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L-Functoriality for Local Theta
Correspondence of Supercuspidal
Representations with Unipotent Reduction

Shu-Yen Pan

Abstract. 'The preservation principle of local theta correspondences of reductive dual pairs over
a p-adic field predicts the existence of a sequence of irreducible supercuspidal representations of
classical groups. Adams and Harris—-Kudla—-Sweet have a conjecture about the Langlands parameters
for the sequence of supercuspidal representations. In this paper we prove modified versions of their
conjectures for the case of supercuspidal representations with unipotent reduction.

1 Introduction

1.1 Let F be a non-archimedean local field of odd residual characteristic, (G, G") a re-
ductive dual pair over F consisting of either (1) two unitary groups (with respect to a
quadratic extension D/F); or (2) an even orthogonal group and a symplectic group.
There exists a one-to-one correspondence (called the local theta correspondence) be-
tween some irreducible admissible representations of G and some irreducible admis-
sible representations of G with respect to a fixed splitting of the metaplectic cover of
G x G’ (cf. [MVW87, Wal90]).

It is very interesting to know how the Langlands parameters of the paired represen-
tations are related. In [Ral82], Rallis matches the Satake parameters of the unramified
representations for an unramified reductive dual pair. In [Aub91], Aubert matches the
parameters of the representations with non-trivial vectors fixed by an Iwahori sub-
group for the case of a split reductive dual pair of the similar size. The representations
considered by Rallis and Aubert are all in the principal series, but in this paper we fo-
cus on the correspondence of certain supercuspidal representations. However, all the
representations considered in [Ral82], [Aub91] and here all belong to the class called
representations with unipotent reduction and characterized by Lusztig [Lus95, Lus02].
(Lusztig called these representations unipotent. Here we follow the terminology of
Moeglin-Waldspurger in [MWO03].)

1.2 We now describe our result in more detail. One of the most interesting phenomena
of the local theta correspondence is the so-called preservation principle or conserva-
tion relation. More precisely, denote G by G(V) if G is the group of isometries of
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the (quadratic, symplectic or Hermitian) space V. For a given quadratic (symplec-
tic, or Hermitian, respectively) space V, we have two Witt towers {V'*} and {V'"}
of symplectic (quadratic, or skew-Hermitian, respectively) spaces, called the related
Witt towers (cf. Subsections 2.3). Suppose that 7 is an irreducible supercuspidal rep-
resentation of G(V'). Let n'*(7r) denote the minimal dimensions of V'* varying in
their respective Witt towers such that 7 occurs in the theta correspondence for the
reductive dual pairs (G(V), G(V'*)). Then it is known in [KR05, HKS96] that

0, if G(V) is even orthogonal,
(L) nf(7)+n"(r®sgn) =2dim(V) +42, if G(V) isunitary,
4, if G(V) is symplectic,

where “sgn” denotes the sign character (cf. Subsection 2.1) of the group G(V'). Note
that the formulation here is slightly different from the original one in [HKS96] for
unitary group cases due to the choice of different splittings of the metaplectic covers.

If we start with any irreducible supercuspidal representation 7 of a group G(V),
then we can obtain two irreducible supercuspidal represnetations 7'* and 7'~ of
G(V'™) and G(V'7), respectively, such that 7 ® (n'* ® sgn) first occurs in the theta
correspondence for the dual pair (G(V),G(V'*)). Then we switch the roles of V
and V'* and repeat the same process. We will obtain a sequence of spaces {V;}
(indexed by Z) and irreducible supercuspidal representations 7; of G(V;) such that
7; ® (741 ® sgn) is a first occurrence of irreducible supercuspidal representations
for the reductive dual pair (G(V;), G(V;41)) for each i € Z. Note that the spaces V;
and V; are in the same Witt tower if i = j (mod 4). From (1.1) we have the relation
dim(V;_1) +dim( Vi) = 2dim(V;) +8;, where §; is 0, 2, or 4 depending on the space
V;. Hence, we can and will normalize the index i such that

<> dim(V_,) > dim(V,;) > dim(Vp) < dim(V;) < dim(V,) < ---
(cf. Subsections 2.3).

1.3 Let Wr denote the Weil group of F and let G = VG x W be the L-group of G where
VG denotes the complex dual group of G. Suppose that 7 is an irreducible admissi-
ble representation of G. According to the local Langlands conjecture ([Bor79]), there
should be a unique (up to conjugation) homomorphism (called the Langlands param-
eter)

¢: Wr x SL,(C) — LG

satisfying certain conditions associated with 7. Let 6(7r) denote the irreducible ad-
missible representation of G’ paired with 7 in the theta correspondence for the reduc-
tive dual pair (G, G"). Adams [Ada89] makes a conjecture on the Langlands param-
eter of () provided the Langlands parameter ¢ of 7 is known (see Conjecture 3.1).
Suppose that the Langlands parameter ¢q of 71y in the sequence {;} is known. Then
Harris, Kudla, and Sweet [HKS96] make a conjecture on the Langlands parameter ¢;
of m; modified from Adams’s conjecture (see Subsection 3.3).
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A special class of irreducible admissible representations called having unipotent re-
duction are defined by Lusztig [Lus83]. If G is adjoint simple, Lusztig [Lus95, Lus02]
constructs a bijection between (the isomorphism classes of) the irreducible admissi-
ble representations 7 with unipotent reduction and (the equivalence classes of) the
refined unramified Langlands parameters ¢ (i.e., the parameters ¢ whose restriction
to the initial group of F is trivial). A unramified Langlands parameter is characterized
by a pair (y, N) (up to conjugation) such that
* yis an semisimple element in the complex dual group ¥ G;

* N is a nilpotent element in the Lie algebra of ¥ G;

* Ady(N) =¢gN,

where g is the cardinality of the residue field of F. Such a pair (y, N) will also be
called the Langlands parameter of m. Following Lusztig’s construction, we will write
down the Langlands parameter (y, N) of an irreducible supercuspidal representation
7 with unipotent reduction of a classical group G( V'), which is not necessarily adjoint
or even connected (cf. Section 6).

1.4 It is known that the representations with unipotent reduction are preserved by the
local theta correspondence in some cases. In particular, for dual pairs of orthogonal-
symplectic cases, if one of the representation in sequence {7;} has unipotent reduc-
tion, then every representation in the sequence has unipotent reduction. The case for
unitary groups is a little more involved (c¢f. Subsection 4.4.1).

The aim of this article is to analyze the Langlands parameters of the sequence {7; }
of supercuspidal representations with unipotent reductions. More precisely, for k € N,
let pi be the symmetric tensor representation of SL,(C) on a k-dimensional complex
vector space. Let dpy:sl,(C) — gl (C) be the associated representation of the Lie
algebra sl (C). Then we define

1/2
= (|00 ]) ad sc=dn 188D

The main results (Theorems 5.3, 5.5, 5.7, and 5.9) of this paper are the following:

(I)  Suppose that G(Vj) is a unitary group and the dimensions of Vy, V; are of the
same parity. Let (y;, N;) be the Langlands parameter for the supercuspidal
representation 7; ® sgn{(i*)(1+2)+%)/2 with unipotent reduction if D/F is un-
ramified; for 7r; if D/F is ramified (where t, is given in (4.5)). Then we have

y; = diag(y0, Y2, Va»--->¥2it) and N; = diag(No, 82,04, ...,05:),
where i* = min(|il, i +1|).
(II)  Suppose that G(Vj) is a unitary group and the dimensions of Vy, V; are of the
opposite parity. Then (y;, N;) for the representation in (5.4) where i odd is
given by

yi = diag(yo, Y1, ¥3>- -+ ¥2ji-1) and  N; = diag(No, 01, 835 .. ., G2i1)-
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(IIT) Suppose that G(Vy) is an even orthogonal group. Then (y;, N;) for 7; is given
by

yi = diag(yo, Y1, ¥3>- -+ ¥2ji-1) and  N; = diag(No, 01, 83, .. ., Oai1)-
(IV) Suppose that G(Vy) is a symplectic group. Then (y;, N;) for m; is given by

diag(—yo, y1, ¥3» - - - >)’2m—1)> if i is odd,
Ni = diag(No, 61, 83, cees 62|,‘|,1).

o {diag(yo,—yl,—y3,...,—y2|,~1), if i is even,

For the case of orthogonal-symplectic groups, the result is a consequence of a mod-
ification of Adams’ conjecture (see Conjecture 3.2). Thus, the theorems imply that the
modified Adams’ conjecture holds when the representations are supercuspidal with
unipotent reduction. However, for the case of unitary groups, Adams’ conjecture (see
Conjecture 3.1) and hence Harris-Kudla-Sweet’s conjecture [HKS96, speculations 7.7
and 7.8] need to be modified slightly due to the fact that representations with unipo-
tent reductions are not really preserved by theta correspondence.

1.5 The basic idea of the proof is very simple. The irreducible supercuspidal representa-
tion with unipotent reduction of G is so special and must be induced from an irre-
ducible representation of an open compact subgroup, which is inflated from an irre-
ducible unipotent cuspidal representation of a product of finite classical groups. In
this situation, the Langlands parameter of the representation can be constructed ex-
plicitly. Also the analog of the preservation principle holds for finite reductive dual
pairs (cf. (4.2)) and the correspondence of unipotent cuspidal representations for fi-
nite dual pairs is known (cf. [AM93]). Then Proposition 4.6 provides a compatibility
result between the correspondence of supercuspidal representations with unipotent
reduction for reductive dual pairs over a nonarchimedean local field and the cor-
respondence of unipotent cuspidal representations for reductive dual pairs over its
residue field. Finally, the relation of the Langlands parameter of the representations
paired by theta correspondence is established.

1.6 The content of the paper is as follows. In Section 2, we give the notation and ba-
sic results of local theta correspondence, in particular, the preservation principle by
Kudla and Rallis in [KR05]. The homomorphisms between L-groups are given in
Section 3. The definition is adapted from [Ada89, KR94, HKS96]. In Section 4, we
give the description of the sequence of irreducible cuspidal representations of finite
classical groups in which unipotent representations occur. Proposition 4.6 is the key
relation between the theta correspondence of unipotent cuspidal representations of
finite classical groups and the theta correspondence of supercuspidal representations
of p-adic classical groups. Then in Section 5 we state the main results of the paper,
Theorems 5.3, 5.5, 5.7, and 5.9. In Section 6 we give an explicit description of the
Langlands parameter (y, N) associated with an irreducible supercuspidal represen-
tation 7 with unipotent reduction of a classical group G(V'). The description follows
closely the construction in [Lus95, Lus02, Mor96] for adjoint simple groups. In the
final section, we give the proofs of the main theorems and provide a few examples.
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2 Local Theta Correspondence

2.1 Basic Notation

Let F be a non-archimedean local field with odd residual characteristic, let f be the
residue field of F, and let g be the cardinality of f. We fix a nontrivial additive character
yof F.

Let D be F itself or a quadratic extension E of F, let V a (non-degenerate) e-
Hermitian space (with € = 1 or —1) over D, and let G(V') be the group of isometries.
We consider the following cases:

(a) If D=Eand
(al) ifdimg(V) = nis odd, then G(V) is the unitary group U, (F);
(a.2) if dimg(V) = n is even, then G(V) is denoted by U} (F) (resp. U, (F))
when the anisotropic kernel of V is trivial (resp. 2-dimensional).
If E/F is a ramified, we always assume that V is even-dimensional.
(b) If D = F, e = -1and dim(V') = 2n, then G(V) is the symplectic group Sp,, (F).
(c) If D = F, e = 1, and dim(V) = 2n, then the even orthogonal group G(V) is
denoted by O3, (F) (resp. O3, (F), 05, (F)) when the anisotropic kernel of V is
trivial (resp. four-dimensional, two-dimensional). For the case G(V') = 0}, (F)
we will assume that the center of the even Clifford algebra of V is an unramified
quadratic extension of F.

If G(V) is a nontrivial unitary group (resp. nontrivial orthogonal group), let sgn
denote the linear character of G( V') of order two whose restriction to the special uni-
tary group (resp. orthogonal group) is trivial. If G(V) is a symplectic group or the
trivial group, let sgn be the trivial character.

2.2 Reductive Dual Pairs

Let (G(V), G(V")) be a reductive dual pair over F where G(V) and G(V") are the
classical groups considered in the previous subsection. The dual pair (G(V), G(V"))
splits; i.e., there exists a splitting homomorphism

B:G(V)xG(V') — Mp(Vep V')

where Mp(V ®p V') denotes the metaplectic cover of the symplectic group Sp(V ®p

V'). Let w, be the Weil representation of Mp(V ®p V') with respect to the nontrivial

character y. We regard w, as a representation of G(V') x G(V') via the splitting 3.
Suppose 7 is an irreducible admissible representation of G(V'). We write

wl,,/( N ker(f)) ~1®0(m V')
feHomg vy (wyle(vy,>m)

for some @(m, V') equal to 0 or a smooth representation of G(V'). If ©(x, V') #
0, then it is a finitely generated representation of G(V') with a unique irreducible
quotient 6(7, V'). The correspondence that is denoted by = <> 6(7, V') is a bijection
between subsets of (isomorphism classes of) irreducible admissible representations
of G(V) and irreducible admissible representations of G(V’), which occurs in the
correspondence [MVW87, Wal90].
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The following basic facts for the theta correspondence are well known ((MVW387,
Kud86]):

(@) If O(m, V') #0, then ©(7, V' + V[ ;) # 0 forany k > 1.

(b) O(m, Vy, + Vi ) #0if k> dimp(V).

(c) If 7 is supercuspidal, ® (7, V,,, + V{_; ;_;) = 0 and O(m, V,,, + Vi ) # 0, then
n' = 0(m, V,, + Vi ) is also supercuspidal. Moreover, 6(7, V;, + V/ ;) is never
supercuspidal if [ > k.

Here V,, is an anisotropic ¢’-Hermitian space and V; , denotes the direct sum of k

copies of ¢’-Hermitian hyperbolic planes. The correspondence 7 <> 7’ of supercuspi-

dal representations in (c) is called a first occurrence (of supercuspidal representations).

2.3 Preservation Principle

From now on we consider the theta correspondence under the splitting with respect
to a generalized lattice model of the Weil representation w,, given in [Pan01] (see also
[Pan02, section 11]).

For a fixed e-Hermitian space V over D we consider the following related Witt
towers {Vyy + Vi | k=0,1,2,...}:

(a) D = E and V.| (resp. V) is the trivial (resp. a two-dimensional anisotropic)
¢/-Hermitian space;

(b) D = E and both V,} and V.. are one-dimensional anisotropic ¢'-Hermitian
spaces with non-isomorphic forms;

(¢) D=F,e=1,andboth V/! and V are the trivial;

(d) D =F, e = -1, and the anisotropic space V. (resp. V..) is the trivial (resp. four-
dimensional);

(e) D=F,e=-1andboth V} and V;, are two-dimensional with non-isomorphic
quadratic forms.

Let 7 be an irreducible supercuspidal representation of G(V). Then 7 ® sgn is
also irreducible supercuspidal. Let n*(m) (resp. n~ (7 ® sgn)) denote the small-
est dimension of Vy + V/, (resp. V5 + V) in its Witt tower such that 7
(resp. m®sgn) occurs in the theta correspondence for the pair (G(V), G(V,y +V ;)
(resp. (G(V), G(V,, + Vi ())). The following relation

0 if G(V) is even orthogonal,
(2.1 n"(m) +n (m®@sgn) =2dim(V) +{2 if G(V) is unitary,
4 if G(V) is symplectic,

is called the preservation principle (or conservation relation) (see [HKS96, KROS5,
Pan02]). The preservation principle suggests that there exist irreducible supercus-
pidal representations 77; of G(V;) for i € Z such that 7 is isomorphic to 7;, for some
integer iy (the integer io might not be unique), and 7; < 7;4; ® sgn is a first occur-
rence in the local theta correspondence for the dual pair (G(V;), G(V;41)) for i € Z.

Let n; denote the dimension of V;. We assume that 7y does not come from a
smaller group via the theta correspondence; i.e., we normalize the index i such that
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<> MN_y >n_1 > ng < n <---. Then from (2.1), it is not difficult to see that we have
the following cases:
(D) n;=n+i(i+1) with n_; = ng = n for some n, and G(V;) is unitary for each i;
(I)  n; = n+ i? with ny = n for some n, and G(V;) is unitary for each i;
i+l
(IID) n; = n+ i - HEDT With n_; = ng = n; = n for some n, and G(V;) is
orthogonal (resp. symplectic) if i is even (resp. odd); or
i+l
(IV) n;=n+i’+ DT ith ng = n for some n, and G(V;) is symplectic (resp. or-
thogonal) if 7 is even (resp. odd).
Note that n; = n_;_; for case (I), and n; = n_; otherwise.

Remark 2.1 (i) For case (I) with n = 0, we have n_; = ny = 0. The anisotropic
kernel of V; is zero-dimensional if i = 0,3 (mod 4), and two-dimensional if
i=1,2 (mod 4).

(ii) For case (II) with n = 0, we have ny = 0, n_; = n; = 1. The anisotropic kernel
of V; is zero-dimensional if i = 0 (mod 4), two-dimensional if i =2 (mod 4),
and one-dimensional otherwise.

(iii) For case (III) with n = 0, we have n_; = ny = n; = 0. The quadratic space V; has
trivial (resp. four-dimensional) anisotropic kernel if i = 0 (mod 4) (resp. i = 2
(mod 4)).

(iv) For case (IV) with n = 0, we have ng = 0 and n_; = n; = 2. The quadratic space
V; has two-dimensional anisotropic kernel for every odd i.

Let n} denote the dimension of the complex vector space V; such that G(V;) is
the complex dual group of G(V;). Then we have

(2.2) 0o {n,-, if G(V;) is unitary or even orthogonal;

n; +1, if G(V;) is symplectic.

It is easy to check that n} = nj; + i* for cases (III) and (IV).
3 L-functoriality of Local Theta Correspondence
Let F, V,and G(V) be defined as in Subsection 2.1.
3.1 L-groups

Let Wr be the Weil group of F, ¥ G(V') the complex dual group of G(V'). The L-group

LG(V) = VG(V) x W of (the inner class of) G(V) is defined with respect to the

action of Wg on YG(V') described as follows (cf. [Ada89, section 3]).

(a) If G(V) = U,(F) or U(F), the subgroup Wy of Wr acts trivially on YG(V) =
GL,(C) and an element w, € Wr ~ Wg acts on GL,(C) by g » ®@,'¢g"'®;},
where

1
(31) ®, :l o ]
(-n"*

and ‘g denotes the transpose of the matrix g.
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(b) If G(V) = Sp,,,(F), then the action of Wr on YG(V) = $O3,,,1(C) is trivial and
hence LG(V') = SO2,11(C) x Wg, the direct product.

() If G(V) = 03,(F) or O;,(F), then the action of Wr on YG(V) = 0,,(C) is
trivial and hence G(V) = 0,,(C) x Wr.

(d) Suppose that G(V) = O}, (F). Recall that we assume that the center E of the
even Clifford algebra of V is an unramified extension of F. The subgroup Wg
acts trivially on YG(V) = O,,(C) and an element w, € Wg \ Wg acts on O,, (C)
via g = @), g% 1, where

(3.2) @), = diag(-1,1,...,1) € 0,,(C) \ SO, (C).
3.2 Homomorphisms of L-groups

Let (G(V),G(V')) be a reductive dual pair. Slightly modified from [HKS96, sec-
tion 7] and [Ada89, section 4], the homomorphism a between L-groups “G(V') and
LG (V") is defined as follows.

3.2.1 Unitary Cases

For positive integers ay, .. ., a; we define
(3.3) D@ yrap = diag(@gy, @y e .., Dy, ) = T ,

where @, is given in (3.1).

Let n (resp. n) denote the dimension of V' (resp. V') and suppose that n < n'.
Choose a pair of characters y1, y2 of E* such that y;|px = 6;131/12 V') and xzlpx = egl/r?(v)
where eg/p is the quadratic character with respect to the extension E/F. We regard
X1> X2 as characters of Wy, via the local class field theory. The map a: GL,, (C) x Wr —
GL,(C) x Wg is defined by

(3.4) gxwr— ypa(w)diag( y1(w) ' g idw_p) x w

-1
Ixwe— @y pry D X Wg,

where g € GL,(C), w € Wg, w, € W N\ Wg and id,,/_,, denotes the identity matrix of
size n’ — n.

3.2.2 Split Orthogonal-symplectic Case

In this subsection we consider that case where V (resp. V') is a 2n-dimensional (resp.

2n’-dimensional) quadratic (resp. symplectic) space such that the anisotropic kernels

of V is either trivial or four-dimensional. This situation is called the split case.
Suppose that n < n’. We define a: O,,(C) x Wg — SO2,/41(C) x Wg by

(3.5) gXWr— diag( g, det(g) idz(n,,,,)ﬂ) X W
for g € 02,(C) and w € Wp.
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Suppose that n’ < n. We define a: SO5,/41(C) x Wr = O,,(C) x Wg by
(3.6) g xw > diag(g,idy(n-nry-1) x W
for g € SO2,41(C) and w € Wr.

3.2.3 Non-split Orthogonal-symplectic Case

Now we consider the case where V (resp. V') is a 2n-dimensional (resp. 2n’-dimen-
sional) quadratic (resp. symplectic) space such that the anisotropic kernels of V is
two-dimensional. This situation is called the non-split case.

Suppose that n < n’. We define a: O,,(C) x Wg — SO2,741(C) x Wg by
(3.7) g xw > diag(g,det(g) idy(n—p)41) x W

1 x wg —> diag(—D%,,, —idy(w—n)+1) X We

for g € 02,(C), w € Wg and w, € Wr \ Wg. Here @), is defined in (3.2).

Suppose that n” < n. We define a: SO,,/41(C) x Wr = O,,(C) x Wg by
(3.8) g xwr— diag(g,idy(n-nry-1) x W

1 x wg —> diag(—idan+1,1dy(nopr)-1) Py, X We

for g € SO241(C), w € Wg and w, € W \ Whg.
3.3 L-functoriality for Local Theta Correspondence

According to the local Langlands conjecture (cf. [Bor79]) with each irreducible admis-
sible representation 7 of G( V') one can associate a unique admissible homomorphism

@: W x SL,(C) — “G(V)

up to conjugation under YG(V). The (conjugacy class of the) homomorphism ¢ is
called the Langlands parameter of the representation 7.

For I € N, let p; denote the symmetric tensor representation of SL,(C) on the
I-dimensional complex vector space. We also write idy for the k-copies of trivial rep-
resentation of SL, (C).

3.3.1 Unitary Case

Regard idy @p; as a homomorphism from SL,(C) to GLg,;(C) » W via
idg EBPIZSLz((C) - GLk((C) X GLI((C) > GLk+l(C) > GLk+l(C) x WE.

The following conjecture from [HKS96, section 7] is modified from Adams’ conjec-
ture in [Ada89].

Conjecture 3.1 Let (G(V),G(V'")) be a reductive dual pair of unitary groups. Let
n and n' denote the dimensions of V and V', respectively. Suppose that n < n', m is an
irreducible supercuspidal representation of G(V') with Langlands parameter ¢: Wg x
SL,(C) —» LG(V), and the correspondence <> 0(m, V') is a first occurrence of super-
cuspidal representations. Then the Langlands parameter 0(¢): WexSL,y(C) — LG(V”)
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of 0(m, V') is given by

0(¢)|WF =ao ¢|WF’
0(9)lsr,(c) = (@0 @ls,(cy) - (idn ®pur—n),

where a: *G(V) — LG(V') is given in (3.4).
3.3.2 Orthogonal-symplectic Case

It is known that p;(SL,(C)) c SO;(C) for a positive odd integer I, and idy ®p; is
regarded as a homomorphism from SL,(C) to SOy;(C) x Wg via

idg ®p;:SL2(C) — SOk (C) x SO;(C) = SOk41(C) = SOk 1(C) x Wp.

The following conjecture is modified from a conjecture in [Ada89, section 4]. The
modification is the analog in the case of symplectic-orthogonal groups of Harris-
Kudla-Sweet’s conjecture in [HKS96, section 7].

Conjecture 3.2 Let (G(V),G(V")) be a reductive dual pair of an even orthogonal
group and a symplectic group. Let 2n and 2n’ denote the dimension of V and V', respec-
tively. Suppose that n’ > n (resp. n’ > n) if G(V") is symplectic (resp. even orthogonal).
Suppose also that m is an irreducible supercuspidal representation of G(V') with Lang-
lands parameter ¢: Wg x SL,(C) — YG(V), and the correspondence m <> 0(m, V')
is a first occurrence of supercuspidal representations. Then the Langlands parameter
0(¢): W x SLy(C) = EG(V") of 6(m, V") is given by

9((p)|WF =ao ¢|WF’
0(9)lsL,(c) = (a0 @lsi,(cy) - (idx ®p1)

wherek =2n,1=2n" =2n+1(resp. k =2n+1,1=2n"-2n-1) if G(V') is symplectic
(resp. even orthogonal), and a:*G(V') — LG(V") is given in (3.5)-(3.8).

3.4 Consequences of the Conjectures

Keep the setting in Subsection 2.3. For unitary cases, note that dim(V;) and dim(V;)
are of the same parity if i and j are of the same parity. Now the dpair of characters x1, x2
1

of EX are chosen such that y|px = egi/r;(vl), and ya|px = €p /r;(v"). Harris-Kudla—

Sweet [HKS96] describe the Langlands parameter ¢; of 7; in terms of the Langlands
parameter ¢o: Wg x SL,(C) — GL,,,(C) x Wg of 7y as follows. Let ¢, (w), ¢, (ws),
and ¢, (x) be the elements in GL,, (C) defined by
Po(w) = @o(w) xw,
900(W0) = %(Wa) X Wq,

Po(x) = 9p(x) x1

for w € Wg, wy € Wr N W, and x € SL,(C).
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3.4.1 Unitary Case (I)
Suppose that the dimensions of V; and V; are all of the same parity. Then n; = ng +
i(i +1). According to Conjecture 3.1 and (3.4),

@i Wi x SLa(C) — GLy,4i(i41) (C) x Wr
should be given by

(3.9) {diag(q)o(w), x(w)id(iy) xw if i is even,

X (W) 10 () diag(Fy (W), a (W) idi o) x w iF 5 0dd,
We —> diag(ao(wa))idi(i+1))(Dno,2,4,...,2iﬁ®;;+i(i+1) X W,
x v diag(F(x). p2(x). pa(x). .2 s (%)) x 1
for w € Wg, w, € W \ Wg, x € SLy(C), and i* = min(|i], |i +1|).
Remark 3.3  Since in this case dim(V;) are either all even or all odd, one may
choose y; = x» and simplify the expression in (3.9). This is the original formulation

in [HKS96]. However, to make the expression in (3.9) and (3.10) more symmetric, we
do not make such a choice here.

3.4.2 Unitary Case (1)
Suppose that the dimensions of V; and V; are of the opposite parity. Then n; = ng +i2.
According to Conjecture 3.1 and (3.4),
@it Wi x SLy(C) — GL,,p12(C) x Wg
should be given by

(3.10) — {diag(‘/’o(w)’ xi(w)idi2) x w if i is even,

xa(w)yi(w)™! diag(@,(w), yi(w)id2) x w if i is odd,
Wg > diag(ao(wa)aidiz)®n0,1,3,...,2\i|—1q);i+i2 X Wg»
x > diag(Fo (), 1 (6), 93 (X)s -, a1 (x)) X1
for w € Wg, wy € Wg \ W, and x € SL,(C).

3.4.3 Split Orthogonal-symplectic Case
Now n} = ngy + i2 where n} is defined in (2.2). According to Conjecture 3.2, (3.5), and
(3.6), fori e Z ~ {0},

91 We x SLy(C) — LG(Vi) = {SO(((C(&)M;T,F °r
should be given by
(3.11) w —> diag(p,(w), det(p,(w)),idj2_1) x w

x > diag(F (), det(Gy (x))pr(x)s p5(x); - pag 1 (x)) X1
for w € Wg and x € SL,(C).
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3.4.4 Non-split Orthogonal-symplectic Case

Note that ng is odd, since V; is symplectic. According to Conjecture 3.2, (3.7), and
(3.8), we have

o1(we) = diag( —EO(WJ),idl) CD’nng1 X Wg,
¢2(wq) = diag( ~01(We )P, — det (g, (wo)) id3) x wg
= diag( 9, (wo), —idy, —id3) x we.
Then it is easy to see that, for i € Z ~ {0},
Ops1i2(C) x Wg,  or

i Wr x SL,(C) — LG(V;) =
% F X 2( ) ( ) {Song+i2(C)XWF

should be given by
(3.12) w —> diag(p,(w),id;2) x w,
diag( @,(ws), —idi2) x w, if i even,
e diag(-9,(ws), id,»z)CD:13+i2 xw, if i odd,

x > diag(9, (x), p1(x), p3(x),..., pajij-1(x)) x 1
for w € Wg, wy € Wg \ W, and x € SL,(C).

4 Supercuspidal Representations with Unipotent Reduction

4.1 Unipotent Representations of Finite Classical Groups

Let v be a (non-degenerate) symplectic space or an even quadratic space over £, or a
Hermitian space over a quadratic extension of f. Let G(v) denote the the group of
isometries, and let G°(v) denote the identity component of G(v). Deligne-Lusztig
[DL76] define a very special class of irreducible representations of G°(v) called unipo-
tent cuspidal. Lusztig [Lus77] shows that the group G°(v) has a unique unipotent
cuspidal representation if and only if the dimension of v is one of the forms:
1s(s+1) for some integer s if G(v) = U(v),

2s(s+1) for some integer s if G(v) = Sp(v),

2s? for some even integer s if G°(v) = SO™ (v),
2s? for some odd integer s if G°(v) = SO (v).

(41  dim(v) =

This unipotent cuspidal representation will be denoted by (;. Note that the dimension
of vis allowed to be zero. In this situation, by our convention, the trivial representation
of the trivial group is also called unipotent (cuspidal).

(a) If G(v) is unitary or symplectic, we extend the index of {; to whole integers by
letting (s = ;.

(b) For the finite even orthogonal group O(v), the induced representation Indg)éz‘),) (s
is decomposed into { @ ({ ® sgn) for a cuspidal representation { of O(v) when
s # 0. Following [AM93], we call both { and { ® sgn the unipotent cuspidal repre-
sentations of O(v). They will be denoted by {; and {_,, i.e., {_; = {; ® sgn.
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Suppose that &; is an irreducible representation of the group G(v;) fori =1,..., k.
The irreducible representation & ® --- ® & of G(vy) x - -+ x G(vy) is called unipotent
if each &; is unipotent.

4.2 Theta Correspondences for Finite Reductive Dual Pairs

Recall that we fix a nontrivial additive character y of F. Without loss of generality, we
can assume that |, is trivial and y|, is nontrivial, where o is the ring of integers of
F and p is the maximal ideal of 0. Then y induces a nontrivial character y of f. We
consider the correspondence for the reductive dual pairs defined over f with respect
to the Weil representation @ associated with y.

Suppose 7 is an irreducible cuspidal representation of a finite classical group G(v).
Then the “preservation principle” (cf. [Pan02, theorem 12.3]) for finite reductive dual
pairs suggests that there exist irreducible cuspidal representations #; of G(v;) fori € Z
such that 5 ~ 5;, for some integer iy, and 7; <> (#;+1 ® sgn) is a first occurrence of
irreducible cuspidal representations for the dual pair (G(v;), G(v;41)). Here “sgn”
is the sign character if G(v) is a nontrivial unitary or orthogonal group, and it is the
trivial character if G(v) is trivial or symplectic. We know that

2dim(v;) +1 if G(v;) is unitary,
(4.2) dim(v;_;) + dim(v;4;) = { 2dim(v;) if G(v;) is orthogonal,
2dim(v;) +2 if G(v;) is symplectic,

for each i € Z. From (4.2) the index i can be normalized such that we have the fol-
lowing three cases:
(i) v, is unitary for each i, and dim(v;) = dim(vy) + @
(ii) v, is symplectic if i is odd, split orthogonal if i = 0 (mod 4), orthogonal with
2-dimensional anisotropic kernel if i =2 (mod 4), and
2(1)2 if i is even,
dim(vi) = dlm(Vo) + { ;_ . .
254 (%) ifiisodd.

(iii) v; is symplectic when i is even, orthogonal when i is odd, and

2(4)? if i is even,

dim(v;) = di 2/
m(v;) lm(V")+{z('21)(’2“)+1 if i is odd.

In particular, dim(vy) is the minimum among all dimensions.
Next we want to know how a unipotent cuspidal representation # of G(v) occurs
in its sequence {#; | i € Z}. We consider the following cases.

4.2.1 Finite Unitary Groups

In this subsection, suppose G(v) is unitary and # < #' is a first occurrence
in @ for the dual pair (G(v),G(v')). Then from [AMR96] §1.C we know that

(1 ® sgni™¥)) & (5 ® sgn¥™M)) occurs in @°, which denotes the Weil represen-
tation defined in [Gér77]. Assume that # = (; for some integer j.
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(a) If dim(v') is even, then 5 ® sgnd™(") = {j. By [AM93, theorem 4.1] we know
that ' ® sgndim(v) = (jpor iy, ie,

. {ja1® sgndim("), if j=0,1 (mod 4);
(i1 @ sgnd™M | if j=2,3 (mod 4).

(b) Ifboth dim(v') and dim(v) are odd, then 5 ® sgnd™("") = {; ® sgn. Because (j
is unipotent, {; ® sgn is in the Lusztig series £(G(V), s), where s is a semisimple
element in the dual group of G(v) such that no eigenvalue of s is equal to 1. Then
by [AMRY6, théoréme 2.6] we see that dim(v') = dim(v) and #’ ® sgnd™(") =
n ® sgndi™ ) ie, y' = g, if we identify G(v) and G(V).

(c) If dim(v') is odd and dim(v) is even, then dim(v’) = dim(v) + 1 by (b) and
preservation principle (4.2). In this case, " is not unipotent unless dim(v) = 0.

Lemma 4.1 Let {n; | i € Z} be a sequence of cuspidal representations given by
preservation principle such that each G(v;) is unitary and dim(vo) = 0. Then n; ®
sgndim(vin) js ynipotent for each i € Z.

Proof By assumption, #; < (741 ® sgn) occurs in the Weil representation @.
Then from [AMR96, §1.C] we know that (17; ® sgné™(Vis)) 5 (3, ® sgndim(vi+1)
occurs in @’. Note that dim(v;) +1 = dim(v;;2) (mod 2) from (4.2). Hence,
Hinn ® sgndimO+ = . @ sgndim(Vie2)  From [AM93, theorem 3.5] we know that
1i ® sgnd™Vin) s unipotent if and only if 77;,; ® sgnd™(Vi+2) is unipotent. Because
dim(vo) = 0, 7o = 770 ® sgnd ™) is the trivial representation of the trivial unitary
group. Thus 7, is unipotent, and hence each 7; ® sgndim(""“) is unipotent. ]

Remark 4.2 From this lemma and the above argument, we conclude the follow-
ing about the position of the unipotent cuspidal representation {; of U ;i (g) in its
2

sequence {y; | i € Z}:

(i) Ifj=2,3 (mod 4),thendim(vj,;) = M is even, and hence (; = #; with
dim(vp) = 0 by Lemma 4.1.

(i) Ifj=1 (mod 4), thendim(v) = @ is odd and {;®sgn first occurs in @ with
dim(v") = dim(v), i.e., {; first occurs in @ with dim(v") = dim(v). Therefore
{j = no ® sgn = n_; with dim(v,) = @

(iii) Ifj =0 (mod 4), then dim(v) = @ is even and {; ® sgn first occurs in @"

with dim(v") = dim(v) + 1 which is odd. This means that {; first occurs in @
with dim(v') = dim(v) + 1, and therefore {; = 1o with dim(v,) = @
We can check that #_;_; = #; ® sgn for all cases. From the above, we also see that if
dim(vg) # 0, then there is at most one unipotent representation, namely 7, in the
sequence {#; | i € Z}.
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4.2.2 Finite Symplectic and Even Orthogonal Groups

Lemma 4.3 Let {n; | i € Z} be a sequence of cuspidal representations given by
preservation principle such that dim(vy) = 0 and each G(v;) is either symplectic or
even orthogonal. Then all n; and n; ® sgn are unipotent.

Proof Now the occurrence of #; <> (711 ® sgn) in @ implies the occurrence of
ni < (1i41 ® sgn) in @" since @ = @" for this case. From [AM93, theorem 3.5] we
know that #; is unipotent if and only if #;,; and 7,41 ® sgn are unipotent. (Of course,
if G(vi41) is a symplectic group, then sgn is trivial and #;.1, ;41 ® sgn are the same
representation.) Now dim(vg) = 0, so g is the trivial representation of the trivial
orthogonal group G(vy). Thus, 7, is unipotent, and hence each #; and #; ® sgn are
unipotent. u

Remark 4.4 In [AM93, theorem 3.5(2)], there is an assumption that the residual
characteristic q has to be large enough so that the decompostion of the Weil repre-
sentation for (Sp(v),SO(v')) in [Sri79] holds. However, if we look at the proof in
[Sri79, p. 151] carefully, we see that the assumption on ¢ is only needed when both
Sp(v), SO(v") have the same rank. In our situation, that will happen only when both
have zero rank by the preservation principle. This means that the assumption on g in
[AM93, theorem 3.5(2)] is not necessary if we only consider the correspondence of
unipotent cuspidal representations.

Remark 4.5 This is case (ii) of Subsection 4.2. Suppose that dim(vy) = 0. It is
known from case (b) of Subsection 4.1 that #_; ~ #; ® sgn for each i € Z. If i is odd,
then v; is symplectic and #; is the unique unipotent cuspidal representation of Sp(v;)
with dim(v;) = 2(5) (%), i.e, i = (. If i is even and not zero, then 7;, 7; ® sgn
are the two unipotent cuspidal representations of O*(v;) with dim(v;) = 2(4)?.

Since all unipotent cuspidal representations of finite symplectic groups and finite
even orthogonal groups occur in the sequence {#; | i € Z} if dim(vy) = 0, we see that
no representation in {#; | i € Z} is unipotent if dim(vy) # 0.

4.3 Supercuspidal Representations of Depth Zero

Let F, D, and V be as in Subsection 2.1. A lattice L in V is called a good lattice if
L*pp € L € L* where

L*={veV|{v,l)eopforalllelL},
and op denotes the ring of integers of D and pp denotes the maximal ideal in op.
Let L be a good lattice in V. Then the quotients v* := L*/L and v := L/L*pp are
vector spaces over fp := op/pp with non-degenerate e-Hermitian (or e-symmetric)

forms. The stabilizer G(V) of L in G(V) is a maximal compact subgroup (cf. [Tit79,
3.2]), and there is a surjective homomorphism

(4.3) G(V) — G(v) xG(v")
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with kernel denoted by G(V) 1 o+. If 7 and * are representations of G(v) and G(v*)
respectively, then n ® #* is a representation of G(v) x G(v*) and can be pulled back
as a representation of G(V) via the homomorphism in (4.3).

When G(V) is connected (i.e., G(V) is not orthogonal), from [MP96, Mor99] w.
know that the compactly induced representation

G(V)

c-IndG(V)L (nen*)

is an irreducible supercuspidal representation of G(V) if and only if 5 and * are
irreducible cuspidal representations of G(v) and G(v*), respectively. Moreover, all
irreducible supercuspidal representations of G(V') of depth zero are obtained in this
way.
Now we want to show that the same result still holds for an orthogonal group. Let
G = O(V), H = SO(V), and let 7 be an irreducible supercuspidal representation
of H of depth zero. Then Ind{, 7 is either an irreducible representation or the direct
sum of two irreducible representations ' & m%. Now every irreducible supercuspi-
dal representation 71 of G of depth zero is either Ind$; 77 or 7 for some irreducible
supercuspidal representation 7 of H of depth zero. Because H is connected, we have
= c-IndgLr] for some good lattice L in V and some irreducible representation #
of H; inflated from an irreducible cusp1da1 representation of Hy /Hj o+. Now Hy is
a subgroup of G of index 2. If 7ig = Ind$ 7, then 176 = IndH 1 is irreducible and
g = c- IndG ne. fng = * for i =1,2, then IndHLn is the direct sum of two irre-
ducible representations ' ® 52, and 7g = c- IndG n'.

Proposition 4.6  Suppose the supercuspidal representation 7, in a sequence given by
G(V)

G(Vr)l-r
some space V, and some cuspidal representations 1, n*. Then there exist integers s, t

such that y = ns, n* = i and

preservation principle is of the form c-Ind (1 ® #*) for some good lattice L, in

(4.4) Tryi = C- Indgg::;L (Ns+i ®7M7ys)
for i € 7 where L,.; is a good lattice in V,,; and 1 (resp. nf,;) is the i-th term after
ns (resp. y}) in its sequence given by preservation principle.

Proof Suppose that:

* (G(V),G(V")) is a reductive dual pair;
* 7 is the induced representation c—IndgEQL(q ® 1*) where # (resp. %) is an irre-

ducible cuspidal representation of G(L/L*pp) (resp. G(L*/L)) where L is a good
lattice in V;
7’ is the induced representation c—Inng,) (n" ® n’*) where n’* (resp. n’) is an

irreducible cuspidal representation of G(L"* /L") (resp. G(L'/L"*pp)) where L' is a
good lattice in V.

Then by [Pan02, theorems 9.3 and 9.5] we know that 7 < 7’ is a first occurrence
in the local theta correspondence if and only if both # < #'* and #* < 7’ are first
occurrences in the theta correspondence for finite reductive dual pairs.
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Now back to our situation: 7, <> (71,41 ® sgn) first occurs in the theta correspon-
dence. Write

G(V)
G(V)1

m, =7 = c-Ind (n®on*) and m ®sgn=n'= c-Indgggj;L, (" ®n"™).
Then n < 5’ first occurs in the theta correspondence. Hence, we can choose an in-
teger s (could be positive or negative) such that = 7, and ™ = #,,; ® sgn. Similarly,
there is an integer ¢ such that n* = 5} and 5’ = 7}, ® sgn. Then we have

1 ® SgN = C'Indggx& " ( (1 ® Sgn) ® (77:+1 ® Sgn)) >

and hence
G(Vpy *
Trel & c-IndGE‘,'+3Lr+1 (Ms1 ® 41
Therefore, (4.4) holds for i = 1, and consequently, it also holds for any positive integer
i by induction.
Next consider the case i = —1: 7,_; <> (71, ® sgn). If we write

G(V")
G(V')L

(f'en™) and nr:c-IndgEQL(;y@ﬂ*),

m,_1 = c-Ind
then ' < #*, #'* < #y are first occurrences, and hence n’ = #,_;, #* ® sgn = 7, and
7' = ni_1, y ®sgn = 57 for some integers s, t. Therefore, (4.4) holds for i = -1, and
consequently, it also holds for any negative integer i again by an induction argument.
Thus, the proposition is proved. ]

4.4 Correspondence of Supercuspidal Representations with Unipotent Reduction

An irreducible admissible representation is said to be unipotent or having unipotent
reductions if it admits a nonzero invariant vector by the pro-p-unipotent radical of a
parahoric subgroup (cf. [Lus83,MW03]). From the results of Moy-Prasad and Morris
mentioned in Subsection 4.3, we know that the supercuspidal representation

G *
C'Indcg‘\;;L(W ®n")

has unipotent reduction if both #, #* are unipotent cuspidal representations. All su-
percuspidal representations with unipotent reductions are constructed in the way.

Suppose that {7; | i € Z} is a sequence of irreducible supercuspidal representa-
tions by preservation principle in which at least one representation have unipotent
reduction. So we can write

G(Vy *
(4.5) Ty = C_IndGEVogLo (7750 ® ’7[0)

for some integers so, to where sequences {#; | i € Z} and { | i € Z} are as in
Remarks 4.2 or 4.5. From these two remarks, we know that if dim(vo) # 0, then at
most one representation in {#; | i € Z} is unipotent. Therefore, for our purpose, we
will consider the cases such that dim(vo) = dim(vy) = 0 for the sequences {#; | i € Z}
and {7 | i € Z}. We have the following cases.
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4.4.1 Unitary Case I: Unramified Extension

. . . (i+1) (i+2)
We assume that E is an unramified extension of F. Because 7; = {;®sgn~ 2  from
Lemma 4.1, we have

G(V; *
= C_IndGEVigLi (Mso4i ® ’7t0+i)
_ G(Vi)
= C_IndG(Vi)L,« (( (so+i ® 5gN

(+1)(+2) | sgs0 (2i+3) (41)(+2) | 12+19 (2i+3)
2 2 2 2 )

) ® (. ®sgn
by Proposition 4.6. Consider the following situations (the details of which can be
found in Section 7):

(a) Iftg —sp =0 (mod 4), then so + to = 0. Hence both s, ¢, are even and

2 . 2 .
so+So(2i+3 to + (2 +3 1
o0 fen@ied) 6 o
2 2 2
Gi+1) (i+2)+tg . . .
Thus, m; ® sgn™ 2 has unipotent reduction for each i € Z.

(b) If to — so =1 (mod 4), then s¢ + to = —1, and hence £, is even. We can see that

(i+1)(i+2) +sg+so(2i+3) _i(i+1) b

= mod 2),
2 2 2
(i+1)2(1'+2) ) t(2,+to;2i+3) ; (i+1)2(i+2) +%0 (mod 2).

tg+2

Hence, m; ® sgn™2 (resp. m; ® sgn%o) has unipotent reduction for i =1 (mod 4)
(resp.i =3 (mod 4)).
(c) Iftg—sp =2 (mod 4), then so + to = 0. We can see that
s3+50(2i+3) |, ta+1to(2i +3)
2 ? 2
for any i. Hence, none of m; or 7; ® sgn has unipotent reduction unless
i€ {t(), to — 1, —to, —to — 1}
(d) Iftg —so =3 (mod 4), then sg + to = —1, and hence ¢, is odd. We can see that

(mod 2)

. . 2 . . .

(1+1)(z+2)+50+s0(21+3)E(z+1)(z+2)+t0+l (mod 2),
2 2 2

. . 2 . L. _

(1+1)2(z+2)+t0+t0221+3)Ez(z;l)+t0 1(m0d2).

Hence, 7; ®sgn¥ (resp. m; ®sgntOT+l) has unipotent reduction for i =1 (mod 4)
(resp. i =3 (mod 4)).

It is easy to see that dim(V; ), dim(V;) are of the same parity for cases (a) and (c), and
of the opposite parity otherwise.

4.4.2 Unitary Case II: Ramified Extension

Now we assume that E is a ramified extension of F. Then one of 7, and 7} is a
unipotent cuspidal representation of a finite even orthogonal group, and the other is
a unipotent cuspidal representation of a symplectic group. From Remark 4.5 we see
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that every representation in {#; | i € Z} or {#} | i € Z} is unipotent, and hence by
Proposition 4.6 all representations 71; and 77; ® sgn have unipotent reduction.

4.4.3 Orthogonal-symplectic Case

The situation for reductive dual pairs of even orthogonal groups and symplectic
groups is similar to the case considered in Subsection 4.4.2, i.e., if one representa-
tion in the sequence {7; | i € Z} has unipotent reduction, then all 7; and 7; ® sgn
have unipotent reduction.

5 The Main Results

5.1 Unramified Langlands Parameters

A Langlands parameter ¢: Wg x SL,(C) - YG(V') x W is called unramified if it is
trivial on the inertia subgroup Ir of Wg. It is known that Wx/If is an infinite cyclic
group generated by a Frobenius element Fr (cf. [Tat79] (1.4.1)), and hence it is not
difficult to see that an unramified Langlands parameter ¢ is characterized by the con-
jugacy class of a pair (y, N) where

* yis a semisimple element of the dual group YG(V),

* N is a nilpotent element of the Lie algebra Vg(V'), and

* Ady(N) =gqN

where Ad denotes the adjoint action of ¥G (V') on its Lie algebra Vg(V'), and q is the
cardinality of f (cf. [Lus83] 1.2). Details can be found in Subsections 5.1.1 and 5.1.2. We
will also call such a pair (y, N) an (unramified) Langlands parameter for G(V).

A correspondence between the set (of isomorphism classes) of irreducible admis-
sible representations of an adjoint simple group with unipotent reduction and the set
(of equivalence classes) of unramified Langlands parameters is given in [Lus95] and
[Lus02] via the isomorphisms of certain Hecke algebras. Because we only concern
supercuspidal representations, those Hecke algebras degenerate and do not play any
role here. The explicit description of an extension of Lusztig’s result in our situation
(i.e., for a group not necessarily adjoint) is given in Section 6.

For a positive integer k, let p be given in Subsection 3.3. Then we define

1/2
(G1) oy =px ([qo q_(i/z ]) = diag(qk V72, g2 q(1=0/2y ¢ GLi(C),

Ok =dpi ([§0]) € gl (C).
Note that pi(y2) = yx and Ad,, (8k) = q0k.

5.1.1 Unitary Case

Suppose that G(V') is a unitary group. Let ¢: WrxSL,(C) - LG(V) be an unramified
Langlands parameter, and let Fr € Wr denote a fixed geometric Frobenius element.
Let ¢ be defined as in Subsection 3.4.1. Because ¢[si,(c) is a (finite-dimensional)
algebraic representation, there are positive integers ay, . . ., ax such that

WSLZ(C) 2 Pa @O Py,
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where p,, is given in Subsection 3.3. Define

1/2
@(Fr, [ " ]) if Fr € Wy,
(5.2) ”
7 (Fr,[ ,1/2]) Opyiova, Pgy g, I Fre WpN Wg,
N =d(9lsL,c)) ([§6])>
where @, ., is given in (3.3), and the sl (C)-representation d(@sr,(c)) denotes

the differential of ¢|sp, (). Then N is a nilpotent element in ¥g(V') and y is a semisim-
ple element in ¥G( V'), which does not depend on the choice of Fr, because ¢ is un-
ramified. It is easy to check that CD;} ,,,,,

Lemma 5.1 Let y and N be defined as in (5.2). Then we have Ad,(N) = gN.

Proof First suppose that Fr is in Wg. Then
o 1/2 . - 1/2 -1
Ay () =7 (B %) % |)- d@huco) (3D -7 (B[ %7 5%)

0 q
= d(¢|5L2(<c)) ([ q—01/2:| (00] [q;/z q—ol/z ]_1)
=d(@lsw,(c)) (4[5 6]) = gN.

Next suppose that Fr € Wp \ Wg. By the action given in Subsection 3.1, we have

[ 1/ 1 y -1
Ad}’(N) :a(Fr’ q;z q—ol/z )q)nq);: ..... aqu)al ~~~~~ ak®;1¢(Fr7[q02 q—ol/zjl)

- [ 12 ) i 1/2 -1

Aol ]ocomis(] 2]
o [ ql/z 0 ] o ql/z 0 -1

=¢|Fr, 0 Fr(N)o | Fr, 0 o

_d(= @ o Trouq[a” o 1)L

- d(¢|SLz(C)) 0 g2 [0 0] 0 gV - qN’

where n = dim(V). [ |

5.1.2 Orthogonal-symplectic Case

Suppose that G(V) is an even orthogonal group or a symplectic group. For a given
unramified parameter ¢ we define

(e[ 2]

gm0 S ]) o GV is o (p),
N = d(@lstacc)) ([90])
where @), is defined in (3.2).

if G(V)is Sp,, (F) or O3, (F),
(5.3) y=
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Lemma 5.2 Let y and N be defined as in (5.3). Then we have Ad,(N) = gN.

Proof First, if G(V) is Sp,,(F) or O3,(F), then Wg acts trivial on YG(V) and
Vg(V). The proof is exactly the same as the proof of the first part of Lemma 5.1.
Next suppose G(V') = O3, (F). Then Fr is in Wr \ Wg where E is defined in Subsec-
tion 3.1(d). Hence from Subsection 3.1, we have

Ady(N):a(Fr,[q;’q ])chan) (Fr[ 1,2])_1
AT

. 1/2
=d(@lst.(c)) ([ ! qg/z] [

co
o
—
—
<
=
S
Lo
=
N
[E—
L
SN—
Il
=

5.2 The Main Results

Keep the setting of Subsection 2.3 and assume that there are infinitely many repre-
sentations in the sequence {7; | i € Z} that have unipotent reductions. As in Subsec-
G(Vo)

tion 4.4, we write my = c-IndG(VO)L0

(115, ® 17, ) for some integers so, to.

5.2.1 Unitary Case (1)

In this subsection we suppose that dim(Vp ), dim(V;) are of the same parity. If D = E

is an unramified extension of F, we see that we are in case (a) of Subsection 4.4.1, and
(i+1) (i+2)+1g

hence t; is even, each 7; ® sgn P has unipotent reduction. If E is a ramified
extension of F, then every representation 7; has unipotent reduction from Subsec-
tion 4.4.2.

Theorem 5.3  Suppose that G(Vy) is a unitary group and dim(Vy), dim(V;) are of
the same parity. Let (y;, N;) be the Langlands parameter for the supercuspidal repre-

(i+1) (i+2)+tg

sentation with unipotent reduction m; ® sgn™ 2 (resp. m;) for D/F unramified
(resp. ramified). Then we have

yi = diag(yo, Y2, V4> .. -»ya2it) and N; = diag(No, 82,04, ..., 02:1),
where i* = min(|i|, |i +1|), and y, Oy are defined as in (5.1).

Note that 2+4 +---+2i! = i(i+1) for i € Z. The proof of the theorem will be given
in Subsection 7.1.

Remark 5.4  First suppose that E is an unramified quadratic extension of F. We
have Fr € Wp \ Wg. By definition, we have yo = ¢(Fr, y,)®,,®,! , , where ng =

dim(Vp) and [ay, ..., ax] is the partition of nq associated with Ny. Then from (3.9)
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and (5.2) we have

diag(@O(Fr, Y2)5P2(¥2)> pa(y2)s .- > pait ()’2))

.....

-1
XCDno,ZA,‘..,Ziﬁq)al ,,,,, ax,2,4,...,2it

= diag( yo, p2(y2)> pa(y2)s- - > p2ir (y2))
= diag(y(); Y25 V455 )24t )'

Next, if E is a ramified quadratic extension of F, then Fr € Wg, yo = ¢ (Fr, y,) and

diag(@o(Fr, Y2)5P2(¥2), pa(y2)s ... ’Pziﬂ()’z))
= diag(yo,pz()/z),m()’z)’ e ’PZN(YZ))
= diag(}/o, Y25 Y45 ’Yzil‘)'

Therefore, Theorem 5.3 is consistent with (3.9) (cf. [HKS96, speculation 7.7]) up to a
twisting of the sgn character.

5.2.2 Unitary Case (1)

Now we suppose that dim(V;), dim(V}) are of the opposite parity. For this case by
our assumption in Subsection 2.1, E is an unramified extension of F. From Subsec-
tion 4.4.1 we see that ¢y — s¢ is odd, 7; or 7; ® sgn do not have unipotent reduction
for even i, and

to+2

T; ®sgn 2 to—So =1, i=1 (mod 4),

to
T; @ sgn? to—So=1,i=3 (mod 4),
(5.4) 1 ©% -1 hasunipotent reduction if 00 ) ( )
T @sgn 2 to—so =3, i=1 (mod 4),
ﬂi®sgntoT+l to—5053, i=3 (mod 4)

Let (0, No) be the Langlands parameter of the representation c—IndgE XE;LO (L ®(1,)-

Theorem 5.5  Suppose that G(Vy) is a unitary group and dim(Vy), dim(V;) are of

the opposite parity. Then the Langlands parameter (y;, N;) for the supercuspidal repre-
sentation in (5.4) for i odd is given by

yi = diag(yo, y1,¥3- - > Yajij-1)  and  N; = diag(No, 01,83, .., Gaip-1)-

Note that 1+3+---+(2|i|-1) = i* for i € Z. The proof will be given in Subsection 7.2.

Remark 5.6  Again, Theorem 5.5 is consistent with (3.10) (cf. [HKS96, speculation
7.8]) up to a twisting of the sgn character.
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5.2.3 Split Orthogonal-symplectic Case

Theorem 5.7  Suppose that G(Vy) is an even orthogonal group. Then the Langlands
parameter (y;, N;) for n;, i € Z, satisfies

yi = diag(yo, 1, ¥35 - - -» ¥2jij-1)  and  N; = diag(No, 61,83, ..., 8)i-1)-
The proof will be given in Subsection 7.3.

Remark 5.8 In this case we have
_ 1/2 _
v~ (Fn] % 0 ]) and No-day (183D
from the definition in (5.2). Then by (3.11), we should have

yi = diag(yo, det(y0)y1, ¥35-.-»¥2ji-1) and N; = diag(No, 61,03, . .., 8)if-1)-

We will see in Remark 7.2 that det(y) = 1, and hence Theorem 5.7 is consistent with
Conjecture 3.2.

5.2.4 Non-split Orthogonal-symplectic Case

Theorem 5.9  Suppose that G(Vy) is a symplectic group. Then the Langlands param-
eter (y;, N;) for m;, i € Z, satisfies

o diag(yo, =y, —¥3>-..>—Vajij-1) if i is even,
diag(=y0, Y15 ¥35 - - -» Y2ji-1) if i is odd,
N,‘ = diag(N(), 61, 83, ey 82“'_1).

The proof will be given in Subsection 7.4.

Remark 5.10 In this case, by our assumption in Subsection 2.1, E is an unramified
quadratic extension of F, and hence Fr is in Wy \ Wg. Then according to (3.12), we
should have

. 1/2
yl = q’l (Fr’ [qo q*()l/2 ]) (D:’lg+l
. o 1/2 1/2
= diag (_900 (Fr, [ qo qg/z ]) »P1 ([ qo q—ol/z ])) ®lng+1®;;+1
= diag(-y0, 1),
— 12 . .
y2=9, (Fr, [ ! q_‘i,z ]) = diag(-y1, —y3) = diag(yo, -1, -y3)
by (5.3). Then by induction we can see that the pair (y;, N;) associated with ¢; should
be given by
o diag(yo, —y1, —¥3».-.>—Yajil-1), if i is even,
diag(=yo, y1> Y35+ - -» Y2li|-1)> if i is odd,
N,‘ = diag(No, 61, 83, ey 82|i|_1).

Again, Theorem 5.9 is consistent with Conjecture 3.2.
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6 Langlands Parameters for Supercuspidal Representations with
Unipotent Reduction

A construction of the unramified Langlands parameter associated with an irreducible
representation with unipotent reduction of an adjoint group G is in [Lus95, Lus02],
see also [Mor96]. If G is a unitary group with respect to an unramified quadratic
extension, a similar construction can also be found in [Meg05]. Now we follow their
construction closely and give a description of the parameter (y, N) associated with a
supercuspidal representation with unipotent reduction

w= c—IndgE“gL(q ®n")

of a classical group G(V) as follows.
6.1 Unitary Groups with Respect to an Unramified Extension

In this subsection we assume that E is an unramified quadratic extension of F. Then
G(V)L/G(V)L’m ~ U(V) X U(V*).

6.1.1 Suppose that G(V) = U}, (F). From (4.1), we have 2n = 1s(s +1) + (¢t +1)
for some integers s and ¢. Moreover, since the anisotropic kernel of V' is trivial, we
know that both 35(s +1) and 1 #( + 1) are even. The complex dual group of G(V') is
GL,, (C). Now we have the following two possible situations:

Suppose that s — f is even. Define d; = (!)(**£2) and d, = (55*)*. Then d, =
Yk 20, d, = Zliztl(Zi -1) and d + d; = 2n, where k = min(|*£¢],|<£*2]). Then
y=(yM, y@) is an element of GL4, (C) x GLg4, (C) ¢ GL,,(C) where

yV = diag(yz> yar-- .. y2k) and  y® = diag(yi, yss- . s Ypsotf1)s

y1 is defined as in (5.1); N = (N®,N®) is an nilpotent element in gl (C) x
gly,(C) c gy, (C), where

N(l) = diag((?z, 84, ey 62k) and N(z) = diag(él, 63, cees 6|s—t|—1)’

0 is defined as in (5.1).
Suppose that s — ¢ is odd. Define d; = (*2=)(=£) and d, = (*1*1)%. Then

s+t+l |
2

di = Xi,2i, d; = ZIH (2i —1) and d, + d, = 2n, where k = min(|=1=, [=£)).

Then y = (y(V, y®)) is an element of GL4, (C) x GLg4, (C) ¢ GL,,(C), where

y(l) = diag(y2, 4, ..., y2x) and )’(2) = diag(y1, ¥35 -+ o> Vissta1/-1)
N = (N®W,N®) is an nilpotent element in gl (C) x gl,, (C) c gl,,(C) where
N = diag(83,04,...,0,;) and N® = diag(d1, 035 .+ - Ojsse+1)-1)-

The ordered pair (d;, d» ) remains unchanged if s is replaced by —s—1or ¢ is replaced
by —t -1 or both. For each ordered pair (s, t), there is a unique irreducible supercusp-

g%;L((S ®(;) where (, {; are given

in Subsection 4.1. This representation remains unchanged if s is replaced by —s — 1 or
t is replaced by —t —1 or both, because {; = {_;_; and {; = {_;_;. In other words, there

idal representation of G(V'), namely, 7, ; := ¢-Ind
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is a unique irreducible supercuspidal representation associated with the four ordered
pairs of integers: (s, t), (s,-t—1), (-s—1,¢),and (-s —1,-t - 1).

The same ordered pair (d;, d,) is associated with two ordered pairs (s, t) and (¢, s),
and there is a unique pair (y, N) associated with the ordered pair (d;, d»). Hence, if
s # tand s # —t — 1, there are two distinct supercuspidal representations 7z;,;, 7
with unipotent reductions associated with the Langlands parameter (y, N). If s = ¢
or s = —t — 1, there is a single supercuspidal representation with unipotent reduction
associated with the Langlands parameter (y, N).

6.1.2 Suppose that G(V) = U3, (F). We have 2n = 1s(s +1) + 3#(¢ + 1) for some
integers s, t such that both 2s(s+1) and 1 #(¢+1) are odd. The situation is completely
similar to Subsection 6.1.1.

6.1.3 Suppose that G(V) = Uz1(F). Now we have 2n+1= 1s(s+1) + 2 ¢(¢+1) for
some integers s,  such that exactly one of 1s(s+1) and 2 #(¢+1) is even. The situation
is similar to Subsection 6.1.1 except that 2# is replaced by 2n + 1.

6.2 Unitary Groups with Respect to a Ramified Extension

In this subsection we assume that E is a ramified quadratic extension of F.

6.2.1 Suppose that G(V) = U3, (F). Then G(V)./G(V)L,0+ =~ O*(v) x Sp(v*).
From (4.1), we have 2n = 2s? + 2t(t + 1) for some even integer s and some 1nteger t.
Defined; = (s+t)(s+t+1)andd, = (s—t—1)(s—t). Thend, = Y5 2i,d, = ¥ 121
and d; + d, = 2n, where k = min(|s + ¢|,|s + t + 1) and k' =
Then y = (y, y®) is an element of GL,, (C) x GLg4, (C) ¢ GL,,(C), where

y O = diag(y2, ya» .. .»y2k) and  y@® = diag(=y2s —yas .. . —yar)
if t > 0; and

yO = diag(=y2> —par .. .- —y2x) and  y® = diag(y2, yas .. .»y2x)
ift <0;and N = (N, N®) isan nilpotent element in gl (C) xgly, (C) < gl,,,(C),
where

NO = diag(8,04,...,02) and N =diag(8,,0s,. .., 05 ).

Note that d; is interchangeable with d, if ¢ is replaced by —t — 1; however, the pair
(¥, N) remains unchanged.

If s 4 0 (i.e, di # dy), then O"(v) is nontrivial. Hence, O (v) has two unipotent
cuspidal representations, namely {; and {_; = {; ® sgn, and there is only one unipo-
tent cuspidal representation for Sp(v*), namely {; = {*,_;. Therefore, we see that
if (y,N) is the Langlands parameter associated with the irreducible supercuspidal
representat1ons c- IndG Vs (¢s ® ¢}), then the Langlands parameter associated with
cInd (s® ) is (-3, N).

If s = 0 (z e., di = dy), then O (v) is trivial. There is only one irreducible represen-
tation with unipotent reduction associated with the ordered pair (0, t). And in this
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case (y, N) and (-y, N) are in the same conjugacy class, and hence there is only one
Langlands parameter.

6.2.2 Suppose that G(V) = U3, (F). Then G(V)./G(V)L,0+ ~ O (v) x Sp(v*).
From (4.1), we have 2n = 2s? + 2t(t + 1) for some odd integer s and some integer t.
The situation is similar to Subsection 6.2.1.

6.3 Symplectic Groups

Suppose that G(V) = Sp,, (F). Then G(V)/G(V)r,0+ = Sp(v)xSp(v*). From (4.1),
we have 2n = 2s(s + 1) + 2¢(t + 1) for some integers s and ¢. The complex dual group
of G(V) is SO2,+1(C). Define d; = (s + t + 1)? and d, = (s — t)*. It is easy to check
that d; + d, = 2n + 1. The unordered pair {d;, d, } remains unchanged if s is replaced
by —s—1or t is replaced by —t —1 or both. Note that exactly one of dy, d; is even. Then
y = (M, y@) is a semisimple element of SO4, (C) x SO, (C) ¢ $O2,,41(C), where

(1) - (2) -

dlag()/l’ V3seees y2|s+t+1|—1)’ dlag( V1> =Y35.. s _y2|s—t|—1)

if s+t +1is odd; and

M _ ()_

y = diag(=yn =y -5 ~Valsre-1)s diag(y1, y3, - - > Yajs—t|-1)s

ifs+t+1iseven;and N = (N, N®) is a nilpotent element in s04, (C) x s0,4,(C) c
502,+41(C) where

N = diag(81, 03, ..., 0gjssren1) and NP = diag(61,03,..., 85 _s1)-

Note that from our definition, det(y(?)) = 1for i = 1,2, and hence y) is indeed in
S04, (C).

For such an unordered pair {d;, d, } the pair (y, N) is uniquely determined. Note
that the unordered pair {d}, d, } remains the same if s and ¢ are interchanged. For each
ordered pair (s, t), as in Subsection 6.1.1, there is a unique irreducible supercuspidal
representation associated with the four ordered pairs of integers: (s, t), (s,—t — 1),
(-s-1,t), and (-s — 1, -t — 1). Hence a such pair (y, N) is associated with two
irreducible supercuspidal representations if both dj, d, are nonzero (i.e., s # t and

s # —t —1), namely, c-IndgEX;L (s ® ;) and c-IndgE‘g;L (¢ ®s);and (y, N) is asso-
ciated with the unique irreducible supercuspidal representation if one of dy, d, is zero

(ie,s=tors=-t-1).
6.4 Orthogonal Groups

6.4.1 Suppose that G(V') = O3, (F). Note that 7 ® sgn is also an irreducible super-
cuspidal representation with unipotent reduction. Now G(V)/G(V) 0+ ~ OF(v) x
O*(v*). From (4.1), we have 2n = 25 + 2t for some even integers s, t. From Sub-
section 4.1 we know that for each ordered pair (s, t) of even integers there is an ir-
reducible supercuspidal representation 7, ; := c- Ind V) (s ® {¢). If both s, t are
nonzero, then four representations 7 ¢, 7,4, T_s ¢ anél 7i_s,—¢ are all distinct. How-

ever, we have 71_5 _; ~ 71, ; ® sgn and 71_ ;s ~ 715, ® sgn, since {_; ~ {; ® sgn.
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The complex dual group of G(V) is O,,(C). Define d; = (s+t)?and d, = (s—t)2.
Then 21 = dy +dy,and y = (y, ) is a semisimple element of O 4, (C) x O, (C) c
02,(C), where

)’(1) = diag(y1, 35 - - -> )’2|s+t|—1) and )’(2) = diag(-y1, —y3---> —V2|s—t\—1);
N = (NW,N®) is a nilpotent element in s04, (C) x s04,(C) c 50,,(C), where
N = diag(81, 03, ..., 05ser1) and N =diag(81, 8, ..., 855 s1)-

Note that the ordered pair (d;, d,) remains the same if s, ¢ are interchanged, or
if s is replaced by —s and ¢ is replaced by —t. Therefore, if both s, f are nonzero and
s # +t, the pair (y, N) is associated with the four representations 7 ;, 71_s,_¢, 7,5, and
7_t,—s. Moreover, d; and d, are interchanged, and hence y is replaced by —y if either
s is replaced by —s or ¢ is replaced by —¢ but not both. Then we see that the Langlands
parameter associated with the representations 7_g s, 7, ¢, 711, -, and 71— 5 is (—y, N).

If exactly one of s, t is zero, say ¢ = 0, then d; = d,, (¥, N) and (-, N) are con-
jugate, and the four representations 7,9, 77_s,9, 7o,s> 7To,—s have the same Langlands
parameter; i.e., they are in the same L-packet.

Remark 6.1 According to the above recipe, the Langlands parameters associated
with the supercuspidal representations 7 and 7 ® sgn with unipotent reductions of
O3, (F) are the same; i.e., 7 and 7 ® sgn are in the same L-packet.

Example 6.2 Let s be an even positive integer. Let # be a fixed unipotent cuspidal
representation of O3, (f) given in Subsection 4.1; i.e., # is isomorphic to s or {_;.
Let V be an 4s2-dimensional quadratic space with trivial anisotropic kernel, and let
L be a good lattice in V such that both L*/L and L/L*p are 2s*-dimensional over f.
Define y = diag(y1, y3, - - - » Yas-1) and N = diag(6y, 83, . . ., 845-1). We have four irre-
ducible supercuspidal representations with unipotent reduction of O(V') ~ Oy, (F)
with which we associate the Langlands parameters (y, N) or (-y, N):

representations Langlands parameter
c-Indgg“%L (nen), c-IndggggL ((n®sgn) ® (1 ®sgn)) (y,N)
c—Indg(g)L ((n®sgn)®1), c—IndgEK;L (n® (n®sgn)) (-y,N)

6.4.2 Supposethat G(V) = O3, (F). Then G(V)1/G(V )10+ ~ O (v)xO~(v*). By
(4.1), we have 2n = 2s% +2t2 for some odd integers s and t. The situation is completely
similar to Subsection 6.4.1 except for the parity of s, ¢.

6.4.3 Suppose that G(V) = O3,,(F). Then G(V)/G(V)L,0+ =~ O°(v) x O7¢(v*)
where € = + or —. By the assumption that the center E of the even Clifford algebra of
V is an unramified quadratic extension of F, we know that the dimensions of v and
v* are both even. Now we have 21 = 2s? + 2¢* for some integers s, ¢ such that exactly
one of them is even. The situation is completely similar to Subsection 6.4.1.
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7 Proofs of the Main Theorems

Keep the setting of Subsection 2.3. We can write

G(V *
Ty = C_IndGEVE§L0 (15, ® 113,)

for some cuspidal representation 7, (resp. #;,) of G(v,) (resp. G(v},)) where v; =
Lg /Lo, vs, = Lo/Lgpp and Ly is a good lattice in Vo, and 7, (resp. #7,) is the so-th
(resp. to-th) term in its corresponding sequence {#; | i € Z} (resp. {y; | i € Z}). By

Proposition 4.6 we know that 7; = C'Indc(&;b (Nsori ® 117,,;) for i € Z.

7.1 Unitary Case (I)

Proof of Theorem 5.3  First we assume that D is an unramified quadratic extension
of F. Then both G(vy) and G(vy) are finite unitary groups. From Remark 4.2 we
know that dim(vy,) = (so(so +1))/2 and dim(v},) = (to(to +1))/2. By Proposi-
tion 4.6 we have
(7.1) ni=dim(Vi) = 2(so+i)(so+i+1)+ (o +i)(to +i+1)

_ (so;to )2 + (Sozto + i)(Sonrto +i+ 1)

Because we now assume that dim(Vp) and dim(V}) are of the same parity, from Sub-
section 4.4.1 we see that so — £y must be even. The sequence {n; | i € Z} achieves
its minimum at i = —1,0 under our assumption on the index, so so + t, = 0, and
hence n; = (*5%)? + i(i +1). From Subsection 4.4.1 7; ® sgn((i+D(I+2)+8)/2 hag

unipotent reduction and hence it is isomorphic to c-Indgg“z;L (Lso+i ® (tp+i). From

Subsection 6.1.1, the Langlands parameter ( y;, N;) for 7; ® sgn{(i*D(i+2)+10)/2 jg

yi = diag(y1 Y35 -5 Viso-tol-1> V2> Vo - > V2it)»
N; = diag(6, 65, ..., 5|50,t0|71, 02,04,...,0214),

where it = min(|i],|i +1|). Therefore, we have yo = diag(y1,y3,- . .»Vjsp—t,|-1) and
Ny = diag(d1, 93, ..., Ojs,—t,|-1)> and hence

y; = diag(y0, Y2, V4> ->y2it) and N; = diag(No, 82,04, ...,0:)

for any i € Z.

Next we assume that D is a ramified quadratic extension of F. As mentioned in Sec-
tion 2.1 we assume that the dimensions n; are all even. In this situation, one of G(vy, )
and G (v}, ) is a finite even orthogonal group and the other is a finite symplectic group.
We can assume that G (v}, ) is symplectic. Now every 7; has unipotent reduction from
Subsection 4.4.2. By Remark 4.5 we see that s, is even and dim(vs,) = 2(2)% to is
odd and dim(v},) = 2(“) (L), It is easy to see that < is even (resp. 0dd) if the
Witt index of Vj is half of the dimension of V; (resp. half of the dimension of Vy minus
1). Now the i-th term after the term of dimension 2(%)? has dimension 2( 3"—2“ )2 if i

is even, and has dimension 2( 4= ) (21 if j odd. By Proposition 4.6 we conclude
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that
i:{z(%;)uz(fog-l)(fogfl), if i is even;
2l (2t) 4 2(2H)2, ifiis odd
- (Bt (aslat) g (nthed gy (02letl ),
The sequence {n; | i € Z} achieves its minimum at i = —1,0, so so + {p — 1 = 0; in

particular, so and , cannot be both positive. Hence, we have n; = (=0t ) (so=fotl) 4
i(i +1). From Subsections 6.2.1 and 6.2.2, the Langlands parameter (y;, N;) for 7; is

= diag(=y2, —V4> - - > —V2k> V2> Vo « - - Y2it )
N; = diag(9,,04, ..., 02k, 82,04, ..., 02it),

where k = min(|2=ie=1, [2=le*1|) and i! = min(]i],|i +1|). Therefore,

yi = diag(yo, 2> y4>-..>y24) and N; =diag(No, 82,04, ...,82:),

and hence the theorem is proved. ]

Example 71 Suppose that D is an unramified quadratic extension of F. Let

1 (resp. #*) be the unipotent cuspidal representation of G(v) (resp. G(v*)) with

dim(v) =15 = SX(SH) (resp. dim(v*) = 3 = 2X(2+1)) We want to determine the

position of 7 in its sequence by the preservation pr1nc1ple Suppose the dlmen51ons

of Vy, V4 are of the same parity. Consider the representation 7 = ¢- IndG (V)i (nen )
Now we have # = {5 = {_g and " = {, = (5. Since {5 = #5 ® sgn and(

73 ® sgn, we have s = -6 =59 — 2, t = 2 = t; — 2 with sy = —4 = —£(, and then

i | -3 -2 -1 0 1
dim(vy,) |-+ 21 15 10 6 3
dim(vj) |-~ 1 3 6 10 15

ni |- 22 18 16 16 18

Hence, 7 = 7_; in its sequence with #n¢ = 16. Thus the semisimple elements y; in the

(i+1) (i+2)+4

Langlands parameters (y;, N;) of 7; ® sgn™ 2 are:

(i+1) (i+2)+4

i ‘ S; t; n; 7m;®sgn 2 Vi
-2|-6 2 18 Ty diag(y1, 3> ¥s» Y7 ¥2)
-1]-5 3 16 -1 diag(y1, ¥3» ¥s5, ¥7)
0|-4 4 16 o ® sgn diag(y1, 3, ¥s5, ¥7)
1|-3 5 18 T ® sgn diag(y1,v3, Vs> ¥7, ¥2)
2|2 6 22 T diag(y1, ¥3> Y5> ¥7> Y2, Y1)

7.2 Unitary Case (Il)

Note that from our assumption, D is an unramified quadratic extension of F in this
case.
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Proof of Theorem 5.5 Keep the notation from Subsection 7.1. Because we now as-
sume that the dimensions of Vg, V; are of the opposite parity, from Subsection 4.4.1,
So — to is odd. Then sg + to + 1and sy — to — 1 are both even. Then from (7.1) we have
S(so+i)(so+i+1)+3(to+i)(to+i+1)

_ (so—éo—l)(so—éoﬂ) + (50+£0+1 + l-)Z‘

n;

Because the sequence {n; | i € Z} achieves its minimum when i = 0, we have
so + o +1=0,and hence n; = (2=22=1)(*2=2e*1) + ;2 Now assume i is odd; then the
representation in (5.4) is isomorphic to c—IndgEV‘SL (Csy+i ® (ty+i), which has unipo-
tent reduction and has Langlands parameter (y;, N;) given by
yi =diag(y2, yar- - > V2 Y1 V30 -5 V2li-1)
N; = diag(83, 04, ..., 02k, 01, 035 . . ., Bzjif—1)>

where k = min(|2=52=1|, [2=0*1|) from Subsection 6.1.1. Moreover, we know that

vo = diag(y2, V4, .. .»yax) and No = diag(83, 84, . . ., 2% ). Therefore, we have
yi = diag(yo, 1, ¥3>- - +»> ¥2ji-1) and  N; = diag(No, 1, 835 ..., 02ij-1)
for any odd integer i. ]
7.3 Split Orthogonal-symplectic Case

In this subsection we assume that V; is an even-dimensional quadratic space.

Proof of Theorem 5.7 By the assumption in Subsection 2.1, we know that both v,
and v}, are even-dimensional for this case , and hence we have dim(vy,) = 2(%)* and
dim (v} ) = 2(%)? for some even integers so, to from Subsection 4.1 and Remark 4.5.
By Proposition 4.6 we have

2(30+2i—1)(50+2i+1) + 2( to+2i—1)( t0+2i+1) ifi is Odd

P2 to+i)2 ir
ni:{z(%;') +2(45) if i is even,

This is now case (III) of Subsection 2.3, and the dimension #; defined in (2.2) becomes

= (55)? ¢ (25 1 i)
Because the sequence {n} | i € Z} achieves its minimum at i = 0, we have so + o = 0,
i.e, ny = (*5%)% +i’>. Now because so = —to, we have dim(vy,) = dim(v})), i.e.,
O(vs,) = O(v},); in particular, from Subsections 6.4.1, 6.4.2, and 6.4.3, we know
that the anisotropic kernel of V; (and hence every quadratic space in the sequence
{V; |i€Z}) is either trivial or four-dimensional. Moreover, we know that 7, ~
13, ® sgn from Subsection 4.1, and consequently 7y ~ 7y ® sgn. Therefore, from the
requirement of {7; | i € Z} in Subsection 2.3, we have 7_; ~ 71; ® sgn for any i € Z.
Hence, from Subsection 6.4.1 (in particular, Example 6.2), the Langlands parameter
(90, No) associated with 7 is

(72)  yo = diag(=y1, =35+ --» =Vjsy—to]-1) and  No = diag(d1, 83, . . ., Ojsy—zo|-1)-
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If i is even, then V; is an even quadratic space, s; = s + i, t; = to + i and so =

—to. Hence |[#5%] = [23fo|, |2 = [i|, and, from Subsections 6.4.1 or 6.4.2, the pair

(i, N;) associated with 7; is

(73)  yi = diag(=y1,-p3-.-> “ViIso—to|-1>Y1> - - - >)’2\i\—1) = diag(yo, y15- - -» Vz|i|—1),
Ni = diag((sl, 83, ey 6|50—t0‘—1’ 81, ey 62'1“_1) = diag(N(], 61, ey 82“'_1).

If i is odd, then V; is a symplectic space, s; = sp+i—1,¢; = to+i—1and sg = —tp. Then
|#5ti| = [2fe], |22k 4 1] = |i] and, from Subsection 6.3, the pair (y;, N;) associated
with 7; is the same as in (7.3). Thus, the theorem is proved. [ |

Remark 7.2 Because %2, 2 in the proof are of the same parity, (23 )? is even, and

hence we have det(yy) = 1from (72). Then Theorem 5.7 is indeed a consequence of
Conjecture 3.1.

7.4 Non-split Orthogonal-symplectic Case

In this subsection we assume that V; is a symplectic space.

Proof of Theorem 5.9 Now that V; is symplectic, so are v, and v; . Hence, both so
and f, are odd and dim(v,,) = 2(351)(2%7) (resp. dim(v},) = 2(&1)(21)). By
Proposition 4.6, we have

B 2( so+2i—1 )( so+2i+1) + 2( to+2i—1 )( to+2i+1 ), if i is even,

n; = L .
’ {2(*;')%2(“@2“)2, if i is odd.
We are now in case (IV) of Subsection 2.3. Then the dimension #; defined in (2.2) is

ni= ()7 (g i)
The sequence {n} | i € Z} achieves its minimum at i = 0; we have so + ¢y = 0, i.e,,
ni = (%5%)%+i%. Because - L and % are now of opposite parity for any odd integer
i, from Subsection 6.4.3 we see that all quadratic spaces in the sequence {V; | i € Z}
must have two-dimensional anisotropic kernel.

Because sg = —to, we now have Sp(vy,) ~ Sp(v} ) and 7_; ~ 7; ® sgn for any i € Z.
Now from Subsection 6.3, we know that the Langlands parameter ( yo, Ny) associated
with g is

(7.4) Yo = diag(y1, Y3, -+ Yjso—to]-1) and  No = diag(81, 03, . .., 8sp—te]-1)-

If i is even, then V; is symplectic, s; = so + i, t; = to + i and s = —to. Hence,
|iti] = |2cfe| |2k = |i], and, from Subsection 6.3, the pair (y;, N;) associated
with 77; is

yi = diag(yu ¥« o> Visotol-1> =V =V35 -+ > ~Vaji-1)>
N,' = diag(@l, 83, ey 8‘30,%‘,1, 81, 63, ooy 62|i\—1)'
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If i is odd, then V; is quadratic, s; = so + i, t; = to + i, and s = —t,. Hence |s’ b =

|2k |, [225] = |i] and, from Subsections 6.4.3, the pair (y;, N;) associated with 7; is

yi = diag(=y1, =¥3s o> ~Vjso—to|-1> Y1 Y35 - - > V2li-1)>
N,' = diag(@l, 83, ey 6‘50_%‘_1, 61, 63, ey 62|i\—1)~

From the above and (7.4), we conclude that

_ diag(yo, =1, =¥3> .- =Y2jij-1), if i is even;
diag(=y0> 15 Y35+ - -5 V2li-1)> if i is odd,

N,’ = diag(No, 61, 83, ey 82|i|71)-

Thus, Theorem 5.9 is proved. u
Example 7.3 Suppose that 7 = c- IndGEV) (n ® n*), where 5 (resp. ) is a unipo-
tent cuspidal representation of O(v) (resp. O(v )) with dim(v) = 18 = 2 x 3% (resp.
dim(v*) = 8 = 2 x 2%). Hence, dim(V) = dim(v) + dim(v*) = 26. We want to deter-
mine the position of 7 in the sequence given by the preservation principle. Because
O(v) (resp. O(v*)) has two unipotent cuspidal representations (3,{_3 = (3 ® sgn
(resp. {2, {_» = {, ® sgn), we have following two possibilities:

(i) Suppose (1,1*) = ({3,{-2),i.e, (s,t) =(6,-4) = (5+1,-5+1). Then 7 = m
with so = 5, fg = =5 and ng = 2 x (3%) x (35) +2x (57) x (3%) = 24. Hence, we
have the following table:

G . O Sp O Sp O Sp O
i e =3 -2 -1 0 1 2 3
dim(vy,) |-+ 2 4 8 12 18 24 32
dim(vi) |-~ 32 24 18 12 8 4 2
n; . 34 28 26 24 26 28 34
nt |- 34 29 26 25 26 29 34

Thus, the semisimple elements y; in Langlands parameters ( y;, N;) of ; are:

i S ti n: i Yi

=5 25 m diag(y1, 3 ¥5 ¥7>¥9)

-4 26 m diag(-y1, 3 —ys —y7, —¥9, y1)
29w diag(y1 y3, Y5 ¥7> Y9, =1, —¥3)

-2 34 ms diag(~y1, —y3, ~Vss —Y7> ~V9 V15 V35 V)
-1 41 my diag(y, ¥3, Y5 Y7, Y9, ~ Y1 —¥3> —¥s> —¥7)

BW N = O
O 0 N Ul
|
W

(i) Suppose (1,7*) = ({_3,{2). The situation is similar to (i) except we only need
to replace i by —i, i.e., m = m_; with ny = 24.

(iii) Suppose (1,1*) = ((3,(2). Then (s, t) = (6,4) = (1+5,-1+5), m = 715 with
so=1to=-Landng =2x (:51) x (1) +2x (52) x (52) = 0. Hence, we have
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the following table:
G ... Sp O sp O Sp O $Sp
i .. 0 1 2 3 4 5 6
dim(vy,) 0 2 4 8 12 18 24
dim(v}) 00 0 2 4 8 12
n; 0 2 4 10 16 26 36
ny 1 2 5 10 17 26 37

Thus, the semisimple elements y; in the Langlands parameters ( y;, N;) of ; are:

ils; tionl oWy

1 -1 1 m diag(y)
112 0 2 m dag(-y1p)
213 1 5 m diag(y, -y, -y3)
314 2 10 m diag(—yny1 ¥ ys)
415 3 17 my diag(yn, —y1,—y3 —¥s>—y7)
5016 4 26 ms diag(—ynyn Y3 s Y7 ¥9)

(iv) Suppose (1,%*) = ({_3,{_2). The situation is similar to (iii) with i replaced
by —i, and hence 7 = 7_5 with ng = 0.
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