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Generalizing Hopf’s Boundary Point
Lemma

Leobardo Rosales

Abstract. We give a Hopf boundary point lemma for weak solutions of linear divergence form uni-
formly elliptic equations, withHölder continuous top-order coeõcients and lower-order coeõcients
in a Morrey space.

1 Introduction

We illustrate how the Hopf boundary point lemma can be proved for divergence form
equations, given suõcient regularity of the coeõcients. Here, we show the case when
the top-order coeõcients are Hölder continuous, while the lower-order terms are in
a Morrey space (see Deûnition 2.1).

_e Hopf boundary point lemma states that if u ∈ C(B1(0)) ∩ C2(B1(0)) satisûes
a second-order linear equation

n
∑
i , j=1

a i jD iD ju +
n
∑
i=1
c i(x)D iu + du = 0

over B1(0), for functions a i j = a ji , c i , d ∈ L∞(B1(0)) for i , j ∈ {1, . . . , n} with
{a i j}n

i , j=1 uniformly elliptic over B1(0) with respect to some λ ∈ (0,∞) (see Deû-
nition 2.4), and if u(x) > u(−en) = 0 for all x ∈ B1(0), then

(1.1) lim inf
h↘0

u((h − 1)en)
h

> 0.

See the proof given by Hopf in [10] as well as [8, Lemma 3.4].
It is useful to have the Hopf boundary point lemma for divergence form equations.

We consider u ∈ C(B1(0))∩W 1,2(B1(0)) a weak solution over B1(0) of the equation

(1.2)
n
∑
i , j=1

D i(a i jD ju + b iu) +
n
∑
i=1
c iD iu + du = 0

for functions a i j , c i ∈ L2(B1(0)) and b i , d ∈ L1(B1(0)) for each i , j ∈ {1, . . . , n} (see
Deûnition 2.3). Assuming again that u(x) > u(−en) = 0 for all x ∈ B1(0), the aim is
to show that (1.1) holds.
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_emost recent result is given by [20,_eorem 1.1], which shows that (1.1) holds if

a i j
= a ji

∈ C0,α
(B1(0))

for some α ∈ (0, 1) for i , j ∈ {1, . . . , n}with {a i j}n
i , j=1 uniformly ellipticwith respect to

some λ ∈ (0,∞) (see Deûnition 2.4), and b i = 0 while c i , d ∈ L∞(B1(0)) for each i ∈
{1, . . . , n}. We also refer the reader to [20], which discusses previous generalizations
of theHopf boundary point lemma, and gives examples showing the assumption a i j ∈
C0,α(B1(0)) for each i , j ∈ {1, . . . , n} cannot be relaxed.

Here, we prove in _eorem 4.1 that (1.1) holds under the more general assumption
that the coeõcients in (1.2) satisfy for each i , j ∈ {1, . . . , n},

a i j , b i
∈ C0,α

(B1(0)), c i ∈ Lq
(B1(0)), d ∈ L

q
2 (B1(0)) ∩ L1,α

(B1(0))

for some q > n and α ∈ (0, 1); see Remark 4.2(i). We also assume a i j(−en) = a ji(−en)
for each i , j ∈ {1, . . . , n} with {a i j}n

i , j=1 uniformly elliptic over B1(0) with respect to
some λ ∈ (0,∞). Additionally, we assume {b i}n

i=1 , d are weakly non-positive over
B1(0) (see Deûnition 2.5).

_e space L1,α(B1(0)) denotes a Morrey space (see Deûnition 2.1). Morrey spaces
were introduced in [19] to study the existence and regularity of solutions to elliptic
systems. Consequently, to prove _eorem 4.1 we must use the C1,α estimate of [19,
_eorem 5.5.5′(b)] stated here for convenience as Lemma 3.1.

Since their introduction, Morrey spaces have been studied in and outside the study
of partial diòerential equations. Recent work has been done in the study of elliptic and
parabolic partial diòerential equations involving data in the L1,α Morrey space. We
refer to the seminal work in this direction given by [18], which uses Morrey spaces to
prove regularity results for solutions to non-linear divergence-form elliptic equations
having inhomogeneous term a measure. To see further recent work resulting from
and related to [18] using L1,α Morrey spaces to study elliptic and parabolic equations
in various settings, we refer the reader to [1–7, 11–17].

Our underlying goal is to illustrate how the Hopf boundary point lemma can be
shown in other settings for divergence form equations. To this end, the proof of _e-
orem 4.1 is given in ûve steps that demonstrate the necessary theoretical ingredients.
_e structure of the proof is taken from the proof of [9, Lemma 10.1], which shows
one generalization of the Hopf boundary point lemma to divergence form equations.

We only assume working knowledge of real analysis and ready access to the refer-
ence [8]. Otherwise, the crucial estimate _eorem 5.5.5′(b) is carefully stated in the
current setting as Lemma 3.1. In Section 2, we begin by stating our basic deûnitions
and some preliminary calculations needed in Section 3 to prove the necessary exis-
tence result Lemma 3.3. We also state the weak maximum principle needed, Lemma
3.2. In Section 4 we prove the Hopf boundary point lemma, _eorem 4.1.

2 Preliminaries

We will work in Rn with n ≥ 2. We denote the volume of the open unit ball B1(0) ⊂
Rn by ωn = ∫B1(0) dx . Standard notation for the various spaces of functions shall be
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used; in particular, C1
c(U, [0,∞)) will denote the set of non-negative continuously

diòerentiable functions with compact support in an open set U ⊆ Rn .
We begin by giving the deûnition of a family of Morrey spaces, to which we will

relax the assumptions on the lower-order terms given in [20].

Deûnition 2.1 Suppose α ∈ (0, 1) and U ⊆ Rn is an open set. We say d ∈ L1,α(U) if
d ∈ L1(U) with ûnite L1,α(U) norm, deûned by

∥d∥L1,α(U) ∶= sup
x∈Rn ,ρ∈(0,∞)

1
ρn−1+α ∫U∩Bρ(x)

∣d(y)∣dy .

Remark 2.2 If q > n, U ⊂ Rn is a bounded open set, and c ∈ Lq(U), then c ∈
L1,α(U) for α = 1 − n

q ∈ (0, 1), with

∥c∥L1,α(U) ≤ ( ∫
U
dx )

1− 1
q
∥c∥Lq(U) .

Next, we state what it means for u to be a weak supersolution (resp. solution, sub-
solution) to a linear divergence form equation. _e assumptions on the coeõcients
are to ensure integrability.

Deûnition 2.3 LetU ⊂ Rn be an open set, and suppose a i j , c i ∈ L2(U), b i , d , g , f i ∈
L1(U) for each i , j ∈ {1, . . . , n}. We say u ∈ L∞(U) ∩W 1,2(U) is a weak solution over
U of the equation

n
∑
i , j=1

D i(a i jD ju + b iu) +
n
∑
i=1
c iD iu + du ≤ g +

n
∑
i=1
D i f i

(resp. ≥, =) if for all ζ ∈ C1
c(U; [0,∞))

∫

n
∑
i , j=1

a i jD juD i ζ +
n
∑
i=1

(b iuD i ζ − c i(D iu)ζ) − duζ dx ≥ ∫ −gζ +
n
∑
i=1
f iD i ζ dx

(resp. ≤, =).

_e next two deûnitions hold throughout.

Deûnition 2.4 Let λ ∈ (0,∞), U ⊆ Rn , and suppose we have functions a i j ∶U→ R
for each i , j ∈ {1, . . . , n}. We say {a i j}n

i , j=1 are uniformly elliptic over U with respect to
λ if

n
∑
i , j=1

a i j
(x)ξ i ξ j ≥ λ∣ξ∣2 for each x ∈ U and ξ ∈ Rn .

Deûnition 2.5 Let U ⊆ Rn be an open set, and suppose b i , d ∈ L1(U) for each
i ∈ {1, . . . , n}. We say {b i}n

i=1 , d are weakly non-positive over U if

∫ dζ −
n
∑
i=1
b iD i ζ dx ≤ 0

for each ζ ∈ C1
c(U, [0,∞)).
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Proving _eorem 4.1 will require the existence result Lemma 3.1, which in turn we
prove using a well-known existence result given by [8, _eorem 8.34].We must thus
discuss molliûcation and Morrey spaces.

Deûnition 2.6 Let Ω = B1(0)∖B 1
2
(0), and let v ∈ C∞c (B1(0); [0,∞)) be a standard

molliûer. For δ ∈ (0, 1
4 ) let vδ(x) = 1

δn v(
x
δ ) and deûne γδ ∶R

n ∖ {0} → Rn by

γδ(x) = ((1 − 4δ)∣x∣ + 3δ) x
∣x∣

= (1 − 4δ)x + 3δ x
∣x∣

.

Using these functions, we make the following deûnitions.
(i) Given d ∈ L1(Ω), we extend d(y) = 0 for y ∈ Rn ∖ Ω and deûne the

usual convolution d ∗ vδ ∶Rn → R. We also deûne the weighted convolution
d ⊛ vδ ∶Rn ∖ {0} → R by d ⊛ vδ = Jγδ((d ∗ vδ) ○ γδ), where Jγδ = ∣det(Dγδ)∣.

(i) Given {b i}n
i=1 ⊂ C0,α(Ω), deûne b i ⋆ vδ ∶Ω → R for i ∈ {1, . . . , n} by

b i
⋆ vδ =

n
∑
j=1

((D j(e i ⋅ γ−1
δ )) ○ γδ) ⋅ (b j

⊛ vδ).

We will use these convolutions to prove the existence result, Lemma 3.3. For this,
we need the following calculations.

Lemma 2.7 Denote Ω = B1(0) ∖ B1/2(0). Suppose b i ∈ C0,α(Ω) for i ∈ {1, . . . , n}
and d ∈ L1,α(Ω) with α ∈ (0, 1).
(i) For δ ∈ (0, 1

8 ), the convolutions satisfy
● d ∗ vδ ∈ C∞(Rn), ∥d ∗ vδ∥L1,α(Ω) ≤ ∥d∥L1,α(Ω) , and d ∗ vδ → d in L1(Ω) as
δ ↘ 0.

● d ⊛ vδ ∈ C∞(Rn ∖ {0}), ∥d ⊛ vδ∥L1,α(Ω) ≤ 2n∥d∥L1,α(Ω) , and d ⊛ vδ →
d in L1(Ω) as δ ↘ 0.

● _ere exists C2.7 = C2.7(n) ∈ (0,∞) so that

b i
⋆ vδ ∈ C∞(Ω), ∥b i

⋆ vδ∥C0,α(Ω) ≤ C2.7

n
∑
j=1

∥b j
∥C0,α(Ω) ,

and b i ⋆ vδ → b i as δ ↘ 0 in L1(Ω) for each i ∈ {1, . . . , n}.
(ii) If {b i}n

i=1 , d are weakly non-positive over Ω, then {b i ⋆ vδ}n
i=1 , d ⊛ vδ are weakly

non-positive over Ω.

Proof We leave some details to the reader, which follow from standard real analysis.
First, consider (i). We discuss each item separately.

● Since v ∈ C∞c (B1(0); [0,∞)) is a standardmolliûer, d∗vδ ∈ C∞(Rn) and d∗vδ → d
in L1(Ω) as δ ↘ 0 are well-known real analysis facts.

Next, ûx x ∈ Rn and ρ ∈ (0,∞). Using the deûnition of the convolution, Fubini’s
theorem, a change of variables and the extension d(y) = 0 for y ∈ Rn ∖ Ω, the
deûnition of the L1,α norm, and ∫ vδ(z)dz = 1, since v ∈ C∞c (B1(0); [0,∞)) is a
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standard molliûer, we compute
1

ρn−1+α ∫Ω∩Bρ(x)
∣d ∗ vδ(y)∣dy ≤

1
ρn−1+α ∫Ω∩Bρ(x) ∫

∣d(y − z)∣vδ(z)dzdy

≤∫
1

ρn−1+α ∫Ω∩Bρ(x)
∣d(y − z)∣dy vδ(z)dz

≤∫
1

ρn−1+α ∫Ω∩Bρ(x−z)
∣d(y)∣dy vδ(z)dz

≤∫ ∥d∥L1,α(Ω)vδ(z)dz = ∥d∥L1,α(Ω) .

_is veriûes ∥d ∗ vδ∥L1,α(Ω) ≤ ∥d∥L1,α(Ω) .
● Observe that γδ ∈ C∞(Rn ∖{0}) and γδ converges smoothly over Ω to the identity
as δ ↘ 0. Using these facts, Deûnition 2.6(i), and the previous item, we can show
d ⊛ vδ ∈ C∞(Rn ∖ {0}) and d ⊛ vδ → d in L1(Ω) as δ ↘ 0.
Fix any x ∈ Rn and ρ ∈ (0,∞). By Deûnition 2.6 we can check that

γδ(Ω) = B1−δ(0) ∖ B 1
2
(0) and γδ(Bρ(x)) ⊆ B(1+8δ)ρ(γδ(z)).

Using this together with Deûnition 2.6(i), γδ as a change of variables, δ ∈ (0, 1
8 ),

α ∈ (0, 1), and the previous item, we compute
1

ρn−1+α ∫Ω∩Bρ(x)
∣d ⊛ vδ(y)∣dy =

1
ρn−1+α ∫γδ(Ω∩Bρ(x))

∣d ∗ vδ(y)∣dy

≤
1

ρn−1+α ∫Ω∩B2ρ(γδ(x))
∣d ∗ vδ(y)∣dy

≤2n−1+α
∥d∥L1,α(Ω) ≤ 2n

∥d∥L1,α(Ω) .

We conclude that ∥d ⊛ vδ∥L1,α(Ω) ≤ 2n∥d∥L1,α(Ω) .
● Observe that γδ ∶Ω → (B1−δ(0) ∖ B 1

2+δ(0)) is invertible, with

γ−1
δ ∈ C∞(B1−δ(0) ∖ B 1

2+δ(0); Ω) ;

since γδ converges smoothly over Ω to the identity as δ ↘ 0, we conclude that

((D j(e i ⋅ γ−1
δ )) ○ γδ) Ð→

⎧⎪⎪
⎨
⎪⎪⎩

1 if j = i ,
0 if j /= i,

uniformly over Ω as δ ↘ 0 for each i , j ∈ {1, . . . , n}. Using these facts, together with
Deûnition 2.6(ii) and the previous item applied to b j ⊛ vδ for each j ∈ {1, . . . , n},
we can show b i ⋆ vδ ∈ C∞(Ω) and b i ⋆ vδ → b i in L1(Ω) as δ ↘ 0 for each
i ∈ {1, . . . , n}.

Next, using the deûnition of the C0,α norm and Deûnition 2.6(ii), we compute
for each i ∈ {1, . . . , n},

∥b i
⋆ vδ∥C0,α(Ω) ≤

n
∑
j=1

∥(D j(e i ⋅ γ−1
δ )) ○ γδ∥C0,α(Ω)∥Jγδ∥C0,α(Ω)∥(b

j
∗ vδ) ○ γδ∥C0,α(Ω) .
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We also compute, again using the deûnition of the C0,α norm,

∥(b j
∗ vδ) ○ γδ∥C0,α(Ω) ≤

max{ 1, sup
x ,y∈Ω,x /=y

∣γδ(x) − γδ(y)∣α

∣x − y∣α
}∥b j

∗ vδ∥C0,α(B1−δ(0)∖B 1
2 +δ
(0))

for each j ∈ {1, . . . , n}. Since γδ(x) = (1 − 4δ)x + 3δ x
∣x ∣ for x ∈ Rn ∖ {0}, we can

ûnd C2.7 = C2.7(n) ∈ (0,∞) so that for each δ ∈ (0, 1
8 ), we have

∥(D j(e i ⋅ γ−1
δ )) ○ γδ∥C0,α(Ω)∥Jγδ∥C0,α(Ω)max{ 1, sup

x ,y∈Ω,x /=y

∣γδ(x) − γδ(y)∣α

∣x − y∣α
}

≤ C2.7

for each i , j ∈ {1, . . . , n}. _ese three calculations taken together imply

∥b i
⋆ vδ∥C0,α(Ω) ≤ C2.7

n
∑
j=1

∥b j
∗ vδ∥C0,α(B1−δ(0)∖B 1

2 +δ
(0))

for each i ∈ {1, . . . , n}. To conclude ∥b i ⋆ vδ∥C0,α(Ω) ≤ C2.7∑
n
j=1 ∥b j∥C0,α(Ω) as

needed, it therefore suõces to verify

∥b j
∗ vδ∥C0,α(B1−δ(0)∖B 1

2 +δ
(0)) ≤ ∥b j

∥C0,α(Ω) .

_is follows from the fact that v ∈ C∞c (B1(0); [0,∞)) is a standard molliûer and
the deûnitions of the convolution and the C0,α norm. For example, given x , y ∈

B1−δ(0) ∖ B 1
2+δ(0), we can compute

∣b j
∗ vδ(x) − b j

∗ vδ(y)∣ ≤ ∫ ∣b j
(x + δz) − b j

(y + δz)∣v(z)dz

≤ ∣x − y∣α∥b j
∥C 1,α(Ω) .

We leave the details to the reader and conclude the required estimate

∥b i
⋆ vδ∥C0,α(Ω) ≤ C2.7

n
∑
j=1

∥b j
∥C0,α(Ω)

for each i ∈ {1, . . . , n}.

Next, consider (ii). Proving that {b i ⋆ vδ}n
i=1 , d ⊛ vδ are weakly non-positive over

Ω is done in two steps. First, we check using the deûnition of the convolution that
{b i ∗ vδ}n

i=1 , d ∗ vδ are weakly non-positive over B1−δ(0) ∖ B 1
2+δ(0); we leave this to

the reader. Second, using

γδ ∶Ω Ð→ B1−δ(0) ∖ B 1
2+δ(0)
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as a change of variables, we can check that for ζ ∈ C1
c(Ω; [0,∞))

∫ (d ⊛ vδ)ζ −
n
∑
i=1

(b i
⋆ vδ)D i ζ dx

= ∫ (d ∗ vδ)(ζ ○ γ−1
δ ) −

n
∑
i , j=1

(b j
∗ vδ)(D j(e i ⋅ γ−1

δ ))((D i ζ) ○ γ−1
δ )dx

= ∫ (d ∗ vδ)(ζ ○ γ−1
δ ) −

n
∑
j=1

(b j
∗ vδ)D j(ζ ○ γ−1

δ )dx ≤ 0,

since {b j ∗ vδ}n
j=1 , d ∗ vδ are weakly non-positive over B1−δ(0) ∖ B 1

2+δ(0).

3 Estimate and Existence Lemmas

In this section we prove the necessary a priori gradient estimate, existence, and weak
maximum principle results needed to prove_eorem 4.1.

Lemma 3.1 (Morrey estimate) Suppose λ, J ∈ (0,∞), α ∈ (0, 1), and letΩ = B1(0)∖
B 1

2
(0). _ere is C3.1 = C3.1(n, λ, J , α) ∈ (0,∞) such that if

(i) a i j , b i ∈ C0,α(Ω) and c i , d ∈ L1,α(Ω) for i , j ∈ {1, . . . , n},
(ii) {a i j}n

i , j=1 are uniformly elliptic over Ω with respect to λ,
(iii) ∑n

i , j ∥a i j∥C0,α(Ω) +∑
n
i=1 (∥b i∥C0,α(Ω) + ∥c i∥L1,α(Ω)) + ∥d∥L1,α(Ω) ≤ J ,

and if u ∈ C1,α(Ω) is a weak solution over Ω of the equation
n
∑
i , j=1

D i(a i jD ju + b iu) +
n
∑
i=1
c iD iu + du = g +

n
∑
i=1
D i f i

with g ∈ L1,α(Ω) and f ∈ C0,α(Ω), then

∥u∥C 1,α(Ω) ≤ C3.1(∥u∥L1(Ω) + ∥g∥L1,α(Ω) +
n
∑
i=1

∥ f i∥C0,α(Ω)) .

Proof _is is [19, _eorem 5.5.5′(b)] (with µ,G , e , f replaced respectively by
α, Ω, { f i}n

i=1 , g). _e C1,α-conditions (that is, the “C1
µ-conditions” as stated in [19,

Deûnition 5.5.2]) are implied by (i). To see the dependence C3.1 = C3.1(n, λ, J , α)
more clearly, cf. [19, _eorem 5.5.2(b)].

Next, we state for convenience themore general version of [8,_eorem 8.16], using
the remark on [8, p. 193].

Lemma 3.2 (Weak maximum principle) Suppose q > n and λ, k ∈ (0,∞). Denote
Ω = B1(0) ∖ B 1

2
(0). _ere is C3.2 = C3.2(n, q, λ, k) ∈ (0,∞) so that if

(i) a i j ∈ L∞(Ω), b i , c i ∈ Lq(Ω) for i , j ∈ {1, . . . , n} and d ∈ L
q
2 (Ω),

(ii) {a i j}n
i , j=1 are uniformly elliptic over Ω with respect to λ,

(iii) {b i}n
i=1 , d are weakly non-positive over Ω,

(iv) ∑n
i=1 (∥b i∥Lq(Ω) + ∥c i∥Lq(Ω)) + ∥d∥

L
q
2 (Ω) ≤ k,
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and if u ∈ C(Ω) ∩W 1,2(Ω) is a solution over Ω of the equation
n
∑
i , j=1

D i(a i jD ju + b iu) +
n
∑
i=1
c iD iu + du ≤ g +

n
∑
i=1
D i f i

with g ∈ L
q
2 (Ω) and f i ∈ Lq(Ω) for each i ∈ {1, . . . , n}, then

inf
Ω

u ≥ inf
∂Ω

min{0, u} − C3.2(∥g∥L
q
2 (Ω) +

n
∑
i=1

∥ f i∥Lq(Ω)) .

We use Lemmas 3.1 and 3.2 to show we can solve linear divergence form equa-
tions with lower-order terms in a Morrey space. _is will allow us to get the barrier
functions in step 2 of the proof of _eorem 4.1.

Lemma 3.3 Suppose q > n and λ ∈ (0,∞).Denote α = 1− n
q andΩ = B1(0)∖B 1

2
(0).

Also suppose we have functions
(i) a i j , b i ∈ C0,α(Ω), c i ∈ Lq(Ω) for i , j ∈ {1, . . . , n} and d ∈ L

q
2 (Ω) ∩ L1,α(Ω),

(ii) {a i j}n
i , j=1 are uniformly elliptic over Ω with respect to λ,

(iii) {b i}n
i=1 , d are weakly non-positive over Ω.

_en there is a φ ∈ C1,α(Ω) that is a weak solution over Ω of the equation
n
∑
i , j=1

D i(a i jD jφ + b iφ) +
n
∑
i=1
c iD iφ + dφ = 0

with

φ(x) =
⎧⎪⎪
⎨
⎪⎪⎩

0 for x ∈ ∂B1(0),
−1 for x ∈ ∂B 1

2
(0),

and φ(x) ∈ [−1, 0] for each x ∈ Ω.

Proof We follow the proof of [8, _eorem 8.34, p. 211] and use it directly.
Deûne for δ ∈ (0, 1

8 ) and each i ∈ {1, . . . , n}

(3.1) b i
δ = b

i ⋆ vδ , c iδ = c
i ∗ vδ , dδ = d ⊛ vδ

by Deûnition 2.6. Now consider the weakly deûned operator over Ω,

Lδu =
n
∑
i , j=1

D i(a i jD ju + b i
δu) +

n
∑
i=1
c iδD iu + dδu.

_en (i),(ii),(iii), (3.1), and Lemma 2.7 imply that Lδ satisûes [8, (8.5),(8.8),(8.85)] over
Ω, with

K =
n
∑
i , j=1

∥a i j
∥C0,α(Ω) +

n
∑
i=1

(∥b i
δ∥C0,α(Ω) + ∥c iδ∥L∞(Ω)) + ∥dδ∥L∞(Ω) .

We can thus apply [8, _eorem 8.34] (with b i , c i , d , g , f i replaced respectively by
b i
δ , c

i
δ , dδ , 0, 0) over Ω = B1(0) ∖ B 1

2
(0) with operator Lδ to conclude that the gener-

alized Dirichlet problem

Lδu = 0 in Ω, u =

⎧⎪⎪
⎨
⎪⎪⎩

0 over ∂B1(0),
−1 over ∂B 1

2
(0),
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is uniquely solvable in C1,α(Ω). Letting φδ ∈ C1,α(Ω) be this unique solution, and
comparing [8, (8.2)] with Deûnition 2.3, we conclude that φδ is a weak solution over
Ω of the equation

(3.2)

n
∑
i , j=1

D i(a i jD jφδ + b i
δφδ) +

n
∑
i=1
c iδD iφδ + dδφδ = 0

with φδ(x) =
⎧⎪⎪
⎨
⎪⎪⎩

0 for x ∈ ∂B1(0),
−1 for x ∈ ∂B 1

2
(0).

We also apply Lemma 3.2 (with f i , g = 0 for each i ∈ {1, . . . , n}) to get

(3.3) φδ(x) ∈ [−1, 0] for each x ∈ Ω.

Next, we aim to apply Lemma 3.1 to φδ . By (i), (3.1), Remark 2.2, and Lemma 2.7
we can conclude that

n
∑
i , j=1

∥a i j
∥C0,α(Ω) +

n
∑
i=1

(∥b i
δ∥C0,α(Ω) + ∥c iδ∥L1,α(Ω)) + ∥dδ∥L1,α(Ω) ≤ J ,

where, with C2.7 = C2.7(n) by Lemma 2.7, we let

J =
n
∑
i , j

∥a i j
∥C0,α(Ω) +

n
∑
i=1

(C2.7∥b i
∥C0,α(Ω) + ∥c i∥L1,α(Ω)) + 2n

∥d∥L1,α(Ω) .

_us, by (3.2), Lemma 3.1, and (3.3), we conclude that

∥φδ∥C 1,α(Ω) ≤ C3.1∥φδ∥L1(Ω) ≤ C3.1ωn ,

where C3.1 = C3.1(n, λ, J , α) ∈ (0,∞) does not depend on δ.
We conclude that there is φ ∈ C1,α(Ω) so that φδ → φ in the C1(Ω)-norm as

δ ↘ 0. Lemma 2.7(i) and (3.2),(3.3) imply that φ is the desired solution.

4 The Hopf Boundary Point Lemma

We are now ready to state and prove our main result.

_eorem 4.1 (Hopf boundary point lemma) Suppose q > n and λ ∈ (0,∞). With
α = 1 − n

q , suppose

(i) a i j , b i ∈ C0,α(B1(0)), c i ∈ Lq(B1(0)) for i , j ∈ {1, . . . , n} and d ∈ L
q
2 (B1(0)) ∩

L1,α(B1(0)),
(ii) {a i j}n

i , j=1 are uniformly elliptic over B1(0) with respect to λ,
(iii) {b i}n

i=1 , d are weakly non-positive over B1(0),
(iv) a i j(−en) = a ji(−en) for each i , j ∈ {1, . . . , n}.
If u ∈ C(B1(0)) ∩W 1,2(B1(0)) is a weak solution over B1(0) to the equation

n
∑
i , j=1

D i(a i jD ju + b iu) +
n
∑
i=1
c iD iu + du ≤ 0

and u(x) > u(−en) = 0 for all x ∈ B1(0), then lim inf h↘0
u((h−1)en)

h > 0.
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Proof Set Ω = B1(0) ∖ B 1
2
(0), and using (i) deûne J , k,K ∈ (0,∞) by

(4.1)

J =
n
∑
i , j

∥a i j
∥C0,α(Ω) +

n
∑
i=1

(∥b i
∥C0,α(Ω) + ∥c i∥L1,α(Ω)) + ∥d∥L1,α(Ω) ,

k =
n
∑
i=1

(∥b i
∥Lq(Ω) + ∥c i∥Lq(Ω)) + ∥d∥

L
q
2 (Ω) ,

K =
n
∑
i , j

∥a i j
∥C0,α(Ω) +

n
∑
i=1

(∥b i
∥Lq(Ω) + ∥c i∥Lq(Ω)) + ∥d∥

L
q
2 (Ω);

note that we used Remark 2.2 to conclude c i ∈ L1,α(Ω). _e proof now proceeds
through ûve major steps.

Step 1: Freezing at the origin and the barrier φ.
Consider the operator L given by

Lu =
n
∑
i , j=1

a i j
(−en)D i ju over Ω.

_en (i),(ii), and (iv) imply that L satisûes [8, (6.1),(6.2)]. Applying [8, _eorem 6.14]
(with a i j , b i , c, f replaced respectively by a i j(−en), 0, 0, 0)) over Ω = B1(0) ∖ B 1

2
(0)

with operator L, we conclude that the Dirichlet problem

Lu = 0 in Ω, u =

⎧⎪⎪
⎨
⎪⎪⎩

0 over ∂B1(0),
−1 over ∂B 1

2
(0),

has a unique solution lying in C2,α(Ω). If we let φ ∈ C2,α(Ω) be this unique solution,
we conclude that φ satisûes

(4.2)
n
∑
i , j=1

a i j(−en)D i jφ = 0 over Ω with φ(x) =
⎧⎪⎪
⎨
⎪⎪⎩

0 for x ∈ ∂B1(0),
−1 for x ∈ ∂B 1

2
(0).

Using (i),(ii), and (iv) again, we see L satisûes [8, (3.1),(3.2),(3.3)]. _us, the strong
maximum principle (see [8, _eorem 3.5]) (with a i j , b i , c, f replaced respectively by
a i j(−en), 0, 0, 0), implies φ(x) ∈ (−1, 0) for all x ∈ Ω. _is now means that the clas-
sical Hopf boundary point lemma (see [8, Lemma 3.4]) (with x0 , a i j , b i , c, f replaced
respectively by −en , a i j(−en), 0, 0, 0) implies Dnφ(−en) < 0.

Step 2: Scaling and the barrier φє .
For each є ∈ (0, 1

4 ) and i , j ∈ {1, . . . , n}, deûne (over Ω or Ω)

(4.3)

uє(x) = u(є(x + en) − en),

a i j
є (x) = a i j

(є(x + en) − en), b i
є(x) = єb i

(є(x + en) − en),

c iє(x) = єc i(є(x + en) − en), dє(x) = є2d(є(x + en) − en).
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Observe that (using the change of variables y = єx and Deûnition 2.1)

(4.4)

∥a i j
є ∥C0,α(Ω) ≤ ∥a i j

∥C0,α(Ω) ,

∥b i
є∥C0,α(Ω) ≤ є∥b i

∥C0,α(Ω) , ∥b i
є∥Lq(Ω) ≤ єα∥b i

∥Lq(Ω) ,

∥c iє∥L1,α(Ω) ≤ єα∥c i∥L1,α(Ω) , ∥c iє∥Lq(Ω) ≤ єα∥c i∥Lq(Ω) ,

∥dє∥L1,α(Ω) ≤ є1+α∥d∥L1,α(Ω) , ∥dє∥L
q
2 (Ω) ≤ є2α∥d∥

L
q
2 (Ω) ,

for each i , j ∈ {1, . . . , n}, since є ∈ (0, 1
4 ) implies {є(x + en) − en ∶ x ∈ Ω} ⊂ Ω. As

well, we have by (ii) and (iii),

(4.5)
{a i j

є } are uniformly elliptic over Ω with respect to λ,

{b i
є}

n
i=1 , dє are weakly non-positive over Ω.

Using (4.4) and (4.5) we conclude by Lemma 3.3 that for each є ∈ (0, 1
4 ) there is

φє ∈ C1,α(Ω) that is a weak solution over Ω of the equation

(4.6)
n
∑
i , j=1

D i(a i j
є D jφє + b i

єφє) +
n
∑
i=1
c iєD iφє + dєφє = 0

with φє ∣∂Ω = φ∣∂Ω and φє ∈ [−1, 0] for each x ∈ Ω.

Step 3: Comparing φ and φє .
Deûne the functions

(4.7) gє = −
n
∑
i=1
c iєD iφ − dєφ and f iє = −

n
∑
j=1

( a i j
є − a i j

є (−en))D jφ − b i
єφ

for i ∈ {1, . . . , n}. _en (4.2), (4.6), and (4.7) imply that ψє = φє − φ ∈ C1,α(Ω) is a
weak solution over Ω of the equation

(4.8)
n
∑
i , j=1

D i(a i j
є D jψє + b i

єψє) +
n
∑
i=1
c iєD iψє + dєψє = gє +

n
∑
i=1
D i f iє

with ψє ∣∂Ω = 0.
We wish to apply Lemma 3.1 to ψє . Before we do so, we will use Lemma 3.2 to

estimate ∥ψє∥L1(Ω) . For this, we make the following three computations.
First, by (4.4), є ∈ (0, 1

4 ), α = 1 − n
q > 0, and with k as in (4.1),

n
∑
i=1

(∥b i
є∥Lq(Ω) + ∥c iє∥Lq(Ω)) + ∥dє∥L

q
2 (Ω) ≤ k.

Second, using (4.7), φ ∈ C2,α(Ω) by (4.2), Hölder’s inequality, and (4.4),

∥gє∥Lq/2(Ω) ≤ ∥φ∥C 1(Ω)(
n
∑
i=1

∥c iє∥Lq/2(Ω) + ∥dє∥Lq/2(Ω))

≤ ∥φ∥C 1(Ω)(
n
∑
i=1

єαω1/q
n ∥c i∥Lq(Ω) + є2α∥d∥Lq/2(Ω)) .
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_ird, we similarly compute for each i ∈ {1, . . . , n} using (4.7), (4.3), and (4.4),

∥ f iє ∥Lq(Ω) ≤ ∥φ∥C 1(Ω)(
n
∑
j=1

ω1/q
n ∥a i j

є − a i j
є (−en)∥C(Ω) + ∥b i

є∥Lq(Ω))

≤ ∥φ∥C 1(Ω)(
n
∑
j=1

єα2αω1/q
n ∥a i j

∥C0,α(Ω) + єα∥b i
∥Lq(Ω)) .

_ese three computations together with (4.8) imply that we can apply Lemma 3.2
(with u = ψє ,−ψє) to conclude

sup
Ω

∣ψє ∣ ≤C3.2(∥gє∥Lq/2(Ω) +
n
∑
i=1

∥ f iє ∥Lq(Ω))

≤ C3.2∥φ∥C 1(Ω)(
n
∑
i=1

єαω1/q
n ∥c i∥Lq(Ω) + є2α∥d∥Lq/2(Ω))

+ C3.2∥φ∥C 1(Ω)(
n
∑
i , j=1

єα2αω1/q
n ∥a i j

∥C0,α(Ω) +
n
∑
i=1

єα∥b i
∥Lq(Ω))

≤ єαC3.2 max{2αω1/q
n , 1}∥φ∥C 1(Ω)K ,

where C3.2 = C3.2(n, q, λ, k) and k,K as in (4.1) do not depend on є. _us

(4.9) ∥ψє∥L1(Ω) ≤ єαC3.2 max{2αω
1+ 1

q
n ,ωn}∥φ∥C 1(Ω)K .

Now we shall use Lemma 3.1. For this we make three computations.
First, using (4.4), є ∈ (0, 1

4 ), α = 1 − n
q > 0, and with J as in (4.1),

n
∑
i , j=1

∥a i j
є ∥C0,α(Ω) +

n
∑
i=1

(∥b i
є∥C0,α(Ω) + ∥c iє∥L1,α(Ω)) + ∥dє∥L1,α(Ω) ≤ J .

Second, using Deûnition 2.1, (4.7), and (4.4), we compute

∥gє∥L1,α(Ω) ≤∥φ∥C 1(Ω)(
n
∑
i=1

∥c iє∥L1,α(Ω) + ∥dє∥L1,α(Ω))

≤∥φ∥C 1(Ω)(
n
∑
i=1

єα∥c i∥L1,α(Ω) + є2α∥d∥L1,α(Ω)) .

_ird, for each i ∈ {1, . . . , n} using (4.3) and (4.4), we compute

∥ f iє ∥C0,α(Ω) ≤∥φ∥C 1,α(Ω)(
n
∑
j=1

∥a i j
є − a i j

є (−en)∥C0,α(Ω) + ∥b i
є∥C0,α(Ω))

≤∥φ∥C 1,α(Ω)(
n
∑
j=1

єα∥a i j
∥C0,α(Ω) + єα∥b i

∥C0,α(Ω)) .
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_ese three computations, (4.8), Lemma 3.1, and (4.9) imply that

∥ψє∥C 1,α(Ω) ≤ C3.1(∥ψє∥L1(Ω) + ∥gє∥L1,α(Ω) +
n
∑
i=1

∥ f iє ∥C0,α(Ω))

≤ єαC3.1C3.2 max{2αω
1+ 1

q
n ,ωn}∥φ∥C 1(Ω)K

+ C3.1∥φ∥C 1(Ω)(
n
∑
i=1

єα∥c i∥L1,α(Ω) + є2α∥d∥L1,α(Ω))

+ C3.1∥φ∥C 1,α(Ω)(
n
∑
i , j=1

єα∥a i j
∥C0,α(Ω) +

n
∑
i=1

єα∥b i
∥C0,α(Ω))

≤ єαC3.1C3.2 max{2αω
1+ 1

q
n ,ωn}∥φ∥C 1(Ω)K

+ єαC3.1∥φ∥C 1,α(Ω) J ,

where C3.1 = C3.1(n, λ, J , α) and J as in (4.1) do not depend on є. Recalling that C3.2 =

C3.2(n, q, λ, k) and k,K as in (4.1) do not depend on є; then

(4.10) lim
є→0

∣Dnφє(−en) − Dnφ(−en)∣ ≤ lim
є→0

∥ψє∥C 1,α(Ω) = 0.

Step 4: Fixing є and comparing uє and φє .
By Step 1 and (4.10), we can ûx є ∈ (0, 1

4 ) so that

(4.11) Dnφє(−en) < 0.

Recalling u ∈ C(B1(0)) with u(x) > u(−en) = 0 for x ∈ B1(0), we can deûne ûє ∈

C(Ω) ∩W 1,2(Ω) by

(4.12) ûє = (uє + θєφє) with θє = inf
∂B 1

2
(0)

uє > 0.

Observe by (4.3) that uє is a weak solution over Ω of the equation
n
∑
i , j=1

D i(a i j
є D juє + b i

єuє) +
n
∑
i=1
c iєD iuє + dєuє ≤ 0.

_en (4.2), (4.6), and (4.12) imply ûє is a weak solution over Ω of the equation
n
∑
i , j=1

D i(a i j
є D jûє + b i

єûє) +
n
∑
i=1
c iєD i ûє + dєûє ≤ 0 with ûє ∣∂Ω ≥ 0.

We conclude by Lemma 3.2 that infΩ ûє ≥ 0.

Step 5: Computing the derivative of u at the origin.
Using (4.3), (4.11), (4.12), and infΩ ûє ≥ 0, we conclude that

lim inf
h↘0

u((h − 1)en)
h

= lim inf
h↘0

uє((
h
є − 1)en)
h

≥ lim inf
h↘0

−θєφє((
h
є − 1)en)
h

=
−θє
є
Dnφє(−en) > 0.
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It is typical to make some remarks relaxing some of the assumptions on the co-
eõcients in certain cases; see, for example, [20, Remark 1.2(b)]. We make two more
similar remarks.

Remark 4.2 We can relax some of the assumptions of _eorem 4.1.
(i) We need not assume α = 1 − n

q ; it merely suõces that

a i j , b i
∈ C0,α

(B1(0)), c i ∈ Lq
(B1(0)), d ∈ L

q
2 (B1(0)) ∩ L1,α

(B1(0))

with q > n and general α ∈ (0, 1).
(ii) We can more generally assume u(−en) ≤ 0. We can see this by setting û(x) =

u(x) − u(−en) for x ∈ Ω, and noting that for ζ ∈ C1
c(Ω; [0,∞)),

∫

n
∑
i , j=1

a i jD jûD i ζ +
n
∑
i=1

(b i ûD i ζ − c i(D i û)ζ) − dûζ dx

= ∫

n
∑
i , j=1

a i jD juD i ζ +
n
∑
i=1

(b iuD i ζ − c i(D iu)ζ) − duζ dx

+ u(−en)∫ dζ −
n
∑
i=1
b iD i ζ dx ≥ 0,

since {b i}
n
i=1 , d are weakly non-positive over Ω.
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