) C Deg(/,n(i),p) +Deg( / ,n ( a ) ,p ) .

If either Deg(/,n(i),p) or Deg(/, n(2),p) is single-valued, then

Deg(/,n,p) = Deg(/,n(1),p) + Deg(/ In( 2 ) ,p);

(vi) Jf p ^ /(3fi), then Deg(/,Q,p) = Deg(/ - p ,n , fl);

(vii) Ifp varies on every connected component of E\ /(9fi), then Deg(/, fl, p)
is a constant.

2. MAIN RESULTS

LEMMA 3 . Let (E, F, A) be a projected complete Menger PN-space, A is a con-
tinuous t-norm, and f : Q, —t E is an A-proper mapping. Then Xf is also an A-proper
mapping ( X ^ 0).

PROOF: For any sequence {xnk} € Qnk, we have

Urn FQnkXf{Xnk)_Qnkiy)(t) = H(t) V t > 0.

Because y € E, E is a linear space and A ^ 0, then we have y/X € E. Hence the above

is equal to
Um FQnkfiXnkyQntiy/x)(t/X) = H(t) = H(t/X)

Because / is an A-proper mapping, then by the definition, there exists a convergent
subsequence {xnk.} of {xnit} such that xnk. -> x e Q, f(x) = y/X. So Xf(x) = y.
Therefore Xf is an A-proper mapping. 0
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LEMMA 4 . Let (E, F, A) be a projected complete Menger PN-space, A be a contin-
uous t-norm, f : fl —> E be an A-proper mapping, C : 0 —¥ E be a continuous compact
mapping, and (f + C)(x) = f(x) + C(x). Then f + C is an A-proper mapping.

PROOF: If for any sequence {xnk} € flnk, we have

Because C is a continuous compact mapping and xnk € finjt C fi, then there exists a
subsequence( shortly, we assume that it is {xnic} itself) such that C(xnic) -* y0 G E.
Because Qnk is continuous and linear, then we have QnkC(xnt) -* Qnk{yo)- Because

FQ«k f(Xnk )-Qnk {v-yo) (*) = FQnk /(»„» )+Qnk

taking limit between the two sides, we have

j ) ) '

Hm FQnkf(Xnk).Qnkiy.yo)(t) = Hi*-) = H(t).

By the A-proper properties of / , there must exist a convergent subsequence {znfc.} of
{xnk} such that xnk. -»• x € Cl and f{x)=y-yo. By the continuity of C, we have
C(xnk.) -> C(x). Therefore C(x) — y0 and f(x) +C(x) — y. Hence f +C is an A-proper
mapping. D

LEMMA 5 . I is an A-proper mapping.

PROOF: If for any sequence {xnk} € Unk, we have Km>FQnki(xnk)-Qnkh) (0 = #(<),

then lim (Qnik(2;nt) — Qnk(y)) = 0. Because Qnx -+ x, (n ->• 00), then we have l im(in / t

- y) = 0 that is, lim x n t = y, hence there exists a subsequence {xnk.} of {xnk} such that
k—^oo •

xnk. —>• y- Because I(y) = y, then / is an A-proper mapping. D

LEMMA 6 . A and B are two nonempty number sets. If for any x e A and y € B,
we have x < y, then SupA ^ inf B. In particular, when A = {a} t i e conclusion still
holds.

P R O O F : It is obvious. D

THEOREM 1 . Let (E, F, A) be a projected complete Menger PN-space, A be a
continuous t-norm, f : £1 —t E be an A-proper mapping, C : fi —> E be a continuous
compact mapping and (f - C){x) = f{x) - C(x), p <£ f(dQ,), p $ C{dn). For anye>0,
\£R,xedQ, Ff{x)+XC{x)(e) > Fp(e). Then Deg(/,fi ,p) = Deg(C,Q,p).

P R O O F : Let L(t,x) = tf(x) + (1 - t)C(x). Because / and C are continuous, then
L(t, x) is also continuous. Because / is an A-proper mapping, by Lemma 3, tf is an A-
proper mapping. Because C is continuous and compact, then (1 - t)C is still continuous
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and compact. By Lemma 4, tf(x) + (1 — t)C(x) is an A-proper mapping. Because / is
an A-proper mapping and C is continuous and compact, then / — C is continuous and
bounded. Hence when t -¥ tQ, we have t(f(x) - C{x)) -¥ tQ(f(x) - C(x)). Hence

lira Ft{f{x)-C(x))-to{nx)-c(x)){e) = H(e), Ve > 0, Vz 6 ft.
t—*to

Then for any A > 0, we have Ft(/(x)-c(x))-to(f(x)-c(x))(e) > 1 — A (* -»• t0). By Lemma 6,
we have inf_.Ft(/(x)-c(r))-<o(/(x)-c(x))(£) ^ 1 — A. By the arbitrariness of A, we have

-C(x))(e) = 1 (t —>• to).
xen

Therefore

lim inf Ft(/(x)_c(x))-to(/(z)-c(x))(e) = H(e).

Next, we prove p ^ /le(dft). Using reduction to absurdity, we assume there exist
Xo 6 dft and to € [0,1] such that hto(x0) =p. Because p $ /(dft), then t0 7̂  1. Because
p g C(dft), then t0 / 0. Hence t0 6 (0,1). By p = t o / ( i o ) + (1 - *o)C(io), we have
p/ t 0 = /(x0) + (1 - *o)/(*o)C(a;o). Taking A = (1 - to)/(*o), we have

F/(XO)+AC(XO)(£) = •F/(*o)+(i-to)/(*o)C(xo)(e) = •F(p/t0)(e) = Fp(et0) < Fp{e).

It contradicts known conditions. Hence we have p ^ /it(3fi). By the Lemma 2 (iii), we
have Deg(Ai,nip) = Deg(/io,n,p). Hence Deg(/,n,p) = Deg(C,n,p). D

DEFINITION 2: Let (E, F, A) be a projected complete Menger PN-space. A is a
continuous t-norm. fi is the bounded open set of E:

(i) If for any A ^ 0, / + XI: fi -4 i? is A-proper, then / is called P.-compact
mapping;

(ii) For given 7 > 0, if for any A ^ 7, / — XI : SI -> E is A-proper, then / is
called P7-compact mapping.

DEFINITION 3: Let (E, F, A) be a projected complete Menger PN-space. A is a
continuous t-norm. fi is a bounded open neighbourhood of E, which is symmetric about
0 eVl. f : U -» E is said to be a convex A-proper mapping, if for L : [0,1] x f7 -^ E, we
have L(t,:r) = ht(x) = (1/1 + t)/(x) - (t/1 + «)/(-*) is A-proper.

THEOREM 2. Let (E, F, A) be a projected complete Menger PN-space. A is a
continuous t-norm. n is a bounded open set of E, f : £1 -+ E is a P,-compact mapping,
6 € ft, we assume tiat Fx_/(x)(e) > FI(£),V£ > 0,Vi e 90, then there must exist an
j ' e f i such tiat }{x') = 6.

PROOF: Letht{x) = L{t,x) = (l-t)f(x)+tx, then L : [0, l]xft -4 discontinuous.
When t ^ 1, we have ht = (1 - t ) / + 1 / = (1 - f)(/ + (t/1 - t)I). Because (t/1 - t) > 0,
by the P.-compact property of / , ht : Q -4 E is A-proper. Because /ii = / is A-proper,
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then for any t 6 [0,1], ht is A-proper. Because / is a P.-compact mapping, then f(x) is
bounded. Because Q is a bounded closed set, I(x) is bounded. Hence f(x)—x is bounded.
Thus for any t, t0 € [0,1], x 6 fi, when t -> t0, we have t(f{x) - x) -¥ to(f(x) - x). Thus
lim Ft(/(:c)_x)_t0(/(I)_I)(e) = H(e). By Lemma 6, we have

lim inf F t ( / ( l )_x )_ f o ( / ( l )_ l ) (e) = H(e).
t-*to xen

In the following, we prove 9 £ ht(dtt) (t 6 [0,1]). Assuming there exist an x0 e dfi
and a t0 € [0,1] such that /^(xo) = 6 that is, (1 — to)f(xo) + toxo — 6. Because 9 € fi,
then t0 / 1. Thus

f(x0) = (to/to - l ) i 0 , Fxo-f(xo)(e) = FIO_(to/to_1)lo(e) = F(1/1_to)xo(£r) = FIO((1 - to)e)-

Because tQ e [0,1), then (1 — tQ)s ^ e. By the properties of distribution function, we
have Fxo((l — to)e) ^ FI0(e). It contradicts known conditions. Thus 6 $. ht(dfl). By the
Lemma 2 (iii), we have

Deg(/, n, B) = Deg(ft0, fi, 8) = Deg(/i1) O, fl) = Deg(7, fi, 0) = {1}.

Therefore, there exists an x* e fi such that f(x*) = 0. D

THEOREM 3 . Let (E, F, A) be a projected complete Menger PN-space. A is a
continuous t-norm. Q is a bounded open neighbourhood of E, which is symmetric about
6 € fi. If f :Sl -t E is an A-proper mapping and

f(-x) = -/(i), /(*) #e, vx e an,

then there exists an x0 € fi such that /(x0) = 0.

PROOF: Because /(—x) = —f(x), then f(—x) + f(x) = 0. Because Qnit is con-
tinuous and linear, then Qnk(f(—x) + /(x)) = 0 and Qnkf(—x) = - Q n t / ( x ) . Hence
Qn4/ is an odd mapping. By the properties of topological degree in finite dimensional
space, deg(Qnt/,£lnic,9) is an odd integer (see Chang [2]). By the definition Deg(/,fi,0)
= {7 € Z* I there exists a subsequence {n^Jof {n} such that degR(Qntf,nnit,6) —¥ 7},
then there exists an x0 € fi such that /(x0) = 9. D
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