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1. Introduction. Let A be an n X n complex matrix and ¢ ={c, ..., ¢,) €C". Define

the c-numerical range of A to be the set WC(A)={Z cixiAx}":{xl,...,xn} is an
ji=1

orthonormal set in C"}, where * denotes the conjugate transpose. Westwick [8] proved

that if ¢y, ..., ¢, are collinear, then W_(A) is convex. (Poon [6] gave another proof.) But
in general for n=3, W_(A) may fail to be convex even for normal A (for example, see
Marcus [4] or Lemma 3 in this note) though it is star-shaped (Tsing [7]). In the following,
we shall assume that A is normal. Let W(A)={diag UAU*: U is unitary}. Horn [3]
proved that if the eigenvalues of A are collinear, then W(A) is convex. Au-Yeung and
Sing [2] showed that the converse is also true. Marcus [4] further conjectured (and proved
for n=3) that if W_(A) is convex for all ceC", then the eigenvalues of A are collinear.
Let A=(A,,...,A,)eC". We denote by A the vector (A,, ..., A,) and by [A] the diagonal
matrix with A, ..., A, lying on its diagonal. Since, for any unitary matrix U, W,(A)=
W_(UAU™), the Marcus conjecture reduces to: if W,([A]) is convex for all ceC", then
Ay, ..., A, are collinear. For the case n =3, Au-Yeung and Poon [1] gave a complete

characterization on the convexity of the set W_([A]) in terms of the relative position of the
3

points ~Zl CiA. ), Where o € S;, the permutation group of order 3. As an example they
i=

showed that if A,, A,, A; are not collinear, then Wi([A]) is not convex (Lemma 3 in this
note gives another proof). We shall show that for the case n =4, Wi([A]) is not convex if
AL, Ay, As, A, are not collinear. Thus for n =3, 4 the Marcus conjecture is answered and
improved.

2. The convexity of c-numerical range. A real nonnegative n X n matrix S = (s;;) is
said to be doubly-stochastic if every row and column sum of S is 1 and orthostochastic
(0.s.) if there exists a unitary matrix U = (u;) such that s; =|u,|% i,j=1,...,n

The following two lemmas are obvious.

Lemma 1. W, ([A])={AScT:S is 0.s.}, where T denotes the transpose.

LemMa 2. Let w=aA+8(1,1,...,1), where o, BcC and a#0. Then, for any ceC",
W_([A]) is convex if and only if W_([n]) is convex.

We shall denote Wi([A]} by W(A). Let P, be the set of all nXn permutation
matrices and P(A)={APA*:Pe®,}. Then, by Lemma 1 and Birkhoff’s Theorem (for
example, see Mirsky [5]), we have P(A) = W(A) = convex hull of P(A). Let m(A)=AIN¥,
where I is the identity matrix. Then m(A) is positive if A# 0 and is of largest magnitude
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among points in P(A). It is obvious that both (A) and W(A) are symmetric about the
real axis. Suppose Ay,..., A, are not collinear. Consider the lines joining a point in
PM)\{m(A)} and m(A); we see that there are two such lines L (in fact one is the
reflection of the other about the real axis) such that all points in 2(A) lie on or on one side
of L. For n =4, we shall show that if m € 2(A)\{m(A)} is a point on L which is nearest to
m(A), then there are points in the open line segment {m, m(\)) which are not in W(A).
Before we prove our result, we need the following lemma.

Lemma 3. If A=(1,0,0,0,...,0)eC", where « is not real, then W(A) is not convex
for n=3.

Proof. Obviously, we have m(A) =1+ aa and the non-real points in #(A) are « and
a. Let V(&) ={Pe P, :APA* = &}, where £eC. If (p;) € V(a), then p,;=p,;;=0and p;; =1
and if (p;)e V(1+aa), then p,;=p,,=1. Suppose that 0<t<1 and z=
(1-ta+t(l+aa)e W(A). Then, by Lemma 1, there exists an o.s. matrix § such that
z =ASA*. By Birkhoff’s theorem, S is a convex combination of permutation matrices.
Since z is on the open line segment (a, 1 + a&@) and all other points in (A) lie on one side
of the line joining a and 1+ a&, we have

S=(1—t)( Y tpP>+t( D tpP),

peV(a) PeV(1l+aa)

where Y tb= Y tp=1and =0 for all Pe V(a)U V(1 +aa).

PeVia) PeV(l+aa)
Considering the first two columns of S, we see that S cannot be o.s. Hence W(A) is
not convex.

THEOREM 4. Let A = (Aq, Aa, As, Ay)€C If Ay, Aa, Az, A4 are not collinear, then W(X)
IS not convex.

Proof. There are at most 24 points in P(A) and since there are 10 symmetric
permutation matrices in 2,, there are at most 7 points in ?(A} lying on the upper (lower)
half-plane. By Lemma 2 and Lemma 3, we may assume A,, A5, A3, A4 are distinct. Then I
is the only permutation matrix corresponding to m(A). Using Lemma 2 and the fact that
W(A)= W(X), we may assume A = (ry, r,, r;®, —r,e®®) or A = (ry, —ry, 13", —r,e™®), where
rnz0, =0, >0, r,>0 and 0< 8 =a/2 according as the convex hull of {A,, A5, A5, A4}
has 3 or 4 vertices.

Case 1. A =(ry, ry, 1€, —rse®®)

In this case, for definiteness, we assume r,>r,. Then the 7 possible points in P())
and on the upper half-plane are:

m;= APIA* = r§+rlr2_(r1r4+r2r4)cos 0+i(r1r4_r2r4)sin 0,
my = Ale\* = r%—r3r4+(r1r3~rlr4)COS 0+i(r1r3+r1r4)sin 0,
My = AP A® =ri4riry+(rir3+ rars)cos 8+ i(rr;— rors)sin 6,

Ma= AP A% = 12— r3r,+ (ryr3— ryr,)c0s 8 + i(rars + ryrs)sin 6,
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ms=APsA® = (r;+r)(rs—ry)cos 8 +i{r; — ry)(r3+ ry)sin 6,
me=APA™ = rir,—ryry+ (rirs— ryry)cos 8+ i(ryrs+ rory)sin 6,
m;= AP A™ = rir,—ryrg+ (ryr3— rir)cos 8 + i(ryrs+ riry)sin 6.

The permutations corresponding to the permutation matrices Py, P,, ..., P; are (142),
(143), (123), (243), (1423), (1243), (1432) respectively. Let me{m, :k=1,...,7} be the
point on L which is nearest to m(A). Suppose that 0<t=3 and z=(1-t)m(A)+tme
W(A); then using similar argument as in the proof of Lemma 3, there exists an 0.s. matrix
S such that z =ASA* and

S=0,P+t,P+. . . +t;P;+ 1]

ty+tg 13+t 0 ty s+t

t+t; L+t t3+1s L+t
Ltta+tstitg L4ty f+ts 0

0 tytts bttt ttgtity t3+tg

8
where =1—-1=13<1, Y =1and 420 (j=1,...,8). Since t3=3=1,, from the first and
j=1

the third columns of S, we have t,=t;=ts=t; =0 and then from the first and the second
columns of S, we have t, =t; =0. Now columns 3 and 4 give t,=0. This is a contradiction.

Case 2. A =(r,, —rp, 1;€", ~r,e*)

In this case we cannot use the method as in case 1. We first have to eliminate two
points in P(A) and on the upper (closed) half-plane that cannot lie on L. Replace r, by
—r,in m (k=1,...,7) in case 1 and still denote them by m,. Since we are considering
points in the upper half-plane, we take m, instead of m,. If ryr;—r,r, <0, we take mg and
if riry—r,r;<0, we take m,. By comparing the slopes of the lines joining m(A) and ms,
m(A) and m, (or my) (I=6,7), and by direct calculation, we see that mg, g, m; and m,
cannot lie on L. So the possible points in (A) and on the upper half-plane that lie on L
are m,, m,, ms, m, and ms. Let me{m,, m,, ms, m,, ms} be the point on L which is
nearest to m{A). Suppose 0<t<1 and z=(1-t)m(A)+tme W(A). Then, as in case 1,
there is an o.s. matrix S such that z =ASA* and

S=t1P1+t2P2+t3P3+t4PI+t5P5+t6I

ta+ts ts 0 L+ttt
_ t L+t ty+ty+ts 0
t+ b3+t 0 t+1ts t '
0 ti+ta+ts t ty+ tg

6
where 0<1-t1=1t,<1, ¥ =1 and =0 (j=1,...,6). From the first and the third
columns of S, we have [=!

(ta+ 13+ 1)t + o) = ti(t3+ Ly ts). (1)
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Since >0, we have t,=1t,. From the second and the fourth columns of S, we have
(tiFHtya+ts)(t3+ 1) = ta(1, + 1+ t5).

Since ts>0, we have t,=1t,. Hence t, =t,. From (1) t, = t;=t,=ts=0. Now column 1 and
2 give t; =0. This is a contradiction.
Hence in both cases W(A) is not convex.

ADDED IN PrOOF. Very recently Au-Yeung and Tsing by using less constructive
method have proved that for arbitrary n if the coordinates of A are not collinear, then
there is a very small portion of the line L which is not in W(A) and consequently have
proved Theorem 4 for general n. This will be published in due course.
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