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UNITS OF THE GROUP RING

BY
N. J. GROENEWALD

ABSTRACT. If R is a ring such that x, ye R and xy =0 imply yx =0
and G# 1, an ordered group, then we show that } a,g is a unit in
RG if and only if there exists ¥, B,h in RG such that ¥ o B,-1=1
and a,B, is nilpotent whenever gh# 1. We also show that if R is a
ring with no nilpotent elements # 0 and no idempotents # 0, 1 then
RG has only trivial units. Some applications are also given.

Introduction. In the first section of this paper we determine the units of the
group ring RG where R is a ring with identity and G an ordered group. For
example, we show that RG has only trivial units if R has no non-zero nilpotent
elements and no idempotents # 0, 1. Corresponding results for the group ring,
with R commutative, have been obtained by Parmenter [4] and for polynomial
rings by Coleman and Enochs [2]. In Section 2 we give some applications. For
example, we show that if the set of nilpotent elements of R form an ideal &,
then J(RG)= NG where J(RG) denote the Jacobson radical of RG. We also
show that if R and S are local rings with no non-zero nilpotent elements and
0 :RG—SG is an isomorphism, then o(R)=S.

§1. Units. In this section, we find the units of the group ring RG where R is
a ring with identity and G an ordered group. Let U(RG) denote the units of
RG.

ProposiTioN 1.1. Let R be any ring with identity and let G be an ordered
group # 1. Then the following are equivalent.

(i) U(RG)={Y a,g| there exists B, in R with } a,B,-+=1 and aB, =0
whenever gh# 1.

(ii) R has no nonzero nilpotent elements.

Proof. Assume (i) holds and let y € R be nilpotent. Say y’=0. Then
(1+,Yg)(1_,yg+72g2_,y3g3+_ . _:t,yt——lgz—l)z 1

Hence 1+vyg is a unit in RG. If y#0, 1+yg does not satisfy condition (i).
Hence y =0 and (ii) holds. Conversely, assume (ii) holds and let ab =1 where
a=)",ag and b=}, Bh. We will show that a;8,=0 whenever gh,# 1.
The other statement follows immediately. Suppose that g, <g,<---<g, and
hy<h,<---<h,. For i#¥n or j#m we have gh,<g.h, and, hence,
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gh; # g.h,,. We want to show «;8;=0 whenever gh;>1. If g,h,, =<1 there is
nothing to show. If g,h,,>1 we have «,8,, =0 from the above. Assume that
we know that o,B, =0 whenever gh,> g h, = g,h, =" -=g h, >1 (the g hy
being a complete list of products equal to g h, ). We see that o; B, +- -+
@, B, =0 and we may assume that i, <i;<i;<---<i, Since of,=0
whenever gh, > g h.,, we have (B,a,)” = B,a,B,a, =0. From our assumption,
that R has no non-zero nilpotent elements, it follows that B.a, =0 whenever
g.h, > g; hy,. Now, multiplying the above equation on the right by «; we obtain:

o, B, o, T o, B, Tt By, = 0

For t<p, g hi > g Hence by the remark above, B, a; =0. We conclude
that a, B, o, = 0. Hence (e; B,)>=0 and «a; B;, = 0 using (ii). Working back, we
obtain ;8;, =0 for 1=t=p. Therefore, we have shown that o,8; =0 whenever
g:h;>1. An identical argument to that given above, starting with g,h; shows
that a;8, =0 whenever gh; <1. This completes the proof. []

Lemma 1.2. Suppose R is a ring such that if x, y€ R and xy =0 then yx = 0.
Then the set of nilpotent elements of R forms an ideal.

Proof. [2], Lemma 2. []

THeoreM 1.3. Suppose that R satisfies the hypothesis of Lemma 1.2. Then
Y a,g is a unit in RG if and only if there exist ) B h in RG such that
2 . Br-1=1 and oy, is nilpotent whenever gh# 1.

Proof. First assume ) a,g is a unit in RG. Let N denote the set of nilpotent
elements of R. From Lemma 1.2, /¥ is an ideal. Passing from RG to (R/N)G,
Y. @,g is a unit in (R/N)G. Proposition 1.1 then says that there exists Y. 8,h in
(RIN)G such that Y @B,+=1 and @&,B,=0 whenever gh#1. Hence
Y aBe1=1+n where ne N and a,pB, is nilpotent whenever gh# 1. If n*=0
we see that

YaB(1-n+n’—---£n " N=1+n)(1-n+n*---£n" =1
and a,B,(1-n+n®+---x£n*"") is nilpotent whenever gh# 1 since N is an
ideal. Putting B,=B,(1-—n+n>—---£n°""), then ) B.g satisfy the required
conditions.

Before proving the converse, we show that NG is a nil ideal. Let a=
Y, a8, € NG. The elements «; are nilpotent with exponents k. Let m=
2i=1 k.. Now, using the property, a;a; = 0 implies a;o; = 0 it is easy to show that
a™=0. Hence NG is a nil ideal. Suppose } a,g satisfy the conditions, then
from Proposition 1.1 Y a@,g is a unit in (R/N)G. Since NG is a nil ideal and
(R/N)G =RG/NG, we conclude that ) a,g is a unit in RG. O

Remark. The class of rings for which the condition af =0 implies Ba =0
holds, includes the class of reduced rings.
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CorOLLARY 1.4. Let R be a ring with identity satisfying hypothesis of Lemma
1.2 with no idempotents #0, 1. Then }, a,g is a unit in RG if and only if for
some g, a, is a unit and all the other «,’s are nilpotent.

Proof. Suppose } a,g is a unit in RG. Then by Theorem 1.3 there exist
elements B, in R such that } a,8,-1=1 and a,f, is nilpotent whenever gh# 1.
Hence (), By, = 0,10y, + Yoy @B, = oy, for any a,. For h# g we
have a,B,-: nilpotent, say (a,B,-1)’ =0. Then, using the property that xy =0
implies yx =0 and the fact that (a,B,-1)* =0, we get (B,-1c,)” = 0. Hence B,-1a,
is also nilpotent and consequently, since the set of nilpotent elements is an
ideal, a,B,-@, =a,+n where n is nilpotent. Furthermore, (a,B,-1)>=
a,Bn-1+m; and (B,-1a)* = B, + m, where m,, m,€N. Therefore, a,B,-:
and B,-«a, are idempotent modulo &, and we conclude that «,B,-1€ N or
a,B,-1—1eN and B, €N or B,-a, — 1€ N, since idempotents can be lifted
modulo & and R has no idempotents # 0, 1 (see [3], Proposition 1, p. 72). If
a,B,- €N, then B, € N and by the above o), =B, —neN. Since
Y a,B.1=1, all the a,B,-+ cannot be elements of A (this would imply that
leX). Say o,B,-1¢ N for some specific h. Then o,B;,-:—1€ N and hence we
have a,B,-1a, — a, € N for each ;. If k# h, then o;B,-1€ N and consequently
Bn-1a, €N as was shown above. Hence «,B,-1a € N and, therefore, a; € N.
Furthermore, from the fact that «,B8,-:¢ N we also have B,-:a,¢N, and
consequently B,-1a, —1€WN. Say a;,B,-1=1+n, and B,-a, =1+n,, ny, n,eN.
From this it now follows easily that «,3,-: and B,-1c;, are units in R. Hence «,
has a left as well as a right inverse in R. Hence in }, a,g we have a, a unit in R
for some h e G and all the other a,’s are nilpotent. The converse follows from
Theorem 1.3. O

CoroLLARrY 1.5. Let R be a ring with no nilpotent elements #0 and no
idempotents # 0, 1. Then the only units in RG are of the form ug where u is a
unit of R and g is in G.

Proof. Since R has no nilpotent elements # 0 the hypothesis of Lemma 1.2
is satisfied. The result follows from Corollary 1.4. [

§2. Applications. Let J(R) denote the Jacobson radical of R. Amitsur [1]
has proved that J(R[x]) = N[x], where N=J(R[x])N R) and N is a nil ideal in
R. Thus the following proposition is of some interest.

ProrosiTiON 2.1. Suppose R is a ring with no idempotents # 0, 1, and whose
nilpotent elements form an ideal N. Then J(RG)= NG where G is an ordered
group # 1.

Proof. Let x=)", o;g;€ J(RG). Since G# 1, there is a g€ G such that
8% 81, & ..., & Furthermore, since x € J(RG), g—x is a unit in RG. From
Corollary 1.4 we have «;,, i=1,2,..., n nilpotent. Hence x € ¥G. Similarly we
have from Corollary 1.4 that x e NG implies x € J(RG). [
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We now study some isomorphic group rings. Recall that a ring R with 1 is
called local if the non-units of R form an ideal.

ProposiTioN 2.2. Let R and S be local rings with no non-zero nilpotent
elements. Let G# 1, be ordered. If 0:RG—SG is a homomorphism, then
g(R)<S.

Proof. It is clear that the hypothesis of Corollary 1.5 is satisfied for local
rings with no non-zero nilpotent elements. We now use the same argument as
in Proposition 4.4 of [4]. O

CoroLLARY 2.3. Let R, S be local rings with 1, and with no non-zero nilpotent
elements. Let G# 1, be ordered. If o : RG — SG is an isomorphism, then o(R) =
S.
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