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DISTRIBUTION OF THE SUM OF VARIATES FROM
TRUNCATED DISCRETE POPULATIONS

BY
A. K. MD. EHSANES SALEH AND M. A. RAHIM

1. Introduction. Distributions often arise in practice where one or more values
of the variate are unobserved. Various practical problems have been referred by

Finney [1], David and Johnson [4], Bliss and Fisher [3]. It is of interest to know

the exact distribution of the sum of variates from such truncated discrete population.

In this paper, utilising the property of characteristic function certain general

results are shown. The distribution of the sum of independent variables from a dis-

crete population, truncated by any set of s distinct values, follows from them
immediately. Using these results the exact distributions of the sum, from binomial,
poisson, negative binomial and geometric population, truncated from anywhere,
are derived.

2. General results. Let X be a discrete random variable with probability mass

function
P(X = x) = fx(x), X=012,...

which has characteristic function ¢(z, X). Let any set of s distinct values of X,

denoted by ry, ry, . . . , r, be truncated. Then we have the new random variable X~
with probability mass function

@.1) P(X' = x) = fu(x) = l—i—Q-fX(x)

where Q = fx(r)+/fx(r)+- - -+fx(r). We are interested to determine the exact

distribution of ¥ = X{+X,+- - -+X,, where each X/ is distributed as in (2.1). The

characteristic function of any X is
’ 1 it 1 itry iirs
$(t, X =3 1-0 e x(x) = '1':6 [4(t, X)—fx(r)e’ —- - -—fx(r)e"]

where the summation extends over all values of X except ry, r,, . . . , .. Hence the

characteristic function of Y is

1
1=

P, Y) = [#(1, X) —fx(rl)ei"l —_ "fx("s)em’]"

—_— 1 _1\nko h
(2.2) _(1—Q)"ko.klz....ks( b (ko, kl,...ks)

X [fx(rl [ fx(raf* - - - [fx(r)T[d(t, X)[oeitirikatrakat-drikd
= 3 Blkoky, . .. k[$(t, X)[oeitirbrtrabet-rsinks

koK1 ... ks
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where we write

(__ l)n—ko
1-9)r
and the summation extends over all combinations of k,, ky, ks, . . . , k, such that
ko+k,+ky+- - -+k, = n. Hence, the probability mass function of Y is given by

@3) Bl k... k)= (ko ko U P

(2,4) fy()’) = 2 B(kO’ kl’ . ks) 2L [¢(t, X)]k"e—“(”_(”k”“'"""‘k’ndt
T J—7

ko.k1,...ks

In the case of infinite discrete population, if we want to truncate all values from
the right up to a point, ie., if we truncate the values of X =r4-1, r+2,
R+3, ... ; (2.2) reduces to

$(t, ¥) = 51,;, [fx(0)e +fx (et +fx(2)e¥i+- - - +f x(r)e™]”

- é%‘ko.kg..k,(ko, kl,n . k,) fx@Tfx (DI - - - [fx(r)[rettltehat ekl

where Q' = 1—Q = fx(0)+fx(1)+- - -+fx(r). Hence the probability mass func-
tion of Y is given by

e =5 3 (i JUOFOF: - U

Q' kouk1, .. kr

T
% _1_ e—it{u—(k1+2ka+“'+rkr)} dt

(2.5) 27’1’ -7

_ 1 n % k1., . kr
= 073 (b1 UOP U £
Xe[y—{ky+2k,+- - - +rk,}]
where e[y—{k;+2k,+- * -+rk,}] is the one point distribution, such that
ely—{k; + 2ko+- - -+rk,})] =1 when y = {kj+2ko+---+rk,}
(2.6) .
=0 otherwise.

For any specified discrete population, from which any set of finite distinct values
are truncated away, the distribution of the sum Y is directly obtainable from (2.4).
If however, the population is infinite and all values are truncated from the right up
to certain point, the distribution of the sum Y is obtainable from (2.5). We now
derive the distributions in a few specific cases.

3. Case of binomial population. In this case we have

0= ()a s v =020 N 8620 = (e
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The distribution of the sum Y follows from (2.4) as

fy(}’) - Z B(ko, kla . ks) 2L (q+peit)Nkoe—it{v—(r1k1+'"+nks)} dt
T

kosk1....ks -7
G.1) ( Nk, )
= B(k, ky, - . . k,
ko.klz....ka ( o™ ) y_(r1k1+' : '+rsks)

quk0—11+('I‘1kl+"'+Tska) y—(r1ka+-+rsks)

p

where ( Nko

}’—(f1k1+' * '+rsks)
Nk,. The distribution obtained by Malik [2], when a single value r; = 0is truncated
away, follows from (3.1) as a special case.

) is defined to be zero when y—(rik;+- - -+rk,) >

4. Case of poisson population. In this case we have

x .
fx(x) = e“‘é- , x=0,1,2,...; (t, X) = eMe" ),
X o

The distribution of the sum Y follows from (2.4) as

( y ko)u—(r1k1+- otraks)

_ —Ako
(4.1) fe0) = 2 Blkoks .. ke [y —(ridit - - +rk)]!

In the special circumstances when all the values X = r+1,r+42,r+3,..., co are
truncated away from the right, the distribution of the sum Y follows from (2.5) as

n \) A(k1+2kz+~-~+rkf)

e——n}.
) = G2 (koo 5, @Y= (r)
(42) XS[y—(k1+2k2+ ° +rkr)]

5. Case of negative binomial population. In this case we have

fx(x) = (_xe)p"(—q)”; gi gf’ ; 6> %5 dex= ( 1_’; e“)o.

The distribution of the sum Y follows from (2.4) as
(5.1

— —kof ) %o __ o \y—(riki+---+reks)
fY(y) _ko.kxzm.ka(ko, kl’ o k’) (y'_(rlkl'l"' : '+rsks) 4 ( q)

It may be noted that putting 6 = 1, the distribution of the sum Y from a
truncated geometric distribution follows from (5.1).
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