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Abstract

We establish large sets of Anderson localized states for the quasi-periodic nonlinear Schrédinger equation on Z4,
thus extending Anderson localization from the linear (cf. Bourgain [Geom. Funct. Anal., 17(3):682-706, 2007])
to a nonlinear setting, and from the random (cf. Bourgain-Wang [J. Eur. Math. Soc., 10(1):1-45, 2008]) to a
deterministic setting. Among the main ingredients are a new Diophantine estimate of quasi-periodic functions in
arbitrary-dimensional phase space, and the application of Bourgain’s geometric lemma in [Geom. Funct. Anal.,
17(3):682-706, 2007].

1. Introduction and Main Result

Let

@=(a, - ,aq) €[0,1]9,

0= (61, ,60a) € [0,1]%,
and consider the nonlinear Schrodinger equation with a quasi-periodic potential on Z¢:
ity + (A + V(0 + n@) Sy )u + 6|u|*Pu = 0, (1.1

where & and ¢ are parameters in [0,1],n € Z¢, p e Nand A(n,n’) = O|n-n’|,,1 denotes the adjacency

d
Laplacian with |n|; := Y, |n¢| and
=1

ne = (may, - ,ngaq) € RY;
the potential V is a trigonometric polynomial:
d
V(@)= > vecos2r(L-6), £-0 =) (6,
feTx s=1
with Ty c [-K,K]4\ {0}, K > 1 and

— #I°
V—(Vt’)t’el";( GR K\{O}s
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where #(-) denotes the cardinality of a set. We further assume that the set I'x is maximal so that:

if e 'k, then, £, #0forV1 <s <d;

. (1.2)
andif £,¢ € Tk, then + ¢ # 0.

We assume that V is nondegenerate: For any fixed 1 < € < d and (0y)sz¢, f(0¢) := V((Os)sz¢,0¢)
is not a constant function in .. Note that the first condition in (1.2) then says that, in fact, each term in
the polynomial is nondegenerate.

When § = 0, it is known from the breakthrough paper [BouO7] (cf. also the recent refinement
[JLS20]) that the linear operator

H =eA +V(na+60)8,., onZ4, (1.3)

exhibits Anderson localization, namely pure point spectrum with exponentially decaying eigenfunctions,
for small €, on a large set in («, 8). It follows that when 0 < & < 1, the linear Schrodinger equation

iuy + (eA+V(na +0)6p n)u=0 (1.4)

has only Anderson localized states, that is, roughly speaking, wave packets localized about the origin
remain localized for all time.

The present paper addresses the persistence question when ¢ # 0, namely the existence of Anderson-
localized-type solutions for the nonlinear Schrodinger equation (1.1) when 0 < &, < 1, under
appropriate conditions on @ and 6. Since both & and ¢ are small, we start from the (decoupled) equation

iu; +V(na +0)6, pu=0. (1.5)
It has solutions of the form
u®(,m) = > ane™, (1.6)
nezd
where
Un =V(na +0)

and a, decays rapidly. The solutions (1.6), in general, have infinite number of frequencies and are
almost-periodic in time.

We study the persistence of the above type of solutions with finite (but arbitrary) number of
frequencies in time, that is, the quasi-periodic in time solutions. Denoting the frequency by w,
w = (wi,wy, -+ ,wp), as an ansatz, we seek solutions to (1.1) in the form of a convergent series:

u(t,n) = Z Gk, n)e® (1.7)

(k,n)ezbxzd

Note that solutions of the above form are consistent with the nonlinearity in (1.1).
Denote by meas(-) the Lebesgue measure of a set. Let | - | denote the supremum norm. We have

Theorem 1.1. Fix (any) distinct ny,--- ,np € 7% and let
0 b 0
w9 (t,n) = Z are't 'Sy, (1.8)
£=1
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be a solution to (1.5), where a = (ag)f,’=1 € [1,2] and
O — (o, _ 0?2
w0 =(w, ) = V(nea +0)),,.

Then for0 < & < 6 <log™' L < 60(b,d,K,V, lm{axb |ne|) < 1, there is a set W c [0, 1]*? satisfying
<<

1
&£
meas([0, 11?4 \ W) < log™¢ ﬁ(c = c¢(b,d) > 0) such that, for any (a@,0) € W, there exists a
diffeomorphism w = w(a) on [0, 1]? and some R c [1,2]” of meas([1,2]? \ R) < (g + 6)€ so that
the following holds true: Ifa € R and w = w(a), then |w — 09| < & and

u(t,n) = Z Gk, n)e® !

kezb

is a solution to (1.1). Moreover, one has

i(ee,ne) =ae, 1 <L <b,

Z 2k, n)|e® < Vet s,

(k,n)¢S;
where S, = {(e¢, ng)g,’:l} with ey (1 < € < b) the standard basis vectors for ZP (i.e., e; = (55,1')][.7:1).

Remark 1.2. Theorem 1.1 readily generalizes to potentials V, which are given by finite Fourier series
with both cosine and sine terms.

Remark 1.3. Note that we do not require the linear equation (1.4) to satisfy Anderson localization.
However, linear Anderson localization does hold on a large subset of W (cf. [Bou07, JLS20]).

1.1. Ideas of the proof

The multi-dimensional phase space, namely @ being a vector instead of a scalar as in, for example,
[SW23] poses a major challenge. Diophantine properties of the eigenvalues of the linear Schrodinger
operator (1.3) play an essential role in the proof. To O(6), this could be replaced by Diophantine
properties of the potential V(na + ) at different lattice sites n € Z¢. We need to show that the values
of the function at these chosen sites are, in some sense, linearly independent. This is, however, a priori,
not obvious, since V is a given function on R?. To prove linear independence, we use a generalized
Wronskian approach and bound the determinant away from zero by carefully removing some (a, ).
This method is applicable to any trigonometric polynomials, generalizing the approach in [SW23] for
the cosine function on R. It is independent of the main body of the proof and could be of independent
interest. Such arguments may be closely related to Diophantine approximations on manifold developed
by Kleinbock and Margulis [KM98].

The other main ingredient of the proof is the application of Bourgain’s approach in the study of
Anderson localization for linear quasi-periodic Schrédinger operators in d-dimensions [Bou07] (e.g.,
the H in (1.3)). Bourgain’s approach seems to be, so far, the only method available to deal with the
d-dimensional phase space, that is, 6 € [0, l]d ,d > 3. Among other innovations, it uses semi-algebraic
geometry arguments (e.g., Yomdin-Gromov algebraic lemma) to control the resonances. The difficulty
of d-dimensional phase space manifests as well in our paper, in that for the linear analysis, semi-algebraic
geometry already seems indispensable to control the resonances; while in previous works, see [BW08,
Wanl6, LW24, SW23], this role is filled by Diophantine properties. To control the resonances in time,
we also need weak second Melnikov-type estimates. This could be readily obtained, similar to [Bou0O5a,
BWO08, LW24, SW23]. In this paper, however, we have to overcome much more serious resonances in
space (cf. Figure 1), which seems novel. The proof is then accomplished by doing multi-scale analysis
with some new ideas.
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The general problem discussed here is the persistence of quasi-periodic solutions of linear or in-
tegrable equations after Hamiltonian perturbation. This subject is closely related to the well-known
“KAM theory” of invariant tori in smooth dynamical systems. Results along this line were first ob-
tained by Kuksin [Kuk87] and Wayne [Way90], stimulating considerable progress, see, for example,
[KP96, CY00, BGO1, Bou05b, EK10, LY10, LY11, GT11, BBP13, PP15, EGK16, BBHM18, BKM18,
CLSY18, Yua2l, BHM23] to name but a few. The existence of quasi-periodic solutions can also be
obtained using the direct Craig-Wayne-Bourgain method [CW93, Bou94, Bou98, Bou05a] (cf. [BWO0S,
BB13, Wanl6, HSSY20, Wan21la, Wan21b, LW24, SW23, KLW24] for more recent results), which
turns out to be more robust when dealing with multi-dimensional Hamiltonian PDEs (cf. Chapters
18-20 of [BouO5a]).

Finally, we mention the work [Yua02] in which a KAM scheme was first developed to prove the
existence of quasi-periodic solutions for some nonlinear discrete equations without external parameters
(i.e., regarding the initial states as parameters). Later in [GYZ14], the authors also applied the KAM
method to obtain the existence of quasi-periodic solutions for the nonlinear quasi-periodic Schrodinger
equation on Z.

1.2. The nonlinear random Schriodinger equation

When the potential V, with V(n) = V(na + ), is replaced by a random potential, for example, with
V(n) a family of independent identically distributed random variables (with the uniform distribution),
it is known from [BW08] that the nonlinear random Schrédinger equation

iy + €Au+ Vu + 6|u/*’u=0onZ¢

has large sets of Anderson localized states for small &£ and 6. When d = 1, it is shown further in the
important work [[LW?24] that large sets of Anderson localized states persist for all € # 0 (similar results
could be proven for the nonlinear wave equation). Recall that the first proof of the Anderson localization
for the linear random Schroédinger equation

i, +eAu+Vu=00n7Z4

for small & was based on multi-scale-analysis-type Green’s function estimates developed in [FS83], see
also [AMO93].

It is generally believed that the linear random Schrédinger equation and the linear quasi-periodic
Schrédinger equation should share common localization features in the perturbative regime, despite the
quasi-periodic problems being more delicate and the results more difficult to obtain. The use of semi-
algebraic geometry and Cartan’s Lemma [BGS02, Bou07, JLS20], for example, certainly renders the
quasi-periodic issue more involved than that of the random, and this seems to continue to the nonlinear
case, as mentioned earlier. Theorem 1.1 generalizes this circle of ideas to the nonlinear setting by
providing a concrete example where the quasi-periodic and the random have indeed similar behavior.

1.3. Structure of the paper

In Section 2, we focus on the linear estimates, in the form of a large deviation theorem. The paper con-
cludes by constructing the quasi-periodic in-time solutions in Section 3. The proof of the Diophantine-
type estimates and some important lemmas on resolvent identities are presented in the Appendix.

2. Linear analysis

In this section, we investigate the properties of linearized operators on Z”*?. Of particular importance
is the large deviation theorem (LDT) for the corresponding Green’s functions.
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2.1. The operator on the lattice

For a vector x € R”, we denote by |x| (resp. |x|>) the supremum norm (resp. the Euclidean norm). For
an operator (or a matrix), we denote by || - || its operator norm.
We define the lattice:

Zhrd = 7P % {+,-}.

Let Sy = {(ee, o)l } € ZP* and we identify S, with {(es,ne)p_ } X {+} c Zb+d. Similarly, let

S. = {(—e[,n[)?:l} c 7ZP*1 which is then identified with {(—e[,ng)[}?:l} X {—}pmc Zgr;d. We let
S=8,US_ and
Zord = 2o\ .
In the following, we study the operator on Zf)’,;‘f* the operator
H(o)=D(o)+e(A®A)+6S, o R, 2.1
where
D(0) = diagy p)ezp+a o k(~)w T otk 'Ow ) Un =V(na +6)

and the operator S refers typically to the linearized operator of the nonlinear perturbation. So we may
let S satisfy the following properties:

o First
S 2ty - 2(Zhi?

is a bounded self-adjoint operator.
o Forall k,k’,k” € Z°, n,n’ € Z¢ and &, ¢’ € {+, -}, we have the Toplitz property in the k-variable:

S((k"+k,n,&); (k" +k,n’.¢") = S((k',n,&); (k",n",£")).
o We have for some C; > Oand y € (%, 10),
IS((k, m,8); (K', ", €))] < Co(1+ [k — k') eV KK,
The frequency w satisfies
we Q=0 +[-Cs C8)°, (2.2)

where C > 0 and 0@ = 0¥ (a, 6) is defined in Theorem 1.1.

2.2. The (generalized) elementary regions on the lattice

For some technical reasons, we will introduce the definitions of elementary regions and generalized
elementary regions on ZP*¢ originating from [BGS02, Bou07]. We refer to [Liu22] (cf. Section 2 in
[Liu22]) for some important clarifications and improvements on those concepts.

Denote by Ay (x) (x € Z", r=b+d,d),

An(x)={y€Z": |y -x[ <N},
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the cube of radius N centered at x. In particular, we write Ay = An(0). For A ¢ Z", we define its

diameter to be diam A = sup |x —y|.Forx € Z" andw e R, let Ry, (x) = {y € Z" : |yr —x¢| <
X, yeA

wy, 1 < € < r} denote the rectangle.
A generalized elementary region is defined to be a set A of the form

A=Ry(x)\ (Ry(x)+2),

where z € Z" is arbitrary. The size of a generalized elementary region is simply its diameter. The set of
all generalized elementary regions of size at most M will be denoted by £y .
An elementary region Q  of size N and centered at 0 is one of the following regions

ONn =An or On :AN\{XEZVZ xe0.0, 1 SfSr},

where Oy € {<,>,0} and at least two O;’s are not . Denote by ERg(N) the set of all elementary
regions of size N and centered at 0. Let

ER(N)={x+0On:x€Z, On € ERy(N)}.

Let& 161 denote the set of all M-size generalized elementary regions of width at least L < M, namely,
A€ 51{;1 iff A € &y and, forany x € A,0 < L’ < L, there is some A’ € ER(L’) sothatx € A’ C A,
dist(x, A\ A") > L’/2, where dist(-, -) is induced by the supremum norm. So we have ER(N) C Sé\]/v.

With a slight abuse of notation, we also use ERy(N),ER(N),EN, 5,%,, AN (x), Ay to denote
ERG(N) x{+,-},ER(N) x{+, -}, En X {+, -}, 5]%, X {+, =}, An (x) X {+, =}, Ay X {+, —}. Similarly,
for any A C Z", denote by Ry the restriction to A x {+, —}.

2.3. Green’s functions and LDE

We now define Green’s functions on subsets of Z’g,;fl*. Let A C Zf;,;fl* be a nonempty set, Ry the
restriction operator to A, and define the (#A) X (#A) matrix:

(RAH(0)RA)((x,6); (x7,€) = H(o) ((x,€); (x', 7)), (x,6), (x",&") € A, (2.3)
where H (o) is defined by (2.1). Define the Green’s function to be (if it exists)
GA() = (RAH(0)Ry) ™"

Before addressing the LDT for Green’s functions, let us first give the definition of large deviation
estimates (LDE):

Definition 2.1 (LDE). Let p > 0,0 <y’ <y and M € N. We say H(o") defined by (2.1) satisfies the
(p,v’, M)-LDE if there exists a set Xp; C R with

meas(Zy) < e M,
so that for o ¢ X, the following estimates hold: If A € (0, n) + ERy(M) satisfies |n| < 10M, then
mi
IGA()l <77,

IGA(0) ((x,8); (x", &) < e for |x —x’| > M5 and £, & € {+},

where x = (k’,n’),x’ = (k"',n").
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We will show in this section that the (p, %’, N)-LDE hold for some small
p=p(b,d)>0

and all N > 1, under certain nonresonant conditions on &, @ and w. This leads to the LDT, Theorem 2.11,
below. Since we view w as an O(8) perturbation of w(?, the properties of w®) become essential in
the proof of LDT. So, in the following, we first establish nonresonant properties (called Diophantine
estimates) of (). Then the proof of LDT will follow from a multi-scale analysis scheme in the spirit
of [BGS02, Bou05a, Bou07].

2.4. Diophantine estimates

Recall that

w® = w(O)(a’ 0)=(V(nea + 0))?:17

tn = pn(@,0) =V(na+0), n e 7%,
The main purpose of this section is to obtain lower bounds on

|k - 0@ for k € Z0 \ {0},
| £k - 0@ + | for (k,n) € Z0*\S,

k-0 + py — | forn #n’ € 29,

under certain restrictions on (a, 8). As mentioned in the Introduction, due to the d-dimensional phase
space, such Diophantine-type estimates are highly nontrivial. We use a generalized Wronskian approach
and work out the details in the Appendix (cf. Theorem A.2 and Corollary A.4). These estimates
can be read independently, and are key to the existence of quasi-periodic solutions to the nonlinear
equation.

Applying Corollary A.4 then leads to

Theorem 2.2. There exist some 0 < ¢; = c1(b,d,K,V) < ﬁ,cl =Cy(b,d,K,V) > 1 such that, if
0<e+6<6p(b,d,K,V, lmfaxh |ne|) < 1, then there is some M C [0, 11?4 satisfying
<<

meas ([0, 11?4 \ M) < log™! nga (2.4)

so that the following properties hold true for (@, 0) € M and L. s := 100(e + §) .
(1) Foralllog-= < L < L, sandall (k,n) € A \S, we have

g}inl 1€k - 0@ + | > L€ (2.5)
(2) We have for any & = 1,
1
sup #{(k, n) AL, ok @)+l < @} <b. (2.6)
oeR

Remark 2.3. The estimate in (1) plays an essential role in the initial iteration steps for the non-
linear analysis. The conclusion (2) of this theorem will be only used in the proof of intermediate
scales LDE.
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Proof. The proof is similar to that in [SW23]. First, the measure estimate (2.4) is a con-
sequence of Corollary A.4. Next, the inequality (2.5) in (1) follows directly from (iii) of
Corollary A 4.

So, it suffices to establish (2.6) of (2). We prove it by the contradiction. Without loss of gen-
erality, we consider the case ¢ = +1. Assume that there are b + 1 distinct {(k¢,n})}<c<p+i
satisfying

(e +6)®

; Q.7

o+ ke -a)(o) +,u,,/€| <

We claim that all k, (1 < £ < b+ 1) are distinct. Actually, if there are ky, = k¢, for some 1 < £ #
¢, < b + 1, then it must be that n 2,1 * "2’2' As a result, we obtain using (2.7) that

|/1n’f ~ Hn, | < |0'+k(’1 0 + Un), |
1 2 1
+lo+ke, - 0 + gy |
)
1
< (e+6)3 ,
2
which contradicts (i) of Corollary A.4. Next, we claim that {n}}1<¢<p+1 C {nchi<e<p. In fact, if

ngl ¢ {ne}ti<e<p for some 1 < £; < b+ 1, we can assume that there is €, # €| so that "2’2 * n;,l.
Otherwise, we may have

1
+0)36
ke, — ko) - 0] < %
which contradicts (ii) of Corollary A.4, since k¢, # k¢, as claimed above. So we obtain for some ¢, # ¢
and 1 < 6, < b+ 1 with n22 * "2’1 that

1
0 (e+0)%
(g, = ke) - 00+ gy = g | < S0

which contradicts (iv) of Corollary A.4. So it suffices to assume {n;}1<¢<p+1 C {n¢}1<c<p». However,
in this case, we have by the pigeonhole principle that there are 1 < €} # £, < b + 1 so that ”21 = "2’2'

Then we get
1
|(k¢, — key) .w(0)| < @
which contradicts (ii) of Corollary A.4 as shown above. This proves (2.6). O

2.5. Bourgain’s geometric lemma

To proceed with the analysis, we will also need Anderson localization-type properties for the linear
quasi-periodic Schrodinger operator H in (1.3), namely,

H=H(x,0) =cA+V(0+na)dyn.

This was proven by Bourgain in the remarkable work [Bou07], where he established Anderson local-
ization for general quasi-periodic Schrodinger operators on Z¢ with nondegenerate analytic potentials
on T¢ (identified with [0, 1]¢). This result was later significantly extended by Jitomirskaya-Liu-Shi
[JLS20] (cf. also [Shi22, Liu22]) to potentials on T? for b > d.
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In the present paper, due to the d-dimensional phase space, we need to apply Bourgain’s arguments.
Using short-range property of S in the n-variable, Bourgain’s geometric lemma is made available to
handle LDE for Green’s functions at large scales. This is a main new aspect not present in [SW23]. The
general scheme is similar to that in Chapter 19 of [Bou05a], where Bourgain made a great breakthrough
and first proved the existence of quasi-periodic solutions for the nonlinear Schrédinger equation on ar-
bitrarily dimensional torus (a KAM theorem was later established by Eliasson-Kuksin in an important
paper [EK10]). Among others, Bourgain [Bou05a] employed heavily the separation property of eigen-
values of the Laplace operator on the higher dimensional torus, while the separation property is missing
in the present setting (indeed, the spectrum of H may contain an interval).

We start with introducing the definition of semi-algebraic sets.

Definition 2.4. A set X C R’ is called semi-algebraic if it is a finite union of sets defined by a finite
number of polynomial equalities and inequalities. More precisely, let {P1,--- , Py} € R[x1,--- ,x,] be
a family of real polynomials whose degrees are bounded by p. A (closed) semi-algebraic set X is given
by an expression

X=J [ xer : Px)su0}, 2.8)
s ey
where ICy c {1,---,k} and ¢z € {=, <,=}. Then we say that X has degree at most kp. In fact, the

degree of X which is denoted by deg X, means the smallest kp over all representations as in (2.8).

Denote by ERza (M) (resp. ERza ¢(M)) the set of all M-size elementary regions on Z4 (resp.
centered at (). We have

Lemma 2.5 (cf. the CLamm (page 694) in [BouO7] and Theorem 2.7 in [JLS20]). There are small
constants 0 < k1 < ko < 1 depending only on d so that the following holds true. For 0 < & <
32

-3 4
go(V,d) < land N > Ny := 10 “ log* (log é), there is a semi-algebraic set Ay C [0, 119 satisfying

1
deg Ay < N*, meas( ﬂ An)=1-0(og™ ¢ -), c=c(d) >0,
E
N >N,

so that the following properties hold true for @ € Ay .
(1) ForallE € Rand all 0 € (0,119, there is L € [N¥1, N**] so that, for all Q € ERza(L1) satisfying
4
Ly ~ (logN)* and
0 c [-L,L]9\ [-LTa, L7a],
one has
1My (E;0)]| < eV,
, 8
I’HE(E;O)(n;n’)l < e 2llog el n—n'l g, In—n'| > L],

where

Ho(E;0) =Ro(eA +V(0 +na)s,n)Ro — E
:=Lo(0) - E.

(2) There is some Oy = O (a) c [0, 1] satisfying

g
meas([0,1]9\ Oy) < e
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so that, if @ € Oy, then one has for all A € 572251’0(1\/),

11y (e, 0)]| < ",

1 ’ 8
1HA (@, 0)(n;n")| < ezlloeeln=nl for |p —p’| > N5,

Denote
A= (] Ax. On(@)= (] {0: 0+naeoy),
N >N, K1
|n|<eN
W’ = {(a, 0)c[0,1]*: acA fe¢ ﬂ (:)N(a/)}. 2.9)
N >N,
Then
, 1
meas(W’) = 1 —log™ —. (2.10)
e

Remark 2.6. In this lemma, the constants k1, k» correspond to c3, ¢4 of [JLS20], respectively. Originally,
the off-diagonal exponential decay distance (cf., e.g., decay estimates in (2) of Lemma 2.5) in [Bou07,

JLS20]is |n — n’| > fl—o. However, it can be improved to the present sublinear scale N 5. This issue is
important for the nonlinear analysis, and can be resolved with little effort, cf. Remark B.7 and Remark
B.4 in the Appendix for more details.

Remark 2.7. The proof of this lemma is based on analysis of semi-algebraic sets (cf. [Bou07, JLS20]),
and applies to general nondegenerate analytic potentials.

Remark 2.8. We mention that the set ¥V on which Theorem 1.1 holds satisfies
W=WnM, 2.11)

where M is the set on which the Diophantine estimates in Theorem 2.2 hold, and W’ is defined by
(2.9). So, we have

meas(W) > 1 —log™¢ c=c(d) >0

1
g+6’

as shown in Theorem 1.1. For (@, 8) € W, the conclusion in (2) plays an essential role in the nonlinear
analysis.

Proof. It suffices to establish the measure bounds. The proof is a small modification of that of Theorem
4.1 in [JLS20] (cf. pages 475-476). Indeed, the only difference is that we will apply Theorem 3.7 in
32

-=5 4

[JLS20] starting from Ny = 10 “ log*r (log é) rather than log log é as in [JLS20]. This change makes

sense since the large deviation estimates in [JLLS20] hold for the initial scales of No(V,d) < N < N, :=
K

% log2 é (via the Neumann series argument), and for f(x) = e* * ,

[N, (F(ND)*T] € [No. Nal.
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This modification then leads to the following measure estimate:

meas( ﬂ Ay) > 1- Z fF(N)™

N2>N, N >N,
KL
>1- Z e—KlN 4
N >N,
X1
_Kn4
>1-C(d)e 2N

8
K1

\%

1-C(d) log_%xm_

o | =

For the proof of (2.10), it follows directly from applying Fubini’s theorem and

_8
K1

meas( ﬂ Oy (@) 2 1-C(d) log_%xw
N >N,

o | =

2.6. Large deviation theorem

In this section, we establish that the LDE (cf. Definition 2.1) hold for all sufficiently large scales by a
multi-scale analysis. From (2.2), however, the variation of the frequency, w is only O(§) and not O(1),
hence as we will see shortly, the proof of LDT will be accomplished in three steps instead of the usual
two:

o The first step deals with the small scales, for which we establish LDE for all w € € and scales

No < N < 1077 log?

e+06’

for some p > 0. In this step, we only use the Neumann series argument, which leads to the above
scales (cf. Lemma 2.15).
o Next, we establish intermediate scales LDE, that is, scales in the range

a1 .
1077 log? S<N<(e+6)

e+

for all w € Q, where ¢y is defined in Theorem 2.2. Note that Theorem 2.2 is available in the
above interval of scales. The proof of such intermediate scales LDE is based on preparation type
theorem together with clustering properties of the spectrum of the diagonal matrix D (0) (cf. (2.6),
Theorem 2.2).

Remark 2.9. The intermediate scales are needed here because for a fixed (e, ), hence fixed 09
only varies in an interval of size O(6), see (2.2), as mentioned above. Consequently, there is a gap in
the range of scales before Bourgain-type analysis becomes applicable. Fortunately, the Diophantine
estimates for (@, @) € M can control the resonances directly as in (2.6), leading to LDE for the range
of scales in the gap, which we term the intermediate scales.

o For the large scales (i.e., N > (& + §)™°") LDE, we will apply matrix-valued Cartan’s lemma and
semi-algebraic sets theory of [BGS02, BouO7]. Of particular importance is Bourgain’s geometric
lemma (cf. Lemma 2.5). This step requires both the Diophantine condition and the so-called weak
second Melnikov’s condition on w.

To be coherent, since the variation in w is only O (§), the excised measure in £ needs to be less than
6% . So we make a particular choice of the exponent and impose the following Diophantine condition:
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DC,, (N)
)4
:{wGQ: k-] = e N forv o< |k| < 100N2}. 2.12)

Then we have for ¢ < 6,

meas | Q \ ﬂ DC,(N) || < 6°. (2.13)
N>(e+8)7 ¢l

The weak second Melnikov’s condition is imposed in order to restrict the time k-direction where
resonances could possibly occur. This greatly reduces the number of resonances, and paves the way
for the application of Lemma 2.25.

Remark 2.10. The condition on the size of € relative to ¢ stems again from the modulation in w being
0(6), while the excised measure depends on both & and ¢, as we will see in the proofs. This also
ensures, in addition, that the amplitude-frequency map: @ — w(a) is nondegenerate in the nonlinear
analysis, so that we may indeed vary w in the linear analysis.

Before stating the LDT, let us summarize various parameters and the relation between &, d.

o Throughout this paper, we first fix constants
k1 =k1(d), k2 = k2(d) € (0,1)

given in Bourgain’s geometric lemma (cf. Lemma 2.5).
o The most important parameter p > 0 is then fixed so that it depends only on b, d and satisfies

K1

< 2.14
= 104(b + d)2 @.14)

p = C2K1
where ¢; = ¢(b, d) is given by Lemma 2.22.
o The parameters

1
0 =c1(b,d,K,V) < ——, C1 =Ci(b,d,K,V) > 1
<cr=ci( ) < To0p” ©! 1 ) >
are fixed, which appear in the Diophantine estimates (cf. Theorem 2.2). Also, the parameter c; is the
power-law exponent of the upper bound of intermediate scales.
o Fix

oy 1)
k=M% 10 = 207

where ¢ > 0 is an absolute constant appearing in the coupling lemma of [Liu22] (cf. Lemma B.3).
Then « (cf. (2.35)) describes the changes of off-diagonal exponential decay rates of Green’s functions
along the multi-scale iterations.

o For convenience, we assume the decay rate of S satisfies y € (%, 10). It turns out that the (p, Yoo, N)-
LDE hold true for all N > log® ﬁ and for some y, € [%, v]. The constant C; > 0 is the power-law
index in S.

o With these parameters having been fixed, we aim to find

60 = 60(b’d7K’V7 max |n(’|7Kl,K2,p’Cl’ CZ) > 0’
1<€<b

so that, if 0 < € + 0 < dp, then LDT can be established. Since we will use the multi-scale analysis
method to prove LDT, various conditions on dp are required, and it is unclear a priori if such
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restrictions are meaningful. Fortunately, we will divide the LDT proof into 3 steps, and at each step,
we can find a desired 6, ( € = 1, 2, 3). Finally, it suffices to take 69 = min{dy, §2, 83 }.

o As we will see later, we further assume § < log™! é when proving large scales LDE.

Let p, k1, k2, c1, v, C; be fixed as above. We have

Theorem 2.11 (LDT). There is some

50 = 50(b,d, K, V, max |n[|,K1,K2,p,C1,C2) >0
1<t<b

so that the following holds true for 0 < & + 6 < 9.

(1) Forlog® = < N < 1077 log? —L=, the (p,yw, N)-LDE hold true for all (a,8) € [0,1]* (and

&+0°
thus for all @ € Q) with yy = yo =y — log™> ﬁ € [%,y].

(2) For 10_% log% ﬁ <N < (g+6)™°, the (p,yn,N)-LDE hold true for (a,0) € W (cf. (2.11))
and all w € Q (depending on (a,0)) with yny =yo— N~7 € [%,y].
(3) Fix (a,0) € W (cf. (2.11)) and lete < § <log™' L. Let N > (& +6)™1, Ny ~ NP and Ny ~ N?°.
~ — £
Then there are some Qn C Q (independent of S) satisfying meas(Q \ Qn) < e 3N and some
YN € [%,y] so that the (p,yn,N)-LDE hold true for v € Qn = Qn N DC,(N) N Qp, with

DC, (N) given by (2.12) and

Qy = ﬂ Q006,65
1<6,00 <N4brd) =21 &/=21,0<|k|<2N?

where

_ 3K1p2
Qo0¢,6 = {w €Q: |k-w+&xp—EAp| > 10e73N * },

YN = yn, — N and ¢ = Ae(@,0) (1 << NAE*DY gre all eigenvalues of the operators
Ho(a, ) for all Q ¢ [-100N?, 100N2]9 satisfying

0e U ERa(N).

Ne[}Nxp? Nx2e?

Remark 2.12. Note that the sets Qp are independent of S. This will be important for later nonlinear
applications. Moreover, we have Qy C Qn_; C --- C Qp, = Q and Qp is a semi-algebraic set of

4
deg Qy < N!0+ and meas(Qy2 \ Qn) < e 2N

Remark 2.13. One may observe that this LDT is for a fixed operator H; while the linearized operator is
varying in a Newton scheme. This issue, however, can be remedied by using that the Green’s function
estimates in LDE (at scale N) are stable under perturbations of order e~V ! using Lemma B.1. The
sup-exponentially decaying error (cf. (3.14)) in the Newton scheme can ensure this. More precisely, let

Yzvizvy2z-- 2

N[RN[R

Y2y zyy; 2>

s

Ve S min{Y gy Yy, b - O

https://doi.org/10.1017/fms.2026.10241 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10241

14 Y. Shi and W.-M. Wang

We can replace H in LDT with a sequence of operators H'©) (o) = D (o) + 6S¢ (£ > 1) satisfying (we
hide the dependence on &, &’ € {+})

|Se((k.n); (K", n"))| < Co(1+ |k — k') e v Kk velnls,
2
||H(l’+l) _ H(l’)” < e—l’ﬂz )

It is remarkable that in our LDT, Qp does not depend on S. So with this modification, the conclusion
of LDT becomes for w € Qn, H'O has (p, Yn:N)-LDEforall £ > N > log? ﬁ ( X depending only
onSy, 1 <€ <N). ,

Indeed, assume we have established the LDE at scale N; = N°~ for all H©) with £ > N;. Then it
suffices to establish (p, y},, N)-LDE for H™N), since for all £ > N,

2 %
) o
IHO —HM < 3 e <7 <71V,

>N

and (p, vy}, N)-LDE for H (©) can be obtained via the perturbation argument (cf. Lemma B.1). Next,
we fix S¢ = Sy, for £ € [Ny, N]. Similar to the proof of Lemma 2.20, we can show using the modified
resolvent identities Lemmas B.3, B.5, B.6 (e.g., taking into account the power-law factor in the estimate
of S¢) that HNV satisfies (p, v}, N)-LDE with

Y 2 min{yn,yyt - N 2 yy.

Finally, using again the perturbation argument Lemma B.1 and

2

2
NP

2
”H(M) _H(N)” < e < e—% <« ¢ 100N

we get that HV) satisfies (p, ¥n > N)-LDE by the assumptions on y¢, y;.

Remark 2.14. In the large scales case, we assume 6 € [, log™! %] The condition 6 > & is necessary
since (2.13) as mentioned above. The restriction § < log_1 ];, however, is due to the fact that we
need to use Bourgain’s geometric lemma in the form of Lemma 2.5 to handle the large |n| regime
estimates. In fact, if we assume that W (cf. (2.11)) satisfies meas([0, 1]?¢ \ W) = o(1) (rather than
the quantitative version meas([0, 1]%¢ \ W) = O(log™¢ ﬁ) in the present work), we can remove the
condition & < log™! é (cf. Remark 2.24 for details).

This LDT will be proved in detail in the following three sections.

2.6.1. The small scales LDE
This section is devoted to the proof of LDE for small scales, that is,

1
e+0

1
PR

log? <N< 1077 log/%

In this case, we only use the standard Neumann series argument. As a result, we can establish LDE for
all w € Q. We have
Lemma 2.15. Let

N = U {o-eR:

min |£(0+k - w)+ | < esz}.
A€(0,m)+ERG(N), |n|<I0N A

(k,n,£)
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Let0< p < #. Then there is some 61 = §1(b,d, Cy, p) > 050 that if 0 < € + 6§ < 6y, for

3 1 111
log” —— < N <107 » loge ;

e+0 e+0
we have

meas(Zy) < e V. (2.15)

Moreover, if o ¢ X, we have for all A € (0,n) + ERy(N) with |n| < 10N,

3
IGA(0)]| < M7, (2.16)
G A (@) (x,8); (x,€))] < e for x — x| > N, 2.17)
where
=y—1lo ‘2Le[z ] (2.18)
Yo=Y g PR 2,7 . .

Remark 2.16. In this lemma, we make no restrictions on w.

Proof. We first establish the measure bound (2.15). We have

meas(Zy) < C(b, d)NC B e™2N? < =N?

where in the last inequality we use 0 < ¢ + 9 < 6}1)(b,d,p) < 1 to ensure N > log3 ﬁ >
No(b,d,p) > 1.

Next, we let o ¢ T and fix any A € (0, n) + ER¢(N) with [rn| < 10N. Let A = Dp(0), B = 6Sx.
We have

AT (e, x7)| < N6y, [B(x,x7)| < C28(1 + |x —x7|) e,
Note that

CNz(b+d)+C2(5€Np < C(b, d, CZ)NZ(b+d)+C2(8+6)%

2(b+d)+Cy 2Ab+d)+Cy |

< C(b,d,C)107 7 (e+6)T0log #

e+0

<

N =

assuming 0 < € +6 < 6%2)(17,03, Cp,p) < 1. So we can apply Lemma B.1 with A = Dy(0),B =
5Sp, € = Cad, e = e N, M =0, X = A to obtain (we hide the dependence on &, &)

3 1
IGA(0)] <2eN” < eN* (since 0 < p < )

IGA(0) (x,x")| < N e V=1,
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Then for [x —x’| > NS,

’ NP
IGa(0) (x,x")| < e F>105=n)

-1 1

“le=x"|(y=N"%) (g
<e since0 < p < —
( P 104)

A vy’
::e)’|xx|’

which implies

1
"> yo=7y—log™? .
Y >Yo=y-log m

Then both (2.16) and (2.17) hold true if we assume that

0<e+6 <6 =min{sy" (b,d,Cs,p),6,” (b,d, C,p)},

and o ¢ Zpn. O

2.6.2. The intermediate scales LDE
This section and the next deal with intermediate-scale LDE. We will show that the LDE hold true for
all w € Q and scales in the range

11
1077 log? S <N < (e+0),

£+
where c is given by Theorem 2.2. In this case, the analysis in Section 2.4 becomes essential.

Lemma 2.17. Let 0 < p < 11W' There is some 63 = 62(b,d,K,V,p,c1,C2) > 0 so that the following

holds for 0 < € + § < 8,. Assume (a,0) € M (cf. Theorem 2.2) and fix

1077 log? <N <(s+6)7.

£+0
Then for each w € Q, there exists a set Xy C R with

3
8

-LN

1
2b < e_Np

)

meas(Zy) < (e+ 5)_%6

so that if o ¢ X, then for all A € (0,n) + ERy(N) with |n| < 10N,

3
IGa(o)]l < ™,

IGA() (x,&); (x', €] < e for [x —x'| > N3,
where
yv=yo-N"¢ [%,7],

with yo given by (2.18) and ¥ > 0 by Lemma B.3.
Remark 2.18. Note that this lemma also holds for all w € Q.

Proof. The proof is based on the clustering property (cf. (2) of Theorem 2.2), Schur’s complement

argument, Rouché’s theorem and the iteration of resolvent identities. So we first choose 0 < £ + 9 <

c(b,d,K,V, max |n¢]) < 1 so that Theorem 2.2 holds true. Then the proof can be decomposed into
<t<

two steps.
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Step 1. We define

Yy = U A, (2.19)

VN <N’<N, Ae(0,n)+ERG(N"), |n|<10N’

where
. 3
Y\ = {g ER: [|Ga(0)] = ediamM)* }

‘We first show that

YA C U Iei, (2.20)
&=x1,i=(k,n) €A

where
Iei=S{0 1
& { eR: [E(0+k-0P)+py| < 100(8+6)7]b}.

Infact,ifoc ¢ |J 1z, thenforeachw € Q,
(&Q)eN

inf +k w)+
(g?)e,\'f(" W) + fin|

> inf |€(c+k-©)+ | —suplk - (w-w?)
(&.0)eN keA

1
zm(gﬂs)%.

1 1
. - - 1 . . .
Since N > 10 # logr 5, the Neumann series argument implies

) 3
IGA(T)]| < Ce+06)T < e(diam M3

wheno ¢ |J Ig;. This proves (2.20) and
(&0)eN

2A= U (ZAﬂlf’i).

(£.0) €A
In the following, we estimate meas(Xa N1¢ ;). For this purpose, we fix any £* € {+, -}, i" = (k*,n")
and denote
Fmlpp =0 - ——(c48)%,0" + —(c+6)F
ST T 00 "7 T 100 :
where

o= k" 0 = & pye. (2.21)

We will study Ga(o) for o € I*. From (2) of Theorem 2.2, we have for every o* € R, there exists
B. = Bf U B, C A with #B% < b so that

1

+6)3%

inf k) g EFOT
(f’il)réA\B*If(cr )+ py| 2 1
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Similar to the proof of (2.20), if (we denote D,-(z) :={w € C: |w—z| <r})z€D (o), then

(£+6)%5 /10

1
. (e+0)%
f +k- + > — .
ek, 1£(z W) + fin| s

So we have an analytic extension of Hx(z) toz € D (o*) and

(£+6)%5 /10

sup [DA(2)((x,6); (x",&))] < C(b)(e+6)™".
(x,8),(x", &) e, ZED(‘ J)i/m(o-*)

More importantly, if we denote A = A\ B., then by the Neumann series argument, we have for all

¢ D(am)ﬁ/lo((r ),

IGac(2)]] < (e+ 6)‘%_
In the following, we estimate G (z) using the Schur complement reduction. We define
S(z) = Rp,H(z)Rp, — Rp.H(z)Rac Gpc (2)Rpc H(Z)Rp, .
Obviously, we have
Rp.H(z)Rp. = Rp.D(z)Rp. + O(g +90) 2
and
Rp. H(3)Rne G re () Rac H()Rp. = O((£ +6)>" ). (2.23)

Now we consider det S(z). Combining (2.22) and (2.23) yields

detS(z)

= [] Grkw+rm) ] (z-k o+
i=(k,n)eBf i=(k,n)eB;
+0((g+6)>%

#B,

= (D" [ - o0) +O((e+ 6",
=1
where 0y € {~k @~ tn}x nyepr Y{—k @+ iy } (& n)c; - Recalling the definition of B,, we must have
4
|z — o] < g(s+6)$.

From (2.21), there exists at least one o so that |0y — | = O((g + §)'7¢1). At this stage, we need a
useful result.

1
Lemma 2.19. Let ¢ = ()7 < 1. There is 0 < ¢, < 5b — 1 50 that

(Ag1 \Ag) N {ochi<e<sn, =0,
where for 0 < € < 5b,

A,g =D ol (0'*)

(e+6) 76
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Proof of Lemma 2.19. 1t suffices to note that

5b-1
Asp \ Ao = | ] (Arn \ Ap).
£=0
The proof then follows from the pigeonhole principle since #B. < 2b. O

Oy
Letr, = (e+0) %, where ¢ and £, are defined in Lemma 2.19. From Lemma 2.19, we can restrict
our considerations on A, with

A* = Drw—r;ﬁ (O-*)
2

Then

1 (") CcA, cA, CD (o).

(g+6) 7D (e+0)7- sb

Let
K={1<{<#B,: or €D (")}

We have IC # 0 and for € ¢ K,
. . . rf n
o¢ ¢ A, dist(og, dDaoy, (7)) 2> dist(oy, dAL) > ik (e+0)7.

As a result, we can write for z € A,,

det S(z)
[Tegrc(z = 0%)

iﬂ(z—w)+0((s+5)%). (2.24)
ex

It holds that

l_[ |Z—0—€||BD20 (o) 2 (8+6)% 2 (‘9+5)2/7 > (‘9"‘5)%'
ek

Applying Rouché’s theorem shows that the function F[;iit(;z(f)w)

z¢, £ € K) in Dyg,, (7). From o € Dy, (o), we also get

has exactly #/C zeros (denoted by

loe — z¢| < 30r.. (2.25)

From similar analysis, we can obtain that (2.24) also has exactly #/C zeros in A, which implies that
{z¢}eexc are all zeros of (2.24) in A.. So on A, we have

G ) [z - 20, (226)

eexG—00) ek

where g is analytic on A, with in‘;{~ lg(z)| > 0. Using (2.25) and (2.26), we have
z€A,

gl = 1+0((e+08)7).
Using the maximum principle then leads to

gl, =1+0((e+8)¥).
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We have established on A,

det S(z) = g(2) H(Z —oy) H(Z - 2¢).

g ek

In particular, one has for all z € A,

4 #By—t#
|detS(z)|2§(e+6) B 1_[|Z—Zt’|
ek

> (e+0)7 [ 1z -2l

ekl

assuming 0 < £ +6 < ¢(b) < 1. Thus combining Hadamard’s inequality and Cramer’s rule implies for
Z € A*,

IS7 @)1l < C(b) (e +6) 1 (e +8) 77 [ [ Iz —zel™
ek

1 1
<(e+6)73 | | — 77" (si < —).
< (e+9) 11 |z — z¢|™" (since ¢y IOOb)

Applying the Schur complement argument shows that for z € A,

IGA)I < 4(1+[1Gac 2 ID*(1+ 157 (21
< (6487 [ [le—zl™

ek

Recall that I* c A,. So for o € I*, we have

IGA()I < (e +6)7% [ [ lor =zl

ek

and

* * -I 7i(diam/\)%
SaNT CU cel": |log—z/ <(e+6)8e % .
el

This implies
meas(Zp NTY) < C(e+ 6)_%e_i(diam i ,
and subsequently
meas(Zp) < (e + 6)*%e*ﬁ(diam A)%,
which combined with (2.19) shows

N

ool

meas(Zy) < (e + 6)_1% e

Step 2. In this step, we prove the off-diagonal exponential decay of G (o) ((x,&); (x/, €”)) assuming
o ¢ Xy and A € (0,n) + ERy(N) with |r| < 10N. By Theorem 2.2, we know that there exists B C A
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so that

(e +6)%

[§(o +k-w)+ | 2 —

inf
(&,k,n)eA\B

Using the Neumann series argument (cf. Lemma B.1) yields that for any A’ ¢ A with A’ N B =0,
IGx ()]l < 50(s +6)77, (227)
1G A () ((x,€); (x7,€))] < 50(e +6) e Y| for x # x”. (2.28)

We say that ER(VN) 3 Q, O c A is VN-regular if both (2.27) and (2.28) hold with A’ = Q. Otherwise,
Q is called VN-singular. Let F be any family of pairwise disjoint VN-singular sets contained in A. We
obtain

#F < 2b.

We have established the sublinear bound. Then applying the coupling lemma, that is, Lemma B.3 of
[Liu22], shows

IGA(e)(x.€): (x".€)] < e for |x — x| > N5,

where
>y —N75-lo ~N7?
YN 27 gs+6
8 1
>y—log %! — — N7
yolos g+0

1
> —~ N7 (since 0 < p < —).
Yo ( P<1

This proves the off-diagonal exponential decay estimates.
We have completed the proof of Lemma 2.17. o

2.6.3. The large scales LDE
In this section, we will prove the LDE for

(g+6)™ " <N < oo.

To perform the multi-scale scheme, we need two small scales N; < N, with

1

2 L
N»=N{, N=N{.

We assume the LDE hold for w € Qp, C Qp;,.
Then we have

s and some

Lemma 2.20. There are some 0 < ¢ = c3(b,d) < m

03 =063(b,d,K,V, max |n;|,k1,k2,p,c1,C2) >0
1<t<bhb

1
&

so that the following holds true for0 < e+ 6 < 03, € <0 < log_1
Lemma 2.5. Let (@, 0) € W (cf. (2.11)) and N satisfy

and 0 < p < cyky with k1 given by

(e+6) ' <N < oo.
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3/(];)2

IN—4

Then there is a semi-algebraic set Qv Cc Q (cf. Lemma 2.26) with meas(€2 \ QN) <e’s and
deg Qn < N3O+ 56 thay, forw € DC, (N)NQn NQy;, (withDC,, (N) given by (2.12)), there is some
XNy CRwithmeas(Zy) < e ", sothat, ifo ¢ Zn, thenforall A € (0,n) +ERy(N) with |n| < 10N,

3
IGa(o)]l < ™,

IGA()(x,8); (x",E))] < e for [x —x'| > N3,

where [%,y] >yN = YN, — N7¥(cf (2.35)).
We begin with a useful definition.

Definition 2.21 (0-good). For A € ER(L), we say A is o-good if

3
IGa(o)]l < e,

1GA () (x,8); (&', £))] < e for |x —x'| > L,

where y;, € [%, v], and o-bad, if one of the inequalities is violated.

The proof of Lemma 2.20 is based on matrix-valued Cartan’s lemma (Lemma 2.25) and iterations
of resolvent identities. To apply Cartan’s lemma, one needs to establish the sublinear bound on o -bad
A € (k,n) + ERy(N}) contained in Ay: If [r] < 10Ny, the sublinear bound can be obtained via the
Toplitz property of H in the k-direction together with the semi-algebraic sets theory (cf. Lemma 2.22);
for |r| > 10N, we will use the short-range property of S and Bourgain’s geometric lemma (Lemma
2.5) to prove the sublinear bound. Once the sublinear bound is derived, one can use the Cartan’s lemma
and resolvent identities to finish the proof of large scales LDE.

We need the following ingredients to prove Lemma 2.20.

Lemma 2.22. There is some 0 < ¢y = c»(b,d)
that LDE hold true at scale Ny with

< m so that the following holds true. Assume

N; > N()(b,d,p,K, V).

If0 < p < c2, then for all o € R, the number of o-bad A € (k,n) + ERy(N)) satisfying |k| < N* and
1
|n| < 10N, is at most N 10 w+d)? |

Proof. First, we define ENI to be the set of o € R so that, there is A € (0,nr) + ERy(N}) satifying
|rn| < 10Ny, which is o-bad. We then obtain using LDE at scale Ny,

meas(iNl) < C(b,d)Nlc(b’d)e—Nlp < o iNf

for N; > No(b,d, p). Using the Hilbert-Schmidt norm and Cramer’s rule, we can identify ENl with

a semi-algebraic set of deg ENI <N lc(b’d). Then using Basu-Pollack-Roy Theorem [BPR96] on Betti
numbers of a semi-algebraic set (cf. also Proposition 9.2 of [Bou05a]), we have a decomposition of

ENC

1

I,
1<t<NE e

where each I, is an interval of length |I,| < e ~2N7 Now assume that A € (k,n) + ERy(N;) and
A’ € (k',n) + ERy(Ny), which are all o-bad for some |r| < 10N,k # k’ and |k|, |k’| < N2. Then
from the Toplitz property of H (o) in the k-direction, we obtain

ct+k -w, c+k’-wely,.
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1
As a result, by k # k’ with |k|,|k’| < N?, @ € DC,(N) (cf. (2.12)) and N ~ N"z, we have for
N1 > No(b,d,p,K,V),

1 1 3 4
e 2N = emINT < N7 <|(k-k") wl,

which implies k and k’ cannot stay in the same interval Ip for 1 < £ < N lc(h’d). Thus we have shown
that the number of o-bad A € (k, n) + ERo(N;) with |n| < 10N; and |k| < N? is at most

1
N]C(b,d> < NPPCbd) < NG bad)? |

assuming 0 < p < (b, d) < This proves Lemma 2.22. O

1
104 (b+d)? "

Next, we will deal with |r| > 10N; by combining the short-range property of S and Bourgain’s
geometric lemma (cf. Lemma 2.5). For A ¢ ZP*¢, denote by IT, A (resp. ITyA) the projection of A on
7P (resp. Z4). For each k € II, A, define

Ak)={ne€Z%: (k,n) e A}.

We have

o3

vl 4
Lemma 2.23. Assume that (a,0) € W’ (cf. Lemma 2.5) and L > 10 “i log* (log é). We have

(1) Fix A € (k',n’) + ERo(L) with |n’| > 10L. There is a collection of {1y = A¢(@,0)}<p<ppra
depending only on A\, @, 0,V so that, if

3k
min |o-+k~w+§/lg|>e_%L4,
kellp A1 <0<LP*2d g=+]
then A is o-good with vy, =y, where k| is given in Lemma 2.5.
- - 3 -
(2) Let L< N < o8 L There exists some 2. C Rwithmeas(X;) < eSL 50 that, if o ¢ X, then
each A € (k,n) + ERy(L) satisfying |(k,n)| < 100N? and |n| > 10L is o--good with y;, = y.

Proof. (1) Let k € I, A. It is important that either A(k) € ERza (L), or A(k) is a rectangle of width
at least L (cf. Lemma B.8). In each of the two cases, we have A(k) € 52LL~
For Q c A(k), write

AkyQ = Ak,Q(O') = RQ(D(O’) +e(A® A))RQ
= (o —k-w+Lo(®)® (o +k-w+Lo0)),

where Lo (6) := Ho(a, 0) is defined in Lemma 2.5. Then the set of all eigenvalues of Ag ¢ is given by
#Q
{lo+k-w)+20(a,0)},5,
where {1, 1= A¢,0(a, 0) }ZQ] denotes the spectrum of L (6). So we have

A7l < max oc+k-w)+a,]7"
lagol s ,_ max I )+ el

We now can use Lemma 2.5 and resolvent identities. Since @ € A C Ay, applying (1) of Lemma 2.5
with Ey = o+k -w similar to [JLS20] (cf. pages 471-472, the proof of Theorem 3.7) gives the following:
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For each m € A(k), there exist %L’“ <L <L® QneERya(L) and Oy, such that

. o

Om Cm+[-L, L%, m+[-L®a, L70a]? c O,

m € O C AK), dist(m, A(K) \ Q) = =, diam 0, < 4707,

N |

~ 4 ~
Also for any n € Q,, \ O, there exist L1 ~ (log L) and some ERza(L1) > W C Oy, \ O such that

new, dist(n,Qm\Qm\W) > %,
and
15 (Ex; 0)]) < VE,
|y (Ex: 0) ()| < e~ 21oeelinn’l for | p’| > ng.

Next, assume that (set Q = Q)

L

NI

. _1
min lo+k-w+E&Ap| > e
meA(k),E==1,1 <0 <HOpm

Then applying Lemma B.6 of [JL.S20] yields for
A = A (0) = Ak Ay (0),

the following estimates

Bl

_ 1
1AM < ez,

1 ’ 3

|A,:](n;n')| < eallogslin=n"l for 1y _ p’| > L5,

Note that

Galo) = 6P A

kellp A
where
Ga(0) = (RA(D(0) +e(A & A))Rp) .

By taking into account all k € I1, A, we obtain that if

3k1
i
min lo+k-w+&, >e 3L T, (2.29)
kellpAmeA(k),E=x1,1<<#0p,

then

N

IGA()l < e2E,
IGA()(k,m.&): (K. n €)] < g gre™ 518l for |y — ') > L5,
Note that the total number of A, in (2.29) is at most

C(b,d)LPLIL* 4 « P24,
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Finally, since |r| > 10L, we know that S has the decay estimate
1S((x,€); (x", &) < Co(1+ |x —x|)C2e™OVEem 2yl

Then using the perturbation Lemma B.l implies that A is o-good assuming (2.29) holds true. In
fact, we can apply Lemma B.1 (we hide the dependence on &,£’) with B = 655 (x,x’), A~ (x,x’) =
- 3

Ga(x,x") and ¢ = 2y, ¢ = e LY M = L3, e = CSe 7L Since y € (%, 10), we obtain for L >
No(b,d,Cp) > 1,

C(b, d, CZ)L2(b+d)+C266—6yLeZyL% e%L% <

N —

This verifies all assumptions of Lemma B.1. So using Lemma B.1, we get

>

. 3
|Ga(o)]|l < 202" < o*

I

s

and for |[x —x’| > LS (since }d loge| > 2y > 1),

1GA(@) (2, €): (¢, )] < [GA(0)((x.6): (x,£))| + €27 721"
< eL%—L%e—ylx—x’\

< oYl

This proves (1) of Lemma 2.23.
Remark 2.24.

oLetL < N < ellog L)’ We would also like to remark that if we take into account all these A €
(k,n) + ERy(L) with |(k,n)| < 100N? and |n| > 10L (the total number of these A is at most

C (b, d)N?>P+4)) then we get a sequence of real numbers {A¢ (@, 8)}, ., < ysw+a) - As a result, there is
aset Xy C R satisfying

3 3
C(b,d)logzLe—%LZ’q L3x

~ 1
meas(Xy) <e <e’s

so that, for o ¢ £, all A € (k,n) + ERy (L) satisfying |(k, n)| < 100N? and |r| > 10L are o-good.
B
o In the application, we typically choose L = N; > 10 @ log* (log %). It then follows from Ny ~
NP > (e + (5)‘01/’2 that a restriction like 6 < log™" é is needed.
(2) The conclusion is just that in Remark 2.24.
This completes the proof of Lemma 2.23. O

By combining Lemma 2.22 and Lemma 2.23, we are ready to prove LDE at the scale N (indeed all
scales in [N, N2]). We first recall an important lemma.

Lemma 2.25 (Matrix-valued Cartan’s lemma, cf. Proposition 14.1 in [BouO5a]). Let T (o) be a self-
adjoint N X N matrix-valued function of a parameter o € [—f3, 8] satisfying the following conditions:

(i) T(o) is real analytic in o and has a holomorphic extension to
D={zeC: |Rz| <6, |TFz] <61}

satisfying sup ||T(z)|| < K1, K > 1.
zeD
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(ii) For each o € [-f, B], there is a subset Y C [1, N| with #Y < M such that

(RN T(O RN y) 'l < Koy Ko > 1.

(iii) Assume
meas ({0' e [-B.8]: IT" ()]l = K3}) <10738,(1+ K™ (1+ K») .

Let0 < € < (1+ K| + K2)"'M  Then we have

—c log %

meas ({0' e [-B/2.8/2] : IT" ()| > é}) < CeMIogM+K+Kp+K3) | (2.30)

where C,c > 0 are some absolute constants.
Now, we can prove Lemma 2.20.
Proof of Lemma 2.20. Recalling

2 1

Ny=N?, N=N"",

we assume that for L = Ny, N, and A € (0, n) + ERy(L) with |r| < 10L, G (o) satisfies the LDE.
Without loss of generality, we only establish LDE for the Green’s function on Apy v = {(x,¢) €
Zg;lf’* : x| £ N} = (AN X {+,-}) n Zg;f*, the other cases (i.e., A € (0,n) + ERY(N3) for |n| <

10N3, N3 € [N, N?]) can be dealt with similarly. We define three intermediate scales between [N, N]:

1

1 1
Ly = N0wa? | [, = NSGwa? | [y = NG, 2.31)

Note that from 0 < p < ¢(b,d) < (cf. Lemma 2.22), we have

1
107 (b+d)?

log Ny < logN, < logL = ogN.

1
—1
100(b + d)?
We first cover the Apm n with two overlapped subregions, Ay v = R U R satisfying

Ri={(k,n,¢) € ApmN : |n| < Lo},
Ro={(k,n,&) € Apm,N : n| > L1}

We will apply matrix-valued Cartan’s lemma (cf. Lemma 2.25) and Bourgain’s geometric lemma
[BouO7] (cf. Lemma 2.5) to obtain the sub-exponential growth estimates on Green’s functions. Then we
apply the coupling lemmas of [BGS02, JLS20, Liu22] (cf., e.g., Lemmas B.3, B.5, B.6) based on the
iteration of resolvent identities to prove the off-diagonal exponential decay of G, y (o) if desired o
are removed.

Before we enter the details, let us first explain why we need to divide Apm, x into the above two regions.
This is quite different from that in [SW23]. Based on Lemma 2.23, we can impose the so-called weak
second Melnikov’s condition on w so that all o-bad (cf. Definition 2.21) A € (k, n)+ERo(N1) C Apm,N
can stay only in a narrow strip region (cf. Figure 1), namely, there is some k. € [-N, N]? so that

|k — k.| < 10N, < N%*.

This gives the desired control on o-bad A in the k-direction. To establish the sublinear bound, it remains
to handle the n-direction. In [SW23], the n-direction estimates can be obtained directly using the fact
that 6 € R, Diophantine w and LDT for the corresponding quasi-periodic Schrodinger operators. Such
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arguments inevitably fail for # € R?: There is simply no one-dimensional interval decomposition of
d-dimensional semi-algebraic sets, and more essentially, the Diophantine property of w cannot ensure
the sublinear estimate in the r-direction. This motivates us to restrict |[n| < L, (i.e., the region Rp).
We can use the Cartan’s lemma and resolvent identities to deal with R;. For R,, we take advantage of
Bourgain’s geometric lemma and the short-range propertz of H using Lemma 2.23. Finally, it suffices

to cover Apy, v With four types of regions of sizes Ny, L?, Ly, Lz (will be specified below) contained
in R, R», and apply the resolvent identities again. See Figure 1.

We first deal with R, and then R ;.

Analysis in R,

In this region, we can apply directly the conclusion of Lemma 2.23. In this case, we make no
restriction on w. We let
9 __ 9
Lo= L110 = N 1000(b+d)?
For any A C R; satisfying A = (k, n)+ER(Lg), we have |n| > L; > 10Ly. Then applying Lemma 2.23
with L = Ly and since 0 < p < ¢2(b,d)k; < 104(';—‘+d)2, we get a set iN,l C R satisfying

3K 271
= _lya _ 1 A74000(b+d)2 _N3¥
meas(Xy 1) < e shy™ < 75N <e N7

so that, if o ¢ £y 1, all A € ER(Ly) contained in R, are o-good (cf. Definition 2.21).
We remark that in this case, we do not use Cartan’s lemma.

Analysis in R
In this region, we need to make further restriction on w called the weak second Melnikov’s condition.
More precisely, we have

Lemma 2.26. There is a sequence of real numbers {1; = A¢(a, 0)}) o <niw+a) depending only on
V,a, 0 so that the following holds true. If w € Qn with

Qn

3x; 02
= ﬂ {a) €EQ: |k-w+&ly - & Ap| > 10e~3N }, (2.32)
<€, <N4b+d) =41 £1=+1,0< |k |<2N2

then for any o € R, there is some k., € [-N*, N*|? so that, all c-bad A € (k,n) + ERo(Ny) satisfying
|k| < N? and 10N < |n| < 100N? must obey

A C [k, — 10Ny, k. + 10N;]”. (2.33)
In particular, we have
. 1 3K1pz
meas(Q\ Qy) < e 5V ' . (2.34)

Remark 2.27. Indeed, in this lemma, A,(@,0) (1 <€ < N‘W’*d)) are eigenvalues of the operator
Ho(a,0) forall Q ¢ [-100N2, 100N2]9 satisfying Q € ERa (N;) for some Ny € [%Nf‘ NP

Proof of Lemma 2.26. The proof follows from Lemma 2.23. Applying (1) of Lemma 2.23 (cf. also
Remark 2.24) with L = N; and taking into account of all A € (k, n) + ER(N;) with |(k,n)| < 100N?
and |r| > 10N, yield a sequence {A¢} ., n4w+a) C R and each 1, depending only on e, € (but not on
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o, w), so that if A = (k, n) + ERy(N;) satisfies | (k,n)| < 100N2, |n| > 10N; and

1 3% 1 310?
. _1 _1 7
min lo+k-w+&,>e N =N ,
kell, A, £=+1,1 <L <N4(D+d)

then A is o-good. So recalling (2.32), we have

3k10
~ 1 et
meas(Q\ Qy) < NCO-DmaN 4 < o=sN 4

which implies (2.34).

In the following, we assume w € S~2N.

Suppose now A’ with A’ € (k’,n’) + ERy(N;) satisfying |k’| < N? and 10N;| < |n’| < 100N? is
o-bad. Then there are some k, € IT,A’ ¢ [-N2,N?]?, &, = +1 and some ¢, € [1, N*(?*9)] so that

3k).
o+ k. w+&e| < el

Now let A" (satisfying A" € (k”,n”) + ER¢(N,) with [k”| < N* and 10N; < [n”| < 100N?) be
another o-bad region. From w € Qp, we must have

k* S H[,A”.

Otherwise, there must be some k"’ € TI,A”, &’ € {+1}, ¢’ so that, k, # k”" and

3kp
lo+k" - w+&Ap| < it

which contradicts @ € Qy. We have established that all o-bad elementary Nj-regions A with centers
(k, n) satisfying |k| < N? and 10N| < |n| < 100N? must satisfy (2.33). O

In the following, we always assume w € Qp. Under this condition, we first give a geometric
construction of the a region A', on which the worst resonances appear. It turns out that this region has
the annulus structure similar to [Bou(07, JLLS20].

Lemma 2.28. Let w € Qn and o € R. Letk, € [-N,N]? (if it exists) be defined by Lemma 2.26. Then
there are some AT c AT ¢ Ry satisfying diam AT <4Ly, k. € AJ{ and

A" = ((k,+[-L3 + O(L1), L3 + O(L1)]?) x [-L2, L2]) N Ry,

so that the following holds true (recalling Ly < Ly < L3 given by (2.31)). For any x € AT\ Al there
are some L € {Ny, L1, Lo} and some ER(L) > W c AT\ AI so that

L
x €W, dist(x, AT\ AT\ W) > 5

Proof. The proof is similar to that of Theorem 3.7 of [JLS20] (cf. pages 471-472). We initially set
0" = (k,+[-Ls, L3]?)x[-Ly, Ly]% and Q| = (k.+[-L1, L1]?)x[~L1, L{]¢. Then we slightly change
o7, QJ{ to AT, AI with the diameter modulations of length 2L, if the boundary of Q, QT approaches
the boundary of R| with the distance of 0 < L < 2L.

Next,letx = (k,n) € AT\AI.F0r|n| < 10Ny, weuse L sizeregionsto coverx; for ION; < |n| < Ly,
we use the Nj size regions to cover x; for L; < |n| < Ly, we use the L size regions to cover x. ]

Next, we show that all Q € (k,0) + ERy(L) satisfying |k| < N and |k — k.| > 10N, are o-good
for “most” o, by using Cartan’s lemma and coupling lemma of [Liu22]. More precisely, we have
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Lemma 2.29. Let w € ﬁN N Qp,. There is some iN,g C R satisfying

~ 3,
meas(En2) < e,

so that for o & S », the following holds true. If Q C Ry satisfies

0eQ:= ) {k0)+0: Qe ER(L)},

lk—k.|>10N,, |k| <N
then Q is o--good with yr, = yn, — Nl_ﬂ, where ¢ > 0 is an absolute constant defined in Lemma B.3.

Proof of Lemma 2.29. We choose any Q € ER(L;) with Q € Q. Then we take any Q' € Rzm
satisfying O’ ¢ Q and VL; < L, < 2L. From Lemma 2.22 and w € ﬁN, we have for any o € R,

i
#{A € ER(Ny) : Aiso-bad, A C Q'} < N1Ww+a)?

1
Denote by Y1 (o) := U QOx,. k < N1We+? all those o-bad N; size elementary regions. We claim
1<l<k
1
that, there is some Y = Y (o) C Q’ satisfying #Y < C(b,d)NP*IN103@+a? 5o that if x € Q”\ Y, then
there is some o-good W € ER(N1), W c Q’ \ Y satisfying

N
x €W, dist(x, Q' \Y\ W) > 71

Indeed, we pave Q" with A, for A, = Q' N Aoy, (x),x € 10N, Zb*¢. Then we can enlarge A, to
Aq C Q' so that A, has width at least N| and diameter at most C (b, d) Ny, and | J A, remains a tiling

of Q’. It suffices to take

Y(o) = U Ag.

a: AeNY (o) 20

Since each Q, can only intersect with at most C(b, d) many Aq, we have

1
#Y (o) < C(b,d)NPH N0 e?
We are ready to apply Cartan’s lemma (cf. Lemma 2.25). From Lemma B.1, any o-good N; region
remains essentially o’-good if |0’ — 0| < e™197N1_ So on an interval I of length at most e ~'9"™ | we can
fix Y to associate with the midpoint of 1. In addition, we can assume |o-| < C(b, d)N since if |o-| > CN,

then ||D‘Q1,(0')|| < 1. In this case, Q’ becomes o-good via the Neumann series argument. We apply
Lemma 2.25 with

T(0) =Ho (o), f=pr=e""™.
It remains to verify the assumptions of Lemma 2.25. First, one has by the definition of the operator H (o),

Ki=CN,C=C(V,b,d,C3) > 0.
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We let Y be defined in the above claim. Then using sublinear bound conclusion and Lemma B.5, we have

M =#Y < C(b’d)NPZ(b+d)N103(zi+d)2 < N999(bl+d)2 < Lé
1

m, L,> Nm),
+

(since p < ¢p <
VLS
K2:€ L

To apply the matrix-valued Cartan’s lemma, we need the scale
2

Ny =NJ.

Recall that the LDE hold at scale N,. Applying the resolvent identity Lemma B.5 and using (2) of
Lemma 2.23 with L = N, yield

3
1

I~ (o)l < ™" = Ks

for o away from a set of measure at most (since 0 < p < ck1)

3k
1 4 >
CNC(b’d)e_NZP +e 327 < e_N2i/2.

ey
It follows from Ny = N, that

3
107381 (1+ K1) (1 +Kp) ™! 2 e 107N N272N

_NP
>e N2/2.

1
This verifies (iii) of Lemma 2.25. If € = ¢ 7%+, then one has € < (14 K; + K>) '™ . Cover [-CN, CN]
with disjoint intervals of length e ™17 Define

3
I

So={oceR: |Gy (o) =e" }.
Then by (2.30) of Lemma 2.25, one obtains

cLx

N

-1 1
~ 4 1 3 _n3p
meas(Xp) < CNCe'"Nig enmriinn < o7l « o=N7

Note that the number of Q’ c Q with Q' € R}F, VL{ € L, < 2L, is at most L€®9 and the number

of O € Q is at most N9 We take the union over all these Q' ¢ 0,0 € Q leading to the desired

£n.2 € Rwith (since0 < p < ¢y < _104(;+d)2)

1

1
meas(iN,z) < Nc(b’d)e_L16 <e N 600(b+d)? < e_N3p'

To finish the proof, it suffices to prove the off-diagonal exponential decay of Gp (o) for Q € Q
and o ¢ iN,z. This follows from using the coupling lemma of [Liu22]. Indeed, fix Q € Q (then
Q € ER(Ly)). Let F be any family of pairwise disjoint VL, size elementary regions in Q. Then using
Lemma 2.22 and w € Qp, we get

— ©ol—

1
#{A e F: Aiso-bad} < NW@w+? < L7,
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So applying Lemma B.3 leads to the oft-diagonal exponential decay of G o (o) with the decay rate
yu, = yn — N7 o
We then deal with G 5+ (o) with AT given by Lemma 2.28. We have
Lemma 2.30. Let w € §~2N N Qp,. Then there is some EN’:; C R satisfying

~ 3
meas(Zy 3) < e N

so that, if o ¢ SN ¢, then G y+ (o) is o-good in the sense of Definition 2.21 (replacing A with A¥)
£=1,2,3

=

.2,
with yr, =vr, — Nl_ .

Proof of Lemma 2.30. The proof is similar to that of Lemma 2.29, but is more in the spirit of [JLS20]
when dealing with off-diagonal exponential decay estimate, as A" has the special annulus structure.

To get the sub-exponential growth estimate of |G ,+ (o)||, the key point is to apply Cartan’s lemma
only involving Nj, N, sizes regions similar to the proof of Lemma 2.29. This means precisely that we
do not choose Y = AI when applying Lemma 2.25.

From w € §~2N, the definition of AT (cf. Lemma 2.28) and Lemma 2.22, we have for any o € R,
#H{A e ER(Ny): Aiso—bad, A c AT}
< NTwa? 4 C(b,d)NV LY
< NWwa? 4 C(b, d)N b+

2 |
< INP b5y

Similar to the proof of Lemma 2.29, we can find some ¥ = Y(o) c AT satisfying #V <

C(b, d)szz(ber)NSO(le) < N0 50 that, if x € AT\Y, then there is some o--good W € ER(N;), W C
AT\ Y satisfying

. N
x e W, distx, AT\ Y\ W) > 7‘

Let w € Qy. Again, both the site k., € [-N, N]? (given in Lemma 2.26) and Y (o) depend on o.
From Lemma B. 1, any o-good N size region remains essentially o-’-good if |0’ — 0| < e~ 19N So on
an interval I of length at most e 197N we can choose Y, k.. to associate with the midpoint of 1. Also,
we can assume |o-| < C(b,d)N since if |o| > CN, then ||D/_\1(0')|| < 1, and AT becomes o-good via
the Neumann series argument.

We now apply Lemma 2.25 with

T(O-) = HAT(O'), ,8 = IBI = e’IOVNl'

We have K| = CN. Using the sublinear bound conclusion and the resolvent identity Lemma B.5, we have
1 3
M =#Y < N0 < LY, Ky = M7

2
We again use the scale N, = N]” , at which the LDE hold. Similar to the proof of Lemma 2.29, we can
verify all assumptions of Lemma 2.25. Define

3
Sns={oeR: [|Gyi(a)| = e }.
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Then by (2.30) of Lemma 2.25, one obtains

3
cl34

1 1
= 4 _]A3 _N?3»
meas(Ey 3) < CNCe!ONip ML eN ¢ pmLs3 o =N

Finally, it suffices to prove the off-diagonal exponential decay of G 5+ (o). This follows directly from
the resolvent identity of [JLS20], that is, Lemma B.().vIn fact, by the analysis in R, Lemma 2.29 and
Lemma 2.28, all elementary regions contained in A" \AT1 with sizes Ny, Ly, L are o--good. Then applying

Lemma B.6 with A = AT, A = AT (since diam AT ~ L3 > 1002(b+d)L?(b+d) > (diam A]T)z(b"d)) leads
to the desired off-diagonal exponential decay estimate of G »+ (0-) with

L
1

i
-1 9
YL, =YL, _Nl 0 =yYN, — N _Nl()‘

Application of the resolvent identity again

Finally, we define Xy = U iN,g with i‘.N,l, iN,z, iN’:I, given by the analysis in R,, Lemma
=123
2.29, Lemma 2.30, respectively. Then

_IN3P _N2%»
2N eN

meas(Xy) < 3e <

s

and for o ¢ X, we can cover Apy, y With o--good regions of sizes Ny, Lo, L1, L3. More precisely, we
have (cf. Figure 1)

o
o Forx € Ry, cover x with A € ER(Lo) with Lo ~ N 100+a)*
o Forx € A}, cover x with A'.

o Forx e Ry \ AI, cover x with regions in

ER(L).
L=Ny,Lo.L,

As a result, for o ¢ X, we can apply Lemma B.5 and Lemma B.6 to show that Apy, n is o-good.
Indeed, we first apply Lemma B.5 with

A=ApmnWe | (ER@ U
L=N,,Lo,L,

to obtain

3
Nl
G Agyw ()l < €™

Next, for the off-diagonal exponential decay, we use Lemma B.6 with A = Ay v, A; =0, Mg =Nj to
obtain (recalling the decay rate estimates in Lemmas 2.29, 2.30) for |x —x’| > N %,

_ L
o~ (7L =N; ) x|

IA

|G Apmn () ((x,6): (x7,67))]

_ L
o~ (rn =N 2N 10 x—x’|

IA

_ —v/
= WNIx xl’
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1
L2 ~ N 50(b+d)?

A

_______________ /4(| ~ le

Is~NGms| D D000 | [0 0 0 OGN B 0 0] |60 00N | r10M

N|

S ——

1

Ly ~ N 100(+d)2 10g Nl < log N

Figure 1. The distribution of resonant blocks.

where

» 1. 1 1
yn 2y =N, k= 2 mind, 55} < 5. (2.35)

1

Since N ~ N]‘T2 , we choose £, so that NP =N, ~ log% 8J1r = It follows from applying Lemma 2.15

(.e., Ynotts =Y0 =Y~ log_2 #5) and iterating (2.35) that

A
> _ N p2€
YN Z YN. %
=1

> Yyn =N = DN

N‘*

https://doi.org/10.1017/fms.2026.10241 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10241

34 Y. Shi and W.-M. Wang

1 —_
-2
E+0
1
E+0

?JR

=

>y —log™

>y —3log™> > (2.36)

ST

provided 0 < £+ 6 < c(p, c1, k).

The above arguments hold indeed for all scales in [N, N?]. Then we can propagate the LDE from
small scales interval [N, N, ] to large scales one [N, N?] similar to the proof of Theorem 4.1 in [JLS20].
This completes the proof of Lemma 2.20. O

Proof of Theorem 2.11. The proof is just a combination of Lemmas 2.15, 2.17 and 2.20 by taking

0<&e+6 <8p=min{dy, 2,03}

3. Nonlinear analysis

In this section, we focus on nonlinear analysis. We work directly with the nonlinear equation (1.1).
Recall that

b

pn =V(na +0), 0¥ = (wé()) :/‘nf)g 1

We aim to construct solutions to (1.1) of the form

u(t,n) = Z ik, n)e® et

(k,n)ezZbxzd
Using the ansatz, we get the nonlinear lattice equation

diag g ) (=k - @ + py )l + Al +5(it + D)*P % 4 =0, 3.1
where ¥(k, n) = li(—k, n), the convolution is only in the k-variable:

ix9(kon) = > alkim)i(ka,n)
ki+k,=k

and

(AxD)P =@ *D)s---x(@xD).

p times
Note that A acts only on the n-variable. To solve for i, ¥, we also need a conjugate equation of (3.1):
diag g ) (k - @ + pn) v + €AV +6(d = P)YP D =0.

As a result, we obtain the following vector-valued nonlinear lattice equation:

>

F(ii) =0, i = ( ) (3.2)

<>

where

F(ii) = Hoii + 6 P(ii)
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with

o —k-w+uy +eA 0
Ho = d]ag(k’")ezbﬂi( 0 k-w+pu, +eA )

=D0)+e(AdA)
and

P(ii) = (

(A D)*P =il
(@ D)P x D)

The linearized operator of P at i is then given by

T. — (p+D)(@=9)*P«  p(i = f;)*(P—l) ¥ 0 % 0%
ET\p@x 0y P pabx (p+ 1)(d D) P

3.1. The Lyapunov-Schmidt decomposition

We look for quasi-periodic solutions to (1.1) near

u® =u@ @, n) = Z at’eiw’("mt‘snf,n’

b
=1

35

(3.3)

(3.4)

using the Lyapunov-Schmidt decomposition. The Fourier support of u(® is S, = {(es, no)p_ |} ¢ 2"+
(we identify S, with {(es,ne)p_} x {+} € Z5+d). Similarly, let S = {(~es,n)!_,} C ZP* be

the Fourier support of v(© := 4 which is then identified with {(—ep, ne)p} x{=} c Zhd. Let

S =38, US_ and write ZhHe, = Zh+d \ S = S¢.
We divide the equation (3.2) into the P-equations

F(ii)

SC = O’
and the Q-equations
F(ii)|¢ = 0.

We iteratively solve the Q-equations and then the P-equations.

3.2. The Q-equations and extraction of parameters

The Q-equations are 2b-dimensional.

(3.5)

(3.6)

On S, ii is held fixed, and the Q-equations (3.6) are viewed instead as equations for w, and will be
solved using the implicit function theorem. The Q-equations are used to relate the frequencies w to the

amplitudes a, permitting amplitude-frequency modulation to solve the P-equations.
Note that

u®(t,n) = Z ﬁ(O)(k’n)eik-w(O)t’
(k,n)eS,

where

49 ep,ne) =90 (—er,np) = ag for1 < € < b.
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The solutions i = (i, )" (with (-)* denoting the transpose) on S are held fixed: ii = (@©, $(O) = 7O
on S, the Q-equations are used instead to solve for the frequencies. Due to symmetry, the Q-equations
for ¥ are the same as those for /. So we only need to consider those for ii. Solving the equations at the
initial step

F@i")|g, =0
leads to, for 1 < £ < b, the initial modulated frequencies

we = a)l(,l) = wéo) + 6a§p (3.8)

satisfying

det( 5a ) 1) l_[(Zpa

Along the way, we will show that @) = ©©@ + 0(6), for all = 0,1,2,---. So @) € Q, the
frequency set in Theorem 2.11, hence Theorem 2.11 is at our disposal to solve the P-equations. To
construct approximate solutions to the P-equations, it is convenient to view w € € as an independent
parameter, and work in the (w, a@)-variable, (w,a) € Q x [1,2]? := (0@ + [6,2%76]%) x [1,2]°.
The approximate solutions to the nonlinear matrix equation (3.1) will then be obtained by taking into
account the solutions to the Q-equations as well, which restricts (w, @) to the b-dimensional hypersurface
o = 0" (a), at the r-th iteration.

3.3. The P-equations

The P-equations are infinite-dimensional.

We use (3.5) to solve for ii|sc. Solving the P-equations requires analyzing the invertibility of the
linearized operator H = H + 0T} restricted to th’{ld*, which we do in the previous section. Then the
resolution of the P-equations combines the Newton scheme and the linear analysis in Section 2. The
large deviation estimates in o in Theorem 2.11 will be converted into estimates in the amplitudes a by
using a semi-algebraic projection lemma (cf. Lemma 3.7 below), and amplitude-frequency modulation,
w = w(a). This is an established scheme, which has recently been extensively elaborated on with
detailed proofs in sects. IV-VI, [KLW?24] and [LW24]. They will serve as the basic reference point for
the present section.

Recall first the formal Newton scheme. Let i be an approximate solution to the P-equations (3.5).
For the next approximation i’, write

=/

U =i+Acoid.
Then Ao’ is set to be
Acortl’ = —(H (i)~ F(“)

where the linearized operator H(it) = Hy + 6T;(w, a) (cf. (3.3) and (3.4)). This is, however, only
indicative since we assume that H (i) is invertible. Due to the small divisor difficulties in the inversion
process, we need to regularize the linearized operator H(ii) and do a multi-scale Newton iteration
instead.

Toward that purpose, let M be a large integer and consider the geometric sequence of scales M?,
£=1,2,---. Denote by "), the r-th approximate solution to the P-equations (3.5). For the (r + 1)-th
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approximation, write

'Z(r+1) — ﬁ(r) +Acorﬁ(r+1)~

We define (if it exists)
Acorit "™ = (RN H (i@ ") Ry ) ' F ("),

where N = M"*! and Ry is the restriction operator to the cube Ay N Zf,’r;fl*. This leads to estimate the
inverse (i.e., the Green’s function),

-1
G (i) = (RNH(ﬁ(r))RN) r=0,1,2,---.

The following estimates are crucial for the convergence of the approximate solutions with exponential
decay:
G ()] < M,
G @) ((x, 8); (x| < e for [x — x| > (log N)€,
for x = (k, n) and some ¢, C > 0, see sect. V, [KLW24].
The LDT, Theorem 2.11, in the previous section plays an essential role in the above Green’s function
estimates. The operator Tj; plays the role of S'in (2.1) (cf. Remark 2.13 for details). The following lemma

implies that 7j; satisfies the decay assumption of S (cf. also Remark 2.13). This will then enable us to
use Theorem 2.11.

Lemma 3.1.
(1) Forall k. k' k” € ZP, n,n’ € Z9 and £,&' € {+,-)}, we have the Toeplitz property in the k-
variable:
Ti((K" +k,n, &), (K" +k,n’, &) =T ((K',n,&); (", n’, &)
(2) Assume that |i(k,n)| < e=<Uk*mD) ¢ > 0. Then we have for some C = C(b, p) > 0,
ITa((k.n &) (k' n' )] < C(1+ [k = k') CeckHTg, .

Proof. The proof is similar to that of Lemma 5.1 in [LW?24] and Proposition 4.1 in [LSZ25] (our case
is easier since the convolution here involves only the k-variable). We omit the details. O

3.4. The induction hypothesis and the proof

Let M be a large integer and recall that Ag c Z”*¢ denotes the £*-norm-induced cube of radius R and
centered at the origin.

In the following, C > 0 is a large constant and ¢ > 0 is a small one.

We begin with the analysis of initial induction steps, which relies on the Neumann series argument
and Diophantine estimates (2.5) of Theorem 2.2.

3.4.1. The initial 2r, — r¢ steps
We choose 1 < ry < ry such that

M"™ < log < M+

e+0
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and
M2r* S (8+6)7Cl < M2r,,+l, (3.9)
where c; > 01is given in Theorem 2.11.

Let i (w, a) = i@ (0©, a) with w = 0V given by (3.8).
We start by constructing ﬁi(nl) (w, a). Obviously,

F@i?) = 0(s +96)

and (the support) supp F(i?) c A, for some My = Mo(p,S) > 0. Let Ly = M™*! > M. It suffices
to estimate

HE! = (Ra,, (D(0) +5(A ® A) +8Tz0)Ra,, )™

It follows from (2.5) of Theorem 2.2, w = w'?) + O(6) and the Neumann series argument (cf. Lemma
B.1) that

- C
|HL I < 2L,

log o5 ,
PR forx £ x" € AL,

H (.60 (', €))] < L8
since L1 = M"*! < (g + 6)~'. Then we have
el = ~H; PG,
and consequently
i) =i+ Aeeitl)) = @™ - H'F(a©).

Substituting L'il(nl ) into the Q-equations using

a0, = o0

in 1S+ in |S— =a,

we obtain
(0) 1 (1)
we=w, te Z(A”in )(ee,ne) |(w, a)
1
+5(;(ﬁf§> o) ﬁi(nl)(e{,n[))(w,a), P12 b

Since the second and the third terms are smooth in w and a, using the implicit function theorem yields

w].(nz) = a)i(nz) (a) = (a)].(nz)[(a))é’:l, written in the form:

(2

(0)
in,l l

+(e+0)e? (a), €=1,2,--- ,b,

(a) sw in,l

w
with a smooth function goi(nz)[ (comparing with (3.8)).
The above constructions can be inductively performed for 2r, — rg steps, with r, satisfying (3.9). So

we have obtained E[l(r:) = ﬁi(nr)(a),a) (1 <r<2ry—rp) forall (w,a) e Qx[1,2]".
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3.4.2. The Inductive Theorem
Recall that

We first state the induction hypothesis, which can be verified if 0 < € < § < log

Q=0 +[5,2%75]° cR".

1l <s<1land

(a,8) € W (cf. (2.11)). Given its significance, we refer to it as the induction theorem.

Theorem 3.2. For r > ry, we have

(Hi)
(Hii)

(Hiii)

(Hiv)

supp ") C Apgr, F =7 + Iy
IAcorit™ || < 65, [|0Acorii ™ || < &y, where  refers to derivation in w or a,

") = gD p Aot

and || - || = supy, g I - llp2(z51ay -

1

Remark 3.3. The size of 6,., , will satisfy log log 513

~7Tr.

|ﬁ(r) (k’ n)| < e—C(|k|+|"|) fOl’ some ¢ > 0.

Remark 3.4. The constant ¢ > 0 will decrease slightly along the iterations but remain bounded
away from 0. This will become clear in the proof, cf. sect. V, G. Step 4, [KLW24]. We also remark
that ") can be defined as a C! function on the entire parameter space (w, a) € Q x [1,2]? by
using an extension argument, cf., [Bou98, BWO0S8] and sect. V, L. Step 9, [KLW24]. So one can
apply the implicit function theorem to solve the Q-equations leading to

w7 (@) =0 + (e + ) (a) (1 < £ < b), (3.10)
where [0 || = sup; <p<p ||8¢,o§,r)|| < land ) = ((pér))g):l. By (Hii), we have
o) ="l 5 e+ o)A =7Vl < (e +8)6,.

Denote by I, the graph of ") = v (a). We have ||, — I',_i|| < (¢ +6)5,. Recall that @
is given by (3.8) and ¢¥ = 0. Thus we have a diffeomorphism from ") € Qto a € [1,2]".
There is a collection I, of intervals I C Q x [1,2]° of size M so that
(@) On each I € I, both i'") (w, a) and ¥") (w, a) are given by rational functions in (w, a) of

degree at most M".
(b) For (w,a) € Ujser, 1,

IF @) < s [10F @) < &,

where 0 refers to derivation in w or a, and loglog K.Jlr;z ~T.
(¢) For (w,a) € Ujez, I and H = H(ii""~V), one has
1H 1l < M7, 3.11)
|Hoygr ((6,6): (2, €))] < &P for o — x| > 7€, (3.12)

where x = (k,n),x’ = (k’,n’) and Hy;+ refers to the restriction of H to Ay;r.
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(d) Each I € I, is contained in some I’ € I,_y and
meas I, (Tr—; N ( U I'\ U NI M T
1'eZ, 1€Z,

where C(b) > 0 depends only on b, and I, denotes the projection of the set on the a-variable.
(Hv) The following precise relations hold true

6= (e+6)2M 5 = (e+6)iM (),
Ky = ((»9+6)%M’(‘3’1)r+2

)r+2

R =(e+0)iM 3G

3.5. Proof of the Inductive Theorem

From the analysis in Section 3.4.1, we have constructed ﬁfnr) for 1 < r < 2r, — rp. In particular, we

obtain that the Inductive Theorem holds for r = r, as we can set #("*) = ﬁl(nZ T*r0)

Assume now the Inductive Theorem holds for r > r,. We will prove it for £ = r + 1.
We first check the degree bound on i (r+1) (j.e., (Hiv, a) for r + 1). In fact, the Newton scheme gives

Acorit ™V = —HJ @YV F @), N =M™, F=r+r,, (3.13)

and by (Hiv, a), ii'”) (w, @) is a rational function of degree at most i (in (w, a)). By the convolution
structure of T, we have

deg F(i) < (2p + 1)Mf3, deg Hy (i) < 2pr3.

Then by Cramer’s rule, we have

A
det Hy (ﬁ(r))’

Hy @) =
where A is the adjacent matrix of Hy (i'"). Hence,
deg Hy! (@) < (4p + 2)M™ ' M"".
Thus, using (3.13) shows
deg Acorii ™V < (4p +2M™M™ + 2p + WM™ < M+’
This proves (Hiv, a) for r + 1.

The other inductive assumptions can be verified in the usual way, cf. [LW24] and sect. V, [KLW24],
for example, the verification of (Hiv, b) can be found in I. Step 6 of [KLW24]; the verification of the
constant relations (Hv) can be found in Appendix E of [LW?24].

It remains to establish (Hiv, ¢) and (Hiv, d) for r + 1. For this purpose, we set (recalling 7 = r + ry)

N = Ml
and a smaller scale,
4
N1 = (logN)»*,

where 0 < p <« 1 is given in Theorem 2.11.
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To establish (Hiv, ¢), we first make approximations on T for different i (©). For the set
pm, *?

W= (([—N, NP\ [=N/2,N/2]P*7) x {+’_}) A 7b+d

we use N size regions to do estimates, in order to lower the degree of the associated semi-algebraic set,
which will be essential for the upcoming semi-algebraic projection arguments. We set

1
rp=2 Og]\il +1.
log 3

Then
1T = Tzon |l S 0y < Ve +oe (D « N (3.14)

So we can estimate H“Vl(ﬁ (1)) using Hél(ﬁ (")) for Q ¢ W. More precisely, we want to show that the
following estimates hold for every O c W with Q € ER(N}):

3

IHG @) < M7, (3.15)

’ §
[HG @) ((x,€); (27, €)| < e for [x —x'| > N . (3.16)

This requires additional restrictions on (w, a). For this, we divide into the following cases:

Case 1. Assume Q € (k,n) + ERy(N) with |[r| > 10N, and Q c W. Denote by C; the set of all these
Q. To estimate H(:)l(ﬁ(m), we can impose as in the proof of Lemma 2.23 (with o = 0) the
following condition

3k1
KB

. _1
min lk-w+&d;|>e N7
kell, Q,£=+1,1<6<N}+

where A¢ is given by Lemma 2.23. For k # 0, we can remove w directly (i.e., a set in w
3k

of measure at most NCe~ Vi " ) to control A;'(0) (cf. the proof of Lemma 2.23 for this
notation). For the case k = 0 of which we cannot remove w, we employ Green’s function
estimates in (2) of Lemma 2.5. Indeed, similar to the proof of Lemma 2.23 (1), the estimate
of Ay L) = C&O) )& Eél(o) () follows directly from (2) of Lemma 2.5 since we assume
(a,0) € W (cf. (2.11)). So by taking into account all k € I1,Q, all Q € C; and by Fubini’s

theorem, we can find I} ¢ Q x [1,2]? with (recalling p < cyk; < m)

w

K1

meas(;) < NCeillogN) 7 o p=(log )" (e+6)* M7,

so that, for all (w,a) ¢ I; and all Q € C;, Hé‘ (@) satisfies (3.15) and (3.16).

Case 2. Assume Q € (k,n) + ERy(N) with |[rn| < 10N and Q c W. Denote by C; the set of all these
Q. In this case, it must be that |k| > N /2. We will use the projection lemma and LDT to remove
w. For any Q € C,, we can write Q = (k, n) + Q¢ with Q¢ € (0, n) + ERy(N)) for |r| < 10N},
and N/2 < |k| < N. This motivates us to consider

H(o) = H(i@";0) = D(0) + £(A ® A) + 6T=0),

which has been investigated in Section 2. Recall that G (o) denotes the Green’s function of
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H (o) restricted to Q. Then the Toeplitz property in the k-direction of H (o) implies
HG! (@) = Go(0) = G, (k - ).

Note that Qp, given by Theorem 2.11 is a semi-algebraic set, independent of a, and of

degree at most N]1 0(b+d) Without loss of generality, we may assume I1,(/ N T',) € Qp, for
each I € Z,,. For otherwise, we can replace I, (I N I';,) with (Il, (I N T)) N (QN{ \ Qn,),

4
where N| = (log M")»* < Ny since by Remark 2.12,

1ot i 4
meas(Qy; \ Qn,) < eIV < em1oe N (g4 5)bHINIO,

Then we apply the LDT at scale Ny on each [ € 7, (cf. Remark 2.13) to obtain that for all

Q € (0,n) + ERy(Ny) with |n| < 10Ny, and for o outside a set of measure at most e M| the
following estimates hold true:

3

IGo (o)l < e, (3.17)

1Go()((x.€): (x".£)] < e for |x — x| > N7 (3.18)

For the usage of projection lemma in the present setting (i.e., meas(Q) ~ 6”), we need to
make more precise descriptions of the admitted o first. We say o is Q-bad if either (3.17) or
(3.18) fails.

Lemma 3.5. Fix Q € (0,n) + ER¢(N1) with |n| < 10N;. Denote by X¢ the set of Q-bad
o € R. Then

where each Jy is an interval of length ~ (g + §).

Proof. Note that N = M™! > M>**1 > (g + §)7¢1 since r > r4. So we have

4 4
N = (logN)»* > ¢y logs*

1 2z 1

> log~ ,
e+0 e+0
which implies

e
(e+6) <M

(3.19)
So we can define for each x = (k,n) € Q and ¢ = +1 the set

Jee={oc €eR: |o+k -w+&u,| < C(e+0)},

where C > 1 depends only on [|A[], [|T;)||. From (3.19) and the Neumann series argument
(cf. Lemma B.1), we have

This proves Lemma 3.5. O
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Now fix Iy € Z,,. Solving the Q-equations at r = ry leads to the graph I,,. Then I =
1, (I, N1p) is an interval of size at most £+¢. Forw € I, let £ be the set of o € R so that either
(3.17) or (3.18) fails for some Q € (0, n) + ERg(N;) with |n| < 10N;. Then by Lemma 3.5, &
can be covered by N lc intervals of size ~ (g+4). Pick J to be one of such intervals and consider
K:=Ix((EnJ) clxJcRPxR. We will show that K is a semi-algebraic set of degree
degC < NICMCFI3 and measure meas(KC) < C(6 + s)be_Nlp. This measure bound follows
directly from the LDT at scale N and Fubini’s theorem. For the semi-algebraic description of
IC, we need the following lemma.

Lemma 3.6 (Tarski-Seidenberg Principle, cf., for example, [BouO7]). Denote by (x,y) €
R4+ the product variable. If X ¢ RY*% is semi-algebraic of degree B, then its pro-
jections TIyX < R4 and I, X c R% are semi-algebraic of degree at most B€, where
C=C(di,dy) > 0.

We define X c Iy x J to be the set of all (w, a, o) so that either (3.17) or (3.18) fails for
some Q € (0,n) + ERy(N1) with |[rn| < 10N;. Similar to the proof of Lemma 2.22, we can
regard X as a semi-algebraic set of degree Nlc . From (Hiv) and solving the Q-equations for
r = r1, we know that I, N [y is given by an algebraic equation in w, a (cf. (3.10)) of degree
MCT P . Note also that

K= Hw,a'(X N ((Frl n IO) XR))’

~3
which together with Lemma 3.6 implies deg C < N 1C MET,
Our next aim is to estimate

meas U {w: (w, k- -w) e} (3.20)
N/2<|k|<N

At this stage, we need an important projection lemma.

Lemma 3.7 (cf., for example, [Bou07]). LetY c [0, 1]19=%1*% be q semi-algebraic set of degree
degY = B and meas(Y) < 5, where log B < log % Denote by (x,y) € [0,1]% x [0,1]% the

product variable. Suppose 77«]7 < €. Then there is a decomposition of Y as
Y=YuYy,
with the following properties: The projection of Y1 on [0, 119" has small measure
meas(I1.Y;) < B¢ @e,
and Yy has the transversality property
meas(HNY;) < Bad)g_lné,

where H is any dy-dimensional hyperplane in R?, s.t., lma); g (e;)| < € (we denote by
<j<d;
ey, ,eq, the x-coordinate standard basis).

Remark 3.8. This lemma permits scaling. It is based on the Yomdin-Gromov triangulation
theorem [Gro87]; for a complete proof, see [BN19].

Taking n = C(e + 6)be_N1p, € = 10/N, we obtain

C(8+6)be_ﬁNlp < C(s+6)be_ﬁ<logm4 <e.
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Using Lemma 3.7, we have a decomposition
K=K UK,,

where meas (I1,/C;) < C(e + 6)b+1N1CMCf13M_f < (£ +6)"*'M~7 and the factor (& + 6)"+!
comes from scaling when applying Lemma 3.7. Note however that |k| > N/2 cannot ensure
minj<¢<p |ke| = N/2. So the hyperplane {(w, k - w)} does not satisfy the steepness condition.
To address this issue, we will need to take into account all possible directions and apply
Lemma 3.7 for b times, as done by Bourgain (cf. (3.26) of [Bou0O7] and also (142) of [LW?24]).

This then leads to an upper bound C(&+6)>*! M~ E on (3.20), where C(b) > 0 only depends
on b.
Taking into account all J, we have shown the existence of I, c I with measb(l~ 1) <

C(e+ 6)b+1N1CM_% <C(e+ 5)b+1M_C%> so that for w € I\ I}, the estimates (3.15) and
(3.16) hold for all Q € C,. Let I range over Z,,. The total measure removed from II, I is
at most C(g + 6)P" ' M M™E®1 < (s + 6)P* M~ €7 . Since (3.15)—(3.16) allow O(e~N7)
perturbation of (w, @) (again using Lemma B.1) and ||T, =T, || < 6,, < e ¢, we obtain a
subset I/ c T, with meas(IT,,T7) < (& + 5)b+1M‘c%> so that (3.15) and (3.16) hold on

U an@amy,

€T,

and hence on

Juan@my.

1€Z,

Next, by the induction hypothesis at step r, we have that (3.11) and (3.12) hold for r. Also, by (Hii) at
step 7, if [x — x’| < (7 + 1)°C log M, then (we hide the dependence on &, £, w, a)

[T;00 (x, %) = T0-1) (%, x7)|
< CllAcorii™” |
< Cs, < CM~ D¢

10721 C !
SMIO(r+1)ec|xx|.

If |x — x’| > (7 + 1)°C log M, by (Hiii) at step  and Lemma 3.1, we have

|Ta) (x,x") = Ty-1) (x,x7)]
<C(l+x —x'|)Ce eI

< MO+ = (e=(F+1) ) x—x|
The above estimates imply that for all x,x’,
|Tﬂ(r) (x,x/) _ Tﬁ(r—]) (x’xl)| < M—l()(f+1)ce—(c—(f+1)73c)|x—x’|.

Hence, combining (3.11)—(3.12) (at step r) and Lemma B.1, it follows that for any (w, @) € Ujez, I, we
can replace 7"~V in (3.11)=(3.12) with ii"). That is to say,

— -(r ,:C
|Hy- GO < 2M7 (3.21)
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and for |x — x’| > 7€,

|H ) @) (x,x7)] < e (em D7D el (3.22)
Assume |(w, a) — (w’,a’)| < M~ Similar to the above proof, we have for all x,x’,

[H(@": (w,@)(x.x") = H@": (', a") (x,x)|
<MIOGHDE = (e=(F+) ) [x—x'|

Using Lemma B.1 again, we have that the estimates (3.21)—(3.22) and (3.15)—(3.16) (replacing am

with @) allow O (M~ ”)]OC) perturbation of (w, a@). Combining conclusions in the above Case 1-
Case 2 and the resolvent identity of [HSSY20] (cf. Lemma 3.6) gives a collection Z,.,; of intervals of
size M~ (F*D'° 5o that for I € Trsls

IH @) < MT+DE,
IHAN @) ((x,€); (x7,€))] < e B> T or |y — x| > (7 +1)C,

which concludes (Hiv, ¢) at scale r + 1. We remark that in the above off-diagonal exponential decay
estimates, c,+1 > ¢, — (log M) (7 + 1)~C, which implies inf, ¢, > 0. This explains why we need the
sublinear-distance off-diagonal decay in LDT.

Finally, we have

meas (Hﬂ,(Frﬂ(U I'\ U 1)))

1€z, 1€Z,

b+l 3~ N bl g &
< (e+6)""MTE +e 21 < (e+6)"T M TH,

Recalling that w — a is a C' diffeomorphism and det(g—‘t‘l’) ~ &%, we obtain since & < ¢ that

meas

(0 ([ )\ | 1))) < M~ &,

1'eZ, 1€Z, 4
which yields (Hiv, d) at step r + 1. |

Proof of Theorem 1.1. The proof of Theorem 1.1 is a direct corollary of the Inductive Theorem. We
refer to [BWO08, LW24] and Sections V and VI of [KLW24] for further details. ]

Appendix A. Diophantine estimates

Below we provide Diophantine estimates when V() is an (arbitrary) trigonometric polynomial. These
estimates hold on a large set in (@, 6). The main idea is to utilize an appropriate generalized Wronskian
approach. To our knowledge, these estimates did not appear to be known in the literature before. Given
the relation between analytic functions (hence trigonometric polynomials) and generalized Wronskians,
this approach also seems natural in hindsight.

To our knowledge, using transversality properties to make Diophantine approximations on manifolds
was first developed by Pyartli [Pya69]. This method was later introduced into the study of KAM theory
[XYQ97, Eli02, BamO3]. It turns out that this idea also plays a key role in the Craig-Wayne-Bourgain
type argument used in the present paper. In addition, we can handle Diophantine estimates on general
quasi-periodic polynomials on [0, 1]¢. The main difference between [XYQ97, Eli02, Bam03] and the
present work is that we have no prior transversality estimate, which requires much additional effort.
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Recall that

V(0)= > vecos2a(t-6) with @ € [0,1]7,
(el

where I'x ¢ [-K,K]? \ {0} (K € N) is maximal so that

if el'kg,then,{, #0,V1 <5< d; A1)
andif €,¢ € Tk, thenl+ ¢ # 0, '
and

v = (ve)rery € RTK\ {0},

We also assume V (8) is nondegenerate.
To handle y,, = V(na + 0), we need the following Lojasiewicz-type lemma.

Lemma A.1 (cf., for example, Lemma 4.2 in [JLS20]). There exist some constants Cy > 0,0 < cy < 1
depending only on V so that, for any n > 0, one has

meas ({0 € [0,1]4: V()| < 77}) < Cynv.
Next, we fix
ny,---,np ezd
to be D ( D > 2) distinct lattice points. We are mainly concerned with Diophantine estimates for
o = (0], - ,wp), w;,=V(@+nia) (1<s<D).
Throughout this Appendix, all constants C,c > 0 are assumed to (depend only on d, K, D, V) be

independent of n} (1 < s < D).
Our main result on the Diophantine estimates is

Theorem A.2. Let 0 < i < 1. We have for R=Rp =D - (#k) = D%,
meas(DCps(n7)) = 1 - C - ( max |n;|)5dR27710le2 ,
1<s<D

where C = C(d,K,D,V) > 0 and

DCnls(n)

_ 2d . PN L ’ D

= {(0,0) e[0,1]1: |k '] 2 TS forVk'eZ \{0}}.
We also have for any k' € ZP \ {0},

meas({(a,0) € [0, 112 : |k’ -w'| <)) < C-( max_|n’|)’F pioare |
1<s<D

Remark A.3. In contrast, if w’ were a free parameter varying in [0, 1]D , we would have

meas ({w e[0,1]°: |k - o'| = # forV k' € ZP \ {0}}) —1-0().
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So the absence of independence of the coordinates of w’ may lead to the corresponding measure bound
1
(from 1 — O(n) to) 1 — O(n10ar?).

Recall that we have fixed in Theorem 1.1,
d 0) —
nl,"',nbEZ,w —(V(nla-'-e)a"'aV(nba-'_g))»
and for arbitrary n, we have u, = V(na + 6).
As a consequence of Lemma A.1 and Theorem A.2, we obtain
Corollary A.4. There exist some 0 < ¢; =c|(b,d,K,V) < ﬁ, C =C(b,d,K,V) > 1 such that, if

0<e+d6<60(b,d,K,V, ]m[axb |ne|) < 1, then there is some M c [0, 11?4 satisfying
<l<

1

2d -1
meas([0, 1]°¢ \ M) < log s

so that the following properties hold true for (@,0) € M and L. s = 100(g + §) ™.

(i). For any n # n’ satisfying |n|, |n’| < Lgs,

ltn = pr| = (8 +6)%.
(ii). For any k € ZV satisfying 0 < |k| < 2L.s,

k-0 > (e+06)%.

(iii). Foranylog —— < L < Lesandall (k,n) e AL\ S,

&+6

min £k - 0 + | > 176
E==%1
(iv). For any (k,n,n’) € ZP x Z¢ x 24 satisfying |k| < 2L, s.|(n.n’)| < Ly and k - ©© +
Un — U Z O,

k- 0O 4ty = | > (8+06)%

Proof. 1t suffices to apply Lemma A.l (i.e., D = 1) and Theorem A.2 with n = (& + 6)#, L=¢ and
D =2,b+1,b + 2. Without loss of generality, we only deal with (iii) and (iv) since (i) and (ii) can be
handled similarly.

(iii). Denote by M the set of (@, @) € [0, 1]>? so that the conclusion of (iii) holds true.

For the case of k = 0, applying Lemma A.1 yields for all @ € [0, 1]¢,

meas U U {010,117 |un =V(na+86)| < L™}

log ﬁésLngvé [n|<L
<Y Sawen
logﬁsLsLE,g [n|<L

< Z C(V,d)L=Crev+d

log ﬁ <L<Lgs

<log™? (choosing C; so that Cicy — d > 10),

e+0

where in the last inequality we assume 0 < € + 6 < §o(V,d) < 1.
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For the case of k # 0 and n ¢ {ny,--- ,n;}, we apply Theorem A.2 with D = b + 1,57 = L™C! and
k' = (£k, 1) to get for

M (L) = U {(a,m € 10,177+ min lék - + unl < L-Cl},
|(k.m)|<Lng{ny,np} o

the following

1
meas U /\/li(ii)(L)
log ﬁ(s <L<Lgs
Ci

Z C(b,d,K, V)LZdLSdRIZwIL_]OdeZ:H (assume L > max |ne|)
<<

log ﬁ <L<Lg;s

< > C(b,d,K, V)L™ (choosing Cy > C(b,d, K) > 1)

log ;16 <L<Lgs

IA

Sl0g_38+6’

where in the last inequality we assume 0 < e + 6 < 6o(b,d, K, V, lmgaxb |ne|) < 1. The case of k # 0
<t<

and n € {ny,---,np} can be handled similarly and we omit the details. Since there are only 3 cases to
deal with, C; = C;(b,d, K,V) > 0 can be well-defined.
By combining all the above estimates, we obtain the desired measure bound on Mj;;, namely,

1
meas([0, 11%4 \ M) < log™> —.
E+0

@iv). If x,y € R, we denote x A y = min{x, y} and x V y = max{x, y}. Denote by M;, the set of
(a, @) € [0, 1]?? so that the conclusion of (iv) holds true. First we consider the case of (k,n,n’) € T
with 7; the set of all (k, n, n’) satisfying: 0 < |k| < 2L, s,|(n,n’)| < Lg,s,n # n’,both n and n’ ¢
{ny,--- ,np}. Welet

e
Myh= {(a,m € 1017 min k- + p — i < (s+6)sb}.
(k.,n,n")eTy 7

So we can apply Theorem A2 with D =b+2,n = (e + 6)8% and k' = (k, 1,-1) to get

1
meas (va”) < Z C(b.d.K.V)((max |ne]) V |n| v |n’])3R02 (& + §) 9RE.

(k,n,n’) €Ty
1
b+2d+5dR? 7
SCOd K V)L, 5 " (5+6)™" " (assume Lg 5 > max [nel)
—c1(b+2d+5dR? | “W
< C(b,d,K,V)(e+9) b2

1
< (8 + 5) IOObdeZHZ

1

2 2
(b +2d +5dR2,,)720bdR>

),

(choosing 0 < ¢} <

where in the last inequality we assume 0 < € + 8 < 0¢(b,d, K, V, lm[axb |re|) < 1.
<<
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Next, we consider the case of (k,n,n’) with k - @© + y, = 0. In this case, applying Lemma A. |
yields for all @ € [0, l]d,

meas| ] {0el0.117: lwy =V(n'a+0)| < (5 +0)%]

|n,|SL£,6
v
< D Cy(e+s)®
|n’|5Ls.§

< C(V,d) (e +6)19+55

cv. . cv
< 106 (ch < —
< (¢+6)™ (choosing0 < c; < 72db)’

where in the last inequality we assume 0 < € + § < §o(b, d, V) < 1. Other cases are easier to handle,
and we omit the details. By taking into account all the above estimates, we have

cy
meas([0, 11°¢ \ M) < (¢ +6) 10000dR7 )

Note that since there are only finitely many (say, at most 10) cases to deal with, ¢; = ¢1(b,d,K,V) >0
can be well-defined. m]

A.l. Some useful lemmas

In this section, we will introduce some useful lemmas.
Lemma A.5 [KMO98]. Let I C R be an interval of finite length (i.e., 0 < |I| < o) and k > 1. If
f € CK(I;R) satisfies
dk
inf | — >
inf |~ f(@)] 2 4 >0, (A2)

then for all € > 0,

meas({x e I: |f(x)| <&}) < §k(§)%, (A.3)

where {x = k(k +1)((k+ 1)),

Proof. The following proof is taken from Kleinbock-Margulis [KMO98].

From (A.2) and Rolle’s theorem, the equation dd—x f(x) = 0 has at most k zeros on I. This then implies
thatthe set {x € I : |f(x)| < &} consists of at most k +1 intervals. Denote by /; one of those subintervals
having maximal length. So we get

meas({x € I : |f(x)| < &}) < (k+D)|I].

To prove (A.3), it remains to estimate |/;| > 0. We divide I into k equal parts by points x1, - - - , Xg+1 .
Let P(x) be the Lagrange polynomial of f on points x, - - - , Xx+1, namely,
k+1

[T <jzi<hsr (X = X0)

[T <jpicar (5 = i)

P(x) =) flx)
i=1
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By applying Rolle’s theorem & times and since f(x;) = P(x;) (1 <i < k+1), we can find xo € I; so that

d* d* & fx)
— f(xp) = —P(x9) = k! s
dxk f(xo) dxk (x0) ; Hlsj;eiskﬂ(xj - X;)

which together with (A.2) yields

E
A<kY —— .
; [ |*k*
This implies
| < k(k+1)z)%(§)%.

We have finished the proof. O
In the following, we turn to the analysis of multi-variable functions. We first introduce the notations.

o Forany x = (x1, -+ ,xg) and any d > 1, let

d d
DUl el =)l
i=1 i=1

o Leta=(ay, - ,aq),b = (by,---,bg). Define the d-dimensional interval to be

x| =

d
I=1I,p = ]—[[ai, b;] c RY. (A4)

i=1

d
ja v bl =" max(la,], |bil).
i=1

o For B=(B1, - ,Ba) € RY\ {0}, define

! P
dﬁ = Z;,B,-ai, (91' = a—Xl

We also write for £ > 1,

dg=dg---dp (£ - times).

Denote
V = ((91,"' ,ad)'
o For a multi-index y = (y1,--- ,vq) € N?, denote
d
Iyl = > yi @ =" -3}
i=1
We have
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Lemma A.6. Fixk € N. Let I = I, C R? be defined by (A.4). Assume that the function f € C**'(I;R)
satisfies for some A > 0,

inf sup |4} f(x)| > A. (A5)

xel 1 <p<k

Let

[ fllks1 =sup  sup |07 f(x)] < oo.

xel 1<|y|<k+1
Then for0 < e < 1,

meas({x € I : |f(x)] < &})
< CB. Kk, d)(|Iflles1 b — ala + )a v B4 A7 (A A1) &R, (A.6)

where C = C(B, k,d) > 0 depends only on B, k, d (but not on f).

Remark A.7. If f is a polynomial on R?, [CW01] proved some strong distributional inequalities, which
may directly imply (A.6). However, in the present case, we have a weak transversality condition (A.5).
So we would like to give an elementary proof applying for more general functions (cf. [LSZ25] for an
application), which also produces an upper bound in the estimate (A.6) with the explicit dependence on

(VAIISE

Proof. The proof can be divided into two steps:
Step 1. Assume that for some 1 < k; < k and interval I} = H;il [hi, m;],

inf | f(x)| > A (A7)

x€l;

We will combine Lemma A.5 and Fubini’s theorem to deal with the measure estimate. Let e; = Iﬂi\z

and choose a normalized orthogonal basis e;, - ,e4 € R4 of
Br={xeR%: x-B=0}.
We can then define the coordinate transform:
x=¢(s,9), (s,y) e RxXRI,

via
d
@(s,y) = se; + Zyiei-
i=2

So the Jacobian satisfies

ox
d(s,y)

| det

Define

Se={x el |f(x)] <&},
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and denote by y(.) the indicator function. We have
meas(S;) = /1 xs, (x)dx
1
= [, s totsysdy. (A®)

We proceed to control 90‘1(11). From x = se; + Z?:z v;e; € I}, we obtain
s=x-e €[-|lhvm| |hVm|].

Similarly, we also have y; € [=|kVm|,|h Vv m|] for2 < i < d, which yields ¢~'(I) c [-|hVm|,|hV
m|]¢. We define

Mo '(I)={y eR"": IseRs.t, (5,9) €9 ' (1)}

and, define for y € I1;¢~! (1), the interval L ={seR: (s,y) € @~ (I1)} of finite length. Applying
Fubini’s theorem together with (A.8) implies that

meas(Ss)zf dy/XSg(QD(S,J’))dS
=t (1) I

< measq_1 (g™ (1)) sup / s, (9(5.))ds
yellip~ ' (1))

<2 v m sup / s, (o (s.y)ds
yellip~' (1))

(since @~ ' (1))  [-|h V m|, |k v m|]¢).

For fixed y € I1; ¢! (1), we get

/ s, (9(5.y))ds

Iy

d
=meas({s € I, : |f(se; +Zy,-ei)| <é&}).

i=2

Denote g(s) = f(se; + Z?:z y;e;). From (A.7), we have for all s € I,

[ g()l—l—d"‘f(se1+ vie)| = —
dshi 1Bl Zzl 1Bl
So applying Lemma A.5 yields
1
meas(S,) < ¢, 27! | v m|* |BL(2)7. (A.9)

Step 2. We deal with the general case in this step. So we first divide each one-dimensional interval
[ai, b;] into N (will be specified below) equal subintervals /; ;, (1 < j; < N). This then induces a
decomposition of /, namely,

= U T U o

1< -, ja<N i= Je([1,N]nN)d
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We will apply the argument proved in Step 1 on each ;. For this purpose, we fix I;. For any x,y € I,
we have

Fixing any x¢ € Iy, we get from the assumption (A.5) that there exists 1 < k; < k with
|dg' f(x0)| 2 A > 0.
As aresult, for any x € [y, we obtain

|dg' ()| = |dy' f(x0)| = |dy' f (x) = dg' f (x0)]
> A~ sup [Vdg' f(x)]2 - |x = xol2

xely
~ 4 Wl Lpalb -~ ab
N
Lg.alb—a
P 1 [ ?\}dl 2 (A.10)

where

Lga=Vd Z 1B1, -+ Bral-

1<y, ,lq<d

In fact, Lg 4 is derived from

d
Ile’;lf(x)b: Z| Z ’811.”ﬁlda;lllfl»ldf(x)P

j=1 ISZ],"',lde

d
<fliy| D2C D0 1By -+ BuD?

j=1 1<hy,---,lg<d
= fllx+1Lg,a-

From (A.10), we can set
N = [201f les1Lp.alb — alA™'] +1
so that
Inf Idg' f(x)] = 4/2> 0,
where [x] denotes the integer part of x € R. Thus applying (A.9) yields (since I; c I,0 < & < 1)

meas({x € Iy : /()] < &}) < & 27a v b 2T |BL(S) T

< C(k,d)la Vv bl*|BL(AA1) ek,
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Collecting all I leads to,

meas({x € I : |f(x)| < &})

< Clk, )N a v b4~ |Bla(A A 1) et

< CB, k, ) (Il flles11b — alA™" + Da v b9 (A A 1) st
< C(B. k, d) (|l fllks11b — ala + Da v B4 A (A A 1)t

We have proven (A.6).

O

Finally, we introduce a key lemma (cf. Proposition in Appendix B, [BGG85] for a more precise form)

on determinant estimates.

Lemma A.8. Lerv(D ... v(") € R" be r linearly independent vectors with |v' 0|, < M for1 < € < r.

Then for any w € R”, we have

max |w-v O > r32M " |w, - |det[v([)] |.
I<t<r 1<t<r

Proof. For completeness, we give a proof based on Cramer’s rule and the Hadamard’s inequality. We
assume v is the row vector in R” (1 <¢<r). Denote by X = [v(l), S, v<r>] the r X r matrix and

consider the equation

Xw=2¢, &= (&, - ,&) with & =w-p©0.
By the Cramer’s rule, we obtain

X*
det X

w=X'¢= £,

where X* = [¥;;]1<;, j<r denotes the adjugate matrix of X. As a result, we get

[wlz - | det X|

|X*&l

IA

max 1
I<j<r |‘(;:j|

Z’:(Z’: V1)
-1 =1

< 32 max |&;] max [V;;].
1<j<r 1<i,j<r

It remains to bound max; <; j<, |V;;|, which will be completed by using the Hadamard’s inequality. In

fact, we have

~ 14
gl [ ] D) WP
1<t#i<r \1<m#j<r

4
<1 3w

1<l#i<r 1<m#j<r

< M"! (since max |v©| < M).
1<t<r

This finishes the proof.
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A.2. Proof of Theorem A.2

In this section, we prove Theorem A.2.

Proof of Theorem A.2. Recall that

D
Ko =Y kY0 +na)

s=1

D
= Z Z kivecos2nl - (6 + nia)
s=1 fGFK
=(k'®v)-V
where

!
k'®v = (kive)i<s<p terg

V = (Vis,o)1<s<pD terg = (cos2ml - (0 + ni@))i<s<p eery -

Denote £ = (B, q) for B, q € [0, 1]¢. Write also

df = Z(’Bl t )

and accordingly dé‘: for¢ > 1.
A key observation is that for all j > 1 and £ € 'k,

déj cos2nl - (0 + nya)

= (=(2n(¢nl) - B+21q - £)%)) cos2nl - (0 + n’a).
This motivates us to consider the Wronskian
[d Vil X with R = D - (#Tx),

which is a R x R real matrix. Direct computations show

| det W|
= ]—[ |cos2rl - (8 +nla)| x r[(zn)z((fn;) BHq-0)? x|det W],
s,0 s,l

where W is a Vandermonde matrix with

ldetwil= | [ @02End)-B+q-07 = (n)-B+q-€).

(s,0)#(s",E")

Then the proof can be divided into three steps:
Step 1. Prior conditions on («, 6)

55

(A.11)

(A.12)

We aim to get a lower bound for (A.11), which requires the prior restrictions on @, 8. Let ||x|lv/2 =

dist(x,Z/2). From

1 1
4|lx - Z”T/Z < |cos 27mx| < 2x|x - Z”T/z,
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we can define for 6 > O the resonant set (of a, 0)
Ss

1
= U {((l, 0) e [0’ 1]2d : ||€ . (0 +n;a') - Z”T/z < 5} (A.13)
1<s<D.,tel'x

Denote L = max K|n}|. We have
1<s<D )

Lemma A.9. Let 0 < 6 < 1. Then Ss can be covered by CL**~16724*! intervals of side length < &,
where C = C(d,R) > 0.

Proof. It suffices to cover for each n}, £ the set
, 1
Swie = {(@,0) € [0,11*: 1€+ (6 + nfa) = S ]lrya < 6}

with C(d)L?4~16724*! intervals of side length < § since the total number of all r/, £ is at most R. Since
|€] > 0, we may assume ¢; # 0 without loss of generality. For any x = (x1,- -+ ,xg), write x = (x1,x{).
So we can divide [0, 1]¢ x [0, 1]97" 5 (a, 6f) into C; = [100L5~']??~! cubes C; (1 < i < C)) with
disjoint exteriors of the same side length < %. Denote by (a;, 8¢(i)) € [0,1]¢x[0,1]971 (1 <i < C))
the centers of those cubes. We further define

In;,t’

‘ e , 1
= |J (@676 € Cix[0.1]: 1661 +£5-6°(0) + (n0) - @i — Z 2 < 26)

1<i<C

= U J;.

1<i<C

We first claim that S, ¢ C In; ¢. Let (@, 8) € Su; ¢. Then by the definition (of Sy, ¢), we have
C C ’ 1
16161 +¢7 - 07 + (Eng) - @ - Z”T/z <9.

Since C; (1 < i < Cy) covers [0,1]%471, there is 1 < ip < Cj so that (a,65) € C;, namely,
lo — a;y| + 6] — 6°(ip)| < %. This implies that

o , 1
1€161 + €5 - 6° (ip) + (nyf) - @ — Z”T/Z

’ 1 C crs c
<160 +nga) = Zlir2 + 167 - (8°(io) — 67)]

+ |(€n;) . (G’ - a’io)l
< 26.

The claim is proved. So it remains to cover each J; with intervals of side length < ¢. This can be
accomplished by the fact that the set {6y € [0,1] : [[£;01 + x|lr/2 < 26} (x € R) consists of r ~ |£;]
one-dimensional intervals of length 26/|¢1|.

We have finished the proof. O

Given 0 < § < 1/10, we divide [0, 1] into N = [672] + 1 intervals of equal length % ~ 8%
This then induces a partition of [0, 1]?¢ into cubes of equal side length 1/N. We denote by A, /N (x7)
(1 <i < N?)all these cubes. We have
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Lemma A.10. Ler 0 < § < 1/10 and let S s be defined by (A.13). Then we have for N = [672] + 1,
#{1<i <N Ayn(xi) NS5 # 0} < C(d, R)L2 o4+, (A.14)
In particular, we have
meas U Ay (x) | < €(d, R L2 s, (A.15)
1<i<N?4: Ajyn (xi)NSs#0

Proof. Let C; be given as in the proof of Lemma A.9. Then S5 C Uj;<c(q r)r2d-15-2a+1Ci. So it
suffices to bound

Ly =#{1 <i <N*: (Ujgjccpoami s2anCp) N Agyy (x;) # 0}
Note that if Aj/y (x;) N C; # 0, then
Ayn(x;) € Cl,
where C ; is also an interval containing C; and satisfying
dist(aCj,ﬁC}) < 10/N,

with 0 the boundary. Regarding the disjointness (of the exterior) of Ay, (x;) for different i, we must
have

Ly < CL¥ 1572441 (5 4 10/N)2 74 < 241 574+

This implies the bound (A.14). Then the measure bound follows directly from (A.15). ]

From this lemma, we get immediately that

Lemma A.11. Let 0 < § < 1/10 and define N = [67%] + 1. Then there is a collection of cubes
Aqyn (x;) C [0, 1194 (1 < i < Ny) with disjoint exteriors so that

meas ([0, 1]2d \ Ulg,‘SNlAl/N(xi)) < CL2d715,
and if (@, 0) € Ui<i<n, Aiyn (%), then

|cos2nl - (0 +na)| > co®, c=c(d,R) > 0.
1<s<D.tel'x

Step 2. Conditions on (S, q)
Next we impose conditions on (f3, q).

Lemma A.12. Let € € (0,1) and B c [0, 1]¢ x [0, 1]¢ be the set of € = (B, q) satisfying
mi}l(([n;) B+q-0)*>e>0,
i tn,—t'n),)- (=0 = 0,
ngl(rsl,,f,)l( ng—t'ny)-B+q-( )| =e>
i tn +¢€'n,)- e+ = 0.
(S’[gl(g’[,)l( ng+tng) B+q-(E+0) ze>

Then

meas ([0, 1129\ B) < 3R*ve.
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Moreover, for € € B, we have
[ [C@n))-B+q- 02 x|detw
s,
= |eny)-B+aq-0?
st

x ] Ien)-B+q-07—€nl)-B+q-€)
(s.0)#(s".t")

3
>€R.

Proof. The proof is based on Fubini’s theorem, (A.1) and the assumption on n; (1 < s < D). Actually,
in all cases we have

(¢nl,l) # 0,
(bn,—n,,t-1t") +0,
(bns+&n,, 0+¢) #0,

which combined with s < D and £ € 'k leads to the excision of (B, ¢) in a set of measure O(+y/€). O

Step 3. Usage of the Lemma A.8
Now combining Lemma A.11 and Lemma A.12 (we set € = 1072R~*) leads to

Lemma A.13. Let 0 < § < 1/10 and define N = [67%] + 1. Then there is a collection of cubes
Ayn(x;) C [0, 11?4 (1 < i < Ny for some Ny > 1) with disjoint exteriors, and a set B c [0, 1]?¢ so
that

meas ([0, 112\ Ut <ien, Aty (xi)) <cL* s,
meas([0, 11?4\ B) < 1/10.
Moreover, if (a,6) € Ui<i<n, A1yn (x;) and € € B, then
|detW| > ¢6R, ¢ =c(d,R) > 0.

We are ready to conclude the proof of Theorem A.2. Fix £ € B and a 1/N ~ §%-cube A; =
Ayn(x;) C [0, 11?4 in Lemma A.13. We will deal with (@, @) € A;. Denote for k' € ZP \ {0},

f@,0) =k’ -0 =k ®v)-V.
Direct computations show that for & = (8, q),

sup sup |(9§2jV|1
(@,0)€[0,112d 1<j<R

= sup sup Z |(2n(€ny) - B+2nq -0 cos2nl - (0 + n,a)|
(@,0)€[0,1124 1<j<R | <o <D pelg

< CR(sup |n| + dK)*R := M.

We have by Lemma A.13 and Lemma A.8 that

; 2J > osRM1I-R1’| .
(aféﬁfem lrSnjaSXRIdf fla,0)| = co™M ~|k'| - |v], (A.16)

where ¢ = ¢(d,R,V) > 0.

https://doi.org/10.1017/fms.2026.10241 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10241

Forum of Mathematics, Sigma 59

It suffices to apply Lemma A.6 by letting k = 2R. The transversality condition has been verified by
(A.16). For f(a@,0) = k' - w’, we have

Il flor+r = sup |07 f (e, 0)| < C(d, R, V) - (_sup )R k)
ly|<2R+1,(@,0) eA; 1<s<D

So using Lemma A.6 by setting € = Ik’l% leads to

ry n
meas ({(O/, ) € Ait [k 0] < |k,|4R2})

< C(d,R,V)( max |n;|)3RdM2Rd6—R(d+l)niIk/|—2R
I<s<D

sqre> 099K [
<C(d, R,V)(]r<nva<xD |n|) (choose 6 = Enwdﬂ ).

| k’ |2D
Together with Lemma A.13 this yields

meas( [0, 11>\ DCyis (1))
2d-1 5dR? c—-4d §IR
< C(d.R.V)L**'5+C(d. R.V)( max |n])**'s D e
k’eZP\{0}

< C(d,K,D,V)( max |n,)’"’s (since R > 2and L = K max |n}|)

I<s<D I<s<D

1

< C(d. K, D, V)( max_|nj|)*F yioae.

1<s<D

This proves Theorem A.2. O

Appendix B. Some important lemmas

Let M»(C) denote the Banach algebra of all (2 x 2)-complex matrices equipped with the standard
operator norm. Since the index & € {+, —}, we can identify the matrix from Zé’r;d to C with that from
7P+ to M,(C). So, in the following analysis, we only focus on matrices with their entries indexes
x = (k,n) e 20+,

We first introduce an important perturbation lemma.

Lemma B.1 (cf. Lemma 4.2 of [LW24] and Lemma A.1 of [Shi22]). Let X ¢ ZP*¢ with |X| = #X.
Assume that A and B are two matrices with entries A(x,x’) and B(x,x"), where x,x’ € X. Assume that
for some positive constants €1, €, € (0,1), Co >0, ¢ > 0and 0 < M < diam X: (1) for all x and x’,
IB(x,x")| < e2(1 +|x —x')C2e=*=¥"1-(2) for |x — x| > M, |A~" (x,x")| < e=<¥¥'|. Suppose that
lA~Y| < 61_1 and

N =

|X|%e%“M (1 + diam X)©> - 6261_1 Z el <

xe7b+d

Then

I(A+B)~"ll < 2¢,

[(A+B) ' (x,x") - A (x,x")| < El_le_"‘x_“.

Proof. The proof is based on the Neumann series argument similar to [Shi22, LW24]. For completeness,
we give a proof.
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First, we note that |[A~!(x,x")| < el_le"Me_dx_x" for all x,x’ € X. Forx* = x,x* = x’ € X and
s > 1, we can obtain by direct computations that

N
(BA™)"(x,x") = > [ [BGyHA™ (" x").
x’,---,xS*',y‘,u-,ySeX t=1
Thus for s > 1, one has

[(BA™Y)® (x,x")]

< Z e*“M (1 + diam X)*© ~6§61_Se_clx_x |
xl’,,,’xs—l’y],,,,’yseX

< |1X)* 7'M (1 + diam X)*¢ - egef‘yefclex",

and for x # x/,

(Z(—BA“)S)(x,x')

s>1

< Z |X|>~1eseM (1 + diam X)5€2 - egefsefclex,l

s>1

1 ’
=|X]eM (1 + diam X)©? - g€, ! - —clx—x’|
X ( ) Uz |X|2e<M (1 + diam X)C2 - ezel’l
< 2|X]eM (1 + diam X)© - ezel_le_c‘x_xll.
Hence, from the Schur’s test, we have
) X 1
IBA7!| < |X|eM (1 + diam X)©? '6261_1 . Z el < Z
2
xezb+d
Using the Neumann series argument, we get
(A+B)'=A"" Z(—BA‘l)S.
520
Thus
IA+B) ™ < A7 < 267!
B S
and forVx,x’ € X,
[(A+B)™ (x,x") - A7 (x,x")]
< AT @yl (Z(—BA”)S (7. x")
yeX s>1
< Z e leMemcr ¥ 21X |eM (1 + diam X)©? - e e~
yex
< 2|X|?e*M (1 + diam X)©2 - 6261_2€_C|x_x,|
< 61_18_C|x_x/|.
We complete the proof. O
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In the following, let A be a matrix on Z>*¢ satisfying
|AGx,x")| < Co(1+|x —x')Ce™ 1 ¢y by > 0.

We introduce two types of coupling lemmas by iterating resolvent identities, which are repeatedly
used to derive off-diagonal exponential decay estimates for Green’s functions.

Remark B.2. In (linear) spectral problems (cf. [Bou07, JLS20]), one typically deals with operators
such as

|A(x,x/)| < Cze—hllx—xll

without the polynomial factor (|x —x’|+1)€2. However, the extra polynomial factor does not significantly
affect the proofs in [JLS20] (cf. Lemma 3.2 and Theorem 3.3) and [Liu22] (cf. Theorem 2.1), as one
can replace, at each step, the estimate

DT e PEEGA X ) < N+ DX sup G (xa,x)]
oW XQEA\W
xpeA\W

with

D0 =x [+ D@ PG (0, x)] < (N + 1P sup |G, )],
x1 W xzeA\W
xXpeA\W

We say that an elementary region A € ER(L) is in the class G (good) if (G = (RAARA)™)
|GA(x,x")| < e for |x —x'| > L%, (B.1)

where $by < by < by.
We have a revised version of the coupling lemma of [Liu22] (cf. also [BGS02]).

Lemma B.3 (cf. Theorem 2.1, [Liu22]). Let Ag € ER(N) be an elementary region with the property
that for all A C Ao, A € R\L/ﬁ with VN < L < N, the Green’s function (RAARA)™! satisfies

1w

[(RAARA) 'l < €.

-

Assume that for any family F of pairwise disjoint elementary regions of size M = [N¢] contained in Ao,
#{A € F: Aisnotinclass G} < N,
Then for large N (depending on Cs, by), we have
IRy, ARz,) ™ (x,x")] < @V~ for |x —x'| > N3, (B.2)

where 9 =9 € (0, 1) is an absolute constant.

Remark B.4. There is an important difference between the original form of Lemma B.3 in [Liu22] and
the present one. In [Liu22], (B.1)—(B.2) hold under the condition of |x — x’| > %, 0< by < %bl.
However, the relation 0 < b, < %bl leads to the deterioration of decay rates in the Newton iteration
when solving the P-equations. To address this issue, we impose a stronger restriction |[x —x’| > N 5 (this
idea was first introduced in [HSSY20]), which ensures that 0 < by < b;. So Lemma B.3 is proved via
the argument of [Liu22] combined with the argument of [HSSY20] (we can take b = %, T= %, 6= g in
Lemma 4.2 of [HSSY20]). We omit the details here.
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We also need the following lemmas of [JLLS20] (with again minor modifications).

Lemma B.5 (cf. Lemma 3.2, [JLS20]). Let My > (logN)%, % < by < by and My < N. Suppose
that A ¢ Zb*? is connected and diam(A) < 2N + 1. Suppose that for any y € A, there exists some
W =W(y) € Ey with My < M < My such thaty € W c A, dist(y, A\ W) > & and

3
I(Rw ARw) ™'l < ™",

|(RwARw) ' (x,x")| < e 2F "I for |x —x'| > M5,

Assume further that N is large enough such that

sup eM% (2M + 1)b+d+czeb2WZ(M +2j + 1)brde (UM ]2) <
My<M <M, g

| =

Then we have

3
I(RAARA) Y| < 4(2M; + 1)b¥d M’

Lemma B.6 (cf. Theorem 3.3, [JLS20]). Assume A C ZP* s connected and diam A < 2N + 1. Assume
1

diam A} < N2®+d) . Let My > (log N)%, % < by < by. Suppose that for any y € A, there exists some

W=W(y) e ER(M) with My < M < N? such thaty € W c A, dist(y, A\ A \ W) > % and

3
[(Rw ARw)~|| < ™",

|(Rw ARw) ' (x,x")| < e F "I for |x —x'| > M5,

Suppose that

3
[|[RAARA| < eN* .

Then

~ (b= &) |x x|

I(RAARA) ' (x,x)| < e My for [x —x'| > M.

Remark B.7. A similar issue in Lemma B.3 also appears in Lemma B.5 and Lemma B.6. Again, we
can improve the original estimates of [JL.S20] from |x —x’| > 11\/_0 to |[x —x’| > NS,

The following lemma deals with the projection property of elementary regions.

Lemma B.8. Let A € ERp+a(N) and denote by 11y, : ZP+? — ZP the canonical projection map. Then
Jor any k € TI, A, the section

A(k) ={n €Z%: (k,n) € A}

either belongs to ERza (N) or is a rectangle of width at least N.

Proof. By translation invariance, it suffices to consider the regions centered at the origin, that is,
A € ERy zv+a (N). We proceed by analyzing the two possible forms of A.
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Case 1: A = Ay zpwa := [-N, NP4 0720+,
In this case, the section at any k € IT, A is simply A(k) = [-N, N]¢NnZ¢, which belongs to ER ;4 (N).

Case 2: A = A‘N pea fOT SOMeE coNstraint vector ¢ = (ti)1<i<b+a € {>,<,0}P*? with at least two

nonempty components.
By definition, A can be expressed as:

A= AN,Zb+d \ {x = ()Ci)]sish+d I o 0, V1<i<b +d}

= AN,Z’”d \ ( ﬂ {x LoXi 0}) (B3)

1<i<b+d

Using De Morgan’s laws, we can rewrite (B.3) as:

A=Ay zpwa ﬂ( U (x: xiu 0}"), (B.4)

1<i<b+d
where the complement sets are given by

{x | O}C 0, if; =0,
Xi & = _
{x: x;; 0}, otherwise,

with the convention > :=< and < :=>.
Note that the sectioning operation A — A(k) = {n : (k,n) € A} has the following properties.
Given A, B € Zb*4;

o For k € [],(A U B), one has (A U B)(k) = A(k) U B(k) since
{n: (k,n)e(AUB)}={n: (k.n) € A}U{n: (k,n) < B}.
o Fork € [1,(A N B), one has (A N B)(k) = A(k) N B(k) since
{n: (k,n)e (AnB)}={n: (k.n) € A}n{n: (k.n) € B}.
Therefore, for a fixed k € IT, A, taking the section of (B.4) yields:
A(k) = Ay za ﬂ 1 Ub ) {x: x 60}k (B.5)

We now analyze the sections of the complements for 1 < i < b +d. If (; = 0, the section is trivially
empty. Thus it is sufficient to consider the case ¢; # 0. We decouple the Cartesian product x € Z?*< as
(k,n) € Zb x 7¢:

z4, 1<i<b and k; 5 0,
{x ez x; 5 0}(k) =10, 1<i<b and k; 1 0, (B.6)
{nez?: nip50}, b+1<i<b+d.

Combining (B.5) and (B.6), we observe that if there exists any 1 < i < b such that k; ;; 0 (¢; # 0),
the union in (B.5) evaluates to Z¢. In this scenario, A(k) = Ay za, which belongs to ERza (N).

Otherwise, the first b constraints do not contribute to the union, and the geometric shape is entirely
determined by the remaining d spatial constraints. Thus, there exists a projected constraint vector
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' € {>,<,0}9 such that

U & vu0fm= | {nezd: ni ) }

1<i<b+d I<j<d

Substituting this back into (B.5) and applying De Morgan’s laws once more, we obtain

Ak) = Ay za\| ) {nezd: njL;.o}.

1<j<d

Let |¢/| denote the number of nonempty components (i.e., L; # 0) in /. We classify A(k) as follows:

o If [¢'| = 0, then A(k) = Ay za, which belongs to ERza4 (N).
o If /| = 1, A(k) is the full box Ay 7« minus a single half-space. This leaves a rectangle where (d — 1)
sides have length 2N and one side has length N. Hence, it is a rectangle of width at least V.

o If |¢'] > 2, by the definition, A(k) = A%, _,, which implies A(k) € ERza(N).

This completes the proof for the origin-centered case. O
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