A NOTE ON DIVERGENT SERIES
G. M. PETERSEN

1. Methods of summation of Rogosinski and Bernstein. In this note we shall
discuss certain matrix methods of summation, though otherwise, §1 and §2 are
not connected.

In this section, we shall study some properties of the method (B*) where we
say the series Y u, is summable (B") when

" S v
B, = ;_Ou,,cos 2<n—|—lz>__)s' n— o,

The method (B*) has been studied in special cases airsing from different values
of & by Rogosinski [11; 12], Bernstein [2], and more recently by Karamata
[3; 4].

Two methods (4) and (B) are equivalent, (4) = (B), when all series sum-
mable (4) are summable (B) to the same sum and inversely; on the other hand,
the method (B) is more powerful than the method (4), (4) C (B), when all
series summable (4) are summable (B) to the same sum.

In the paper of Karamata [3] a theorem states that (B*) = (Cy) if 0 < & <1,
Ih — %[ > .19 where (C;) denotes the Cesaro method. Lorentz [6] pointed
out that his proof contains gaps, but can be made valid if .69 < & < 1. If & = §,
then (B") is more powerful than (C;) [4]. Here we shall prove Karamata’s
theorem for 3 < k; our proof will be simpler than that given in [3].

The partial sums B, of the (B*) method may be expressed, after easy calcula-
tions, in terms of ¢, the partial sums of the (C;) method. The transformation
from o, to Bj is regular and hence any (C;)-summable series is summable (B*)
for all #, i.e., (Cy) C (B").

Our main theorem is

THEOREM 1.1 (B" = (Cy) for b > 1.

In our proof we shall need a theorem of Agnew [1], which was rediscovered
by Rado [10]. In the formulation of Rado, if the method (T):

[}
bn = 2 CnsSw
0

is regular and if ¢, = 0, v > m,

m—1

E Icm”’ < Blcmmly <1

y=0
for almost all 7, then (T°) is equivalent to convergence.
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We shall introduce the method (K°) where

" n+12[(1 C)sv—1+csy]—)s, n— o,

If we express the partial sums of (K°) in terms of ¢,, the partial sums of (C,),

K,f=(1—c)nj_

1 Opn—1 + Cop

it follows at once from the theorem of Agnew that (K°) = (C,) if ¢ > 3. We

shall now prove that (B*) = (K") for 2 > % and the proof of Theorem 1.1 will
then follow.

THEOREM 1.2 (B") = (K" if h > %
Proof. We have

h p—
B,,—Zu,.cos2 gy
e 1 = _
K" - n + lyz::o [(1 C)Sv—l + CS,,].
Solving for s,, we have
c c . 1 —=c\V 7,
= (V + I)Ky _VKy_l + (y —_ I)K _2+ + (_ 1) ( - C) —C‘KO

or

1 v v , p—1 .

(1 - _) Z 2 u+1( 1)”(1‘ + I)Km
p=0 (1 )

where the prime means that the term with u = » has the additional factor

(1 — ¢). Substituting in B}, we obtain, with 8 = n/2(n + k) and a = 1 — 1/c,

n—1

B! = Z COSE T h(s“ Su—1) = 2 Sufcos ub — cos (u + 1)8} + s, cos n

p=0

= — —lgz {cos uf — cos (u + 1)8}a Z'a"(”+1)( + 1K,

- zlécos na” Y. e + DK,

y=

and changing the order of summation in the first sum,

n—1
B Z a4+ 1)K [Z a"{cos u§ — cos (u + 1)8} + @" cos ”0]
y=0 K=V

+ -1£ (n + 1)K, cos né.
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Here, the expression in square brackets is
(1 — ¢)a’{cos v9 — cos (v + 1)8} + a"{cos (v + 1)8 — cos (v + 2)8}
4+ ...+ ad" Ycos (n — 1)0 — cos nb} + a" cos nf

= — ca’{cosvd — cos (v + 1)8} + a” cos vd — %a'cos v+ 1)0

+ ... = %a"_lcosno.
Using the formula

@ cos w4+ 10+ ...+ a"cosnb

r+1_i(r+1)0 n+iel(n+l)0

1 i(v+1)6 n_inf a e a
= R@ e ...+ ad% =R
( + + ) 1 _ ae‘lﬂ

@ cos (v + 1)6 — @’ cos v — " cos (n + 1) + o™ cos nb
N 1 — 2acosf + a ’

we obtain, for the above expression,

{— ca’' cos 8 + ca’ cos (v + 1)6)}

_a’cos (v+ 1) —acosvd a" acosnh — cos (n+ 1),

¢ 1—2acosf+ a’ T ¢ 1—2acosf+ a’ ’
so we have
1= { a" acosnf — cos (n + 1)
h__ 2 (v+1) L2
B, = 02,2;“00 o+ DK, ¢ 1—2acosf+a*

4ca”" sin’§0[cos (v + 1) — a cos »6]
1 —2acosf+a°

+ } -+ L j— lK,f cos 8.
We shall now estimate the sum of the absolute values of the coefficients of
K¢ and show that the sum of the first # — 1 of them is less than that of K. Under
these conditions we apply the theorem of Agnew.
Here, for the coefficient of K,,

lim lc(n + 1) cos nf =

1r .
sw 2

SIS

We break the sum of the absolute values of the other coefficients into two
parts, the second part of which is

n—1 v+1 . 29
_ 1 1 4ca”" " sin“38{cos (v + 1)§ — a cos vﬁ}’
D, = ,,z=“o s a"+‘(y+1) 1 — 2a cos 6 + a* |
1 4 sin’16 ’

n—1
Z 1 — 2acoso+azl‘fv:0 (V+ I)ICOS (V‘l‘ 1)0 - (ZCOSVHI.
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Since we have

|cos (v + 1)0 — acos vd| < | cos (v + 1)8 — cos v8| —l—'% | cos 18,
n—1

> @+ 1) cos W+ 1) —acosb| < Am+1) + n(n2—|— 1)
v=0

. 28 1
sin® 7= _1?{;'_6 + 0(1)},
and 1 — 2acos 0+ a>= (1 —a)*+ o(1) = ¢ 2+ o(1), therefore

2
™
< 3 + o(1).
Now we shall turn our attention to the first part of the sum

‘a” cos n0 — a"* cos (n + I)OI

1
‘3| 1 —2acosf+a’ Z( + Dla”"l.

4

As before1 — 2acos 6+ a2 = ¢=2 + 0(1/n), and therefore

‘ nt — (n+Dla| " +nla| 41
(1 — 1/a])?

D, <

la cos nd — cos (n 4+ 1)8|[1 + o(1/n)]

< l; nA et el
c = laly’

Here we have assumed that ¢ = 0(1), that is, [al < 1. We shall proceed to
give an estimate of |a cos #8 — cos(n + 1)0]. We have

la cos n — cos (n + 1)0]

[ 9 — cos (n + 1)§] = | in— 'nlh_l'

a COs 7 COSs (n ]asn +h — 81 2 1’L+h
_( _h_~_1>sin_w__h_+h—1 nZ B .nz@_—_gt
= h +h ° +h R

h
h—=1 . 7 h _.Iﬁ—l_(l_>
2w+ h T MM 2axn” O\

h—1\. & & 1
(a— 7 )sm—z-n_‘_h—{—o(;?)

and so

la cos n6 — cos (n + 1)8] <

Substituting the above estimate for [a cos nf — cos(n + 1)0] in our expression
for D, we obtain

Rl 1

cil — |a|’

To satisfy the theorem of Agnew, the absolute value of the coefficient of

™
D1<261—
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K, must be greater than the sum of the absolute values of the other coefficients.
In our case, this is true if

w\h 1r2 T h 1
(t.1) 2(;>8+201—cl——la['
If ¢ = &, this reduces to
2
m m
—2_> ?v

so that (B") = (K" whenever 'a! <1lor &> 3. This completes our proof.

In the general case, (1.1) does not hold for 2 < % while ¢ > }; so that (B*),
h < % can not be shown equivalent to some (K¢, ¢ > 1 by these means.
Examples can be constructed to show (B") is not equivalent to (C;) for 2 < 0.
The most interesting question remaining open is whether or not (B”) is equiva-
lent to (C,) in the interval 0 < & < 1.

2. Some special Norlund methods of summation. In this section we wish
to consider some elementary No6rlund methods, namely, methods of the form

(4) On =0 Spp+ ...FapSy awta+...+a =1
It was first proposed as a problem by Pélya, [9] that the method defined by
=1 —0¢) suur1t+cs,—s, n— o (c#0),

is equivalent to convergence if and only if ¢ > %. Kubota [5] proved more
generally that a transformation of type (4) is equivalent to convergence if and
only if all of the roots of the “‘associated” equation

(21) ao—{—alz-l-...-l-a,,z”:O,

lie inside the unit circle.

Other results concerning the method (4) have been obtained by Lorentz [7]
and by Silverman and Szész [13]. We shall show that any bounded sequence
summable (4) is convergent if and only if none of the roots of (2.1) lie on the
unit circle. This will easily follow from Theorem 2.2 (the main theorem of this
section), where we describe all (4)-summable sequences under the above
hypotheses on the roots of (2.1).

We shall first prove

Lemma 1. If
= 2 e’ (@=1)
then S, may be written in the form Py(n) o™ + ¢ where Py(n) is of the form
an® + ™t L+ ¢,

and cy, Ci—1, - - - , Co, C are constants depending only on a.
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Let us write
k i k X
M) = 3 (= 1) (k ‘ 1->f(v+ i).

Applying Abel’s formula, we have

> e = 1 ZaA
y=1

1—a l—a

“_ ~(n + 1)~

Repeating this process & + 1 times,

k

> ’°”={ St aoap A Sy )k“"“)}

r=1

k

k n
+(-1)(1 kzaw“u——lfa{ T

k

...+("1)k(1_ )kA("+1)}

and therefore, since A¥1)* = 0,

S e’ = Py(n)a” + ¢
y=1
as required.

In preparation for Theorem 2.2 we shall first consider the special case of (4)
when p = 1. In this case, we may write (4) in the form

1

(Aa) Op = IT{_ asp—1 + Sn} (a, #= 1)-

THEOREM 2.1 Suppose |a| > 1.
(i) If o, — o, then s, = ca™ + o}, where o}, — o and c is a certain constant.
(i) If o, = P,(n)a™ where P,(n) = cm* + coon* 1+ . . . + co, then
Sp = (Chpa* ™ + clm* + . . . 4 ¢pa” = Pla(n)a”
and conversely.

(iii) If o, = P,(n)b"; P,(n) = c’n’ 4+ ¢co_m 1+ . . .+ co and b % a then
= (cn* + ...+ ¢) 0"+ ca®

and conversely.
Proof. We have for (i),

1

o o1 Tn
(2.2) l_asn—a[ao-l-a-l-...—l-an].

If we define ¢, = o,/a", then part (i) of our theorem means that, for lal > 1,
a*t,— o implies to + t1 + . . . + t, = ¢ + o}/a", where (1 — a)o} — 0.
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The series Y ¢, is absolutely convergent. Set

[ee)
c = Z ty,
=0

then
bttt ... Fth=c— (o1 bep2+...)
1 [1 1 1 e ]
=c— = —a" =5 o)
B n+1+aza tnte + :
Since a® t, — o,
= 1 n+k
—Za 't
kz=:1 ak n+k
converges toward

1 1 1 1 1 T
U(a+a2+"'+a"+"')_aal—l/a_a—l'
Therefore
R oL
a a—1

which proves (i).

(ii) Substituting the value of o, in (2.2) we have

7 i P ae,("+ 2"+ ...+ 0" F e (1 2 L et
+ ..o Fo(lH+14.. 4+ D
Using the well-known fact that 1# 4 2* 4+ . . . 4 #* is a polynomial in # of
degree u + 1 with constant coefficients, we obtain

Se = (™™ o + ..+ chla® = Plia(n)a™
The converse becomes evident on substituting the expression for s, in (4,).
(iii) Again we substitute the value for o, in (2.2),
2 n
1 Sy = a"{c,(l”é + Z”b—Q + ...+ n"b—,‘>

1—a a a a
y—1 é r—1 b_2 r—1 _b_,f> < é » bn>}
—|—c,_1<1 a+2 a2+...+n p +...4 ¢ 1+a+...+? .

By Lemma 1,

“_I.)_ I‘i “Z_)i — b_n ’
(2.3) 1a+2a2+---+nan_anpp(n)+cy
where Pi(n) = (Cin* + ...+ ¢}).
Using (2.3) we have

1
1—a

. , bn , bn n
Sp = @ {Cva(”)y B e S o C1P1(ﬂ)(7 + cu + Co% + 601}
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which may be written Py (n)b" + ca™ Again the converse is evident if we sub-
stitute s, in (4,).
We now return to the method (4).

THEOREM 2.2 Ifay, as, .. .,a,, ia,l # 1 are all of the different roots of equation
(2.1), a4, as, - - ., ai are those roots with [ail > 1 and my, ms, . . . , my their muli-
plicities, then the general form of a sequence summable (A) is
(2.4) sp = Pi(n)al + Py(m)as + . . . + Pi(n)ay + si,
where

i—1 i—2
Pin) = Ci,mi—lnm‘ + Comien™ T €40

are polynomials in n of degree m 1 with arbitrary constant coefficients and sh s
an arbitrary convergent sequence.

Proof. (4) may be considered as an iteration of p transformations

o 1 .
o',],l=1 b{—bjo,{_l—i-cr;z}, ]=1,2,...,p,a,2=amaz=sn.
— U

The b, are first those a; with [aiI < 1 and then the a4, as, . . ., a; all taken with
their multiplicities. There will be #; transformations with b; = @, and so on.
The first m = myy1 + . . . 4+ m,; transformations are all equivalent to conver-
gence by the theorem of Kubota, and therefore the convergence of o, will be
equivalent to the convergence of oy,

Hence, in proving our theorem we may assume that all Iai’ > 1. For the first
transformation o is a convergent sequence, and therefore

o\ = cal + 7, o
by Theorem 2.1 (i). If now we repeat this argument p times and use Theorem
2.1 (i), (ii), and (iii), we shall obtain as the final result expression (2.4) for s,.
Conversely, substituting s, in the expression for (4), we see s, is (4) summable.
This proves the theorem.

We shall next prove a lemma that will enable us to prove a further theorem
on methods of type (4).

Lemma 2. Ifla > 1forai=a,i=*j(i=1,2,...,k),and

P, (n) =cpun™ + ...+ cu, P,,(n) # 0forall1,

then the expression
(2.5) Yo = Py (n)al + Pu,(n)a5 + ...+ P, (n)ai,

is unbounded for n — .

We shall show that if y, = O(1) we have a contradiction. Assume the first /
of the a; are all those having that modulus which is the maximum modulus of
the a, that is

lai] = las| = ... = la4],
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and
ai=ae™, a1=0, a;*a; i¥%j (G=12...,10).
Then (2.5) becomes
Yo = Qi[Pu, (n) + ™ P, (n) + ...+ ™ P, (n)] + ato(1).
We have, since y, = 0(1),
(2.6) P, (n) + €™ P, (n) + ...+ ™ P,(n) = o(1).

We write C}; for the coefficients in

P, (n)of n*, u= max py;

at least one of these is different from zero. We consider the / equations
D S A S R T j=01,2...1—1.

Dividing by #* in (2.6) we have €,4;— 0, # — ». The a; are all different and
different from zero. Solving these / equations

1 1 R | € R |
ia; i iaj— (1 —1
.7 cem =11 ¢ R €1 ... € vV,
i -1 iaj—1 (1—1 k! -1
1 D D L gD

where V is a Vandermonde determinant different from zero and independent
of n.

Hence, expanding the numerator in (2.7) by the jth column, we see that
ch e™" —0asn— » or ¢’s, = 0forallj. This contradiction proves our lemma.

THEOREM 2.3 Any bounded sequence summable (A) is convergent if and only
if none of the roots of (2.1) lie on the unit circle.

Proof. The sufficiency of these conditions follows from Theorem 2.2 and
Lemma 2.

If we assume that the associated equation (2.1) has a root e with fal =1,
then breaking (4) into an iteration of transformations as in Theorem 2.2, we
can consider

(2.8) = 1 i a[— asp—1 + $al,

last in our sequence of transformations. It is then evident that the method
(2.8) and therefore (4) sums the sequence e where a = e¥. This contradiction
proves our conditions necessary.

The existence of a bounded divergent (4)-summable sequence implies [8]
that sequences of his type form a non-separable subset of the space m of bounded
sequences. It follows that in the case of a root |a| = 1 a simple enumeration of
all (4)-summable sequences comparable with (2.4) is impossible.
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