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Abstract

We study the averaging of the Hamilton-Jacobi equation with fast variables in the viscosity
solution sense in infinite dimensions. We prove that the viscosity solution of the original
equation converges to the viscosity solution of the averaged equation and apply this result to
the limit problem of the value function for an optimal control problem with fast variables.

1. Introduction

In this paper we are concerned with the averaging of the Hamilton-Jacobi-Bellman
(HJB) equation with fast variables in »n sense in Hilbert space X (X* is the dual of X
and X = X*):

Vi(t,x) + H(t, t/e, x, V. (t,x)) =0, (t,x)€[0,T) x X;

(1.1)
V(T, x) = g(x), xeX,

where ¢ € R* = (0, +00); H and g are given functions and satisfy conditions given
in Section 2. For the definition of the viscosity solution of the HIB equation, refer
to [6,7]. From [6,7], we know that equation (1.1) has a unique viscosity solution
V.(¢, x), which satisfies

Vo(t, x) = Vo(#, ©)] < Le(It — #] + lIx — XD, Ve, 2 € [0, T); x|, IX < R (1.2)

with R being a given constant and L. a constant which is dependent on ¢ and R
probably.

Our purpose in this paper is to study the limiting behavior of V,(z, x) as ¢ — 0%,
This problem has been studied by Chaplais [3] and Barron [1] in finite dimensions
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(that is, X is R"). The main difficulty in the passage from finite to infinite dimensions
is to prove that the limit of V,(z, x) exists. In [1, 3], the Arzela-Ascoli theorem has
been used to deal with this, as a priori estimates of V. (¢, x) hold. However, in infinite
dimensions, such a method does not apply again for there is no “‘appropriate” Arzela-
Ascoli theorem available. In this paper, we overcome this difficulty by using the
properties of the viscosity solution itself and the perturbed test function method. We
directly prove that if L, is independent of ¢, then V,(¢, x) converges to V (¢, x), which
is a unique viscosity solution of the HIB equation

Vit,x) + H(t,x, V,(t,x)) =0, (t,x)€[0,T) x X, (13)
V(T,x) = gx), x €X, ’
where H : [0, T] x X x X* — R'is defined by
_ 1
H(, x,p) =/ H(t, s, x,p)ds, V({,x,p)el0,T] x X x X*. (1.4)
0

Next, we apply this result to study the limit problem of the value function of an
optimal control problem with fast variables. The modeling of systems that have at
least one component that oscillates rapidly is an important problem in optimal control
theory. The motivation for this problem comes from the fact that the value function is
used in the construction of feedback controls (see [9]).

2. Averaging of the Hamilton-Jacobi equation

First, let us make the following assumptions.

Hl. H:[0,TIxR*xXxX*— R'andg : X — R'are continuous; H(¢, -, x, p)
is periodic with period 1. Forany ¢,7 € [0, T]; 5,5 € R*;x,x € X; p, q € X*, there
exist constants Ay, A,, B, By, C such that

|H(t, §, X, P) - H(tv §, X, Q)| =< (Alllx” + Bl)”p - q”’ (21)
|H(t,s,x,p)— H(&,5,%, p)|
< (A + BollplD(e =t 4+ |s — 51 4 Ix — xID), (2.2)

lg(x) — g(®)] < Cllx — x|

H2. LetH : [0, T] x X x X* = R! be a continuous function, which satisfies

1
H(t, x,p) =/ H(t,s,x,p)ds, Y(,x,p)el0,T]xX x X*. 2.3)
0
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By assumption H1, forany ¢, € [0, T); x,x € X; p, q € X*, we have

[H(t,x,p) — H(t,x,q)] < (Alx]| + B)lp — ql, (2.4)
|H(t,x,p) — H(@, %, p)| < (A2 + BallpD(It — 7] + lIx — £])). (2.5)

From [6, 7], we know equation (1.1) has a unique viscosity solution which satisfies
(1.2), and equation (1.3) has a unique viscosity solution V (¢, x) satisfying

|V(t,x) — V(I, )| < L(|t — T| + Ix — £|), V2,7 € [0, TL; [Ix|l, %]l < R (2.6)
with R being a given constant and L a constant which is only dependent on R.

LEMMA 2.1. LetH1,H2 hold, Z(t, x,y) = V.(t,x)—=V(t,y),¥Y(t, x,y) € [0, T] x
X % X;then Z(-, -, -) is a viscosity subsolution of the HIB equation

Z(t,x,y)+ H(t, t/e,x, Z,(t,x,y)) —H(t, y,—Z,(t,x,y)) =0,
Y(t,x,y) €[0,T) x X x X,
Z(T,x,y) = gx)— gy, (x,y)e X xX.

The proof can be seen in [6] or [7].

THEOREM 2.2. Let H1, H2 hold and, in (1.2), L. = L be independent of €; then
lim,_ o+ Vi(t, x) = V(2, x) uniformly on any bounded subset of [0, T} x X.

PROOF. We give a proof by contradiction. Suppose the assertion is not true. Then

there is a constant 6’ > 0, a bounded subset & : [0, T] x Bg(0),
(Br(0) = {x € X | lIx|| < R}) and a subsequence {¢,} C {¢}, such 2.7
that e, < 1/kand sup{V,, (t,x) — V(¢t,x) : (t,x) € O} > o' > 0.

Take 8o = min{o’/(6L + 6L), 2R/(RA(R + B)}. If |t — B] + |x1 — x2|| < 8, then
we have

[Ve(tr, x1) = Vi(ty, x2)| < 0'/6, (2.8)
[V(t, x1) — V(ty, xy)| < 0'/6. (2.9

Combining (2.7)—(2.9) we get
sup{V,, (¢, x) — V(t,x) : (t,x) € [80/2, T] x Br(0)} > ¢'/2 > 0. (2.10)

Let m = [2T /8], S; = [i80/2, (i + 1)80/2] x Br(0), T/ = i+ DT, 1 <i <m
and S, = [T — 80/2, T) x Bg(0); then [§0/2, T) x Br(0) = UT,S.. Because
Vi (T, x) — V(T, x) = 0 and (2.10) holds, there exists some 1 < iy < m such that

kli_msup{VEk(t,x) - V(t,x):(t,x) €S} >0 2.11)
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and
lim sup{V, (T, x) = V(T x)} < 0.
Assume i, = m; we can deal with other cases similarly. Let
To = 8o, Lo =2R /8y,

o= %Ex‘{zsup{VEk(I,x) - V@, x): (t,x) € S,} > 0.
We replace {k} by a subsequence of {k}, if necessary, such that

sup{V, (t,x) — V(@t,x): (t,x) € S} >0 > 0, Vk.
Because

S, C{(t,x) € [T —580/2, T) x X : ||x|| < Lo(t — T + Tp)}
CSH={tx)e(T-ToT)xX:|xll <Lt = T+ Tp)},

then
sup{V,,(t,x) — V(t,x) : (t,x) € §;} > o > 0.
By (2.4) and (2.13), ¥(t, x) € S1; p, g € X* we have

|H(t,x,p) — H(t,x, )] < (A\lxl + B)lp —qll
<[AiLo(t = T+ Tp) + Bi]llp — gl
< (AiLoTo + B)llp — qll < Lollp — 1qll.

Similarly,
|H(t,s,x,p) — H(t,5,x,q)| < Lollp — ¢l

We split the following proof into several steps.
Step 1. Definition of auxiliary functions and sets.
Define

S={t,x, ) e (T—T5, T) x X x X : |lx], Iyl < Lo(t =T + Tp)}.
Take 8,8 > Owith B + 8 < LyTy. Let

dx,y)=1lx—yl,
v(x) = (B + lIxlI»)"2.
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By (1.2) and (2.6) (theorem assumptions), V.(-, -) is locally bounded. Therefore,
we can choose K > 0 such that

K > sup{V,, (t,x) — V(¢,y) : (t,x,y) € S}. (2.20)
Let G(-) € C*®(R"), which satisfies

0 r<-§
G(r)>0, Grn=1" - 7 2.21
(r) = (r) {2K’ r>o0. (2.21)

ForO<a < 1,x > 0, we set

¢(I’x$ )’) = ‘/Ek(tv-x) - V(t,)’)
—{dx, Y a4+ Gwx) = Lot — T+ T)) — At —T)}). (2.22)

Step 2. Properties of ¢ (¢, x, y).
By (2.17) and (2.22), we see that S (the closure of S) is bounded, convex and ¢ (-, -, -)
is bounded, continuous on S. According to Stegall [12],

there are elements a; € R!; p, gx € X* which satisfy |a;| + ||pell +

llgell < o, suchthat (¢, x,y) = ¢(t, x, y) + at + (px, x) + (qx, ¥} (2.23)
attains its maximum over S at some point (%, Xi, Y¢).

Let
@t x,y) = ¢(t,x,y) + at + (pe, x) + (qx, ) (2.24)
and so
@t xi, Vi) = 08, xi0 X)) (2.25)

Using (2.22), (2.23) and (2.24) we have

d(xp, yi)2 /e < Ve, x0) — Ve, yi) +4(Lo + D Te. (2.26)

By (2.6), we can get
d(xi, yi) < L', (2.27)
d(xi, yi)t/a < L', (2.28)

where L, L, are constants which are only dependent on Ly, Ty, L and L. Let

M, =sup{e(t,x,y) : (¢t,x,y) € S}. (2.29)
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Set
Sps =11, x) € S : B+ XD < Lo(t = T + Tp) — ). (2.30)
We can choose 8 and 3 so small that Sz 5 3 @. Since
Gv(x) = Lot =T+ T) =0, V(t,x)e€ Sps.
Using (1.2), (2.6), (2.14) and (2.22), we choose 8, § and A so small that

sup{op (2, x,x) : (¢t,x) € Sps)
=sup{V,(t,x) = V({t, x) + At —T) : (t,x) € S5} > a/2.

By (2.29), for any k, we have
M, > o/2. 2.31)

Consider the following three possible cases
O t,—>Tor
(I Lo(t — T + To) — max{[|xc|l, lyell} = Oor
(1) forsomen > 0, N, > 0,if k > Ny, thenn < < T — n; |Ixell, Iyl <
Lo(ty = T+ Th) — n.

By passing to a subsequence of {(#, xi, y;)} if necessary, we can always reduce to a
case in which one of (I)~(III) holds.

Step 3. We claim that we can choose o so small that case (I) is impossible.
In fact, noticing that V, (T, x) = V(T,x) = g(x), Vx € X, by (2.31), (2.29), (2.23),
(2.22), (1.2) and (2.6), we have

/2 <M, <¢@, X, yi) + Lia
< Volte, x0) — V(t, yo) + Ly
< (Ve (e, x0) — Ve (T, x1)) + (Ve (T, xi) — V(te, yi)
= (V(T,x) = V(T, yo)) + L
< (L+DIT -]+ L Ca? + Lya.

From the above, we see that case (I) is not possible if we choose a small enough.
Thus, our claim holds.

Step 4. We claim that case (II) is not possible provided that « is small enough.
Using (2.31), (2.29) and (2.22), we have

0/2 < Mé‘k 5 ¢(tk9xk’ }’k) + Lla
S Vol x0) — Vi, y0) — Gxg) — Lo( — T + Ty)) + L.
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If Lo(ty — T + Tg) — [|x«ll = O, then
GW(xy) — Lo(ty — T+ Ty)) = —2K.
By (2.20), we have
/2 < —K + Lja.

If & is small enough, we get a contradiction. Similarly, if Lo(t — T+ To) —~ ||y}l = O,
we also get a contradiction. Hence, our claim holds.

Step 5. Finally we consider case (I1II).
Let

A={t,x,)e(T—-T),, T) xXxX:n<t<T-—n
Ixll, kyll < Lo(t — T + To) — n}.

Let case (III) hold, then there exists r > O which is independent of k, such that
Sc={t.x,y)eS:t—ul +lx — x> +lly —wel? <P} C S, (2.32)
and §; # @. Let

o(t,x,y) =dx,y)/a+ Gv(x) — Lo(t — T + Tp)) (2.33)
and so
#,(t,x,y) = ~LoG' (v(x) — Lo(t — T + Tp)), (2.34)
é.(t,x,y) =2d(x, y)d,(x, y) /o + G (v(x) = Lo(t — T + Tp)) Dv(x)
=2(x —y)/a+ GWwx)—Lo(t = T + Tp))x/v(x), (2.35)
é,(t,x,y) =2d(x, y)d,(x, y)/a = =2(x — y)/a. (2.36)
Let
dri(s) — — —
1 = H(te, xe, (e, X, Yi)) — H(e, 5, Xk, @5 (8, X005 Yi))- 237

By assumptions H1 and H2, we know that r;(-) is periodic with period 1 and r|(:) €
C'(RY). Since G € C*®(R"), there exists a constant C such that

sup{|G'(r)|, r < LoT} < C.
By (2.35), we have

ﬁ(tk, Xk, Ex(tk, X, Yi)) — H(t, s, x4, ax (te,s Xk, Yi))
< (s (te, x, Yyl + TIL( + {lxe D)
< QLeTy/a + C+ 1)(1 + Ly Ty)L.
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Hence r;(-) is uniformly bounded in k. Assume for any k, sup |r (-)| < R (R may be
dependent on «). Consider

llf(t,x, )’) = (p(tvx’ )’) - Ekrl(t/ek)
=3[R/ (kF)(d(x, x)* + d(y, yo)* + It — 1) (2.38)

and so

¥ (8, X, yO) = @t Xe, i) — R/ k = 9(1,%,y) — R/ k. (2.39)
As (t,x,y) € 05;, we have
Y(t,x,y) = @(t,x,y) — &ri(t/ex) —3R/k
<o(t,x,y) —2R/k
< ¥t X, i) — R/ k. (2.40)
According to Stegall [12], for any 6 > 0,

there are elements a; € R' and p,, q» € X* which satisfy |a,| +
P21l + llg2ll < min{8, o} such that (¢, x, y) — ¥ (1, x,y) + axt + (241)
(P2, x) + (g2, y) attains its maximum over S; at some point (7, X, 7).

Take < R/[k(4Lo Ty + T)]; by (2.38), the maximum point must be an interior point
of Si. Let
Z(tv X, )’) = ‘lek(t$ -x) - V(t9 )’),
a=a,+a;, p=pi+p =g+ q.
Therefore (1, x, y) — Z(t,x, y) = {¢(t, x, ) ~A(t — T) +&xni (1/e0) + 3[R/ (k)] x

dx,x)?* +d, y)? + |t — &|*) —at — (p, x) — (g, y)} attains its maximum over
Sy at (¢, x, y). By Lemma 2.1 and the definition of the viscosity solution, we have

A< B0 E )+ ‘”‘—ZS/“—) +6[R /(KT — 1 — a
+ H(i, t/ex, X, . (, X, §) + 6[R/(kTH(E ~ x1) — p)
~H(@, 5, —¢,(,%,7) — 6[R/(kFIG — y&) + 9). (2.42)

Thus

A< @,(F,%,5)+6[R/(kP)|t — 1] — a+ (H(te, x5, Bt Xe, Y1)
— H(te, yi, =&, (e, xi, yi) — 6[R/ (kPG — yo) + @)}
+{H(@, /e, %, @, (F, %, 7) + 6[R/(kF)I(X — x¢) — p)
— H(t, 1/4, Xi, 76, (8, Xk, Yi)) ). (2.43)
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Noticing that G € C*(R"), ¢,, ¢, are Lipschitz continuous in all arguments and
combining (2.34)-(2.36) with the assumptions, we have

A < AsF + Agr/a + 16R/ (k) + 3a, (2.44)

where A;, A, are constants which are independent of «, k and 7. In the above, first let
k — oo, then let r — 0, finally let « — O; then we get

A <O.

Thus, we obtain a contradiction. So Theorem 2.2 is proved.

3. Application: the limit problem of the value
function for an optimal control problem

Consider the following state equation in Hilbert space X:

d):i(rr) =Ax(r)+ f(r,r/e,x(r),u(r)), reT], (3.1
() =1, xeX,

where A : 2(A) ¢ X — X is the generator of some C, semigroup e’ and f :
[0, T] x R' x X x U — X is a given map with U being a metric space in which the
control u(-) takes values. Let

10, T = {u(-) : [0, T] — Ulu(-) measurable}.

The cost function is given by

T r
JE () = [ £O (R 2ox(),u) dr + g(x(T); (3.2
the value function is defined by
Vitx) = inf JE (). (3.3)

Assume f (¢, -, x,u), f°(t, -, x, u) are periodic with period 1. Our aim is to see
whether the limit of V, exists as ¢ — 0% and, if the limit exists, how to determine it.
In this section, we need the following assumptions.
H3. Assume f : [0, TIX R* x X x U - X, f°: [0,TIx R* x X x U —>
RY(R* = [0,00)) and g : X — R! are continuous; f (¢, -, x, u) and f°(¢, -, x, u)
are periodic with period 1. There exists a constant L > 0 and a continuous function
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@ : R* x R* - R™* which is increasing in all arguments with w(r,0) =0,V r > 0.
Forany x,x € X;t,t € [0, T); 5,5 € R*; u € U, the following hold:

W@ s, x,u)—f@,5%,wl <Lt =11+ lx — %)
4w (max(|lx|l, Ix]1}, |s — 50,
If @ s,0,u)ll <L,
Ifo(e, s, x,u) — f£O(t, s, X, w)| < L(|t — 7| + |Ix — x|]),
£, 5,0,u) <L,
lg(x) —gx)| < Llx — x|,
lg(0)| < L.

H4. Assume that there exists a sequence of linear bounded operators {A,, u C
(0, +00)}, sup u = +o0, for any z(-) € C([0, T]; X),

s
lim sup / [e’“'_’) — eA"("')]f (r, f’ z(r), u(r)) drll =0
U=+ g<s<r<T | J s £
uniformly in u(-) € %, ¢ € (0, +00). For any x € X, lim,, 1 ||eA"'x —~eMx ” =0

uniformly in ¢ € [0, T}, and |le*+*|| < Le“",t € [0, T], u > 0, where o' is a constant.

Consider the following optimal control problem:

x#(r) = Apx*(r)+ f (r,r/e, x*(r), u(r)), reTl, (3.4)

x* (1) =x, xeX. '
The cost function is given by

T r
JEH () = geH(T) + f £ (r 2 ox ), un)) ar; (3.5)
H
the value function is defined by
© — i e
Vi, x) = u(l.?efq/ 5 (). (3.6)

THEOREM 3.1. Let H3, H4 hold. V*(-, -} is a unique viscosity solution of the HIB
equation

Viie, x)+ H,(t,t/e,x, V,(t,x)) =0, VY(,x)el0,T)xX,
V(T, x) = g(x), xeX,

3.7

where H,(t,s,x,p) = (p, A x) +infeplp - f (¢, 5, x, u) + £t 5, x, w)}.

The proof of Theorem 3.1 can be seen in [1, 7, 8].
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THEOREM 3.2. Let H3, H4 hold. Then for any R > O there exist constants M and
C\, which are dependent on R, such that

@) Vx| =M, } (3.8)
G) VA x) = VEE O < Qe =t +llx =z, '

Ve € R*; 1,1 € [0, T]; llxIl, IIx]l < R.

The proof of the theorem is similar to the proof of [1, Lemma 1.2].
Define

1
F o x,u() =/ @5, x,u(s))ds,
0

1
£o>t, x.u()) =/ £ot, s, x, u(s)) ds,
0

where u(-) € & = {u : [0, 1] > U | u measurable }.
Define the averaging of the Hamiltonian

Hy(t,x,p) = inf {p-f (t,x,400) + FO(t, x, u(D} + p, Apx),
Y(t,x,p) €0, T] x X x X*. (3.9)

LEMMA 3.3. Let H3, H4 hold. ThenV(t,x,p) € [0, T] x X x X*,

1
/ H,(t,s,x,p)ds = H,(t, x,p). (3.10)
0

PROOF. Define the functional

1
J () =/ {p-f(t,r,x,u(r)) + £Ot, r,x, u(r))} dr.
y
Defined the value function

Uly) = i{’efm« J(y).

u(
According to [6], we know that U(-) is a unique viscosity solution of the HIB equation

dU(y)

+ lillellfj{p-f &y, x,w)+f%,y,x,u)}=0, yelo,1),
Ul =0.

(3.11)

Obviously, U(y) = fyl inf,epf{p-f(t,r,x,u) + fO0t, r,x,u)ydr € C'[0,1]. Thus,
the Lemma holds.
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By Lemma 3.3 and H3, H4 we have the following theorem.

THEOREM 3.4. Let H3, H4 hold. Then lim,_o+ V*(t,x) = V¥(t,x), V(t,x) €
[0, T] x X and V* is a unique viscosity solution of the HIB equation

Vi(t, x) + inf,pear {De V(t, x)f (8, x, u()) + £O2, x, u())}
+{(D,V(t,x),Ax) =0, Vi, x)el0, T) x X, (3.12)
V(T,x) = g(x), x e X.

Finally we give a method to determine the limit of the original value function.

THEOREM 3.5. Let H3, H4 hold. Then lim lir(r)l+ Vit x) = lirgl Ve, x), V(t, x)
H—>00 £— £=-0t
el0, TI x X.

Before proving the above theorem we give the following lemma.

LEMMA 3.6. Let H3, H4 hold and x, , (-, u(-)), x1'. (-, u(-)) stand for the solution of
systems (3.1) and (3.4) respectively with the initial value being (t,x) € [0, T] x X
and the control being u(-) € % . Then

() limyoo lIx0x (r u(-)) — x75(r, u()l| = O uniformly in u(-) € %, ¢ € R,

rel0,T].
(ll) el-l-f(l;lL Supu(~)c-?l SuptirST ”xt‘fx(rv u()) - xt,x(r’ u())” = 0’
_li_r(%supu(_)ea,, sup, ., <7 1xfs (r, u(-)) — x, . (r, u(-))|| = 0.

PROOF. By H3, we have
|xex () = x| < (2 — ) x|

+ /r [€*7™ — ] £ (s, 5/8, x(s5), u(s))ds

+ Le“’T/ "x,'x (s) —x}(s) " ds.
!
Using Gronwall’s inequality we obtain our conclusion. Part (ii) is a corollary of (i).

PROOF OF THEOREM 3.5. Forany u(-) € % ,by H3, we have |J}° u())—=J: ()|
< Llxf (T) = x (Dl + f,T lxts (r) — x.x(r)ldr and so

[T () = T2 (D] < C sup llxt, (r) — X ().

t<r<T
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In the above, taking the infimum in u(-) € % on both sides respectively, we have

| VAL, x) — Vo(t,x)| < C sup sup [ix (r) —x,. (D).
u(-ye¥ 1<r<T

In the above, taking the superior limit and the inferior limit in ¢ — 0% on both sides
respectively, we have

. i _ T
Jig V2 (00) = T v )

< Clim sup sup [x“.(r) —x..(n)], (3.13)

>0t u(-Ye¥ t<r<T

lim V¥(t,x) — lim V.(¢, x)
-0t =0t

< CTim sup sup [|x“.(r) —x..(n)]. (3.14)

20" (e t<r<T

In (3.13) and (3.14), taking the superior limit and the inferior limitin 4 — 00 on both
sides respectively, we get

tim (lim V#(s, %)) = Tim Ve(z, %)

A=0oS \e—>0%

< C lim msup sup ||x,‘fx(r) —x,.(r) || , (3.15)

H—00e>0% ooy t<p<T

Iim (lim v;“(t,x)) — lim V,(, x)
-0+

n—>00 \e—>0+

< Clim Tim sup sup [|x* (r) —x,..(r)] - _ (3.16)

00 e—0% egy t<r<T

By Lemma 3.6, we know that the right side of (3.15), (3.16) equals zero, so

lim (lim V(%)) = Tm V,(¢,x) 2 lim V,(t,x) = Tm (lim V(%))
=0 \e—>0+ >0t =0t p—00 \e—-»>0+

Thus lir(r)l V.(t,x) = lim lir(r)l V#(t, x). Hence Theorem 3.5 holds.
e—0F pn—ooe—0+

Combining Theorems 3.4 and 3.5, we can determine the limit of V, (-, -) as¢ — 0.
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