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MALGRANGE’S VANISHING THEOREM IN

1-CONCAVE CR MANIFOLDS
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1
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Abstract. We prove a vanishing theorem for the ∂b-cohomology in top degree
on 1-concave CR generic manifolds.

The aim of this paper is an analogous in the CR setting of Malgrange’s

theorem [13] for the vanishing of the ∂-cohomology in top degree in con-

nected, non compact complex manifolds. We prove the following theorem

Theorem 0.1. If M is a connected, C2+`-smooth, ` ∈ N, non compact,

1-concave, CR generic manifold of real codimension k in a complex manifold

of complex dimension n, n≥3, then for all p, 0 ≤ p ≤ n,

Hp,n−k
` (M) = 0,

where Hp,n−k
` (M), 0 ≤ p ≤ n, denote the ∂M -cohomology groups of top

degree on M with coefficients of class C`.

If moreover M is assumed to be C∞-smooth, then

Hp,n−k
∞ (M) = 0 .

We point out that this theorem holds without any global condition

on M (1-concavity is a local condition, cf. Sect. 1). If, additional, certain

global convexity condition is fulfilled then the vanishing of Hp,n−k
` (M) is

well-known. The first result of this type can be found in the paper [1]

(Th. 7.2.4) of Airapetjan and Henkin, where the vanishing of Hp,n−k
∞ (M)

is obtained under the hypothesis that M is a closed submanifold of a Stein

manifold. Generalizations of this result can be found in [9] and [12].

Note that in view of the lack of the Dolbeault isomorphism in top degree

on 1-concave, CR-generic manifolds, one cannot deduce the vanishing of the

groups Hp,n−k
` (M), 0 ≤ ` ≤ ∞, from the vanishing of one of them.
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The proof of the theorem is based on some local results on the solvability

of the tangential Cauchy-Riemann equation in top degree and the approx-

imation of ∂M -closed C`-forms of top degree minus one by C`+1-smooth,

∂M -closed forms in 1-concave, CR generic manifolds, on the unique contin-

uation of CR functions and on the Grauert bumping method.

We may notice by looking precisely to the proof that the manifold M

needs not to be a 1-concave CR-generic manifold embedded into a complex

manifold but that Theorem 0.1 still holds under the following assumptions :

(i) The CR-manifold M is either locally embeddable and minimal in

the sense of Tumanov [14] or abstract and 1-concave (this ensures in both

cases the unique continuation of CR functions, see [14], [3]).

(ii) One can solve locally the tangential Cauchy-Riemann equation in

top degree in the C`-class with an arbitrary small gain of regularity and

approximate locally ∂M -closed C`-forms of top degree minus one by C`+1-

smooth, ∂M -closed forms.

Note, moreover, that if E is a vector bundle over M , which locally

extends as an holomorphic vector bundle, then Theorem 0.1 still holds for

Hp,n−k
` (M,E).

As a consequence of Theorem 0.1, we get a global approximation the-

orem.

Theorem 0.2. If M is a connected, C∞-smooth, non compact, 1-

concave, CR-generic manifold of real codimension k in a complex manifold

X of complex dimension n, n ≥ 3, and p an integer, 0 ≤ p ≤ n, then each

continuous, ∂M -closed, (p, n−k−1)-form in M can be approximated uni-

formly on compact subsets of M by ∂M -closed, (p, n−k−1)-forms of class

C∞ in M .

Again this theorem holds without any global condition on M . In the

case when M is a closed submanifold of a Stein manifold, it was proved by

Airapetjan and Henkin (cf. [1], Th. 7.2.3).

§1. Notations and definitions

Let X be a complex manifold of complex dimension n. If M is a C2+`-

smooth real submanifold of real codimension k in X, we denote by TC
τ (M)

the complex tangent space to M at τ ∈M .

Such a manifold M can be represented locally in the form

M = {z ∈ Ω|ρ1(z) = · · · = ρk(z) = 0}(1)
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where the ρν ’s, 1 ≤ ν ≤ k, are real C2+` functions in an open subset Ω of

X. If M is C∞ smooth the functions ρν can be chosen of class C∞.

In this representation we have

TC

τ (M) =

{
ζ ∈ C

n |
n∑

j=1

∂ρν

∂zj
(τ)ζj = 0, ν = 1, . . . , k

}
(2)

and dimC T
C
τ (M)≥n − k, for τ ∈ M ∩ Ω, where (z1, . . . , zn) are local holo-

morphic coordinates in a neighborhood of τ .

Definition 1.1. The submanifold M is called CR if the number

dimC T
C
τ (M) is independent of the point τ ∈M . If moreover dimC T

C
τ (M) =

n− k for every τ ∈M , then M is called CR generic.

In the local representation, M is CR generic if and only if

∂ρ1 ∧ · · · ∧ ∂ρk 6= 0 on M.

Definition 1.2. Let M be a C2+`-smooth CR generic submanifold

of X. M is 1-concave, if for each τ ∈ M , each local representation of M of

type (1) in a neighborhood of τ in X and each x ∈ Rk r {0}, the quadratic

form on TC
τ (M) defined by

∑
α,β

∂2ρx

∂zα∂zβ
(τ)ζαζβ, where ρx = x1ρ1 + · · ·+xkρk

and ζ ∈ TC
τ (M), has at least one negative eigenvalue.

The bundle of (p, q)-forms on M , denoted by Λp,q
|M , is, by definition,

the restriction of the bundle Λp,q of (p, q)-forms in X to the submanifold

M . Thus a section f of Λp,q
|
M

is obtained locally from an ambient form by

restriction of the coefficients of the (p, q)-form to M . We denote by C`
p,q(M)

(resp. C∞
p,q(M), if M is C∞-smooth) the C` (resp. C∞) sections of the bundle

Λp,q
|M .

Following Kohn and Rossi [10], two forms f, g ∈ C`
p,q(M)(resp. C∞

p,q(M))

are said to be equal if and only if
∫
M
f ∧ ϕ =

∫
M
g ∧ ϕ for every form

ϕ ∈ C∞
n−p,n−k−q(X) with compact support.

We set on C`
p,q(M) the topology of uniform convergence of the coef-

ficients and all their derivatives up to order ` on compact subsets of M .

This topology will be called the C`-topology on M . The dual space of

C`
p,q(M) is denoted by E ′`

n−p,n−k−q(M), it is the space of (n−p, n−k−q)-
currents of order ` with compact support on M . If M is of class C∞, then
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the space C∞
p,q(M) is provided with the topology of uniform convergence of

the coefficients and all their derivatives on compact subsets of M . Its dual

E ′
n−p,n−k−q(M) is the space of (n − p, n − k − q)-currents with compact

support on M .

We denote by D′`
p,q(M) the space of (p, q)-currents of order l on M , this

space is the dual of the space D`
n−p,n−k−q(M) of C`-smooth (n−p, n−k−q)-

forms with compact support on M provided with its usual inductive limit

topology. If M is of class C∞, D′
p,q(M) denotes the space of (p, q)-currents

on M , this space is the dual of the space Dn−p,n−k−q(M) of C∞-smooth

(n−p, n−k−q)-forms with compact support on M provided with its usual

inductive limit topology.

We denote by ∂M the tangential Cauchy-Riemann operator on M .

A current f ∈ D′`
p,q(M) is called CR if and only if ∂Mf = 0.

If U is an open subset of M , then for ` ∈ N ∪ {∞},

Z`
p,q(U) is the Fréchet space of CR (p, q)-forms of class C` on U ;

E`
p,q(U) is the subspace of Z`

p,q(U) of the forms f such that f = ∂Mg

with g ∈ C`
p,q−1(U);

Hp,q
` (U) denotes the quotient space Z`

p,q(U)/E`
p,q(U).

If Ω is a relatively compact open subset in M , we denote by C`
p,q−1(Ω)

the Banach space of (p, q)-forms of class C` on Ω and by C`+α
p,q−1(Ω) the

Banach space of (p, q)-forms whose coefficients are of class C`+α, 0 < α < 1,

on Ω.

If D is a relatively compact open subset in M , we denote by germ

C`
p,q(D) the space of germs of (p, q)-forms of class C` in neighborhoods of

D. Then germ Z`
p,q(D) is the space of germs of CR (p, q)-forms of class C`

in neighborhoods of D, germE`
p,q(D) = germZ`

p,q(D) ∩ ∂M germC`
p,q−1(D)

and germHp,q
` (D) = germZ`

p,q(D)/ germE`
p,q(D).

§2. Proof of Malgrange’s theorem in the C`-case

Let X be a complex manifold of complex dimension n, n≥3, M a con-

nected, C2+`-smooth, ` ∈ N, non compact, 1-concave, CR generic subman-

ifold of real codimension k in X, and p an integer, 0 ≤ p ≤ n.

Local results

We need first a result on the local solvability of the tangential Cauchy-

Riemann equation in top degree on M .
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Proposition 2.1. For every point z0 in M , one can find a neighbor-

hood M0 of z0 in M such that for each open subset Ω ⊂⊂ M0, there exists

a continuous linear operator KΩ from C`
p,n−k(Ω) into C

`+ 1
2

p,n−k−1(Ω) which

satisfies ∂MKΩf = f for all differential forms f in C`
p,n−k(Ω).

Proof. This result can be easily deduced from Theorem 0.1 in [2].

Under the hypothesis ` > 0, a slightly weaker result, also sufficient for our

application, is given in Theorem 7.1.2 of [1].

We shall use also some approximation theorem for ∂M -closed (p,

n−k−1)-differential forms.

Definition 2.2. Let U and V be two open subsets of M such that

U ⊂ V . We shall say that U has no hole with respect to V if for each compact

subset K of U there exists a compact subset K̃ of U such that K ⊂ K̃ and

V r K̃ has no connected component which is relatively compact in V .

Proposition 2.3. For every point z0 in M , there exists a neighbor-

hood M0 of z0 in M such that for each open subset Ω ⊂⊂ M0 without hole

with respect to M0 the image of the restriction map

Z`
p,n−k−1(M0) −→ Z`

p,n−k−1(Ω)

is dense with respect to the uniform convergence of the coefficients and all

their derivatives up to order ` on compact subsets of Ω.

Proof. Let z0 be a fixed point inM . By the Hahn-Banach theorem, it is

sufficient to prove that there exists a neighborhood M0 of z0 in M such that

for each open subset Ω ⊂⊂ M0 without hole with respect to M0, if L is a

continuous linear form on C`
p,n−k−1(Ω), whose restriction to Z`

p,n−k−1(M0)

vanishes, then the restriction of L to Z`
p,n−k−1(Ω) is identically equal to

zero. Note that such a linear form L is a ∂M -closed (n − p, 1)-current of

order ` on M0, with compact support in Ω. By Theorem 1’ in [7] (see also

Theorem 2.4 in [11]) in the case ` = 0 and their direct generalization, using

Proposition 2.1, to the case ` > 0, we can find a neighborhood M0 of z0
in M on which we can solve the ∂M -equation with compact support in

M0 in bidegree (n − p, 1) for currents of order `. We choose such an M0

and Ω ⊂⊂ M0, then for L ∈ E ′`
p,n−k−1(Ω) with L|Z`

p,n−k−1
(M0)

≡ 0, there

exists a (p, 0)-form T with compact support in M0 such that ∂MT = L.
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The (p, 0)-form T is CR on M0 r suppL and vanishes on an open subset

of M0 r suppL. Since M is 1-concave, if Ω has no hole with respect to M0,

then T vanishes on a neighborhood of M0 r Ω by analytic extension (cf.

[6]). Consequently the support of T is contained in Ω. Let f ∈ Z`
p,n−k−1(Ω),

then by the Airapetjan-Henkin Theorem 7.2.1 in [1], f can be approximated

locally by C`+1-smooth ∂M -closed (p, n−k−1)-differential forms. Let (Ui)i∈I

be a finite open covering of the support of T by open subsets satisfying the

Airapetjan-Henkin approximation theorem and for each i ∈ I, (f i
ν)ν∈N a

sequence of C∞-smooth ∂M -closed (p, n − k − 1)-differential forms in Ui,

which converges to f on Ui in the C`-topology. If (χi)i∈I denotes a partition

of unity subordinated to the covering (Ui)i∈I , then setting fν =
∑

i∈I χif
i
ν

we get a sequence (fν)ν∈N of C`+1-smooth (p, n − k − 1)-differential forms

which converges to f on Ω in the C`-topology and such that the sequence

(∂Mfν)ν∈N converges to zero on Ω in the C`-topology. We obtain

L(f) = lim
ν→∞

L(fν) = lim
ν→∞

〈∂MT, fν〉 = lim
ν→∞

〈T, ∂Mfν〉 = 0.

A first global consequence of the local results

By standard arguments (see e.g. the proofs of Lemma 2.3.1 in [8] and

Proposition 3 in Appendix 2 of [8]), it follows from Proposition 2.1 that, if

D is a relatively compact open subset of M , E`
p,n−k(D) is closed and finite

codimensional in Z`
p,n−k(D). Moreover we have

Proposition 2.4. Let D be a relatively compact open subset of M .

There exists a continuous linear operator A : Z`
p,n−k(D) → C`

p,n−k−1(D)

such that ∂MAf = f for all f ∈ E`
p,n−k(D).

The bumping method

Definition 2.5. A bump in M is an ordered collection [M0,Ω1,Ω2],

where M0, Ω1 and Ω2 are open subsets of M such that

(i) M0 is as in Propositions 2.1 and 2.3.

(ii) Ω1 and Ω2 have C2-smooth boundary and Ω1 ⊂ Ω2 ⊂⊂M0.

(iii) Ω1 admits a basis of neighborhoods without hole with respect to M0.

Note that Ω1 = ∅ is allowed in this definition.
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Definition 2.6. An extension element in M is an ordered pair

[D1,D2], where D1 ⊂ D2 are open subsets with C2-boundary in M such

that there exists a bump [M0,Ω1,Ω2] in M with the following properties:

D2 = D1 ∪ Ω2, Ω1 = D1 ∩ Ω2 and (D1 r Ω2) ∩ (Ω2 r Ω1) = ∅.

Proposition 2.7. Let [D1,D2] be an extension element in M , then

the restriction map

germHp,n−k
` (D2) −→ germHp,n−k

` (D1)

is injective.

Proof. Let U1 ⊂ U2 be open neighborhoods of D1 and D2 in M re-

spectively and let f ∈ Z`
p,n−k(U2) and u1 ∈ C`

p,n−k−1(U1) be given such

that ∂Mu1 = f on U1. We have to prove the existence of a neighborhood

W2 ⊂ U2 of D2 in M and of a differential form u2 ∈ C`
p,n−k−1(W2) with

∂Mu2 = f on W2.

Let [M0,Ω1,Ω2] be the bump associated to the extension element

[D1,D2] and V2 ⊂⊂ U2 ∩ M0 a neighborhood of Ω2 in M . By Proposi-

tion 2.1, there exists u ∈ C`
p,n−k−1(V2) such that ∂Mu = f on V2. Hence we

get ∂M (u1 − u) = 0 on U1 ∩ V2. We choose a neighborhood W1 ⊂ U1 ∩ V2

of Ω1 without hole with respect to M0, then by Proposition 2.3, we can

find a sequence (ων)ν∈N ⊂ Z`
p,n−k−1(M0) which converges to u1 − u in

the C`-topology on W1. Let V be a neighborhood of Ω2 r Ω1 such that

V ⊂ V2 ∩M0 and V ∩ (D1 r Ω2) = ∅, and χ a C`+1-smooth function with

compact support in V equal to 1 on a neighborhood Ṽ of Ω2 r Ω1. Setting

vν = (1−χ)u1+χ(u+wν), we define a sequence (vν)ν∈N in C`
p,n−k−1(U1∪V )

such that the sequence ∂Mvν = f − ∂Mχ ∧ (u1 − u − wν) converges to f

in the C`-topology on the neighborhood Ũ1 ∪ Ṽ of D2 in M , where Ũ1

is a neighborhood of D1 such that Ũ1 ⊂ U1 and Ũ1 ∩ V = W1 ∩ V . Let

W2 ⊂⊂ Ũ1 ∪ Ṽ be a neighborhood of D2. Then, using Proposition 2.4, we

get a (p, n−k−1)-differential form u2 of class C` on W2 such that ∂Mu2 = f

on W2.

Proposition 2.8. Let [D1,D2] be an extension element in M such

that D1 ⊂⊂M , then the restriction map

germZ`
p,n−k−1(D2) −→ germZ`

p,n−k−1(D1)
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has dense image with respect to uniform convergence of the coefficients and

their derivatives up to order ` on D1.

Proof. Let U1 be an open neighborhood of D1 in M and [M0,Ω1,Ω2]

the bump associated to the extension element [D1,D2]. Let f ∈Z`
p,n−k−1(U1)

be given and W1 ⊂ U1 a neighborhood of Ω1 without hole with respect to

M0. By Proposition 2.3, there exists a sequence (gν)ν∈N ⊂ Z`
p,n−k−1(M0)

which converges to f in the C`-topology on W1. Let V be a neighborhood

of Ω2 r Ω1 such that V ⊂M0 and V ∩ (D1 r Ω2) = ∅, and χ a C`+1-smooth

function with compact support in V equal to 1 on a neighborhood Ṽ of

Ω2 r Ω1. Setting f̃ν = (1−χ)f+χgν, we define a sequence (f̃ν)ν∈N of forms

of class C` on the neighborhood U1 ∪ V of D2, which converges to f in the

C`-topology on D1. Moreover, since ∂M f̃ν = ∂Mχ ∧ (f − gν) the sequence

(∂M f̃ν)ν∈N converges to zero in the C`-topology on U2 = Ũ1 ∪ Ṽ , where Ũ1

is a neighborhood of D1 such that Ũ1 ⊂ U1 and Ũ1 ∩ V = W1 ∩ V . As

D1 ⊂⊂ M , we can choose a relatively compact neighborhood W2 of D2 in

M and apply Proposition 2.4. Therefore, there exists a sequence (uν)ν∈N ⊂
C`

p,n−k−1(W 2) which converges to zero in the C`-topology onW 2 and satisfies

∂Muν = ∂M f̃ν . If fν = f̃ν − uν , we get a sequence (fν)ν∈N ⊂ Z`
p,n−k(W2)

which converges to f in the C`-topology on D1.

We need now two technical lemmas about the existence of extension

elements to jump from one level of an exhausting function on M to another

level.

Lemma 2.9. Let ϕ be a function of class C2 on M and z0 a non

degenerate critical point for ϕ. Suppose ϕ(z0) = 0, ϕ−1(0) is compact and

z0 is the only critical point on ϕ−1(0). Then there exists a neighborhood V0

of z0 in M such that for all neighborhood V ⊂⊂ V0 of z0 in M , we can find

an extension element [D1,D2] in M with the following properties:

(i) D1 ⊃ ϕ−1((−∞, 0[) r V ;

(ii) z0 ∈ D2 rD1 ⊂ V .

Proof. If z0 is a point of local minimum, we choose V0 so small that

V0 ∩ ϕ
−1((−∞, 0[) = ∅ and M0 ⊂ V ⊂ V0 a neighborhood of z0 satisfying

Propositions 2.1 and 2.3. Taking Ω1 = ∅, Ω2 ⊂⊂ M0 a neighborhood of z0
and setting D1 = ϕ−1((−∞, 0[) and D2 = D1 ∪ Ω2, we get the required

extension element.

https://doi.org/10.1017/S0027763000007182 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000007182


VANISHING THEOREM IN CR MANIFOLDS 67

Assume now that z0 is not a point of local minimum. By the Morse

lemma, there exist local real coordinates (x1, . . . , x2n) around z0 in X such

that ϕ = x2
1 + . . .+x2

s −x
2
s+1 − . . .−x

2
2n−k . Let V0 be a neighborhood of z0

on which we are in the above situation and M0 ⊂⊂ V ⊂ V0 the intersection

of M with a small ball centered in z0 in holomorphic coordinates around

z0 as in Propositions 2.1 and 2.3. Let B be a ball centered in z0 with

respect to the Morse coordinates (x1, . . . , x2n−k) such that B ⊂ M0, and

U a small neighborhood of z0 relatively compact in B. Let ε be equal to
1
2 min

z∈U

|ϕ(z)|. We choose θ ∈ D(U) such that 0 < θ(z) < ε, if z ∈ U , and we

set Ω1 = {z ∈ B | ϕ(z) + θ(z) < 0} and Ω2 = {z ∈ B | ϕ(z) − θ(z) < 0}.

Then it is clear that Ω1 has no hole with respect to B (it is sufficient to

look at the picture in the Morse coordinates) and as the boundary of B

is connected and M0 has no compact connected component then Ω1 has

also no hole with respect to M0. Smoothing the boundary of Ω1 and Ω2

we get a bump [M0,Ω1,Ω2] in M such that D2 = ϕ−1((−∞, 0[) ∪ Ω2 and

D1 = D2 r (Ω2 r Ω1) have the required properties.

From Lemma 2.9, one easily obtains the following lemma (cp. the proof

of Theorem 7.10 in [12]).

Lemma 2.10. Let ϕ be a function of class C2 on M all critical points

of which are non degenerate such that the following conditions are fulfilled:

(i) no critical point of ϕ lies on ϕ−1({0,1});

(ii) ϕ−1([0, 1]) is compact;

(iii) ϕ has no point of local maximum in ϕ−1(]0, 1[).

Then there exists a finite number of extension elements [Dj ,Dj+1], j =

0, . . . , N , such that D0 = ϕ−1((−∞, 0[) and DN+1 = ϕ−1((−∞, 1[).

As an easy consequence of Propositions 2.7 and 2.8 and Lemma 2.10,

we obtain the following result:

Proposition 2.11. Let ϕ be a real exhausting function of class C2

on M without local maximum and such that all critical points of ϕ are non

degenerate. Let α, β ∈ ϕ(M) with α < β and such that no critical point of ϕ

lies on ϕ−1({α, β}) and set Dα = ϕ−1((−∞, α[) and Dβ = ϕ−1((−∞, β[).
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(i) The restriction map

germHp,n−k
` (Dβ) −→ germHp,n−k

` (Dα)

is injective

(ii) The restriction map

germZ`
p,n−k−1(Dβ) −→ germZ`

p,n−k−1(Dα)

has dense image with respect to uniform convergence of the coefficients

and their derivatives up to order ` on Dα.

Proof of the first assertion of Theorem 0.1

We may now conclude the proof of our Malgrange type theorem in non

compact, 1-concave CR manifolds in the C` case, ` ∈ N.

Since M is connected and not compact, by a theorem of Green and

Wu [4],M admits a real exhausting function ϕ of class C2 without local max-

imum and we may assume that all critical points of ϕ are non degenerate

(cp. e.g. [5]). Let z0 be a point where ϕ takes its minimum value. By Propo-

sition 2.1, there exists a neighborhood Ω0 of z0 such that Hp,n−k
` (D) = 0

for all D ⊂⊂ Ω0. As ϕ is an exhausting function on M , it admits only a

finite number of points where ϕ takes its minimum value. We denote by Ω

the union of the previous neighborhoods associated to these points and we

choose α0 ∈ ϕ(M) such that ϕ−1((−∞, α0[) is not empty and contained

in Ω and (αj)j≥1 ⊂ ϕ(M) such that no critical point of ϕ lies on ϕ−1(αj),

j≥0, and if Dj = ϕ−1((−∞, αj [), Dj ⊂ Dj+1 for j≥0 and M =
⋃

j≥0
Dj . We

deduce from Proposition 2.11 (i) and from the choice of D0 that, for all

j≥0,

germHp,n−k
` (Dj) = 0.

Let f ∈ Z`
p,n−k(M) be given. Then from Proposition 2.11 (ii) we obtain

a sequence (uj)j∈N such that uj ∈ germ C`
p,n−k(Dj), ∂Muj = f on a neigh-

borhood of Dj and ‖uj+1 − uj‖`,Dj
≤ 1

2j . Hence u = lim
j→∞

uj exists, belongs

to C`
p,n−k−1(M), and solves the equation ∂Mu = f on M .

§3. Proof of Malgrange’s theorem in the C∞-case

We shall first prove an approximation theorem in 1-concave CR mani-

folds, which is a direct consequence of Malgrange’s theorem in the C`-case.

Then we shall use this theorem to get Malgrange’s theorem in the C∞-case.

https://doi.org/10.1017/S0027763000007182 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000007182


VANISHING THEOREM IN CR MANIFOLDS 69

Theorem 3.1. Let X be a complex manifold of complex dimension

n, n≥3, M a connected, C3+`-smooth, ` ∈ N, non compact, 1-concave, CR

generic submanifold of real codimension k in X and p an integer, 0 ≤ p ≤ n.

Then the space Z`+1
p,n−k−1(M) is dense in the space Z`

p,n−k−1(M) for the

topology of uniform convergence of the coefficients and their derivatives up

to order ` on each compact subset of M .

Proof. By the Hahn-Banach theorem, it is sufficient to prove that for

any T ∈ E ′`
n−p,1(M) such that 〈T, ϕ〉 = 0 for all ϕ ∈ Z`+1

p,n−k−1(M) we have

〈T, ψ〉 = 0 for all ψ ∈ Z`
p,n−k−1(M). Note that the hypothesis on T implies

that T is ∂M -closed. We shall prove that T is ∂M -exact on M .

We define a linear form L on C`+1
p,n−k(M) by setting L(ϕ) = 〈T, ψ〉 for

ϕ ∈ C`+1
p,n−k(M), where ∂MΨ = ϕ. The application L is well defined since

first Hp,n−k
`+1 (M) = 0 and consequently all ϕ ∈ C`+1

p,n−k(M) can be written in

the form ϕ = ∂Mψ with ψ ∈ C`+1
p,n−k−1(M) and second 〈T, ψ〉 is independent

of the choice of ψ satisfying ∂Mψ = ϕ because T|Z`+1

p,n−k−1
(M)

= 0.

Moreover ∂M is a closed operator between C`+1
p,n−k−1(M) and C`+1

p,n−k(M)

which is surjective since Hp,n−k
`+1 (M) = 0, consequently by the open mapping

theorem this implies the continuity of L. It follows that L can be represented

by a current S ∈ E ′`+1
n−p,0 which satisfies

〈∂MS, ϕ〉 = 〈S, ∂Mϕ〉 = 〈T, ϕ〉

for all ϕ ∈ C∞
p,n−k−1(M), i.e. ∂MS = T . By regularity of ∂M in bidegree

(n− p, 1), the (n− p, 0)-current S is of order ` since T is of order `.

It remains to prove that 〈T, ψ〉 = 0 for all ψ ∈ Z`
p,n−k−1(M). Let

ψ ∈ Z`
p,n−k−1(M). In the same way as at the end of the proof of Proposition

2.3, we can construct a sequence (ψν)ν∈N of C`+1-smooth (p, n − k − 1)-

differential forms which converges to ψ on M in the C`-topology and such

that the sequence (∂Mψν)ν∈N converges to zero on M in the C`-topology. It

follows that

〈T, ψ〉 = lim
ν→∞

〈T, ψν〉 = lim
ν→∞

〈∂MS, ψν〉 = lim
ν→∞

〈S, ∂Mψν〉 = 0.

Assume now that M is C∞-smooth, we shall prove that Hp,n−k
∞ (M) = 0.
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Proof of the second assertion of Theorem 0.1

Since M is connected and not compact, by a theorem of Green and Wu

[4], M admits a real exhausting function ϕ of class C∞ without local max-

imum and we may assume that all critical points of ϕ are non degenerate.

Following the proof of the C`-case we can construct a sequence (Dj)j∈N of

open subsets of M such that Dj ⊂ Dj+1 and M =
⋃

j≥0
Dj and satisfying the

following two conditions:

(i) germHp,n−k
j (Dj) = 0.

(ii) The restriction map

germZj
p,n−k−1(Dj+1) −→ germZj

p,n−k−1(Dj)

has dense image with respect to the Cj-topology.

Let f ∈ Z∞
p,n−k(M) and ε > 0 be given. Then we can construct a sequence

(uj)j∈N such that uj ∈ germ Cj
p,n−k−1(Dj), ∂Muj = f on a neighborhood of

Dj and ‖uj+1 − uj‖Dj ,j
< ε

2j . By (i) there exists u0 ∈ germ C0
p,n−k−1(D0)

such that ∂Mu0 = f on a neighborhood of D0. Assume now that

we have already constructed (uj)0≤j≤j0 . By (i) there exists ũj0+1 ∈
germ Cj0+1

p,n−k−1(Dj0+1) such that ∂M ũj0+1 = f on a neighborhood of Dj0+1.

Then ũj0+1 − uj0 ∈ germZj0
p,n−k−1(Dj0+1) and by (ii) we can find vj0+1 ∈

germZj0
p,n−k−1(Dj0+1) such that ‖ũj0+1 − uj0 − vj0+1‖Dj0,j0

< 1
2

ε
2j0

. More-

over by Theorem 3.1, we choose ṽj0+1 ∈ germZj0+1
p,n−k−1(Dj0+1) with ‖ṽj0+1−

vj0+1‖Dj0+1,j0
< 1

2
ε

2j0
. Setting uj0+1 = ũj0+1 − ṽj0+1, then uj0+1 has the re-

quired properties. It follows from the properties of the forms uj that the

sequence (uj)j∈N converges to a form u uniformly on each compact subset

of M and moreover u ∈ C∞
p,n−k−1(M) and ∂Mu = f on M .

Some important consequences of vanishing theorems are approximation

theorems. Using the first assertion in Theorem 0.1, we have proved Theo-

rem 3.1. In the same way Theorem 0.2 follows from the second assertion

in Theorem 0.1; it is sufficient to use that Hp,n−k
∞ (M) vanishes instead of

Hp,n−k
`+1 (M) and replace ` by zero and `+1 by ∞ in the proof of Theorem 3.1.
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Institut Fourier
UMR 5582 CNRS-UJF
Laboratoire de Mathématiques
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