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We correct the statement of Theorem 5 of our paper Boldi et al. (2017): the original statement
is not true in general, as a simple counterexample shows. We, however, show that the statement
holds under a mild positivity condition.
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1. Corrected statement and counterexample
Given a nonnegative square matrix M with spectral radius1 ρ(M), its damped spectral rank-
ing (Vigna, 2016) is given by2

rrr = vvv
∑
n≥0

(αM)n = vvv
(
1− αM

)−1 (1)

where 0≤ α < 1/ρ(M) is a damping factor, and vvv is a nonnegative preference vector.
In Boldi et al. (2017), we discussed under which conditions damped spectral rankings on

graphs, such as Katz’s index or PageRank, enjoy strict rank monotonicity, that is, if it happens
that when the score of z �= y is smaller than or equal to the score of y, after adding an arc from x
to y the score of z becomes smaller than the score of y. In this note we correct the statement of
Theorem 5, which is not true without the condition vvv> 0.

Adding the latter condition to Theorem 5 of Boldi et al. (2017), the statement becomes3:

Theorem 1. Let M and M′ be two nonnegative matrices, such that M′ −M = χT
x δ (i.e., the matri-

ces differ only on the x-th row, and δ is the corresponding row difference). Let also vvv> 0 be a
positive preference vector and 0≤ α <min

(
1/ρ(M), 1/ρ(M′)

)
; let rrr = vvv

∑
n≥0 (αM)n and rrr′ =

vvv
∑

n≥0 (αM′)n be the damped spectral rankings associated with M and M′, respectively. Assume
further that:

1. there is exactly one y such that δy > 0;
2. ry < r′y.

Then, if rz ≤ ry we have r′z − rz < r′y − ry, and in particular r′z < r′y.
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Figure 1. A counterexample.

The purpose of this note is to provide a proof of this corrected version of the theorem,
highlighting the reasons behind the necessity of the condition vvv> 0.

Let us start showing that the original statement was indeed false. Consider the graph in Figure 1
(without the dashed arrow): let M be its adjacency matrix and M′ be the matrix of the graph
obtained after the addition of the arc x→ y. M has dominant eigenvalue √

ϕ, where ϕ = (
√
5+

1)/2 is the golden ratio. As usual, let C = (1− αM)−1.
Let us first prove that cyz = cyy iff α = 1/ϕ. Note that every path from y to z can be seen as

a (possibly empty) path from y to y, followed by a path from y to z which does not traverse
again y. Hence the condition cyz = cyy is equivalent to the fact that the sum s of the weights of
the paths from y to z which do not traverse again y is exactly one.4 Since we are considering the
bare adjacency matrixM, a path of length n has weight αn, and thus looking at the graph

s= α
(
1+ α2 + α4 + · · · )= α

1− α2

which is exactly 1 when α = 1/ϕ. It is then easy to check that indeed, with this choice of α, we
obtain5

cyy = cyz = 1
3− √

5
Let us compute the damped spectral ranking ofM (i.e., Katz’s index of the graph in Figure 1). We
observe that if we choose vvv so that vu = vz = 0, the condition s= 1 implies ry = rz, since all paths
giving score to z pass through y. Thus, in particular, the condition vu > 0 of Lemma 4 is necessary:
we have ry ≤ rz, there is a path from u to z not passing through y, and nonetheless cyy = cyz.

The same graph shows that in general it is not possible to prove strict rank monotonicity for
a generic spectral ranking without additional conditions (strong connectivity or rrr > 0 being not
sufficient). The key observation is that the property ry = rz remains true even after adding an arc
toward y, because s does not change. Thus, in the case of Katz’s index, when we add an arc from
x to y in the graph of Figure 1, the score of y will increase (i.e., r′y > ry), as Katz’s index is score
monotone (Boldi and Vigna, 2014). However, also the score of z will increase exactly by the same
amount (i.e., r′z − rz = r′y − ry), violating strict rank monotonicity.6

The case of PageRank is analogous, but since we have to normalize the rows of the adjacency
matrix the sum of the weights of the paths from y to z which do not traverse again y is

α

(
1+ 1

2
α2 + 1

4
α4 + · · ·

)
= α

1− 1
2α

2

which is exactly 1 when α = √
3− 1.

The counterexample of Figure 1 thus shows that Theorem 5 from Boldi et al. (2017) is not
true in general, not even for strongly connected graphs; as a consequence, also Corollaries 1 and 2
of Boldi et al. (2017) are false in general.
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The two following corollaries are correct restatements of the same corollaries in Boldi et al.
(2017), under the further assumption that the preference vector and damping factor be positive7:

Corollary 1. PageRank satisfies the strict rank-monotonicity axiom, for every graph, positive
damping factor and positive preference vector.

Corollary 2. Katz’s index satisfies the strict rank-monotonicity axiom, for every graph, positive
damping factor and positive preference vector.

2. Proof of Theorem 1
Let us consider the graph induced by a nonnegative matrix M as the graph whose arcs correspond
to the nonzero entries ofM; one can also considerM as providing the weights of such arcs. Let us
write x�¬y z to mean that there exists, in the graph induced byM, a path from x to z not passing
through y (note that, in particular, this implies x, z �= y).

First of all, we need to extend a result fromMcDonald et al. (1995):

Theorem 2. Let M be a nonnegative matrix, 0< α < 1/ρ(M) and C = (
1− αM

)−1. Given indices
x, y, z we have that

• cyz = cyxcxz/cxx if y ��¬x z;
• cyz > cyxcxz/cxx if y�¬x z.

The above statement extends Theorem 3.9 from McDonald et al. (1995) by removing the
condition that x, y, and z be distinct.

Proof. We notice that if x= y or x= z, the statement trivializes, as in the case x= y we have
x ��¬x z, so the thesis reduces to the identity cxz = cxxcxz/cxx = cxz analogously if x= z.

The remaining case is y= z. In this case, the property

cxxczz − cxzczx > 0

is part of the statement of Theorem 1 of Willoughby (1977).

Let us now recall Lemma 3 of Boldi et al. (2017):

Lemma 3. Let M be a nonnegative matrix, 0≤ α < 1/ρ(M) a damping factor and vvv a nonnegative
preference vector. Let

rrr = vvv
∑
n≥0

(αM)n

be the associated damped spectral ranking and let C = (
1− αM

)−1. Then, given y and z such that
cyz > 0 and letting q= cyy/cyz, we have cwy ≤ q · cwz for all w. In particular, if ry > 0

• if rz ≤ ry, then cyz ≤ cyy;
• if rz < ry, then cyz < cyy.

Using Theorem 2, we can strengthen part of its statement under some additional conditions:

Lemma 4. With the notation of Lemma 3, if rz ≤ ry and there is some u with vu > 0 and u�¬y z,
then cyz < cyy.
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Proof. We recall from Theorem 2 that if there is no path from w to z not passing through y we
have

q · cwz = cwy
otherwise

q · cwz > cwy
Now, if vu > 0, u�¬y z, and cyy ≤ cyz, then as above q≤ 1, but

ry =
∑
w

vwcwy =
∑

w�¬yz
vwcwy +

∑
w ��¬yz

vwcwy <
∑

w�¬yz
vwcwz +

∑
w ��¬yz

vwcwz = rz

as 0 �= vucuy < vu qcuz ≤ vucuz appears in the first summation.

Based on these results, we can finally provide a proof of Theorem 1:

Proof of Theorem 1. The proof is the same as that of Theorem 3 of Boldi et al. (2017). However,
we use first the score-monotonicity condition to prove the case in which r′z ≤ rz. Then, when
analyzing the case cyz > 0 at the end of the proof, since vvv> 0 the empty path from z to z makes
it possible to apply Lemma 4, obtaining the stricter bound q= cyy/cyz > 1, which turns the last
sequence of inequalities of the proof into a strict one.

Notes
1 The spectral radius of a matrix is the largest absolute value of an eigenvalue.
2 In this paper we use row vectors.
3 The original statement of Theorem 5 of Boldi et al. (2017) also assumed that rx , ry > 0; this is not needed anymore, because
it is implied by vvv> 0.
4 Recall that the summation

∑
n≥0 (αM)n can be interpreted as providing in row i and column j the sum of the weights of

the paths from i to j, where the weight of a path is the product of the weights of its arcs.
5 Of course, one can get to the same conclusion by inverting symbolically 1− αM and then solving the equation cyy(α)=
cyz(α), but we believe that reasoning geometrically on the paths makes much clearer how the counterexample was concocted.
6 We remark that this counterexample is conceptually similar to the one for Seeley’s index (Boldi et al., 2017): the choice of
α transfers exactly the score of y to z.
7 Note that also Theorem 4 from Boldi et al. (2017) needs the condition α > 0 to work in the strict case.

Conflict of interest. The authors have nothing to disclose.

References
Boldi, P., Luongo, A., and Vigna, S. (2017). Rank monotonicity in centrality measures. Network Science, 5(4), 529–550.
Boldi, P., and Vigna, S. (2014). Axioms for centrality. Internet Mathematics, 10(3–4), 222–262.
McDonald, J. J., Neumann, M., Schneider, H., and Tsatsomeros, M. J. (1995). Inverse M-matrix inequalities and generalized

ultrametric matrices. Linear Algebra and its Applications, 220, 321–341.
Vigna, S. (2016). Spectral ranking. Network Science, 4(4), 433–445.
Willoughby, R. A. (1977). The inverseM-matrix problem. Linear Algebra and its Applications, 18(1), 75–94.

Reference: Boldi P., Luongo A., and Vigna S. (2017). Rank monotonicity in centrality measures. Network Science 5(4),
529–550.

Cite this article: Boldi P., and Vigna S. (2019). Rank monotonicity in centrality measures—Corrigendum. Network Science 7,
265–268. https://doi.org/10.1017/nws.2019.11

https://doi.org/10.1017/nws.2019.11 Published online by Cambridge University Press

https://doi.org/10.1017/nws.2019.11
https://doi.org/10.1017/nws.2019.11

	Rank monotonicity in centrality measures—Corrigendum
	Corrected statement and counterexample
	Proof of Theorem 1



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


