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A ^-EXTENSION OF FELDHEIM'S BILINEAR SUM 
FOR JACOBI POLYNOMIALS AND SOME 

APPLICATIONS 

MIZAN RAHMAN 

1. Introduction. The main objective of this paper is to find useful 
g-extensions of Feldheim's [6] bilinear formula for Jacobi polynomials, 
namely, 

v( , , Q , , p(l - x ) ( l -y) p(l + x)(\ +y)\ F4yau a2; a + 1; ft + 1; , j 

(1.1) 

4 4 

y kl(a + ft + 2)k(2k + a + ft + 1) 

k=o (a + l),(ft + \)k(a + ft + 2)2k(k + a + ft + 1) 

(«l)*(«2)*P* 

• 2F,(«i + k, a2 + k; a + ft + 2 + 2k; p ^ ' ^ / f ' ^ ) , 

where the Appel function F4 is defined by 

(1.2) F4(a, b; c, d; x, y) = 2 {a)m+n{p)m+"x
m

y
n-

m,„=0 m\n\{c)m(d)n 

a,, a2, p are arbitrary complex parameters such that the series on both 
sides of (1.1) are convergent, and 

(1.3) Pi^(x) = ̂ ±Jk2Fl(-k, k + a + ft + 1; i ^ ) 

is the Jacobi polynomial of degree /c, (a)k being the usual shifted 
factorial. 

A very general ^-analogue of the Jacobi polynomials, known as 
#-Wilson polynomials, has been recently discovered by Askey and 
Wilson [2] 

/i ^ / u ^ x, \q~n, abcdqn~\ aeW, ae~W 1 
(1.4) Pn(x; a, b, c, d) = 4*3[

q J , ^ ' > * «\> 
x = cos 0, 0 t=à 0 ^ IT, n = 0, 1, 2 , . . . , and the parameters a, b, c, d are 
usually assumed to be real and numerically less than 1. The symbol on the 
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right hand side of (1.4) represents a basic hypergeometric series defined 
generally by 

(1.5) r + 1 * al9a2,...9 a r + 1 

bl9 bl9 . . . , br 

V (a0k(a2)k- • -(ar+\)kzk 
k=o (q)k(bx)k . . . (br)k 

where the shifted factorials on the right hand side no longer mean the 
same thing as in (1.1), (1.2) or (1.3), rather, they are the so-called q-shifted 
factorials defined by 

(a)k = (a; q)k 

0-6) = f 1 , if k = 0 
1(1 - a)(\ - aq) . . . (1 - a^~\ k = 1, 2, . . . . 

Obviously (a; q)kisa, more distinctive notation for this, but considerations 
of economy suggest the adoption of the shorthand notation provided its 
meaning is clear in the context. Throughout the paper we shall use (a)k to 
mean (a; q)k unless otherwise mentioned. The parameter q is usually taken 
to be numerically less from 1 and the other parameters in (1.5) must 
satisfy the convergence requirements of the series. 

Askey and Wilson [2] proved the orthogonality of pn(x; a9 b9 c9 d) 

(1.7) J _x w(x\ a9 b9 c9 d)pm(x; a, b9 c9 d)pn(x\ a9 b9 c9 d)dx = hn8mn9 

where the weight function is given by 

(1.8) w(x; a9 b9 c9 d) 

_ ^2 V2h(x'9 \)h(x; -l)h(x; Vg)h(x; - Vg) 

h(x; a)h(x; b)h(x; c)h(x; d) 

with 

oo 

(1.9) h(x; a) = I I (1 " laxcf + « V ) = {ae^Jiae'10)^ 
r = 0 

x = cos 09 (A)^ = lim (A)n9 
n—*oo 

and the normalization constant hn is given by 

n i m , , (g)Hd - abcdq-'){cd)n{bd)n{bc)n ln 
(1.1U) n„ — hn Î 7y-—; a , 

\abcdq-\(\ - abcdqln-X){ab\{a^Uad\ 

(1.11) h0=
 Mabcd)~ 

(^f)00(aè)00(ac)00(aJ)00(Z)c)00(M)00(cJ)0 

subject to the restriction that 
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(1.12) m*x(\q\9\a\9\b\9\c\9\d\)< 1. 

The basic result that we shall prove in Section 2 is the bilinear 
formula 

OO A 

(1.13) F(x9 y\q) = 2 -f Pn(x', a9 b9 c9 d)pn(y\ a9 b9 c9 d)9 
n = 0 hn 

where 

(1.14) Xn = / , 0 ^ ^ ^ ( - p ^ r , ( 2 ) f AnUadqn)k(adcf)kf)K 

(abcd)2n k=o (q)k(abcdq n)k 

( 2 ) = n(n - l)/2, and 

F(X V\q) = 2 Am^deie^m(<de ie^rnide^)mide ^)m m 
m=0 (q)m(bd)m(cd)m(d/a)m 

(1.15) l0W9(ad-lq-m'9 qX~m/bd9 qx~m/cd9 q~m
9 

id -id i<& - / $ bcq\ 
ae , ae 9 ae 9 ae ; q9 I 

ad / 
with JC = cos 09 y = cos $, 0 ^ 0, $ ^ 77, p an arbitrary parameter and 
{^mlm^o an arbitrary complex sequence such that the infinite series on 
both sides of (1.13) converge. Following [11] we have used the shorthand 
notation \0W9 for a very well-poised 1 0 $ 9 series, that is, 

(1.16) a, #V«> - ? V « , bhb2,...9br 

V<2, - Vfl, û^/^i, tf#/62> . . . , aqlbr ' ^' 

Note that the argument of the \0W9 series in (1.15) is bcq/ad which 
reduces to q in the special case ad = be. This is an important special case 
since the corresponding 10<I>9 series is now both very well-poised and 
balanced and therefore transformable to another 1 0 $ 9 series of the same 
kind by virtue of Bailey's transformation [4]. Furthermore, as we shall 
prove in Section 3, it is in this case that there is another closely related 
bilinear formula 

00 

(1.17) G(x9 y\q) = 2 ^ pn(x; a9 b9 c, d)pn(y; a9 b9 c, d)9 
n=0 nn 

where 
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(i.i8) ft, = h ^ ^ t ) n f 2 _ ^ — 
°(ad)n(bct)„ k=o(q)k(bctqn)k(tq

l nIad\ 

(1.19) ad = be, and 

(1.20) G(x,y\q) = 

(abcd^iac-'t^iOj (ae^be^ete^dte19), 
ie\ I2 

ool 

(ab)J,ac)J<ad)JJMl)J]bct)J<cdt)J<ac-x)00\ (te^^te'9 ' '*)J 2 

x v Bk(cdt)k\ (te )k(te )k\ 

k=0 (q)k(t)k{qt/ad)k(ac-Xt)k\ (cte^)k{dtë\^ 

X i0W£cdt<f-u, if, bctqk-\ ccTxt(f, ce9, ce~i9, de'*, de~'*; q, q) 

(abcd)J,ca-'OooCOool ( ^ y & ' \ ( a ^ U t e l | -
+ (bd^cd^bc^ac^abt^iadt^ica- ' ) J (té^^té9 ^ J 

x V Bkiabt)k\ (te )k(te )k\ 
k=o (q)k(t)k(qt/bc)k(ca-lt)k\ (atel\(bte\\2 

X ^ ( f l f c ^ * - 1 ; / / , ûrf^- 1 , fl<T V , aë\ ae~l\ be1*, be'1*; q, q). 

t is assumed to be an arbitrary real parameter and {Bk}^=() an arbitrary 
complex sequence subject to the requirement that the series in (1.17), 
(1.18) and (1.20) are all convergent. 

In Section 4 we shall deal with the relationship between the bilinear 
formulas (1.13) and (1.17), and derive what we consider a proper 
q-analogue of (1.1). In Section 5 we shall show how this g-analogue leads 
to a Poisson kernel for the #-Wilson polynomials subject only to the 
restriction (1.19). 

2. Proof of (1.13). We shall start by computing the integral 

h,i = J _! ™(y\ a> b> c, d)pn(y\ a, b, c, d) \ (ael\(del%\2dy. 

Since by Sears' [14] transformation formula for a balanced and 
terminating 4<î>3 series 

pn(y\ a, b, c, d) 

* \l~n> abedef-1, ael<p, ae~l<p 1 
ab, ac, ad 

(ac)n(ad)n 

q-n,abcdq"-\bei<S,,be~^ 
ba, be, bd ' q' q 

we get 
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" (n~n\:(nhrrlJ>-'[\:nJ 

hj = 
(bd)„(bc) , ^, {q-^jabcdf-^q; 

(2.2) ' (ac)„(ad)n ,=o (q)j(ba)j(bc)j(bd)j 

X J _ j w(y; act, bqj, c, dq"~j)dy. 

Setting m = n = 0 in (1.7) and replacing a, b, d, by aq^, bq^ and dq"~J, 
respectively, and simplifying, we obtain 

hj = 

\ i ^ y ^ f (abUacUbdUcd^iad)^, 
{ad)n{abcd)n+k+l 

(2.3) X ( 9 - * " V ( * + /) 

X 4 $ 3 

„ « - l „ - * „A-\„~l q ", abcdq" \q K, ad V 

provided 0 ^ n ^ k + I, and, 0, otherwise. It is, of course, assumed 
that 

\q\ < 1 and max( \a\, \b\, |c|, \d\ ) < 1. 

A simple transformation of the double sum on the right hand side of 
(1.15) gives 

F(X,y\q) = 2 2 Ak+I\
 ad

 A\ /+Vl(^\(^'M2 

yk=o /=o 1 — ad 
(2.4) 

X | (ae'Xide'frf/iqUqUabUac), 

X (aq/d)k(bd)i(cd)i(dq/a),. 

Using (2.3) and simplifying we get 

J _,M '(3 ;; a, b, c, d)F(x, y\q)p„(y; a, b, c, d)dy 

(abcd)2n m=o (q)m(abcdq )m 

y_o (?)y(fl6),.(flc),.(?-w-"),.(fl9/rf),. 

(25 ) x I K ) , # " U , - J V " ' ^ m " V i 
(q)m + n-j(dq/a)m+n_j(\ - ad ') 

' ad~\qV-m-nt q^-f _q^~t aei»qj^ ae-,eqj^ qJ-m-n 

, V", - y/~, d-le-i0ql+J-m-", d-Xeieqx+j~m-n, ad~xqx+J ' 

q,qX'J/ad\, 

X 6 $ 5 
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where the square root is over ad q^ m n. 
The 6 $ 5 series is summable by [16, IV.9] with sum 

M — \\+2j — m — n\ /— 1 J— 1_1 — m — n\ 
q J )m + n-j\a d q )m + n-j 

(d e q J )m+n-j(d e q J )m+n-j 

_ (d(TXq ~J)m + n -j(adqJ )m+n -y 

A few more steps of straightforward computation leads to the 
connection relation 

/ w(y; a, b, c, d)F(x, y\q)pn(y, a, b, c, d)dy 
(2.6) J ~x 

= \npn(x\ a, b, c, d\ 

where \n is given by (1.14). 
Let us assume that all the parameters are real and that the sequence 

{An} is such that 

CO 

2 ^l < OO, 
/ i = 0 

F(x, y\q) is square-integrable, non-negative and even continuous, at least 
in any interval 

1 - 2cj ^ x,y ^ 1 - 2e2, el5 e2 > 0. 

Then Mercer's theorem immediately leads to the bilinear formula (1.13). 
(1.13) is, of course, much too general to be useful, so we consider some 

important special cases. 

Case I. 

An = (q-r)n{abcdcf-\/{ad)n{ad)n, 

p = q; r a non-negative integer. 
Here 

(q-r)n{abcdqr-\{bc)n 

{ad)n{abcd)2n 

(n\ \qn-r,abcdq" + r-' 1 

fq^UX abcdq2" ; H X (-qad)"q^>2$x 

- *('?^>('V«-WV--'x 
(ad)n(abcd)n+r 

This vanishes unless n = r. Simplifying, we get 
(2-7) A, - h0

 iq)"ll ~ abcd^c} {ad)nKr 
\abcdq~\{\ - abcdq2"-*)(ad)„ 
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This leads to Rahman's product formula [8, 10] 

pr(x; a, b, c, d)pr{y\ a, b, c, d) 

(ac)r(ab)r 

(q)n(ad)n(ad)„(bd)„(cd)n(da ')„ 

X l0W9(ad~]q~n; qX~"/bd, ql~"/cd, q~n, ae'9, ae~'$, 

ae'®, ae i $ ; q, bcq/ad). 

Case II. 

An = (a 0 „ ( V T ^ \(~ab)„(cd)n 

/{ad)n{ad)n{-\fi)n{vT)n, p = q; 

r a non-negative integer, X, ju, v, T arbitrary constants. 
Here we have 

K = ho 
(q-%Q^<f-X(bc)n(cd)„(-ab) (»2) 

(2.9) X , $ 4^3 

(ad )„ ( - X/x)„ (vr)n (abed )2n 

q"~r, \tivrqn+r-\ -abq", cdq" 1 
abedq2", -Xixq", vjq" ' q> q\ 

= h 
(-VT)r(\n)r 

(-ir 

X 

X 

(vr)r(-\n)r 

(q-r)n(XtiVTqr-\(bc)n(cd)n(-ab)ni^d ( j ) 

(ad )„ (X/i)„ ( - j"r)„ (a/>c</ )2„ 

f^W*'"1,^, -cdq" 1 
4 $ H abcdq2n,\uqn,-vT<f ' q ' q l abcdq2n,Xixq", -vrq" 

by use of Sears' formula (2.1). So the corresponding bilinear formula is 

2 (g~r)m(^rqr~l)m(-ab)J(deie)m(deiX\2qm 

m=o (ç)m(arf)m(arf)m(M)m(-X/i)m(ï'T)m(J/a)m 

1 —m. l - f f i ( 

ae1 , #e~' ; g, bcq/ad) 

X XQW9(aa q ; g /pa, # /ca, g , ae , ae , 
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(2.10) X 2 

(Xn)r(-VT) 

(vT)r(-Xlx)r 

A, {abcdq-\{\ ~ abcdq2n-X){ab)n(ac)n{-ab)n 

«=o (q)n{\ - abcdq X\p)„(bd)n(-v T)„ 

^)(q-\(X,xprqr-\ 

(qd/a)n 

1 

X 4 0 3 

(abcd)2n 

q"-r,X^Tq"+r-\abq", -cdq" 
abcdq2", XM

n, -vrq" ' q, q 

X pn(x; a, b, c, d)pn{y; a, b, c, d). 

It wouldn't appear there is anything special about this formula until we 
consider the following special case 

(2.11) -d= V~q,b = qa+xn,c = -q j8+l /2 

A = -T = y/q, p = q 

and set e = a. /$ 

Then the left hand side of (2.10) reduces to 

-r j + a + b+\ r—iO fZ^-iO 
, ~ y/qc - - ' -<$>U -,4 '-"" *, ~yqe;\ -yqe 

4^31 a+\ Jy+\ 1 

(-qb+\(<f+l)r 

(2.12) (-<TW+1), TT(-V 

X 4 $ 3 

(V:l~qlr
+u(-^pr\x-,q), 

i-f+lW+% 
where 

(4ff l+,W-96+1). P{?'b\x; q) 

is the continuous #-Jacobi polynomial introduced by the author in [11]. 
The right hand side of (2.10) simplifies to 

where 
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„(n ,. a\ - <g >'<"? >r (g ) w ( -g) w 
* " ' ' r ' H) — . . , . . a + fl+K 

(?) r ( -?) r (? >2« 

(2-14) - - ^ + , >"* ft+, 

[ n-r n + r + a + b+X a+\+n J+l+« 1 

q , q , q , — # 
«+)S+2+2« «+i+« _ J > + I + W \ q*> qy 

q •> q •> q J 
This leads to the projection formula [2] 

(2.15) P^b\x; q) = 2 g(», r; tf^Oc; ?) 

which is, of course, a ^-extension of an analogous formula given by 
Feldheim [6] for Jacobi polynomials. 

Case III. 

(«i)»(«2)»(-«3Xi(-»4)« 
(ad)n(ad)n(-a5/abcd)n(-qala2a3a4/a5)n 

where a b . . . , a5 are arbitrary parameters. 
The bilinear sum (1.13) reduces to 

V ( a l ) m ( « 2 ) m ( - « 3 ) m ( - « 4 ) m 

m=o (q)m(ad)m(ad)m(bd)m(cd)m 

| (del6)m(delX\2pm 

X 
(-a5/abcd)m(-qa]a2a3a4/a5)m(d/a)m 

l0W9(ad~lq~m; qX~m/bd, q{-mcd, q~m, ael\ 

ae l , ae1 , ae l ; g, bcq/ad) 

= y {abcdq'\(\ - abcdq2n-])(ab)n(ac)n 

( 2 - 1 6 ) „ = 0 (<7)„(1 - abcdq-])(cd\(bd)n(-a5/abcd)n 

( - #a, a2a3a4/a5)„ (aècJ )2„ 

4 Hafcafy2", -q"a5/abcd, -qn + xaxa2a2laA/a5 ' q' P\ 

X />„(x; a, Z>, c, d)pn{y; a, b, c, d), 

which is valid provided |p| < 1. One can see, of course, that the cases I and 
II are both obtainable from this by specializing the parameters au .. ., a5 

and p. If we replace a; by qa\ i = 1 , . . . , 5, specialize a, b, c, d according to 
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(2.11), and then let q —> 1, then (2.16) reduces to Feldheim's formula (1.1). 
In this very formal sense, therefore, (2.16) is a q-analogue of (1.1). 
However, it is a pretty useless analogue because, unlike the 2FX function 
on the right hand side of (1.1), the 4 0 3 series in (2.16) generally cannot be 
transformed even when we set p = q forcing it to be a balanced series, 
unless it terminates. Bearing in mind how Bailey's Poisson kernel for 
Jacobi polynomials was deduced [12] from (1.1) by taking 

ax = (a + £ + 2)/2, a2 = ax + 1/2, 

p - 1 / 2 = \/2(tl/2 + t~1/2), 0 < t < 1, 

we may set up an analogous situation by putting 

ad = be, p = q, a, = a-* = be, 
(2.17) 3 

a2 = a4 = bcyq, a5 = —(be) qt, 

so that (2.16) gives 

(2.18) 

X 

2 (-bc)m(bcy/q)m{-bc^rq)m\ (bca ]e'e)Jbca y » ) J 2
 m 

m=o(q)m(bc)m(bc2a~])m(b2ca~:)m(bca~2)m(bcqt)m(bcq/t)m 

X wW9(a
2b~lc^lq~m ; ab~2c-lql-m, ab~xc~2^~m, 

q-m, aé\ ae~l\ ae1*, ae"^; q, q) 

„-o(?)„( l - b2c2q-])(a-'bc\(a-]b2c)n 

I (bcqt)n(bcq/t)n 

v A \bcq", -beet, bcq"+l/2, -bcq"+U2 ] ) 
XHb2c2<?\ bctf+\baf"/t >q>qV 
X pn(x\ a, b, c, bca" )pn(y\ a, b, c, bcaT ). 

The expression within the curly brackets on the right cannot be 
expressed as a multiple of the «th power of any parameter for any choice 
of /, so (2.18) does not give a Poisson kernel for the q-Wilson polynomials 
pn(x; a, b, c, bea~l), even though the limiting sum, with q —> 1, does lead 
to Bailey's formula [3, p. 102]. 

To obtain a proper q-analogue of (1.1) we first set p = q in (2.16) and 
observe that the 4^>3 series is closely related to another 4<E>3 series of the 
same kind through a very useful formula of Bailey [3, p. 69]: 

sW7(a; b, c, d, e,f; q, a2q2/bcdef) 

https://doi.org/10.4153/CJM-1985-030-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-030-0


JACOBI P O L Y N O M I A L S 561 

(ag )oo(aq/ de ) O Q ( ^ / df^jaq/ ef)^ 

(<*q/d)Jjiq/e)djaq/f)00(aq/def)0 

X 

(2.19) + 

X 

Ac 
d, e,f, aq/bc 

a ' q' q] 4 3[aq/b, aq/c, def/c 

(aq )oo(aq/ be )J,d )OQ(g ) 0 0 ( / ) 0 0 

(aq/b^aq/ c^aq/ d^aq/ e)0 

(a1q2/edef)00{a1q2/bdef)00 

(aq/f)oo(a2q2/bcdef)00(def/aq)CK 

, \aq/de, aq/df, aq/ef, a q Ibcdef 
X 4 * H a2q2/cdef, a^/bdef, aq2/def 'q>ql 

The formula corresponding to the 4<I>3 series in (2.16) is, then, 

%W1(a5aA~Xqln~X\ a5/a4abcd, —abcdqn/aA, 

ctxq", a2q
}\ ~a3q

n\ q, a5/axa2a3) 

2« 

(2.20) 

(a5q /a^Jjx5/axa2a^J<-as/axa3a^J<-a5/a1a3fxA)OQ 

(a5^/ala4)^(a5(f/a2a4)J<-a5(f/a3a4)^(-a5/ala2a3a4^)0 

X 4 0 3 
axq

n, a2q
n, ~a3q

n, ~a4q
n 

n+\ abedq ", —qna5/abcd, — qn^l axa2a3a4/ a5 

{a5q
ln/aA)0O{axq

n)00(a2q
n)00{-ai>qn)O0 

V abcd'°°\axa4 ' °° xa2a4 / °° 

{-ad)os(-^^l) ( ÎL ) 

q\ q\ 

M U 2 U 3 i 1 a 2 a 3 a 4 ^ 

V a . a 4 / 0 0 V a i a < , a a / 0 0 V a, / c 

X 4$3 

X3U4 

a< 

M U 2 U 3 

«^ 

a 2 a 3 a 4 « i« 2 « 3 

a5abcdqn a5q \-n 

axa2a3a4 axa2a3a4 

q> q 

provided \a5/axa2a3\ < 1 when the series are non-terminating. While 
neither of the 4^>3 series on the right is transformable, the 8 $ 7 series on the 
left can be transformed to another 8<ï>7 by a limiting case of Bailey's 
formula [3, 8.5(1)]: 
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%W7(a; b, c, d, e,f; q, a q /bcdef) 

(2 2l) = (aq)oo(aq/ef)oo(a2<l1/bcdf)00(a
2q2/bcde)00 

(aq/e)2(aq/f)00(a
2q1/bcdef)00(a

2q2/bcd)00 

X %W7(a q/bed; aq/cd, aq/bd, aq/bc, e,f\ q, aq/ef). 

This is the key to the fact that (2.16) alone cannot be regarded as a 
q-analogue of (1.1); we need another bilinear sum with a 4 $ 3 which is of 
the type that appears in the second term on the right of (2.20). This, then, 
is the motivation of considering the kernel G(x, y\q) introduced in (1.17) 
and (1.18). 

Before we proceed to the next section to do this computation it may be 
of interest to point out a special case of (2.16) where the 4<I>3 series can be 
summed. Set 

a3 = a5, p = abcdlaxa2, 

and then let a3, a4 —» 0. The 4 0 3 series becomes a 2$i which can be 
summed by Heine's formula [3, 8.4(3) ], provided 

\abcd/ala2\ < 1, 

or the series terminates. Simplifying the result we get 

2 ( " i U " 2 ) J (deW)m(de'\\2 labcd\» 
m=o {q)m(ad)m(ad)m(bd)m(cd)m(d/a)m \<xxa2' 

X 10W9(<wT V " ; qX~mlbd, qX~m/cd, q~m, 

aei$, ae~i$, aé*, ae~^\ q, beq/ad) 

= (abed/ a, )00{abcdl a2)OQ 

(abed^iabed/a^oo 

x 2 ("l>cdq-])n(l - abcdq2"-l)(ab)n(acUa])n(a2)„ 

"-°(q)nO-abcdq-%dUbd)n{^)n{^)n 

X q\2'(-qd/a)npn(x; a, b, c, d)pn(y; a, b, c, d). 

This is a ^-analogue of [12, (3.7) ]. 

3. Proof of (1.17). The first step is to use the ^-integral representation of 
pn(x; a, b, c, d) suggested by Al-Salam and Verma [1] and elaborated by 
Gasper and Rahman [7, (4.2) ] 

pn(x; a, b, c, d) = 
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(3-D (q/ u)n (abu\n. 
(abcdu/q)n V q 

where 

-4(0) = — -0—9 > 
? 0 - ?) (?)oo(^)oo( f l û f )oo(^)ool ( * * )ool W(x; a, 6, C, J ) 

and the ^-integral is defined by 

J af(u)dqu = J Qf(u)dqu - J 0f(u)dqu9 

(3.2) 

Lf(U)daU = a(l ~ <Ù 
n = 0 

fa oo 
J0f(u)dqu = a{\ - q) %f(aqn)qn. 

Using the symmetry of p„(x; a, b, c, d) in b, c and d we now express the 
product of the g-Wilson polynomials in terms of a ^-integral: 

p„(x; a, b, c, d)p„(y; a, b, c, d) 

Acd)n{bd)n f^,,/b (abcdu/qUibue^abue-'6)^ 
B(0, $)-

X («-""> (at 
\ J qe»/b (h (ab)n(ac)n J Ie >b (bau/q^bcu/q^bdu/q). 

(3.3) tV-»ic (abcdv/qUcve^icve-'*)^ (*-"" (at 

cav/q^icbv/q^icdv/q)^ 

x (q/uUqMn (a^LYdud 
(abcdu/q)n (abcdvlq\ V q2 > q q 

where 

5(0, 0) = -4fcc[ (q(\ - qXq^iad^fiab^iac^ibd^icd)^ 

| ( ^ U c e * * ) J 2 w ( x ; a, 6, c, </M.y; a, b, c, d) ]~ '• 

Assuming uniform convergence of the series on the right hand side of 
(1.17) we have 

OO g 

(3.5) G(x, y\q) = B(6, *) 2 * # , ( * , r , A, 6, c, rf), 
*=o (q)k(bct)k(qt/ad)k 

where 
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Hk(x,y; a, b, c, d) 

-i: '"e~"/b (abcdu/q)Jbuée)00{bue-'e)çx>d ^ 

vW/b (bau/qyjbcu/q^ibdu/q)^ q" 

(3.6) / > '*/c
 d {abcdvlq^gcve'^icve-1^ 

J lJ*'< qV {cav/q^cbv/q ^{cdv/q)^ 

X 6W5(abcdq~]; q/u, qlv, adq~k/t; q, tbcuv^"2). 

Using the sum of the 6 0 5 series [16, IV.9] in (3.6) and simplifying, we 
get 

Hk(x, y; a, b, c, d) = 

(abcd)^ / > " ^ J (te^')>^Ute"')oo [qe-"/b ( 

Jos» dr (3.7) (bctq")^ J <^ib « (bau/q^ibcu/qUibdu/q)^ 

f«e-"<c (bctvq'-^icve^Ucve-^Uiabcduv/qX 

«P'c q {cav/q^icbv/q^icdv/q^ibctuvcf 2)m 

However, using Al-Salam and Verma's [1, 7] formula for expressing the 
8W7 in (2.19) as a ^-integral, the integral over v in (3.7) turns out to be 

4(1 - 1) (^)oo(«è)ooM)oo(W)oo 

(3.8) X 

lie sin $ | (ae^ibe^Uide^J2 

^*)j\bt^e-i9)Jiabdue-i9/q)0 

{abde-^btucf-'e-1*)^ 

X sW7(abdq'le~^; q/u, adt~xq~k, ae~'*, 

be-'*,de-"!>;q;btuqk-,ei*). 

The next important step is to use Nassrallah and Rahman's [9] integral 
representation for an 8 $ 7 : 

sW7(abdq-le~^; q/u, adt~xq-k, ae~i<S>, be''*, de"'*; 

q,btu<t~Xë*) 

_(q)J<ae-i*)abe-i*)00(de-i*)00(bau/q)oû{bdu/q)0 

Iwiad^ia^JJbd^iabduq" ' e - ' * ) ^ 

x (adu/q)00(abde-i*)00(tq
k)00(ba-ltqlc)00(bd- V ) o o 

(*te-'V)o 

(3,)./1_i4;^e— Vf , _ ft/2 ^M -ft/2 Vabd
 uJ*/2^ 

h(z; yjdbdé*n~) 

h(z; y/b/âd tcfe1*12) Z ' 
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provided 

( ,fâb ,fad , / M \ 
maxl y — , y — , y — < 1. 

W d V b V a } 
Using (3.8) and (3.9) in (3.7) and simplifying, we get, with z = cos 4>, 

Hk(x, y; a, b, c, d) 

= (abcd)^ q(\ - q^qf^ 

(bctq*)^ lie sin 0 

y I ( e 2 ' \ o l W ) o o ( ^ ~ V U ^ ' V )oo 
l^ae^ibe^ide^ 

(3.10) x / ' . ^ ^ e - * ' 2 , ^ ^ , 

fbd g _ ^ fb_ t ^ n \ d z 

V a V ad J 

Ne-'6 

X J qS/b 

'ad 

"> (beu/q^btue-^f-X 
i»\ (bue-'^adu/q) 

C O 7 

/ C O 

/ : 

If we now assume ad = be the last ^-integral becomes the sum of 
appropriate multiples of the balanced and non-terminating 3 $ 2 series 
which is summable by Sears' formula [15]. Thus 

*» (btue-U~l)00(bV'cue^ + ^q)UbV-cue^Y^JqU 

lib sin 0 h(x; tcfe-^hiz; ^cei$+i*n)h(z; V ^ ' * / 2 ~ ' V 

Use of (3.11) in (3.10) yields 

Hk(x, y; a, b, c, bca~x) 

i{\ ~ q?(q)l(b2c2)J ( e ^ U ^ ' V l V * ) o o 
%irbc sin 0 sin 4>(ae ,0)oo(^'*)oo(èca" le'*)oo 

(3 1 2) x (tqJl)oo(ba~ltqk)00(ac- V ) T O 

(bctqk)CX}(tq
keie-i^00(tq

ke-ie-i")00 
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y h(z; byTcJ*nMz; V ^ ^ Y ) ^ 

v V c ' v Ve J 

The integral above is of the type 

r i h(z; \)h(z\ -l)h(z; V?) 
/ 

X 

- 1 h(z\ \)h(z; n)h(z; v) 

h(z; — \fq)h(z; co)h(z; Xfivpor/G)) dz 

h(z; p)h(z; a)h(z; T) V l - z2 

Note that the integrand has an overall balance in the parameters; this 
property enabled the author recently to express the integral as the sum of 
two balanced, very well-poised and non-terminating 1 0 $ 9 series [13]. 

Use of this formula for the integral in (3.12) gives 

2^(bc2a-')O0(ctqke"b)O0(bca- V A » 

X 

X 

Uce'^Ubca- 'e-1 '*) J (ce^ca' le'e)J2 

\{bca-Xtqkeie)J 

(/9*)oo(fcr V)«/>(*; t<fs*) 
( (bc)00(bei*)00(tq

k)co(ctqke-i't')00 

I (ac~ x)00{ae-'q>)00(bc2a- V U ^ f l " V A » 

l0W9(bc2a~itc/(~l; t<f, bctcf~\ ca~xtqk, 

cé\ ce-'9, bca-V9, ôcfl-'e"''*; q, q) 

(abUibcUicé^ibca-'é^ 

( ^ f l - ' U c f l - ' U (ae,e)00(bca~itqke'e)J2 

(atqkei't')abtqkeW)J2(tqk)co(ca-ltqk)00  

X wW9(abtqk~l; tf, bctqk~x, ac~ltqk, 

X 

id ae , ae -'* 6e», * * - ' * ; * ,? ) } . 

Substituting this for the integral in (3.12) and using the subsequent 
expression for Hk in (3.5) immediately leads to (1.20). This completes the 
proof of (1.17). 

Note that the restrictions that are required for the existence of the 
Riemann integral in (3.12), namely, that 

max( |c|, \b2ca~\ \a2c~\ \t2/c\ ) < 1 

https://doi.org/10.4153/CJM-1985-030-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-030-0


JACOBI POLYNOMIALS 567 

can be removed, by analytic continuation, and do not need to be applied 
to (1.17) and (1.20) which are subject only to requirement of uniform 
convergence. 

4. A proper ^-analogue of Feldheim's formula. As we observed in 
Section 2, eq. (2.16) provides only a formal analogue of Feldheim's sum 
(1.1), but it cannot be directly applied to any problem of interest, unless 
we find a companion formula that connects the 4 0 3 in (2.16) to its natural 
companion in (2.20). Accordingly, we set 

(4.1) Bk = qk(alt/bc)k(a2t/bc)k(-a3t/bc)k(-a4t/bc)k 

/(ala2a3a4t
2/b4c4)k 

in (1.17) and (1.19) to get 

5 ( ^ A O - b2c2q2n-l)(ab)n(ac)n(bc/t)n 2 

n=0 (q)n{\ - b2c2q-l)(bc2a-l)n(b
2ca-\(bct)n

{ " } 

v <h \a\t/bc9
 a2^be, — a3t/bc, — a4t/bc 1 

X 4<PH axa2a3a//b4c\ bctq\ tqX~n/bc ; *' q\ 

X pn(x; a, b, c, bccT )pn(y\ a, b, c, bcaT ) 

(b^^iac'h)^)^ 
(ab^iac^ibc^iac 1), 

oovM,V/ / oov 1 ^ /oov 

'"^(be'^cte^Ubca-^U2 

{b\a-^{bct)^bc2a-h)J(teie+it'U{tée~iii')J 

x v (a\t/bc)k(a2t/bc)k(~a3t/bc)k(~a4t/bc)k(bc2a~]t)k 
k=o (q)k(t)k(qt/bc)k(ac~]t)k(a:a2a3a//b4c\ 

I (te>e+>\(te«-'\\2 

\(ctei\(bca-xte\\2 

X qk
wWg(bc2a~ltqk~l; t(f, bctcf'1, ca'^tf, 

ce'0, ce'19, bca-^e**, bca'^-*; q, q) 

+ (^2)oo(ca_10oo(0oo 
{ac)Jbc)<Jb2ca-v) 

O 

x | (ce^ibca- 'e^iate'^Obte^J 

(bc2a- ' U c a - 'UaôOoo^Oool (tew+l9)ÛO(tew-'\ 

(4.2) X 2 
(alt/bc)k(a2t/bc)k(-a3t/bc)k(-a4t/bc)k(abt)k 

*~0 {q)k{t)k{qt/bc)k(ca~h)k{axa2a^aAt2/bA/c\ 
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x I (te )k(te )k\ 

(ate'*)k{bte>\\1 

X <f WW\{abtct~"'; t<f, bct(f~\ ac~xt(f, 

ae'e, ae~i0, btP, be'1*; q, q). 

Setting ad = be and a 5 = — aia2a-ia4t/bc in (2.20) we get 

(-^f^)ja,^U^U-«3^)o 

(~«4g )oo(to)o4 ^4C4 joo 

7 V / 
X ^ , _ " . - - z W " ' . _«1«2«3? _ * 2 c V 

Z>C ' * V ' 

«l^r", a2</\ —a^q"', q, —a4t/bcj 

IA ~>\ Jï>clt)n *. \a,t/bc, a2t/bc, —a-.t/bc, —aj/bc 1 
( 4 ' 3 ) = ' ~^X4 H axa2a,af/b*c\ bctq\ tq^/bc ; * «J 

+ 
(*\t/bc)n(a2t/bc)n(--0L3t/bc)oo(-a4t/bc)oo 

(«l)oo(«2)oo( " «3>oo( - « 4 ) 0 0 ( ^ ) 0 0 ( ^ ^ ) 0 0 

(^ /0 o o (a 1 a 2 a 3 a 4 / / ^ 3 c 3 ) o o ( fc 2 c 2 ) o o ( ? ) 
x V ,ooV I I 3 4 " *«*- '~(-l)»q\2>(-qbc)» 

(axa2a3aAt lb c ^ 

x _ ( ? f l ) i i («2k( -«3)n ("«4)11 
(bcq/t)n[-^^-)n(b2c2) 

raxq", a2q", ~a3q
n, -a4q" 

A3 J 

Now we add the appropriate multiple of (2.16) as suggested by (4.3) to 
(4.2) after setting 

d = bca and <x5 = —axOL2a3aAt/bc, 

to obtain 
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„-o(?)„(l - b2c2q-x)(bc2a-\(b2ca-\ 

~ ' fo
2

c
3 )2„ 

/ a2a2l\ ( a]a3t\ (a:a2t\ (a]a2a3a4t\ 22 

fee fee a . 

X /?„(*; <z, fe, c, bca X)pn{y\ a, fe, c, bca x) 

axq
n, a2q

n, ~a3q
n; q, -<x4t/bc) 

c, bca~ ) 

(a1//fec)00(ft2//fec)00(-a3//fe(:)00(-a1a2a3r/fec)00 

(axa1t/bc)QO{ - a1a3//fec)00( - a2a3t/bc)O0(t/bc)0o 

x 2 
fcTo(9)t(éc)fc(ftc)fc(i

2ca-,)il(ftc
?fl-,)fe 

|(fcca-'A(^"'^\lV 
{a^a^t/b c )k(bcq/t)k(bca )k 

X i 0 F f 9 ( a V c ~ V * ; aqx~k/b2c, aq]~k/bc2, q 
id —id i$ —/0 \ 

ae , ae , ae , ae ; g, g) 

+ (^l)oo(a2)oo( ~ a3)oo( ~ a4)oo( ~ « l « 2 a 3 / / f e c ) o o 

(a1a2//fec)00(-a1a3//fec)00(-a2a3r/fec)00 

y 1 {aé^J&^JPca-xterete1*)J 2 

(fecUfe2^- ^ooCfec2^^U^/Oool ité'+^Jifé'-^J-

x v ((X\^t>c)k(a2t/bc)k(-a3t/bc)k(-a4t/bc)k(bc2a~xt)k 

k=o (q)k(t)k(qt/bc)k(ac~Xt)k(ala2a3a4t
2/b4c\ 

|(cte'\(k»~ , 'Al2 

rç*, fec^1, ca" V , ce'9, c e - " , toTV'*, Aca - 1*-'*; <?, ?) 

(«l)oo(«2)oo( - «3)oo( _ «4)oo( ~~ « l « 2 « 3 ? / e c ) o o 
+ (a1a2?/èc)0 0(-a,a3?/èc)0 0(-a2a3?/èc)0 
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(axa2a?)a^t2/yXcX)00(t)O0(ca Xt)0 

(-aAt/bc)J^axa2a3aAt/tfJ)J^ac)Jj?ca ^JJy^a ^ 

x | (ce^ibca- 'e^bté^ate1^ 

ool 

(a{t/bc)k(a2t/bc)k 2 

( 4 4 ) x (-^t/bc)k{-aAt/bc)k{abt)k 

(qt/bc)k(ca~,t)k(aia2a3a4t
z/b4c4)k 

| ( ^ + ' \ ( ^ - \ | 2 , 

i (W\(faAi2 

mW9(abt^~X\ t<f9 bctqk~\ ac~]tqk, 

aé\ ae~l\ be1*, be"1*; q, q). 

This is a formidable-looking formula and on first sight may appear 
unusable. However, there are a number of properties that make it much 
more useful than the apparently simpler formula (2.16). First, the %W7 

series on the left (which is, of course, the same as an 8$7) is transformable 
to another %Wn of the same kind as in (2.21) or to a pair of balanced 403 ' s 
in a number of ways as in (2.19). Second, the \0W9 series in the first term 
on the right hand side is a very well-poised terminating and balanced 10O9 

and as such is transformable to another 10O9 by Bailey's theorem [4]. 
Third, the pair of generally non-terminating ]0W9 series in the second and 
third terms on the right hand side can be transformed to a similar pair by 
Bailey's formula [5]. Finally, one can show by suitably choosing the 
parameters a l5 a2, a3, aA as powers of q, setting 

(4.5) a = ^ 2 + l / 4 ( b = ?«/2 + 3M c = _ ^ / 2 + l / 4 

and taking the limit q —» 1 that (4.4) does approach a formula that is 
reducible to Feldheim's sum (1.1). Accordingly, we shall call (4.4) a 
g-analogue of (1.1), and we claim that it is a more appropriate one than 
(2.16). In the next section we shall consider a special case of (4.4) in an 
attempt to justify this claim. 

5. Some special cases: a Poisson kernel. In this section we shall 
consider some special cases of (4.4); cases in which the %Wn series on the 
left can be summed. There is one obvious case in which the series becomes 
a 6<I>5. This happens when, for instance, a3 = —belt. Then we get 
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W( ) 

8 $ 7 
axa2q " , qyf ", -qy/~, axq", a2q", 

^f, - y/~, a2q", ctxq", 

bccf/t, ata 1«2 b2c2q" 

b2c2' 

axa2tq"/bc, b2c2q2'\ 
b2c2 

(5.1) 

6$5 
«1«2?2" ' ' ? V , - ? V , bcq"/t, 

yj~, - yf, axa2tq"/bc, 

axa2/b c , —be q"/a4 

b2c2q2", -axa2a4q"/b2c2 

q, —a4t/bc 

-aAt/bc 

(a, a^'^ibctq" )« , ( -« , a2aAt/l?^)oo(-aAqn)0 

(a]a2tq"/bc)00(b
Ic1qz")00(-a]a2a4q"/bzcI)00(-a4t/bc)00 

provided, of course, \a4t/bc\ < 1. The left hand side of (4.4) then simplifies 
to 

( ^ O o o ( - < ) o o ( « l « 2 ) œ ( - « i a 2 a 4 f / f t 3 c 3 ) o o 

(62c2)oo( - a4t/bc )œ(a xa2t/bc)00{-ax a2a4/b
2c2)00 

(5.2) 2 
«=0 

î.2 2 
(ftV^-'wl Z>2cV""') 

(?)„(! - /M?"') 

X (^ 2 ) " 
(afc) „ (ac)„ ( f rc /Q„ 

X pn(x\ a, b, c, bccT )pn(y\ a, b, c, bca~ ). 

Because of the factor ( — a^t/bc)^ the first term on the right hand side of 
(4.4) vanishes. Also, the second and third terms on the right become single 
series since the factor ( — a3i/bc)k is zero unless k = 0. When we equate 
both sides the terms with ah a2, a4 cancel out and we get the following 
formula 

( ^ ) o o ( O o o ( f l C ^ o o 

( * O o o ( û è ) o o ( û O o o ( ^ _ 1 ) c 

X 
1 (ae^jbe^ibeg- hée)Jjcté*)J-

{b1ca~x)00{bct)00{bc1a-xt)J ( /^+ ,"*)0 0(^- ,"*)0 0 |2 
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X wW9(tbc2a ]q x;t,bctq \ ca lt, 

j8 „„-M I „ / * ce", ce-'", bccTW", bca-'e~m\ q, q) ' „ - ' * . 

(5.3) + 
(bVjJt^ica '?)œ 

(bc^ac^b2™-1) 

J®\ 12 

X 
(ce^ibca-'e^ibte^iate1^ 

0 + i®\ t*J0-i®\ \2 (ca~ ' U ^ Û - 'WôcOoo^Oool ( / ' " U ^ ' n 
i» LJQ /'*. X mWg(abtq ; t, bctq , ac t, atr, ae ' , be , be ; q, q) 

V (fe2cV')„(l ~ M^~X)W>)„{ae)n{bc/t) j 

„=o (?)„(i - ZMT'X^V 1 ) ,^ 2 ™" 1 ) , ,^) , , 

X /?,7(x; a, b, c, bca~~ )pn(y\ a, b, c, bca~ ) . 

This may be viewed as a non-terminating extension of the inverse of the 
product formula (2.8). 

There are other special cases that one might consider, but the one that is 
of more interest to us corresponds to an evaluation of the series 

sW7(At2; A, t, — t, tyfq, -tyfq; q, Aq) when \Aq\ < 1. 

Setting a = At2, b = t, c = -t, d = tyfq, e = ~tyfq,f = A in (2.19) 
we find 

sW7(At2; t, ~t, tyf], -tyfq, A; q, Aq) 

(Aqt^J, - A )oo(f V^)oo( - t V^)oo 

(Aty/q^-Aty/q^iqàooi- Vc 

4 * 3 
A, ~Aq, tyfq, — tyfq 

Atq, —Atq, —q ; q> q 

+ 
{Aqt2)^{-A)00(t^)00{-tyfq)00 1 - A 

{At^fq)J,~At^fq)00(qt2)00(-\)00 1 + A 

Now, 

4*3 [ 
Aq, -A, tyfq, —tyfq 

4^3i ' q 
Atq, —Atq, —q 

. . ] . 

4*31 

+ 

\A, -Aq, tyfq, -tyfq 
Atq, —Atq, —q \q*q\ 

1 + A 
4 * 3 

Aq, -A, tyfq, -tyfq # 

Atq, -Atq, -q q, q 
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1 ' A | {tyTq)k{-tyfq)k<t 

1 + A k=o (q)k(-q)k(Atq)k(-Atq)k 

(5.5) {(A)k(-Aq)k 
1 - A 

+ {-A\(Aq)k} 

2 | (AM-A)k(tyfi)k(-tVq')kj 
\ + A k=o (q)k(-q)k(Atq)k{-Atq\ 

72*1 
^42, ^ 2 

since 

(5.6) (a; q)k(-a; q)k = (a2; ^ r \ 

and 

1 + A 
(A)k(-Aq)k + (-A)k(Aq)k 

M - A 

= (Aq)k_](-A)k+] +(-A)k(Aq)k 

2(A)k(-A)k 
2(-A)k(Aq) ' A : - I 

1 - A 

However, by Heine's formula [3, 8.4 (3) ] 

2 * 1 

(5.7) 

\A\qt1
 2 

[AW''"'9 

,2„2. 2s. (Alq; ftjff; ql\ 
(A2t2q2; q2)m(q; q2)^ 

(AVq; q)oo(-AT/q; q^qf, q^j-qt, q)^ 

(Atq\ q^i-Atq; q^iVq; q)J,-V<1\ q)J 

by (5.6). 
Using (5.7) in (5.5) and (5.4), we obtain 

iW-jiAt2; t, -t, ty/q, -ty/q, A; q, Aq) 

(5.8) {A2q)00(Aqt2)^ 

(Aq)00(A
2qt2)00' 

In deriving the final expression on the right hand side we made use of the 
identity 

(5.9) (a; q)2n = (a; q1)n(aq; q \ 

= (Va; q)„(-Vâ; q)n(y/âq\ q)n(-y/âq; q)„. 
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To see how the parameters a h . . . , a4 may be chosen to relate the ^W1 

in (4.4) with the <^W1 in (5.8) we first transform it by (2.21): 

%W7( — a}a2a3tq
2n~l/bc; axq

l\ a2q", — a34\ 

— a}a2a3t/b
3c3, — b2c2qn/a4; q, — a4t/bc) 

(5.10) 

X 

(-«!<*2<*3*g ' ? / ^ ) o o ( ~ ^ ) o o 

{b2c2q2n)00{axa2a3a4tq
n/b3c3)00 

(a]a2a3a4t
2/b4c4)00(bctqn)00 

( - a4f/&c)oo( -axa2a3t
2q2/b2c2)c 

X 8 ^ 7 ( - a 1 a 2 a 3 / V ~ 1 / * 2 c 2 ; a}t/bc, a2t/bc, -a3t/bc, 

— axa2a3t/b
?>e>, -b2c2qn/a4\ q, -a4q"). 

Now we choose ax = a3 = be, a2 = a4 = bc\fq so that the left hand 
side of (5.10) equals 

( - b2c2tq2" + ' /2)oo( " W + V2Uqt2Ubctq" ) œ 

(b2c2
q

2"Ubctq"+lU-tV^U-bct2q"+V2), oo 

8 ^ 7 ( - t o V ~ ' / 2 ; t, ~t, t^/q, -ty/q, -bcq"-]l2- q, -bcq"+U2) 

_ (-b2c2tq2" + U2)00(-bcq"+]/2)00(qt2)00(bctq")00 

(bVq^Ubctq" +]U-t V?)oo( - bct2q" +U2)ao 

x< ( f r W ' ' U - t o y ' + ' / 2 ) o o 

by (5.8) 

( g f V W , ) o o ( - * 2 c W " + 1 / 2 ) o o 

Substituting this for the 8 W7 on the left hand side of (4.4) and simplifying 
by using (5.9) we get 

(qàooibct^i-bVty/q)^ 

(-tVq)oo(bcqt)00(b
2c2t2\ oo 

x y ( ^ V ' U l - b2c2q2n-x){ab)n(ac)„a~2nt2 

n-o(?)„(l - ^cVWa"1) , ,^2™ - 1) / 

X /?„(.*; a, /?, c, Z?ca~ ^ ( j ; #, 6, c, Z?c<2~ ). 

Using this in (4.4) and simplifying the coefficients we obtain the Poisson 
kernel for q-Wilson polynomials 
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y ( ^ ~ ' ) „ ( l - b2c2q2n-%b)„(ac)n 

„=o(q)„(l ~ b2c2q-])(bc2a-\(b2ca-\ 

X a nfpn(x; a, b, c, bca~ )p„(y, a, b, c, bca~ ) 

- n - A (fec<??)°o V ("bc)k(bcV^)k(-bcVq)k 

V1 ' ) , . , , . ^-i > s >. 2 - k /1.2 - K 

X 

(t/bc^k-o (q)k{bcla \{blca \ 

(bca-^\(bca-^\U 

(bc)k(bca \(bcqt)k(bcq/t)k 

(5.11) X wW9(a
2b~^c~\-k; ab~2c^xq^k, ab~xc~2qx~k, q~k, 

ae'\ ae''\ ae1*, ae^; q, q) 

+ (Q0O(ac~1Q0O(^2c2)0O 

(ab )oo(ac ̂ (bc )œ(ac ~ ' ) m 

y \(aei$)00(bei<')00(cte'^00(bca']teie)J2 

*-o (qUqt/bc^iq^iac-^^ict^Ubca Xte\\2 

10 ̂ 9(Z)C2a '/</•' ];tqk,bctqk \ ca ]tqk, 

oca V , oca <? , ce , ce ; a, a) 

+ (0oo(cg ]t)oo(b2C2)oo 

(«c)00(oc)00(ca^ ' ^ ( o ^ a " ' ^ 

y | (c^U '̂V Va^U^)J2 

(o2ca~'UaftOoo^/Oool (^", + ' *U^"" I > )oo l 2 

*=o (q)k(qt/bc)k(qt%(ca~lt)k\ (ate'\(bte\\2 

X 1 0 W 9 ( a o ^ ^ ' ; rç*, bctq*'1, ac~]tqk, 

be1*, be'1*, aé6, ae'19; q, q). 

This is the same as eq. (6.13) in [7]. The right hand side is clearly 
non-negative for a, fi > — 1 where 

,0/2 + 1/4 . _ „ , / - „ _ _ „ 0 / 2 + l / 4 
a = a a / 2 + 1 / 4 , 6 = a ^ , 

and 0 < t < 1, 0 < a < 1. 

c 
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Note that the procedure of obtaining the Poisson kernel from (4.4) is 
analogous to deducing Bailey's formula [3, p. 102] from (1.1) in [12]. As 
such, one might even call (4.4) a generalization of the Poisson kernel for 
continuous g-Jacobi polynomials. 

There are other interesting applications of the bilinear formulas derived 
here which we hope to report in a later paper. 

REFERENCES 

1. W. A. Al-Salam and A. Verma, Some remarks on q-beta integral, Proc. Amer. Math. Soc. 
85 (1982), 360-362. 

2. R. Askey and J. Wilson, Some basic hyper geometric orthogonal polynomials that generalize 
Jacobi polynomials, Memoirs of Amer. Math. Soc, to appear. 

3. W. N. Bailey, Generalized hyper geometric series (Stechert-Hafner Service Agency, New 
York and London, 1964). 

4. An identity involving Heine's basic hyper geometric series, Proc. Lond. Math. Soc. 4 
(1929), 254-257. 

5. Well-poised basic hyper geometric series, Quart. J. Math. (Oxford) 18 (1947), 
157-166. 

6. E. Feldheim, Contributions à la théorie des polynômes de Jacobi, Mat. Fiz. Lapok 48 
(1941), 453-504 (In Hungarian, French summary). 

7. G. Gasper and M. Rahman, Positivity of the Poisson kernel for the continuous q-Jacobi 
polynomials and some quadratic transformation formulas for basic hypergeometric series, 
submitted. 

8. Product formulas of Watson, Bailey and Bateman types and positivity of the Poisson 
kernel for q-Racah polynomials, SIAM J. Math. Anal. 15 (1984), 768-789. 

9. B. Nassrallah and M. Rahman, Projection formulas, a reproducing kernel and a generating 
function for q- Wilson polynomials, SIAM J. Math. Anal. 16 (1985), 186-196. 

10. M. Rahman, Reproducing kernels and bilinear sums for q-Racah and q- Wilson polynomials, 
Trans. Amer. Math. Soc. 273 (1982), 483-508. 

11. The linearization of the product of continuous q-Jacobi polynomials, Can. J. Math. 
5i(1981), 961-987. 

12. On a generalization of Poisson kernel for Jacobi polynomials, SIAM J. Math. Anal. 
5(1977), 1014-1031. 

13. An integral representation of a 10O9 and continuous biorthogonal 10^9 rational 
functions, submitted. 

14. D. B. Sears, On the transformation theory of basic hypergeometric function, Proc. Lond. 
Math. Soc. (2) 53 (1951), 158-180. 

15. Transformations of basic hypergeometric functions of special type, Proc. Lond. 
Math. Soc. (2) 52 (1951), 467-483. 

16. L. J. Slater, Generalized hypergeometric functions (Cambridge University Press, 1966). 
17. A. Verma and V. K. Jain, Transformations of non-terminating basic hypergeometric series, 

their contour integrals and applications to Rogers-Ramanujan identities, J. Math. Anal. 
Appl. 57(1982), 9-44. 

Carleton University, 
Ottawa, Ontario 

https://doi.org/10.4153/CJM-1985-030-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1985-030-0

