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1. Introduction. The Widder-Post real inversion operator 
[4] is defined by 

«1-1» H , , W = i # f < k , < l » ^ k + J , «>o. 

k = 1, 2, . . . . Utilizing this inversion operator one can obtain 
the following representat ion theorem (see e .g . [4] Chapter VII, 
Theorem 15a) . 

THEOREM A. Necessary and sufficient conditions for a 
function f to have a representation 

(1.2) f(x) = J 0 0 e"X t F(t)dt, (x>0) 
0 

where F(t) € L (0, oo) , p > l , are that 
P 

(1.3) f(x) has derivatives of all orders in 0< x< oo ; 

(1.4) f(x) = o(l) (x->oo) ; 

00 

(1.5) f IL J f ] | P d t < M , k = l , 2 , . . . . 
o k ' t 

The author is indebted to Professor P . G . Rooney for some 
valuable comments. 
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Let cp be a p o s i t i v e funct ion defined on (0, oo) . The 
s p a c e s L (cp) , 1 < p < oo , c o n s i s t of t hose m e a s u r a b l e funct ions 

P 
f defined on (0,oo) such tha t 

l l f l l L ( „ ) ^ / ^ ( t ) l f ( t ) l P d t > 1 / p < Û O -

S i m i l a r l y , we define the L o r e n t z s p a c e s A(<p, p) , p > 1 , 
to c o n s i s t of those m e a s u r a b l e funct ions f on (0,oo) for which 

oo . 

ll fllA(„p)= if . ( t ) f * ( t ) P d t }
1 / P < . > 

0 

* I I 

w h e r e f i s the e q u i m e a s u r a b l e r e a r r a n g e m e n t of |f | of de
c r e a s i n g o r d e r on (0 
[5, Chapte r 1, §13]) 

c r e a s i n g o r d e r on (0, oo) . ( F o r a def in i t ion of f s e e e . g 

In th is p a p e r we g e n e r a l i z e T h e o r e m A in the s e n s e tha t 
the L - s p a c e s a r e r e p l a c e d by the L (cp) - s p a c e s and L o r e n t z 

s p a c e s A(<p,p) , p > 1 , w h e r e cp be longs to a c e r t a i n g e n e r a l 
c l a s s of func t ions . If cp = 1 , the L (<p) - and A(<p,p)- s p a c e s 

ir 

r e d u c e to the o r d i n a r y L e b e s g u e s p a c e s . 

In the nex t s e c t i o n a n u m b e r of p r e l i m i n a r y r e s u l t s a r e 
g iven . The L (cp) - r e p r e s e n t a t i o n t h e o r y is e s t a b l i s h e d in 

P 
Sect ion 3 and the l a s t s e c t i o n con ta ins the A(<p, p) - r e p r e s e n t a t i o n 
t h e o r y . 

2 . P r e l i m i n a r y r e s u l t s . The fol lowing t h e o r e m i s an 
ex t ens ion of a r e s u l t of Widder [4, Chap te r VII, T h e o r e m l i b ] . 

T H E O R E M 2 . 1 . If f(x) h a s d e r i v a t i v e s of a l l o r d e r s in 
0 < x < o o , then L [f] , t > 0 , e x i s t s . If in add i t ion for e a c h 

K., L 

p o s i t i v e i n t e g e r k and s o m e c o n s t a n t c > 0 

x 
/ L [ f ]d t= 0 ( e C X ) ( x - o o ) , 
0 ' 

then f(oo) e x i s t s and 
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l i m J°° e ' X t L k [f]dt = f(x) - f(oo) 
k->oo 0 

Proof . The e x i s t e n c e of L [f] , t > 0 is obvious . By 

(1 .1 ) and hypo these s 

k / x 

= 0(e ) (x-> oo) , 

for k = 1, 2, . . . . Rep lac ing k by k + 1 , 

n °° k fk + 4 Ï CX 
(2 .1) / v fl ' (v)dv = 0(e ) (x-> oo) , k = 0, 1, . . . . 

1/x 

Le t s > 1/x , then f r o m (2 .1) with k = 0 

s . 
(2 .2 ) / f ' ( v )dv= f(s) - f ( - ) = 0(eC X) (x-> oo) . 

1/x X 

Since the i n t e g r a l in (2 .2) t ends to a l imi t as s-*• oo , i t fol lows 
tha t f(oo) e x i s t s . Also by (2. 1) with s > 1/x and k = 1 , 2 , . . . 

/o ox rS M^+1) , X1 k r(k), x - k ( k ) , l x , r
s k-1 (k), X1 

(2 .3) J vV , ( v ) d v = s f / ( s ) - x r ; ( ~ ) - k j v f v ' ( v ) d v 

1/x X 1/x 

w h e r e both i n t e g r a l s ex i s t . It fol lows, t h e r e f o r e , tha t 

f k (s) = 0(s~ k ) (s->oo) 

which toge the r with the e x i s t e n c e of f(oo) i m p l i e s tha t 

[f(s) - f(oo)] (k ) = 0 ( s " k ) (s -> oo) 

for k = 0, 1, 2 Hence by T h e o r e m 4 . 4 of [4, Chapter V] 
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(2 .4 ) [ f ( s ) - f(oo)] ( k ) = o ( s " k ) ( s - a o ) 

(k) k 
wi th k = 0 , 1 , 2 F r o m (2 .4 ) , P ; ( s ) = o(s ) ( s ->oo) , so 
tha t by (2 .3) wi th s -> oo 

- k (k) , l x n / ex 
x f (—) = 0(e ) (x-*oo) 

(2 .5 ) [f(x) - f(oo)] ( k ) = f ( k ) (x ) = 0 ( e C / V k ) (x-> 0+) 

k = 1, 2, . . . . If k = 0 , (2 . 5) i s a l so sa t i s f i ed , for by (2 . 2) 

00 

f f ! ( v ) d v = f(oo) - f ( - ) = 0(eC X) (x->oo) , 
1/X 

i . e . , 

f(x) - f(oo) = 0 ( e C / x ) (x->0+) . 

Now T h e o r e m 11a of [4, Chap te r VII] ho lds a l s o if i t s h y p o t h e s e s 
2 i s r e p l a c e d by 

f ( k ) (x ) = 0 ( e C / X x " k ) ( x - 0 + ) , 

k = 0, 1, 2, . . . . Thus the r e s u l t fol lows f r o m ( 2 . 4 ) , (2. 5) and 
T h e o r e m 11a wi th f(x) r e p l a c e d by f(x) - f(oo) . 

L E M M A 2 . 1 . L e t \\t and X be n o n - n e g a t i v e m e a s u r a b l e 
funct ions on (0, oo) such tha t for e a c h R > 0 

R R 
J \\t (t) dt < J X(t) dt . 
0 0 

If cp i s a n o n - n e g a t i v e d e c r e a s i n g funct ion on (0, oo) , t hen 

00 00 

(2.6) J <p(t) i|j(t) dt < J <p(t) X(t)dt . 
0 0 

P roo f . A s s u m e 

00 

J cp(t) X(t)dt < oo, 
0 
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for o t h e r w i s e (2 .6 ) holds t r i v i a l l y . Define G and G by 

t t 
G.( t ) = f i|j(u) du , G,( t ) = f X(u) du , t > 0 . 

1 0 2 0 

If (p(0 + ) i s f in i te , then 

R R 
/ ^(t)[i|Xt) - X(t)]dt = / cp(t) d[G (t) - G (t)] 

R 

cp(R)[G (R) - G (R)] - / [G (t) - G (t)]d <p(t) < 0 

s ince G (t) <_ G (t) and <p is d e c r e a s i n g . Hence 
J . ^-r 

R R oo 
(2.7) J <p{t)ty{t)ât< f <p(t)X(t)6t< J <p(t)X(t)dt 

0 0 0 

for e a c h R > 0 . The r e s u l t fol lows now if R-> oo . If <p(0+) = oo , 
define for each ô > 0 

*6(t> 
<p(6) t e (0 ,0 ) 

(p(t) te (ô,oo) 

Hence f r o m (2.7) 

J <p ( t ) 4 j ( t ) d t < J <p ( t ) X ( t ) d t < j <p( t )X( t )d t , 
0 6 0 0 

and by F a t o u f s l e m m a 

00 00 00 

j <p(t) y\t ( t ) d i < l i m J <p (t)4j ( t ) d t < J <p(t) X(t) d t , 
0 0 5~>0 0 

which i s the r e s u l t . 

LEMMA 2 . 2 . If 

oo 
H(t) = J A(u, t) h(u) du 

0 
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exists for almost all t > 0 , where A(u, t) satisfies 

00 00 

J |A(u, t ) | d u < K and j | A(u, t ) | d t < K 
0 0 

for some constant K , then for each R > 0 

J H * ( t ) d t < K j h ' ( t ) d t , 
0 0 

where H and h are the equimeasurable rea r rangements of 
decreasing order of | H | and | h | , respect ively. 

Lemma 2.2 is proved in the same way as Theorem 3 .8 .1 
of [1]. 

LEMMA 2 . 3 . If <p(t) is a non-increasing, positive 
function defined on (0, oo) and \\J(t) non-negative on (0,oo) then 

00 00 

(2.8) / <p(t) i|j (t) dt < / ?(t)i|T (t) dt , 
0 0 

where \\t is the rea r rangement of decreasing order of \\J . 

Proof. If the right side of (2.8) is not finite, the resul t 
is obvious. Otherwise for each R > 0 , 

R * 1 °° * 

0 " * ( R ) 0 

Since for each R > 0 

R R * 
J \\)(t) d t < j ty (t) dt , 
0 0 

(2.8) is an immediate consequence of Lemma 2. 1 with X r e 
placed by \\t 

LEMMA 2 .4 . If 

(2.9) A k ( u ' t ) E k ! e " k u / t u k ( ^ ) k + 1 , u > 0 , t > 0 
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and k = 1, 2, . . . , then 

00 00 

j A (u, t)du = J A, (u, t)dt = 1 . 

DEFINITION 2 . 1 . A function cp(t) defined for t > 0 
belongs to the class A if <p{t) is a non-increasing function for 
all t > 0 and if there exists a function K(x) > 0 non-decreasing 
for all x > 0 such that 

(2.10) <p(t)> e ' ^ K f x ) 

for all x > 0 . 

3 . L (cp) - representat ion theory. 

THEOREM 3 . 1 . Let <p belong to class A . Necessary 
and sufficient conditions that a function f(x) defined for x > 0 
be the Laplace transform of a function F in L (<p) , p > 1 , a re 
that P 

(3.1) f(x) has derivatives of all orders in 0 < x < oo 

(3.2) f(x) = o(l) (x-oo) 

and that 

(3.3) || L ^ [ f ] | | L < M , k = 1 , 2 , . . . . 

P 
Proof. Let 

00 -xt 
f(x) = J e~X F(t) dt , x > 0 , 

0 

with F e L (<p) . Then (3.1) holds. By Holder 's inequality with 
P 

- + • ^ 7 = 1 and (2.10) 
P Pf 

oo oo oo . , 

(3.4) / e - X t | F ( t ) | d t < { / e ^ d t ) 1 ' * {/ e"X t | F ( t ) | P d t } 1 / p 

0 0 0 

< x " 1 / P , [ K ( x ) ] - 1 / P { / *( t ) |F( t ) |*>dt} 1 / P 

0 
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so tha t (3 .2 ) h o l d s . Next we show tha t (3 .3) i s s a t i s f i e d . Define 
f , ri > 0 by 

00 

-xt f (x) = f e" f (t)dt , x > 0 , 

w h e r e 

F(t)--fj ( t l ° t V ^ r| I 0 o t h e r w i s e . 

C l ea r ly f (x) has d e r i v a t i v e s of a l l o r d e r s in 0 < x < oo , so 

tha t by H o l d e r ' s inequa l i ty 

oo 
IT tf 11P I 1 r - k u / t k k k+1 ,p 

\\,t[i
n" = Iki / e u (T) ^ M ^ l 

^ 1 ,°° - k u / t k k k + l p 1 r ° ° - k u / t k k k+1 p / p ' 

l ï7 J e u V 'F Ml du <r< J e u ^ d u > 
K' o ^ 0 

< 3 - 5 > 
00 

•ku / t k k k + 1 
1 r - k u / t k k k + 1 . . . , p , 

= TT J e u ( - ) F u du 
k! ^ t n 

1 ^ - k u / t k k k + 1 . .p 
- J e u ( - ) | F ( u ) | du k 

u 

- k k + 1 r| - k k + 1 oo 
< ± - A — / | F ( u ) | P d u < ^ J ^ / ^ u ) | F ( u ) | P d u < o o . 

0 " ' 0 

for t > 0 . Le t 
oo 

H. (t) = / A ( u , t ) | F ( u ) | P d u t > 0 , 
k,T! o ^ 

w h e r e A (u, t) i s the function defined by (2. 9). Then by (3. 5), 
k 

H (t) e x i s t s for t > 0 and by L e m m a s 2. 2 and 2. 4 , for e a c h 
k, r\ 

R > 0 , 
R R ^ 

/ H (t) d t < f ( | F ( t ) | P ) dt . 
o k , T 1 o ^ 
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In p a r t i c u l a r , for R = rj , 

f H_ ( t ) d t < f H " (t) d t < / ( | F ( t ) | P ) dt 
o k>T1 o k , î l o ^ 

(3 .6 ) <n T) 

= / | F ( t ) | P d t = J | F ( t ) | P d t . 
0 ^ 0 

But T ] > 0 i s a r b i t r a r y , so tha t by (3. 5), (3 . 6) and L e m m a 2.1 

00 00 00 

(3 .7) / * ( t ) | L . [f ] | P d t < / <p(t)H ( t ) d t < / ? ( t ) | F ( t ) | 
0 ' ^ 0 , T 1 0 

P d t 

Now by definit ion of F , l im F (t) = F(t) and | F (t) |< | F ( t ) | , 

so tha t by (3. 4) , L e b e s g u e ' s t h e o r e m of domina ted c o n v e r g e n c e 
y i e l d s 

00 00 

l im f (x) = l im f e" F ( t ) d t = f e F(t) dt = f(x) . 
q-HDO ' T|-*00 0 0 

S i m i l a r l y , we obtain for x > 0 , 

l im f ( k ) ( x ) = l im ( - l ) k f e " X t t k F (t) dt 
r|-*oo r|-* oo 0 ' 

oo 
= ( - l ) k f e " X t t k F ( t )d t = fk(x) k = l , 2 , . . . , 

0 

and hence by (1 .1) 

T h e r e f o r e , by F a t o u ' s l e m m a and (3 .7 ) , 

/ ? ( t ) |L [ f ] | P dt< Hm / ^ ( t ) |L k Jf ] | P d t 
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00 

<J <p(t)|F(t)|Pdt, 
0 

p rov ing ( 3 . 3 ) . 

Suff iciency. By (3 .1 ) L. [f] e x i s t s and by Holde r 1 * 
K, t 

inequa l i ty , (2 .10) and (3 .3 ) for x > 0 

/ |L [f]|dt = / W / p „(t)-1/p |L, m| at 
0 ' 0 

< { f ^ ' W ^ ' i f ^ i w t[f]|
pdt}4/p 

k, tL 

KJ \J 

£
K ( y ) '" u » }

 "KH"'1 y i 

Thus , for s o m e c > 0 and k = 1,2, . . . , 

x 
/ L, . [ f ] d t = 0 ( e C X ) , ( x - « * , 
o k , t 

and T h e o r e m 2 . 1 i s app l i cab l e , so tha t with f(oo) = 0 

00 

(3 .8 ) l im f e " X t L [f] dt = f(x) . 
k - o o 0 K t 

1 /D 
Next, define y k = 1, 2, . . . , by y (t) = cp(t) ^ L [f] . Then 

by (3 .3 ) 

00 

f \y, ( t ) | P d t < M P , k = 1 , 2 , . . . . 
0 k 

By the weak c o m p a c t n e s s a r g u m e n t [4, T h e o r e m 17a, Chapte r 1, 
oo 

§17] t h e r e i s an i n c r e a s i n g unbounded s u b s e q u e n c e { k . } and 

I / P ' i = 1 

a funct ion y(t) = <p(t) r F( t ) c L. (0, oo) , such tha t for e v e r y 
P 

P(t ) E L (0,O5) 
p 1 

342 

https://doi.org/10.4153/CMB-1967-030-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-030-4


00 00 

(3.9) lim J p(t) v k (t) dt = / p(t) y(t) dt . 
i-*oo 0 i 0 

-1 /p - tx Let in part icular p(t) = cp(t) e , x > 0 , p > 1 ; then 
(3(t) e L (0, oo) , for by (2.10) 

P 

/ " i P W l ^ d t = r ° 0 ^ ( t ) " p , / p e" t X p , dt< K ( x r p , / p / ° ° e X t p , / p e" X t p , dt< 
0 0 0 

Hence by (3.9) 

00 00 

lim / e"X t L k [f] dt = / e"X t F(t) dt , 
i-*oo 0 i' 0 

so that by (3. 8) 

00 

-xt f(x) - j e ' F(t) dt , x > 0 , 
0 

where F e L (<p) , p > 1 . 
P 

4. A(<p, p ) - representat ion theory. We note that if <p 
belongs to class A , then the Laplace transform of a function 
F eA(<p,p) , p > 1 exis ts . For by [ l , p . 6 0 ] , 

(4.1) F * P = ( | F | P ) * p > 1 , 

Holder 's inequality, (2.10) and Lemma 2.3 with \\> replaced by 

| F ( - ) | P yields 

/ e - X t F ( t ) d t < { / e - X t d t } 1 / p { / e - X t | F ( t ) | P d t } 1 / p 

0 0 0 

< , - 1 / P , K ( x ) - 1 / P { / , ( t ) | F ( t ) | P d t } 1 / P 
0 

< X - 1 / P ' K ( x ) " 1 / P { / " ( t ) F * ( t ) p d t } 1 / P < 
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THEOREM 4 . 1 . Let cp belong to class A . Necessary 
and sufficient conditions that a function f(x) defined for x > 0 
be the Laplace t ransform of a function Fe A(<p, p) , p > 1 are 
that (3.1), (3.2) and 

(4.2) || L :[f]|| < M , k = 1 , 2 , . . . , 

hold. 

Proof. By Lemma 2.3 and (4.1) 

00 00 

/ «p(t)|F(t)|P d t< / <p(t) F ' (t)P dt , 
0 0 

so that the proof of the necessi ty par t follows as in Theorem 3 . 1 . 

Sufficiency. Using Lemma 2.3 and (4.1) we see as in the 
proof of Theorem 3.1 that 

00 

(4.3) lim f e"X t L, [f]dt = f(x) . 
k - o o O k , t 

By [1, Theorem 3 . 7 . 3 , §3.7, p .74] the spaces A (<p,p) , p > 1 
are reflexive and hence [3, Theorem 4.61 c, §4.61] the unit 
sphere in A{<p, p) is weakly compact. We next define the 
functional G , x > 0 , on A (<p, p) , p > 1 , by 

G (u) = f e u(t) dt . 
0 

Clearly G is linear and also bounded, since Holder 's inequality 

(2.10), Lemma 2.3 and (4.1) yield 

x ( u ) | < f e " X t | u ( t ) l d t < ( f e " X t d t ) 1 / P ' ( /°° |G ( u ) | < / e - X t | u ( t ) | d t < { / e - ^ d t ^ / P ' i / e - ^ l u W l P d t } 1 ^ 
x o o o 

< x - 1 / p , K ( x ) " 1 / P { / ^ ( t ) | u ( t ) | P d t } 1 / p 

0 

< x - 1 / p , K ( x ) - 1 / p { / " ( t ) u * ( t ) P d t } 1 / p 
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A(ç>, p) 

By [3, Theorem 4.41 B, §4.41] , for any bounded linear functional 
00 

G on A(</?,p) , p > 1 and for each bounded sequence {u } in 

k=l 

A(<p,p) there is a subsequence {k. } and a function ueA{^,p) , 
i=l 

such that 

00 

1 " 

l i m G(ii ) = G(u) 

This holds in par t icular for the functional G and the sequence 
x 

oo 
L [f] e A(</?,p) . Hence there is a sequence {k.} and a 

k ' t l i=l function FeA(<p,p), such that 

00 00 
"Xt T r . i -,, P " X t . (4.4) lim / e L

k t [ f ] d t = J e" X t F( t )d t 
i->oo 0 i ' 0 

F r o m (4.3) and (4.4) we obtain 

oo 
•xt 

which is the resu l t . 

f(x) = J e F( t )dt , x > 0 , 
0 
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