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U N I T S O F T H E G R O U P R I N G 

BY 

N. J. G R O E N E W A L D 

ABSTRACT. If R is a ring such that x, y e R and xy = 0 imply yx = 0 
and G ^ 1, an ordered group, then we show that £ a

g g is a u n r t in 
RG if and only if there exists £ ft^ m ^ ^ s u c n t n a t X a

g0g-i = 1 
and ag|3h is nilpotent whenever gh^l. We also show that if JR is a 
ring with no nilpotent elements ^ 0 and no idempotents ^ 0, 1 then 
RG has only trivial units. Some applications are also given. 

Introduction. In the first section of this paper we determine the units of the 
group ring RG where R is a ring with identity and G an ordered group. For 
example, we show that RG has only trivial units if R has no non-zero nilpotent 
elements and no idempotents ^ 0 ,1 . Corresponding results for the group ring, 
with R commutative, have been obtained by Parmenter [4] and for polynomial 
rings by Coleman and Enochs [2]. In Section 2 we give some applications. For 
example, we show that if the set of nilpotent elements of JR form an ideal Jf, 
then J(RG) = NG where J(RG) denote the Jacobson radical of RG. We also 
show that if JR and S are local rings with no non-zero nilpotent elements and 
cr:RG-*SG is an isomorphism, then a(R) = S. 

§1. Units. In this section, we find the units of the group ring JRG where R is 
a ring with identity and G an ordered group. Let U(RG) denote the units of 
RG 

PROPOSITION 1.1. Let R be any ring with identity and let G be an ordered 
group =£ 1. Then the following are equivalent. 

(i) U(RG) = {£ «gg| there exists |8g in R with £a:gj3g-i = l and agj3h = 0 
whenever gh=£l. 

(ii) JR has no nonzero nilpotent elements. 

Proof. Assume (i) holds and let y e R be nilpotent. Say y' = 0. Then 

( i+Tg)( i -Tg+Tv-T 3g 3+---±y"V" 1 )=i-
Hence 1 + yg is a unit in JRG. If y^O, 1 + yg does not satisfy condition (i). 
Hence y = 0 and (ii) holds. Conversely, assume (ii) holds and let ab = 1 where 
^=Zr=i«igi and b=YT=i PiK We will show that 0 ^ = 0 whenever g ^ ^ l . 
The other statement follows immediately. Suppose that g1 < g2 < • • * < g„ and 
hx < h2 < ' ' ' < hm. For i ̂  n or j=fi m we have gthj < gnhm and, hence, 

Received by the editors November 22, 1978 and, in revised form, April 26, 1979. 

445 

https://doi.org/10.4153/CMB-1980-065-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1980-065-0


446 N. J. GROENEWALD [December 

gih^ gnhm. We want to show « ^ = 0 whenever gihj>l. If g nJ im<l there is 
nothing to show. If gnhm > 1 we have an|8m = 0 from the above. Assume that 
we know that ar/3s = 0 whenever grhs > ghhkl = ghhk2 = • • • = giphkp > 1 (the gishks 

being a complete list of products equal to ghhkl). We see that ahpkl + - • • + 
aipPkp

 = 0 a n d we may assume that it <i2<i3<- * * < ip. Since arj3s = 0 
whenever grhs> ghhkl, we have ()3sar)

2 = psarj3sar = 0. From our assumption, 
that R has no non-zero nilpotent elements, it follows that |8sar = 0 whenever 
grK > gixhkx. Now, multiplying the above equation on the right by aip we obtain: 

«iA^ip + « i A ^ p + * * * + aiPPkP
aiP = o 

For t<p, giphkt> githkt. Hence by the remark above, j3ktaip = 0. We conclude 
that aip(3kpaip = 0. Hence (aip/3kp)

2 = 0 and aipPkp = 0 using (ii). Working back, we 
obtain atfikt = 0 for 1 < t < p . Therefore, we have shown that afij = 0 whenever 
gihj>l. An identical argument to that given above, starting with g1h1 shows 
that aij3/ = 0 whenever gifiJ-<l. This completes the proof. • 

LEMMA 1.2. Suppose R is a ring such that if x, y e R and xy = 0 then yx = 0. 
Then the set of nilpotent elements of R forms an ideal. 

Proof. [2], Lemma 2. • 

THEOREM 1.3. Suppose that R satisfies the hypothesis of Lemma 1.2. Then 
X agg is a unit in RG if and only if there exist Y,Phn xn RG sucn that 
X «g/3g-i = 1 and agPl is nilpotent whenever gh^ 1. 

Proof. First assume £ «gg is a unit in RG. Let N denote the set of nilpotent 
elements of JR. From Lemma 1.2, N is an ideal. Passing from RG to (R/N)G, 
£ âgg is a unit in (R/N)G. Proposition 1.1 then says that there exists £ Phh in 
(R/Jf)G such that Xâg/3g-i = ï and âg/3h = 0 whenever gh^l. Hence 
£ ag|3g-i = 1 + n where rceJV and ag/3h is nilpotent whenever gh^ 1. If ns = 0 
we see that 

Zagf3g-r(l-n + n2 ± ns~1) = (1 + n ) ( l - n + n2 ±ns~1)=l 

and a g / 3 h ( l -n + rc2+- • -±ns~1) is nilpotent whenever g h ^ l since N is an 
ideal. Putting j8^= j 3 h ( l - n + n 2 - * • -±n s _ 1 ) , then Xj3gg satisfy the required 
conditions. 

Before proving the converse, we show that JfG is a nil ideal. Let a = 
Z"=i ^igi e«^G. The elements at are nilpotent with exponents kt. Let m = 
XJLi kj. Now, using the property, a^ = 0 implies ayĈ  = 0 it is easy to show that 
am=0. Hence JfG is a nil ideal. Suppose £ <*gg satisfy the conditions, then 
from Proposition 1.1 Z âgg is a unit in (R/Jf)G. Since JVG is a nil ideal and 
(R/N)G = RG/J{G, we conclude that I agg is a unit in JRG. • 

REMARK. The class of rings for which the condition a(3 = 0 implies |8a = 0 
holds, includes the class of reduced rings. 
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COROLLARY 1.4. Let R be a ring with identity satisfying hypothesis of Lemma 
1.2 with no idempotents =fi 0 ,1 . Then £ a

gg ™ a unit in RG if and only if for 
some g, ag is a unit and all the other ag 's are nilpotent. 

Proof. Suppose £ a
g g ls a u n i * *n RG. Then by Theorem 1.3 there exist 

elements j3g in R such that £ «gjSg-1 = 1 and ag/3h is nilpotent whenever gh^l. 
Hence (Igagj3g-i)ah = ah/3h-iah + X8#h<*g/3g-iah = ah for any ah. For h ^ g we 
have ag/3h-i nilpotent, say (agj3h-i)

p = 0. Then, using the property that xy = 0 
implies yx = 0 and the fact that (ag/3h-i)

p = 0, we get (j3h-iag)
p = 0. Hence |8h-iag 

is also nilpotent and consequently, since the set of nilpotent elements is an 
ideal, ah($h-iah = ah + n where n is nilpotent. Furthermore, (aH/3H-i)2 = 
<XhPhl + mi a n d (Ph-iah)2 = Phiah + m2 where m1,m2eJf. Therefore, ah(3h-i 
and |3h-iah are idempotent modulo N, and we conclude that ah$h-ieJ{ or 
ah/3h-i - 1 G Jf and j3h-iah G T̂ or |8h-iah - 1 G T̂, since idempotents can be lifted 
modulo N and 1? has no idempotents ^ 0 , 1 (see [3], Proposition 1, p. 72). If 
ahf3h~ieJf, then ahph-raheN and by the above aH = ahj8h-iah — neJV*. Since 
Xagj3g-i = l, all the ag/3g-i cannot be elements of N (this would imply that 
leJf). Say ahph-i<£Jf for some specific h. Then ahj3h-i - 1 G JV and hence we 
have ahph-iak-ak G X for each ak. If k^fi, then akf$h-ieN and consequently 
ph-iakeJf as was shown above. Hence ahph-iakeN and, therefore, akeJf. 
Furthermore, from the fact that ahf}h-i£Jf we also have ph-iah4Jf, and 
consequently (3h-iah-leN. Say ahj3h-i = l + n1 and |8H-iah = 1-f n2, nl5 n2eJ{. 
From this it now follows easily that ahf}h-i and |3h-iah are units in JR. Hence ah 

has a left as well as a right inverse in JR. Hence in £ «gg we have ah a unit in JR 
for some he G and all the other ag 's are nilpotent. The converse follows from 
Theorem 1.3. • 

COROLLARY 1,5. Let R be a ring with no nilpotent elements ^0 and no 
idempotents ^ 0 , 1 . Then the only units in RG are of the form ug where u is a 
unit of R and g is in G 

Proof. Since R has no nilpotent elements ^ 0 the hypothesis of Lemma 1.2 
is satisfied. The result follows from Corollary 1.4. • 

§2. Applications. Let J(R) denote the Jacobson radical of R. Amitsur [1] 
has proved that J(JR[X]) = N[x], where N = J(K[x]) D R) and N is a nil ideal in 
R. Thus the following proposition is of some interest. 

PROPOSITION 2.1. Suppose R is a ring with no idempotents ^ 0 , 1 , and whose 
nilpotent elements form an ideal N. Then J(RG) = NG where G is an ordered 
group f 1. 

Proof. Let x = £r=i «*& eJ(RG). Since G ^ 1, there is a ge G such that 
g7^ gi> &2> • • • > gn- Furthermore, since xeJ(RG), g-x is a unit in RG From 
Corollary 1.4 we have ab i = 1, 2 , . . . , n nilpotent. Hence x G NG. Similarly we 
have from Corollary 1.4 that xeNG implies xeJ(RG). • 
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We now study some isomorphic group rings. Recall that a ring R with 1 is 
called local if the non-units of JR form an ideal. 

PROPOSITION 2.2. Let R and S be local rings with no non-zero nilpotent 
elements. Let G^l, be ordered. If a:RG-+SG is a homomorphism, then 
cr(R)^S. 

Proof. It is clear that the hypothesis of Corollary 1.5 is satisfied for local 
rings with no non-zero nilpotent elements. We now use the same argument as 
in Proposition 4.4 of [4]. • 

COROLLARY 2.3. Let R, S be local rings with 1, and with no non-zero nilpotent 
elements. Let G^l, be ordered. Ifcr: RG —> SG is an isomorphism, then a(R) = 
S. 
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