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Abstract

In this paper, we prove the existence of nontrivial solutions to the following Schrodinger equation with
critical Sobolev exponent:

—Au+ V(xu = KOul* 2u+ f(x,u), xeRN,

ue H'(RV)

under assumptions that (i) V(xo) < 0 for some xy € RY and (ii) there exists b > 0 such that the set
V,, ;= {x € RV : V(x) < b} has finite measure, in addition to some common assumptions on K and f,
where N > 3,2* =2N/(N - 2).
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1. Introduction
Consider the subcritical semilinear Schrédinger equation
—Au+ V(Xu = a()lulPu, ueH'R"Y), (1.1)

where N >3, 2 < p <2* =2N/(N - 2) (the critical Sobolev exponent), V € C(RV),
V(x) is bounded from below and a € C(RY,R*) N L*(RY). To the authors’ best
knowledge, except for the three cases of (i) a(x) is periodic or (ii) a(x) is asymptotically
constant: a(x) > limyy—e a(x) > 0 or (iii) a(x) is vanishing: limjy_. a(x) = 0, results
on existence of solutions to (1.1) in other cases all require the following coercivity
condition on V (see, for example, [1-3, 12, 13, 15, 17-20, 22]):

(V1) there exists dy > 0 such that
lim meas{x e RY : |[x—y| < dp, V(x) <M}=0, VYM>0

[y]—=+c0
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or the stronger condition
(V1’) for any M > 0, meas{x € RV : V(x) < M} < co.

This is mainly due to the lack of compactness of the Sobolev embedding.

When it comes to the critical case, things become even more involving [5-9, 11]
and complicated. For example, it is easy to see that if V > 0 and V # 0, the mountain
pass value corresponding to the semilinear Schrodinger equation

—Au+Vxu =KW 2u, ueH'®RY) (1.2)
is not a critical value, where:

(K) K e C(RY), 0 < K(x) < K(xg) := Ko and K(x) — K(xg) = o(Jx — x0[*) for some
X € RM.

Furthermore, it follows from the Pohozaev identity that (1.2) with K(x) = 1 has no
nontrivial solution if V(x) + VV(x) - x > 0 for all x € RN. This shows that (V1) or
(V1’), or even the stronger condition limyy— V(x) = oo, is not sufficient to guarantee
that (1.2) has a nontrivial solution.

Benci and Cerami [4] first studied (1.2) and proved the existence of one nontrivial
solution if V > 0 and ||V||n/2 is sufficiently small. Here and in the sequel, by || - |,
we denote the usual norm in the space L*(RY). As far as the authors know, this
is the only existence result available for general V in the critical exponent case.
In the case that ||V]|y,2 is not sufficiently small, it seems natural to assume that
{x e RV : V(x) < 0} # 0. When (K) holds and V(x) = g(x) — A with im0 g(x) = 00,
Chabrowski and Yang [8] proved that (1.2) has a nontrivial solution provided that
N=5,qg(xp)=0and A <A< Ay fork=1,2,...,where 0 < Ay <Ay < A3 <--- is
the sequence of all eigenvalues of —A + g(x). Obviously, these conditions imply that
V(xp) <0 and 1il’1’l|x|_>Oo V(x) = co.

We point out that the coercivity condition limjy—« g(x) = o0 is very crucial to show
that the energy functional associated with (1.2) satisfies the local (PS) condition in
Chabrowski and Yang [8]. In addition, under the above coercivity condition, the
spectrum of the operator —A + ¢ is discrete, which is the sequence of eigenvalues
0 <41 <43 <3 <---. A sequence of eigenfunctions corresponding to the eigenvalues
{4} is complete in L*(RY). This fact is also very important in the arguments in [8].

In this paper, we shall show that (1.2) has a nontrivial solution if V satisfies the
following weaker assumptions:

(V0) V e C(RY), V(x0) < 0 and V(x) is bounded from below;
(V2) there exists b > 0 such that the set V}, := {x € RV : V(x) < b} has finite measure.

In addition, if V satisfies (V1), regardless of whether V(xy) < O or not, we shall
demonstrate that the following semilinear Schrodinger equation with critical Sobolev
exponent

{—Au +Vu = K@Oul* u+ f(x,u), xeRY, (1.3)

ue H'(RY)
also has a nontrivial solution.
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To state our results precisely, we first make the following assumptions:

(VO) Ve CRYN) and V(x) is bounded from below;

(V3) —Au+ V(x)u = 0 has only one solution u = 0 in H'(R");

(F1) feCRN xR,R), F(x,1) := fot f(x,s)ds > 0 and there exist constants p €
(2,2%) and ¢y > 0 such that

If(x, ] < coKx)(1 +e1P7Y),  V(x,1) e RN xR;

(F2)  f(x,t) = o(|t]), as || — 0, uniformly in x € RV;
(F3) F(x,1):=3tf(x,1) = F(x,1) > 0, forall (x,r) e RN X R;
(F4) there exists a € C(RY,R*) with limy— 0 a(x) = 0 such that

0 <tf(x,0) <ax)(t + 1), VY(x,0) e RN xR;

(F5) there exist ag, ro > 0 and « € (2,2%) such that F(x, ) > aplt|*, for all (x, 1) €
B, (xp) X R.

We are now in a position to state the main results of this paper.

THeEOREM 1.1. Assume that N > 5 and that V,K and f satisfy (V0), (V2), (K) and
(F1)—(F4). Then problem (1.3) has a nontrivial solution.

THEOREM 1.2. Assume that N = 4 and that V, K and f satisfy (V0), (V2), (V3), (K) and
(F1)—(F4). Then problem (1.3) has a nontrivial solution.

THeEOREM 1.3. Assume that N > 5 and that V,K and f satisfy (V0), (V1), (K) and
(F1)—(F3). Then problem (1.3) has a nontrivial solution.

THEOREM 1.4. Assume that N > 4 and that V,K and f satisfy (VO'), (V1), (K) and
(FI1)—(F3) and (F5). Then problem (1.3) has a nontrivial solution.

The remainder of this paper is organized as follows. In Section 2, we establish some
useful lemmas. In Section 3, we give an estimate for critical levels. In the last section,
we give the proofs of Theorems 1.1-1.4.

2. Preliminaries

In this section, we present some useful lemmas.
By (V0’), V(x) is bounded from below and so there is an @ > 0 such that

Vix)+ayp>1, VYxeRM. (2.1)

Set

E,= {u e H'(RY): f [Vul® + (V(x) + ap)u*] dx < +OO}’
RN

(u,v), = f [VuVyv + (V(x) + ap)uvldx, Vu,veE,
RN
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and

1/2
[l = {f [(IVul? + (V(x) + ao)u?] dx} , Vu€ekE,.
RN

Obviously, E. is a Hilbert space with the inner product (-, -). given above; moreover,
||”||H1(RN) < ”I/l”* forall u € E..

Lemma 2.1 [2, Lemma 3.1]. Suppose that (VO') and (V1) is satisfied. Then the
embedding from E, into L*(R") is compact for 2 < s < 2*.

Let A := —A + V. Then A is self-adjoint in L>(RY) with domain D(A) € H*(RY).
Let {&(u) : —00 < u < +oo} be the spectral family of A and |A|'/? be the square
root of |A|. Set U = id — E0) — E(0-). Then U commutes with A, |A| and |A|'/?,
and A = U|A| is the polar decomposition of A (see [10, Theorem 4.3.3]). Let
E = D(A'?) and

E =&0-)E, E°=[&0)-&O-)E, E*=[E(+x)-EO)]E.
Then E=E- @ E°@® E*. Forany u € E, let
uw =80-)u, u’=[E0)—-EO0-)u, u =[E(+00)—EO0)]u.

Then
u=u +u'+ut cE oE'@E" =E.

Note that E° = Ker(A); on E, we can define another inner product
(w,v) = (A" u, \A* ) + @), Yu,veE

and the norm
lull = V(,u), VYuek,

where, as usual, (-, -);2 denotes the inner product of L>(R"). Then E is a Hilbert space
with the inner product (-, -) given above. Clearly, C’ (R") is dense in E.

LemmA 2.2. Suppose that V satisfies (VO'). Then
Au = —|Alu~, Aut =|Au*, YuecEN DA
and, for the inner products (-, )2 and (-, ),
ELE’, ELE*, E°LE"
The proof of Lemma 2.2 is standard, so we omit it.
Lemma 2.3. Suppose that V satisfies (VO') and (V2). Then
dim[E(D/2)E] < +oo.

This lemma should be a well-known result, but we could not find its proof. For the
reader’s convenience we give a proof in detail.
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Proor. In fact, if dim[&E(b/2)E] = +o0, then there exists a Ay € o.(A) N (=0, b/2],
where o (A) is the essential spectrum of A. By [10, Theorem IX 1.3] or [16, Theorem
4.5.2], there exists a sequence {u,} C D(A) such that

y = 0in P®Y), s =1, (A = el = 0. 2.2)
For u € D(A) \ {0},

(Au,u);2 = f (|Vu|2 + V(x)uz) dx > —a0||u||§.
RN

It follows that the numerical range ®(A) of A is
OA) = {(Au, u)2 : u € DA), |lullz = 1} € (—ao, +0) (2.3)

and so the spectral set o(A) C (—ayp, +0); see [10, Theorem III 4.4]. Choose a; < —ap;

then a; € p(A) (the resolvent set of A). Let v, = (A — Ap)u, and w,, = (A — @) u,,.

Then, by (2.2) and (2.3),

(Mn, "Vn)L2 - ((ﬂ - a'l)Wm "V}'L)L2
Iwnll2 [Iwnll2

which, together with (2.1), implies that

1= Tlunll 2

> —(ag + a)lwall2,

2 2 2
Il o, = fR (Ol W)

< | UVwul? + (V(x) + ap)w?1dx
RN

= (A + ag)Wn, wpz = (U + (o + @)Wy, wy) 2

2
< Nuallaliwnll + lao + @il lwall;
2
< —. 2.4)
—(ap + ay)

Equation (2.4) shows that {|[w,|[z ®~)} is bounded. Passing to a subsequence if
necessary, it can be assumed that w, — wy in H'(RY). Since u, — 0 in L>(R") and
(A - a;)™! is a bounded linear operator in L>(RY), w, — 0 in L*(R"); consequently,
wo = 0. It follows that w,, — 0 in L, (R"). Hence,

(AW, wde = | (Ywal* + V(x)w?) dx
RN

>b f wadx+ | (V(x)—bwidx
RN Vi

= bllw,ll3 + o(1). (2.5)
There are two possible cases: (1) liminf,— |[wyl|l2 > 0; (2) liminf, . |[wy|l> = 0.
Case 1. From (2.5),

(una Wn)L2 _ ((ﬂ - al)Wm Wn)L2

1= {unll2 2 =
[Wall2 [Wall2

2 (b = ap)|wall2 + o(1). (2.6)
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Since v, = (A — Ay)uy,
(A-a) vy = (A-a) (A= Wy = uy + (@1 = YA~ a1) " uy
=u, + (a1 — A)w,. 2.7
Hence, from (2.2), (2.6) and (2.7),
/lo — Q)
1
b aq * 0( )

-1
1= luplly < (A = a1)” vallz + lar = Aol lwall2 <

b
2 -

< 1
<5 al+0( ),

since (A — «;)~" is a bounded operator in L2(R"); we deduce a contradiction.

Case 2. Passing to a subsequence if necessary, it can be assumed that ||w,|, — 0.
Hence, from (2.2) and (2.7), one can get a contradictory inequality

1= lluglla < A = @) valla + ey = ol Wall2 = o(1).
Cases 1 and 2 show that dim[&E(D/2)E] < +oo. O
Lemma 2.4. Suppose that V satisfies (VO') and (V1). Then, for any M > 0,
dim[EM)E] < +oo.
This lemma is a well-known result; here we give a simple proof.

Proor. If dim[E(M)E] = +oo, then there exists a Ay € 0.(A) N (—oo, M]. By [10,
Theorem IX 1.3] or [16, Theorem 4.5.2], there exists a sequence {u,} C D(A) such
that (2.2) holds. Let v, = (A — Ap)u,,. Then, by (2.1) and (2.2),

oI = f [Vual® + (V(x) + ag)u] dx
]RN
= (A + agup, uy)rz = (Vn + (@o + Aoy, ty) 12
< Nl lvalla + (@0 + )lluall3 = @o + Ao + o(1). (2.8)

Equation (2.8) shows that {||u,|.} is bounded. Passing to a subsequence if necessary,
it can be assumed that u,, — uy in H'(R"). Since u, — 0 in L*(R"), uo = 0. It follows
from Lemma 2.1 that u, — 0 in L>(R"), which is a contradiction. O

Lemma 2.5. Suppose that 'V satisfies (VO') and (V1) or (V2). Then there exists a
constant B > 0 such that
llull < Bllull,  Yu € E. (2.9)

Proor. Since dim[&E(b/2)E] < +o0, there exists a constant 81 > 0 such that
llell2 < Billull,  Yu e EB/2)E. (2.10)
On the other hand,
el = (A 2w, \A )2+ 160113 = (Alu, )2

e b
_ fb i A dEQ Wy > B, Vu € [EC+e0) — EB/DIE. 2.11)

The conclusion of Lemma 2.5 follows by the combination of (2.10) with (2.11). O
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LemmA 2.6. Suppose that V satisfies (VO') and (V1) or (V2). Then
1
———lull < llulls € +/1 + @oB?|ull, Yu€eE=E,. 2.12
mll II'< lluel| o3 lull (2.12)
Proor. Foru € C(‘;"(RN), it follows from (2.1) and (2.9) that

llull? = f [Vul® + (V(x) + @o)u*] dx
RN

= (AU, u)2 + aollull3 = (UAu, |A! 1) 2 + aollull3
< N UNAMull A ully + aollull?
= A" 2ull3 + aollull? < (1 + @oBH)lull* (2.13)

and

Null® = (A 20 A )2+ 16Ol5 < (A, )2 + Nlull3
= (A + ao)Uu,u)2 — ao(Uu, u)2 + |lull3
= (UA + a9) Pu, (A + a0)*u)2 — ao(Uu, u)2 + |lull3
< UA + o) PulloI(A + a0) Pull, + (1 + o)llull3
= (A + @) ?ull3 + (1 + ag)llull3
= (A + ag)u, w)2 + (1 + ao)lull3
= lull} + (1 + a)llull3 < (2 + ao)llull?. (2.14)

Combining (2.13) with (2.14),

1
——lull < lull. < [T+ aoBlull, YueCyRY). 2.15
mll Il < lul| 0B lull o RY) (2.15)
Since C (RM) is dense in E and E,, it follows from (2.15) that (2.12) holds. O

RemARKk 2.7. In view of Lemma 2.6, for any s € [2,2*], there exists a constant y; > 0
such that

lulls < ysllull, YueE, 2<s<2". (2.16)

Letm =dim(E~ & EO). In view of [ 16, Theorem 4.5.4], there exist m eigenfunctions
el e, ...,em € E- @ EY of A such that

m
E E =(PRe;, Aei=des, i=12,....m,
i=1
where —ag < A, £ A1 < --- < 41 <£0. Hence, in view of [14, Theorem C.3.4], we
can check easily the following lemma.

Lemma 2.8. Suppose that V satisfies (VO') and (V2). Then there exists a constant Cy > 0
such that

| Aulleo + lulleo < Collully,  Yu € EO)E = E~ @ E°.
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Set
b(u,v) = f (Vu-Vv+ V(x)uv)dx, VYu,veE. 2.17)
RN

Then it is easy to check the following lemma.

Lemma 2.9. Suppose that V satisfies (VO'). Then b(u,v) is a bilinear functional on E

and
bt ut)y =utl?, b ,u)=—lu I’ bt u +u’)=0, Vuek,
b(u,u) = lu*|* = lu”|”, YueE (2.18)
and
bu*,v)=@",v), bu ,v)=-u,v), Yu,veE. (2.19)

Define a functional ®@ on E as follows:
1 1 .
Du) = = f (Vul® + V(xu*) dx — — f K()lul* dx - f F(x,u)dx.
2 RN 2 RN RN
Under assumptions (V0’), (V1) (or (V2)), (F1) and (F2), @ is of class C'(E,R) and

1 1 .
O(u) = =b(u, u) — —f K> dx —f F(x,u)dx, YueE (2.20)
2 2% Jgw RV
and

(@' (u), vy = blu,v) = f

K(@)uf* uvdx - f fe,uyvdx, Yu,veE. (221)
RN

RN

3. Estimates for critical levels

In this section, we estimate the critical levels of @.
Without loss of generality, we may assume that xo = 0. By virtue of (V0), we can
choose constants ry € (0, ry/2) and b; > 0 such that

V(x) < =by, |x <2r. 3.1
Set D2(RN) = {u e L RY) : Vu € L>(RV)}. Let

. IVull3
S = inf 3 3.2)
ueD'2(RV)\{0} |Iu||2

and
C(N)n(x)eN=212

(&2 + |xP)N-2/2”

where C(N) = [N(N = 2)]V2/4, &> 0and n € CYRY, [0, 1]) with n(x) = Lif |x| < ry
and n(x) = 0 if x| = 2r,.

e(x) 1= (3.3)
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Lemma 3.1 ([7], [21, Lemma 1.46]). The following estimates are true:
W13 = SV + 0™, V8.3 = SV + 0" ),
[B:lli = O, I9:lB7} = 0™,
IVIell; = O(N-272),

2 [mE+0EY)  ifN >4,
||19£||2 = 2 2 . _
e |lngl+0(E”) ifN=4

and
36N WN=25/2 L O(eN=D5/2) if (N = 2)s > N,
9615 = { OV [In &) if(N-2)s=N,
O(S(N—2)5/2) ifN-2<(N-2)s<N,

where p1, py and p3 are positive constants.

Lemma 3.2. Suppose that N > 5 and that V, K and F satisfy (V0), (V2), (K), (F1) and
(F2), respectively. Then there exist gy > 0 and 6y > 0 such that

2 2 SN/2
117 = 117> —— (3.4)
and o
sup{®(w + 5¥,) : w € E” @ E°, 5 > 0} < ~ewan (3.5)
0

Proor. By virtue of (2.17), (2.18), (3.1), (3.3) and Lemma 3.1,
19517 = 19511 = f (VO + V()93 dx > SN* = 0(e"2) = a1 113 (3.6)
RN
and

19217 = 19,17 = f (VI + V()3 dx < SV + 0" 2) = bill9ll5.  (3.7)
RN

Applying Lemma 2.8 and taking note of Remark 2.7,
AWl + [Wlleo < CilWll,  Vw € E~ @ E°,
which, together with (2.17), (2.19), (K) and Lemma 3.1, yields

(95, wHl = (e, W)l =

f Fe(AW ) dx
RN
= 0N 2D)w|l, VweE @ E°, (3.8)

f ) K> ~wldx < Kolwlleolldell3-71
R

= 0N )wll, VYweE ®E° (3.9)

f [VI.Vw™ + V(x)I.w ]dx
RN

< Co| w13 lls
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and
f K@)0:lwl* " dx < Kolwll% ™ 19,
RN
= 0N I)\w|F !, Ywe E-@E°. (3.10)

Since dim(E~ @ E) < oo, there exists a constant ¢; > 0 such that

f KW dx > ci|wl*>, VYwe E- @ E°. (3.11)
RN
Making use of the inequality
s+ 112 > |52 = ols|~" 7] — olsllele™ + 11, Vs,teR, 0>2
and using (K) with xo = 0, (3.3), (3.9), (3.10) and (3.11),
f K(x)lw + s9:* dx
RN

> s f KO19* dx =2 s> ! f KO0 ~Hw| dx
RN RN

—2*s f Kwl* " dx + f KW dx
RN RN

> 5% [KoS™M? = o(?)] = 57 7O ) Il
—sOEN D2 wIF T + e wl*, Vs>0, we E-®E’. (3.12)

Hence, from (2.18), (2.20), (3.7), (3.8), (3.12) and the the fact that F(x,?) > 0,

O(w + s1,)
1 1 .
= E(s2||19;r|| —|lw™ + s, || ) - Ef Kx@)w + sﬁ‘gl2 dx
—f F(x,w+ s9.)dx
RN
1 _ _ Coae
< SLLAIEIP = 19517 = Iw71P] = s, 8,)

1 .
5 | K(x)lw + 59> dx

52 1. _ _
E[S’W2 +O0EN) = byll9l13] - 5w I + sO(e N2 w|
S . _
- ;[KOSW —o(M)] + s*LOEN )| |wl|

* C *
+ 50N wlF ! - z—inwn2
SN/Z

1o - ]
< vz~ ballell 5P + OGPl + 0N )
0
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2 -2)/2 -2)/2 -1 €1 2
+o(e%) + 0EN ) wll + 0N D) |wlF ! - rLl
N/2

< W bolF3 + O™ N2 + o(e?),
0

Vs>0, we E-®EY, (3.13)

where b, > 0 is a constant. Employing Lemma 3.1, due to the fact that N > 5, we can
choose g9 > 0 such that

SN/2
— — 0N — alltll3 >0, 0<e<e (3.14)
and
b
—32||ﬂ£||§ + OV 4 5(e?) <0, 0<e<e. (3.15)

Combining (3.13) with (3.15),

SN/2 b2
D+ 500) <~ = 10
N-2)/2 0
NK;
SN/Z 0
=———7——-0y, Vs20,weE ®FE". (3.16)
(N-2)/2
NK;
Now the conclusion of Lemma 3.3 follows by (3.6), (3.14) and (3.16). O

LemMma 3.3. Suppose that N = 4 and that V, K and F satisfy (V0), (V2), (V3), (K), (F1)
and (F2), respectively. Then there exist gy > 0 and 6y > 0 such that (3.4) and (3.5)
hold.

Proor. (V3) yields E® = {0} and so w™ = w for all w € E~ @ E°. By virtue of (3.13),

D + s8;) < NK<+/22>/2 ~ balltll3 - %uw*u2 + 0EN D) + 0 )
0
+0(e) + 0N wl + 0V wlP ! - C—iIIWIIT
41; = ballI15 - —||w||2 +0@Iwl + 0?) + 0@iwl - 2 il
g2
<IK, — byll9l3 + O(e?), V520, we E” @ E°.
The rest of the proof is the same as that of Lemma 3.2. O

LevmMa 3.4. Suppose that N > 4 and that V, K and F satisfy (VO'), (V1), (K), (F1), (F2)
and (F5), respectively. Then there exist gy > 0 and 6y > 0 such that (3.4) and (3.5) hold.
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Proor. We only prove that (3.5) holds. From (2.17), (2.18) and Lemma 3.1,
9317 = 1917 = fN(IVﬁ’.sI2 + V(0)¥7) dx
R
< SN2+ 0(EN?) + bsll9. 5, (3.17)

where b3 = 1 + maxy<,, |V(x)|. Since dim(E~ & E®) < oo, there exist two constants
¢, > 0 and c¢3 > 0 such that

f K@M dx > clwls,p, . YweE ®E°
By,(0)

and
f Wl dx > cslwll, , , Ywe E ®E°,
B, (0) o

where ||W||oo,B,0 = €8S sup),,, IW(x)|. Since « € (2,2%), analogous to the proof of (3.12),
f K(x)lw + s9,* dx
By, (0)
> 5% f K(xX)[0:* dx — 275> ! f K(x)[0:* " w| dx
By, (0) B,y (0)

—2%s f KO)9:lwP* " dx + f K(x)w* dx
By (0) By (0)
> 57 [KoSV? = 0(e)] = s> 10N )| Wlleo s,
—sOEN WL, +elwilg . V520, we ET@®E® (3.18)

and

f W+ 59 dx > s f |9 < dx — ks f [ w| dx
By,(0) By,(0) By, (0)

—KS f [l lw" dx + f lw|* dx
By (0) By, (0)

> M1l — O™ ) Wlloo5,, + SIWIIG, |
+eslwll s, Ys20, weET @ E”. (3.19)
Hence, from (F5), (2.18), (2.20), (3.8), (3.17), (3.18) and (3.19),
DO(w + s1t,)
< %[sz(llﬁéll2 = 1951 = Iw™IPT = s(w™, 97)
1

-— K)lw + s8> dx - ag f w + s8] dx
2" B,

B,y (0)
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S
g[s’m +0(EN?) + bsl10115] - —||w I + sO(e ™2 w|

— ?[KOSN/Z _ 0(82)] + s2'—10(8(N—2)/2)||W||M,Bro
N-2)/2 2-1 2 2
+ 50N PR, ~ 5= WIS 5, — aos 1911

N-2)/2 -1 -1
+ 0P Wleo,s,, + sIWllG 5, 1= aocsllwils, s,

N/2

1
2 -2 (N=2)/23|1y0~
< W + bal[0ll; - EHW I” + O wl

N-2)/2 2*—1
+ 0wl g, + WIS s, + Wleo.s,)

- —IIWIIOo B, ~ @lldslle = aocslWlle, 5,

N/2
+ 2b4]|0115 + O™ 22)IWlleo,

»Dry

< (N-2)/2
NK

aoc3
—aillelle - = Iwlls,
/2 2 (N=2)/2(xk=1)
—z5 +2balldll; + OE ) — a9l
= VRN ell2 el
NK

Vs>0, we E-®E", (3.20)

where ay, by > 0 are constants. Employing Lemma 3.1, due to the fact that N > 4 and
2 <k <2N/(N - 2), we can choose gy > 0 such that

2byl|B]l5 + O NP2y %uﬁgnz <0, 0<e<s. (3.21)
Combining (3.20) with (3.21),
SN2 _a SN2
O(w + 5,) < —=—=7 || wlle = —x=575 — 0o
N-2)/2 0 (N-2)/2
NK; NK;
Vs>0, we E-®E°. (3.22)
Now the conclusion of Lemma 3.4 follows by (3.22). O

4. Existence of nontrivial solutions

In this section, we give the proofs of Theorems 1.1-1.4.
Applying the link theorem without the (PS) condition, by standard arguments, we
can prove the following lemma.

Lemmva 4.1. Suppose that V, K and F satisfy (VO'), (V1) (or (V2)), (K), (FI)
and (F2), respectively. Then there exist a sequence {u,} C E and a constant c, €
(0, sup{®(w + s9,,) : w € E- ® E°, s > 0}] satisfying

Qun) = ¢ 1D W)L + lunll) — 0.
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Lemma 4.2. Suppose that V, K and F satisfy (VO'), (V1) (or (V2)), (K), (F1), (F2)

and (F3), respectively. Then any sequence {u,} C E satisfying
D) > ¢ 20, (' (Un),uy) =0, (D' (up),11,) =0
is bounded in E.

@.1)

Proor. To prove the boundedness of {u,}, arguing by contradiction, suppose that
[lu,]| = o0. Let v, = u,/||u,ll; then ||v,]| = 1. In view of (K) and (F2), we can choose

r» € (0, 1) such that

. 1
(KO 2t + foe, )l < —5ld, Vil <,
4y;

4.2)

where vy, is given by (2.16). Hence, from (2.16), (4.2) and the Holder inequality,

LK COltnl® 2 + f(x, 1)V dx <

Nl i <, Ayl Sy i<r,

= Ay lunll
From (2.20), (2.21), (4.1) and (F3),

c+o(l) = LN[%K(x)IunIZ* + %f(x, u)u, — F(x, un)] dx

> — K@)lual* dx.
N Ju,zr,

By (F1), (4.4) and the Holder inequality,
LK COlal™ 21 + (x5, un)]vy| dx

”un” |ty =12
Ci
a ”un” ltn|>12
C .
<2l ( [ Ko dx
“un” |ty |21
Combining (4.3) with (4.5) and using (2.20), (2.21) and (4.1),
o 112 = (1P = 1oty 112 + Dut) = (D (), 1)
et
1P = (D () uy) 1

B lltll* llnll Jzn

K Olunl® 2t + fCx, ua) vy dox

K@l [* vy | dox

@ -1)/2*
) =o(1).

1
5 +o(1) =

h ”un” lun|<ra

+

LK QO[> 21, + (6, )1V dx

”unH |ty |21
o )
4

which is a contradiction. Thus, the sequence {u,} is bounded in E.
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Proor oF THeorEM 1.1. Applying Lemmas 3.2, 4.1 and 4.2, we deduce that there
exists a bounded sequence {u,} C E satisfying

D(uy) — c. € (0, SV2NKY M), 10 @)ll(1 + [luall) — O (4.6)

Passing to a subsequence, we have u,, — # in E and so u, — i in Li"OC(RN), 2<s5<2%,
and u,, — @t almost everywhere on RY. Next, we prove that it # 0.

Arguing by contradiction, suppose that # = 0, that is, , — 0 in £ and so u,, — 0 in
L (RN),2 < s<2* and u, — 0 almost everywhere on RV. Hence, by virtue of (V0),
(V2) and (F4),

f (IVu,* + V(x)u?) dx = f \Vu,|* dx + f V(x)u? dx + o(1) (4.7)
RN RN RNV,

and

f f(x, up)u, dx = o(1), f F(x,u,)dx = o(1). 4.8)
RV RN
From (2.20), (2.21), (4.6) and (4.8),

1 . 1 1
— | Kl dx = Blun) = =D (). ) — f [—f(x, )ity — F(x, un>] dx
N Jux 2 L2
— et o(l), 4.9)
which, together with (2.21), (4.6) and (4.8), yields that
f (VuaP + VL) dx = (D (), 1) + f KWl dx
RN RN
+ JOx, uy)u, dx = Ne, + o(1). (4.10)
RN
By virtue of (K), (3.2), (4.7), (4.9) and (4.10),

Nc, = f K)lual* dx + o(1) < Kolluyll3. + o(1)
RN

< KoS VNIV, |3 + o(1)

< KOS—N/<N—2>( f Vita? dx + f Vol dx
RN RN\V,

]N/(N—Z)

N/(N-2)
) +o(1)

— K,S —N/<N—2>[ f (Vi + Voou?) dox +o(1)
RN
= KoS N NVD(Ne YVND 4 (1),

Consequently, ¢, > S¥2/NK}'™ and we deduce a contradiction. Thus, & # 0. By a
standard argument, it is easy to see that i is a nontrivial solution of (1.3). O

Theorem 1.2 can be proved in the same way as Theorem 1.1 by using Lemma 3.3
instead of Lemma 3.2.
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In the proof of Theorem 1.1, if (V2) is replaced by (V1), the measure of the set V,
may be infinite, but Lemma 2.1 implies that f% V(x)uﬁ dx = o(1) is still true and thus
(4.7) still holds. In addition, (4.8) also holds because of (F1), (F2) and Lemma 2.1.
Hence, Theorems 1.3 and 1.4 can be proved in the same way as Theorem 1.1.
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