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ON AN EXTENSION OF HOLDER'S INEQUALITY

C.E.M. PEARCE AND J. PECARIC

An new extension of Holder's inequality is derived. This is shown to follow from a
generalisation of Steffensen's inequality.

1. INTRODUCTION

An extension of Holder's inequality for monotonic n— tuples has been given by
Mudholkar, Preimer and Subbaiah [4]. Iwamoto, TomMns and Wang [2] have presented
this result for infinite sequences and given a corresponding integral analogue, Theorem
A below. For the purpose of enunciating this analogue, we first present the following
lemma from Freimer and Mudholkar [1].

LEMMA 1. Let b be a continuous, positive, nonincreasing and integrable {unction
on [0,oo) and M a positive, real number. Then there exists a number K, 0 ^ K < M,
such that

f b{t) dt/(M - K).f
JKK

The integral result of Iwamoto, Tomkins and Wang is now as follows.

THEOREM A. Let b, M, K be as in Lemma 1. Then

(1) J a(t)b(t)dt^U a(tydt\ U b[tfdt\

for every nonincreasing, differentiate function a on [0, oo) and p > 1, where p"1 +
3"1 = 1 and

b(t) = f°°
/ b{t) dt/(M -K) K

JK
The inequality in (1) is reversed if p < 1 and o is a nondecreasing, differentia We
function. In both cases, equality holds if a(t)p = cb(t)q, 0 ^ t ^ M (where c is a
constant) and a(t) = a(K), t^ K.

In this paper we give a very simple proof of a more general result.
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Theorem A appears to exhibit some connection with the well-known Steffensen
inequality for a monotonic function. So a natural question is whether the Steffensen
inequality or any of its generalisations can be used in the proof of the above result.
The answer is in the affirmative. We use the following generalisation of Steffensen's
inequality (see Mitrinovic and Pecaric [3]).

THEOREM B.

(i) Suppose that f and g are integrable functions on [a,b], f is nonin creasing and
A > 0. If a. positive function g satisfies the condition

(2) A / g(t) dt^(x-a) f g(t) dt
Ja Ja

for each x 6 [a, b], then

<3)
Ja g{t) dt

while if a positive function g satisfies

(4) A / g(t) dt^(b-x) I g(t) dt
Jx Ja

for each x £ [a, b], then

(5) A - r m
h-X fag{t)dt

In either case equality holds if f is constant.

(ii) If f is non decreasing, the reverse inequalities hold in (3) and (5).

2. RESULTS

Our main result is as follows.

THEOREM 1 . Let f and g be two integrable and positive functions defined on

[a,b] and let M, K be real numbers satisfying a ^ K < M ^ b.

(i) Suppose that for every x 6 [K, b] we have

1
x-K JK M -K JK

that p > 1, p"1 + q-1 — 1 and tiat / is nonin creasing. Tien

,6 / ,M \ l l P (rM \ l l q

(7) J f(t)9{t)dt< U f(ty dt\ U )dt< U f(ty dt
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where
_ j 9(t), a^t<K,

\ JKg{t) dt/(M -K) K < i < M '

Tie inequality in (7) is reversed if p < 1 and f is a nondecreasing function. In both
cases, equality holds in (7) if

(where c is constant) and
f(t) = f(K) t£[K,b).

(ii) Suppose that for every x £ [a, M] we have

that p > l , p 1 + q 1 = 1 and tiat / is nondecreasing. Then

(9)

where
"1 g(t) dt/(M - K)

g(t), M <t^b

The inequality in (9) is reversed if p < 1 and / is a nonincreasing function. In both
cases, equality holds in (9) if

{
I

f(t)p = cg(t)"

(where c is constant) and
te[a,M}.

PROOF:

(i) By (6), condition (2) is satisfied with X = M — K and a replaced by K. Hence
by Theorem B(i) (3) holds, that is,

/ f(t)g(t) dt^(M- Ky1 / g(t) dt / /(t) dt
JK JK JK

f(t)g(t) dt.
K
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Also by definition

IK f{t)g(t)dt= jKf(t)g{t)di.
Ja Ja

f f(t)g{t)dt*k [Mf(t)g(t)dt.
Ja Ja

On addition we derive

Relation (7) now follows from the Holder inequality.
(ii) With M in place of 6, (4) is satisfied with A = M — K. As / is nondecreasing,

we have by Theorem B(ii) that (5) holds with the inequality reversed, that is,

/

M (M fM

f(t)g(t) dt^{M- K)-1 I g{t) dt / f(t) dt
Ja JK

= / f(t)g\t) dt.
JK

Further, by definition,

f" f{t)g{t)dt= f f{t)g{t) dt,
JM JM

so that addition provides

dt^ f f{t)g(t)dt.
JK

Relation (9) follows by the Holder inequality.
The other cases follow similarly, while the statement for equality follows from the

conditions for equality in Steffensen's and Holder's inequalities. U

COROLLARY 1.

(i) Suppose the assumptions of Theorem l(i) are satisSed and further g is
nonincreasing. Then Theorem l(i) is also valid if condition (6) is replaced
by

g{K) < (M - K)-1 ( g(t) dt.
JK

(ii) Suppose the assumptions of Theorem l(ii) are satisfied and further g is
nondecreasing. Then Theorem l(ii) is also valid if condition (8) is replaced
by

g(M) < (M - K)'1 f g(t) dt.
Ja
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PROOF: If g is nonincreasing then

that is, (6) holds. Similarly if g is nondecreasing then

that is, (7) holds. D

COROLLARY 2 . Let f, g be positive, integrable {unctions on [a,b] and M,K

real numbers satisfying a ^ K < M ^b.

(i) Suppose f is nonincreasing and g nondecreasing. If p > 1, p~l -\-q~1 = 1,
t ien (7) holds. The inequality in (7) is reversed if p < 1 and / is
nondecreasing. The equality case is as in Theorem l(i).

(ii) Suppose f is nondecreasing and g nonincreasing. Ifp > 1, p~1+q~1 = 1,
t ien (9) holds. The inequality in (9) is reversed if p < 1 and / is
nonincreasing. The equality case is as in Theorem l(ii).

P R O O F : For (i), we have

(x - K)-1 [' g{t) dt^(b- K)-1 f g(t) dt ^ (M - K)'1 f g(t) dt,
JK JK JK

which is true for all a; £ [K, b].

For (ii), we have

,M ,M /-M
(M - x)-1 / g{t) dt^{M- a)'1 / g(t) dt ^ (M - K)'1 / g{t) dt,

Jx Ja Ja

which is true for all x £ [a, M]. D

REMARK. Theorem A is a simple consequence of Corollary l(i) for b —> oo.
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