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A NOTE ON A THEOREM OF F. WANG AND G. TANG

Ryo TAKAHASHI

In this paper, we refine a theorem of F. Wang and G. Tang concerning freeness of
reflexive modules over coherent GCD-domains.

1. INTRODUCTION

Throughout this paper, we assume that all rings are commutative with identity and
all modules are unitary.

A ring R is called a GE-ring if the special linear group of degree n over R coincides
with the elementary linear group of degree n over R for all n > 2. Recently, Wang and
Tang {3, Theorem 2.13] proved the following theorem, which is the main result of the
paper. (For the definitions and properties of a coherent ring and a GCD-domain, see [1]
and [2], respectively.)

THEOREM 1.1. (Wang-Tang) Let R be a coherent GCD-domain, and u € R a
prime element such that R/uR is both a PID and a GE-ring. Let T be a finitely generated
reflexive R-module. If T, is R,-free, then T is R-free.

The purpose of this paper is to remove the assumption that R/uR is a GE-ring; we
shall prove the following.

THEOREM 1.2. Let R be a coherent GCD-domain and T a finitely generated
reflexive R-module. Suppose that T, is R,-free for some u € R such that R/uR is a PID.
Then T is R-free.

2. PROOF OF THEOREM 1.2

In this section, we prove Theorem 1.2. For this, we prepare a couple of lemmas.

LEMMA 2.1. Let R be a ring, and M a finitely presented R-module. Suppose
that M, is a free Ry-module for all p € Spec R. Then M is a projective R-module.

PROOF: Let ¢ : X = Y be a surjective homomorphism of R-modules. This map

induces an exact sequence

Hompg(M,
_—

Homg(M, X) 2, Homg(M,Y) — C —— 0
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of R-modules. Fix a prime ideal p of R. The finite presentation of M yields a natural
isomorphism
(Hompg(M, N))p =~ Hompg, (M;, Np)

for any R-module N. Hence we have a commutative diagram

(HomR(M.d:))p
(HomR(M, X))p (HomR(M, Y))’ —_— Cp — 0

Homp, (Mp,
Homg, (M, Xp) e ™20l Homp, (M, ¥y)

where the first row is exact. Since M, is Ry-free by assumption, the map Homg, (M,, @)
in the above diagram is surjective. Thus we have C, = 0 for every p € Spec R, which
says that C = 0. It follows that M is R-projective. 0

LEMMA 2.2. Let R be a ring, and let ¢ : R* — R™ be a surjective homomor-
phism of free R-modules of finite rank. Then one has Ker ¢ = R"~"™.

ProoF: There is a split exact sequence 0 - K — R" % R™ — 0 of R-modules.
Let A be a matrix which represents the homomorphism ¢ with respect to the canonical
bases; A is an m x n matrix over R. Since ¢ is a split epimorphism, we have AB = I, for
some n X m matrix B over R, where I,,, denotes the m x m identity matrix over R. By
using column vectors in R", we write B = (b1, b2,...,by). fcibi +c2ba+-- -+ cbm =0
where ¢;,¢3,...,6m € R, then

1 (51 €1
B] : | =0, hence 1 =AB] ' | =0.
Cm Cm Cm

This means that the vectors by, bs, ..., by, are linearly independent over R. Hence there
exist bm+1,0m+2,.. ., bn € R™ such that by,bs, ..., bm, bms1,bms2, - - -, bn form a free basis
of R™. Letting C be the n x (n — m) matrix (bms1,dms2,---,0n), We see that the n x n
square matrix (B C) is invertible. Put

I, -AC
D= (B ™ .
(8 C) ( ; ,n_m)
Note that D is also an invertible matrix. We have A = (I, 0)D~!, and get a commutative
diagram
00— K + R* -2 R™ — 0

Lol

O— R — R —— R™ — 0
0) (Im 0)

In-m
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with exact rows. This diagram shows that K is isomorphic to R*~™. 0

Now, we can prove Theorem 1.2.

PROOF OF THEOREM 1.2: Let R be a coherent GCD-domain, and let u € R a
element such that R/uR is a PID. (Hence u is automatically a prime element.) Let T
be a finitely generated reflexive R-module such that T, is a free R,-module. We want to
prove that T is a free R-module.

There are elements z,,Zs,...,z, of T such that

Tu=Ru'zleRu'z2®"‘eRu'xn-

Let F be the R-submodule of T which is generated by x,,z;,...,7,. Then F is a free

R-module with basis z,zs,...,z,. If F = T, then there is nothing to prove. Hence we
assume that F is a proper submodule of T'. Note that F,, = T,,. By [3, Theorem 2.6], we
have

(F:T)={a€R|aTCF}=u"R

for some m > 1. It follows from (3, Theorem 2.11] that there exists a chain of primary
submodules of T

(2.1) F=FR¢hG -GFR=T

such that F; is a maximal uR-prime submodule of Fi , for 0 < ¢ € ¢t — 1. According
to [3, Theorem 2.10}, F; is a finitely generated reflexive R-module for 0 < i < t. Note
that F is a finitely generated free R-module which is a maximal uR-prime submodule of
F;. The chain (2.1) says that, to prove the freeness of the R-module T, we can assume
without loss of generality that F' is a maximal uR-prime submodule of T'.

Put B = R/uR, and set M = M/uM for an R-module M. There is an exact
sequence

(2.2) 0~»FT->C-0

of R-modules. Tensoring R with this sequence gives an exact sequence
0-D—-F->T-C—0.

Noting that F is a uR-prime submodule of T, we easily see that
D = (uT N F)/uF = uT/uF.

The R-module T is reflexive, hence is torsionfree. Therefore the homomorphism from
C =T/F to D = uT/uF given by Z + Uz, where Z denotes the residue class of z € T in
C, is an isomorphism. We obtain an exact sequence

(2:3) 05C—oFT-C—0.
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Since F is a uR-prime submodule of T', it is seen by the definition of a prime sub-
module that C is a torsionfree R-module. By [3, Corollary 2.7(2)], T is also a torsionfree
R-module. The assumption that R is a PID implies that both C and T are free R-
modules. Hence C is isomorphic to R for some integer m. Recall that F is a free
R-module of rank n. By (2.2) we have an exact sequence

(2.4) 02 R"T R —0.

On the other hand, we see from (2.3) that rankgT = rankz F = rankg F = n. Hence
there is an isomorphism @ : R* — T. Note that we have a natural isomorphism

Homp(R",T) = Homgp(R", T).

There exists ¢ € Homg(R", T') such that the residue class ¢ in Homg(R", T) corresponds
to ® through the isomorphism. Let K and L be the kernel and the cokernel of the map
¢, respectively. We have an exact sequence

(2.5) 0K->RA3T L0

Tensoring R with this sequence implies that L = 0, that is, L = uL. Since T is finitely
generated, it follows from (2.5) that so is L. Applying Nakayama’s lemma, we obtain
(1 +au)L = 0 for some a € R. The element 1 + au € R is nonzero, hence we get
rankgr L = 0. On the other hand, since uC = 0 and u # 0, we have rankgC = 0.
Hence it is seen from (2.2) that rankg T = rankg F' + rankp C = n, and from (2.5)
that rankg K = rankg R" — rankg T + rankg L = 0. Noting that K is isomorphic to a
submodule of a free R-module by (2.5), we must have K = 0, and get an exact sequence

(2.6) 05> R*">ST—>L-—0.

Here, we claim that T}, is a free R,-module for any p € Spec R. In fact, if p contains
the element u, then 1+au is a unit as an element of Ry, hence L, = 0 because (1+au)L, =
0. Localising (2.6) at p, we obtain an isomorphism T, = R?. If p does not contain u,
then ﬁ,, = 0 and from (2.4) we get an isomorphism T}, = R;. Therefore, in any case, T,
is a free R;-module.
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There is an exact sequence 0 -+ R™ % R™ — R — 0. From this sequence and
(2.4), we make the following pullback diagram:

u

4
(=]

.
1
1

+
o

!

0
R™
0 »y R® » P > R™
T R"
0 0
In this diagram, the middle row splits, and P is isomorphic to R"*™, Hence we obtain
an exact sequence

(2.7 0+ R*> R™™" 5T =0

In particular, T is a finitely presented R-module. Lemma 2.1 implies that T is a projective
R-module. Therefore the exact sequence (2.7) splits, and we get an exact sequence
0—-T— R**™ — R"™ — 0. Lemma 2.2 shows that T is a free R-module. Thus, the
proof of the theorem is completed. 0
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