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Abstract

We discuss £ ,-maximal regularity of power-bounded operators and relate the discrete to the continuous
time problem for analytic semigroups. We give a complete characterization of operators with £; and
{~-maximal regularity. We also introduce an unconditional form of Ritt’s condition for power-bounded
operators, which plays the role of the existence of an H°°-calculus, and give a complete characterization
of this condition in the case of Banach spaces which are Li-spaces, C (K )-spaces or Hilbert spaces.
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1. Introduction

Let T be a power-bounded operator on a Banach space X. In [4] and [5], Blunck
studied £ ,-maximal regularity for the discrete equation

uy=Tu,_ +x, foralln>1,

where ug =0. See Section 2 for precise definitions. Blunck studied the case
1 < p <oo. The cases p=1 and p = oo are studied in [17] where some discrete
analogues of the results of Baillon [2] and Guerre-Delabriere [9] are given.
However, these analogues are not completely satisfying and, moreover, the proofs of
Theorems 4.4 and 4.5 are rather confused.

In this paper we improve these results and also give a complete description of
operators T with £; or £ regularity. We then point out that one can obtain the
analogous and apparently new descriptions for closed operators A such that —A
generates a bounded analytic semigroup and has either L or L-maximal regularity.
We relate our results to classical result of Da Prato and Grisvard on L ,,-maximal
regularity in real interpolation spaces.
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In the final section we introduce and study an unconditional form of Ritt’s
condition for power-bounded operators. This is analogous to Mclntosh’s definition
of an H*-calculus for sectorial operators [14]. We show that on an L;-space
the unconditional Ritt condition is equivalent to ¢;-maximal regularity and dually
on a C(K)-space it is equivalent to {,-maximal regularity. These results use
Grothendieck’s theorem. Finally, we give a discrete analogue of a result of Auscher
et al. [1] characterizing the unconditional Ritt condition on Hilbert spaces.

2. Preliminaries

Suppose —A is the generator of a bounded analytic semigroup on a (complex)
Banach space X. We shall say that A has L ,-maximal regularity if the solution of
the abstract Cauchy problem

u' +Au= f(t) forall0<t < oo,
u(0)=20
given by

1
u(t) = / e~ U9 £(5) ds
0

has the property that u’ € L ,(Ry, X) whenever f € L,(R4, X). This is equivalent to
the requirement that there is a constant C such that

o0 t
< / ‘ / Ae= 94 £ (s) ds
0 0

(Note that we have no need of u € L,(Ry, X) which is sometimes additionally
required.)

Similarly, suppose that 7' is a bounded operator. We say that T satisfies Ritt’s con-
dition (or generates a discrete analytic semigroup) [ 18] if there is a constant C so that

(1 —A)RG, T)|| <C forall [A] > 1. 2.1

p 1/p
dt) <Clflp-

The following characterization of operators satisfying Ritt’s condition is due to
Nagy and Zemének [15] and Lyubich [13].

THEOREM 2.1. T satisfies Ritt’s condition (2.1) if and only if T is power-bounded and

sup |[n(T"~! = T™)|| < oo. (2.2)

n>1
Note for future reference that (2.2) implies

sup |n2(I — T)>T" | < 0. (2.3)

n>1
More generally, if
C =sup [n(T"~! = T")]|
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then
" (I =T T" Y <Cr" foralln=1,2,..., r=1,2.... (2.4)

We say that T' has £,-maximal regularity if the solution of the difference equation
U, =Tu,_1+=x, foralln=1,2, ...,
up=20

has the property that (u, — u,—1);2; € £,(X) whenever (x,)5>, € £,(X). This is
equivalent to the requirement that there exists a constant C such that

00 mLp 00 1/p
( > ) < c( > ||xk||f’) : 2.5)
k=1

n=1
This definition was suggested and investigated by Blunck [4] and [5]. It was shown by
Blunck [4] that a necessary condition for T to have £ ,-maximal regularity for some p
is that T satisfies Ritt’s condition (2.1).
There is a simple connection between these problems.

n

Z T" 8T — Dxx

k=1

PROPOSITION 2.2. In order that A has L,-maximal regularity it is necessary and
sufficient that the operator T, = e " has ¢ p-maximal regularity uniformly (that is,
with uniform constants) for 0 < h < oo.

PROOF. Suppose that 0 < & < oo and that ()cn);’f’:1 €Lp(X). Let

t
F(r) = / Ae= 194 £ (s) ds
0

where
o0
f= Z Xk X ((k—V)h,kh)-
=1

Similarly, let

75T — Dxi foralln=1,2,....

n
Uy =

k=1
Then
F(nh) =—v,
and more generally
F((n—Dh+1)=—¢" 0,1 + (I —e " )x, forall0 <t <h.
It follows that
[F((n — Dh+ )l < M[[va—1ll + (M + Dllxp|| forall0 <z <h,

where M = sup,_ [le~"4].
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Now if we assume that 7}, has £,-maximal regularity uniformly in 4 we obtain a
uniform estimate

IFlp <Clflps
where C is independent of /2 and hence A has L ,-maximal regularity.
Conversely, assume that T has L ,-maximal regularity. Then
vy = Thvp—1 + (T, — Dxy
=—e "OAR(—Dh+1)—xys+e "4, forall0 <7 <h.
Hence
| nh 1/p
lvall = Mh™ ”’(/ IIF(S)II”> + M+ Dllxg.
(n—1)h
Thus

00 1/p
(Z ||vn||1’) <CMhRP| £,
n=1

which gives a uniform estimate
1/p

00 1/p 00
<Z ||vn||f’) 5C<Z IIxn||p> . O
n=1 n=1

The following proposition is essentially contained in [17] but we state the result and
give the brief proof here for completeness.

PROPOSITION 2.3. Let T be a power-bounded operator. Suppose that 1 < p <00
and 1/p+1/q=1. Then T has {,-maximal regularity if and only if T* has
L -maximal regularity.

PROOF. Consider the operator S : coo(Z, X) — £oo(Z, X) given by

n

SEpjenn= Y, T"NT = Dxi.

k=—o00

If 1 <p<oo, T has £,-maximal regularity if and only if & extends to a bounded
operator S : €, (Z, X) — £,(Z, X). If p=o00 we must consider S as an operator
S:co(Z, X) — Loo(Z, X).

The formal adjoint S* : cgo(Z, X) — £oo(Z, X*) is given by

(S* (D) jezhn = Y _(T*(T = D)*xy.
k=n

If we denote by U : £ (Z, X*) — Loo(Z, X*) the map
UG jez = (X)) jez,

it is clear that S* = USU. From this it is easy to check the result. O
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3. Operators with ¢; or {,,-maximal regularity

THEOREM 3.1. Let T be a power-bounded operator on a Banach space X. Then the
Jfollowing conditions on T are equivalent:

(1) T has £1-maximal regularity;
(ii) there is a constant C such that

o0
I(T* — T*=Yx| < Clx|| forall x € X. (3.1)
k=1

PROOF. Assume that (i) holds. Then (ii) follows trivially from considerations of the
sequence x| = x and x; = 0 for k > 2 in (2.5).
Assume that (ii) holds. If (x;)72 , is any sequence,

[e.¢] n o0 o0 . (e @]
DY TR A =Dyl =)D TN = Tl <€ Y s
n=1 k=1 j=1 k=1 k=1
that is, we have (2.5) for p = 1. O

Before proving the corresponding result for £,,-maximal regularity, let us record a
lemma that we will use several times.

LEMMA 3.2. Let T be a power-bounded operator on a Banach space X. Suppose
that x € X is such that lim,_o || T"~'(I — T)x|| = 0. Then for x* € X*,

o0 00 1/2
YT =Tl < 4( D KNI - T*)x*||2)
k=1 k=1

00 1/2
x (Z kIITF' (1 — T)x||2> (3.2)
k=1
and
o0 o0
(T = Tyx)| < 4< (T - T*)x*n) sup [KT*=1(1 — T)x||.
k=1 k=1 k>1

(3.3)
PROOF. Since lim,_ o0 x*(T"~1(I — T)x) =0,
ij .
(TN = Tyx) = Zx*(TH(I —T)%x).

J=k
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Hence
S TN = Do)l < Ykt T - T
k=1 k=1
< > 2k TN~ Th)]
k=1
+ D @k = DT - T,
k=1
Now

2k[x*((1 = TY’T* 1)l < 2k = YT <"1 = THT* x|
and
2k — DIX*((I = T)’T*720)| < @k = DI = DT AT =TT ).

Then (3.2) and (3.3) follow from the Cauchy—Schwarz inequality and the trivial case
of Holder’s inequality. O

THEOREM 3.3. Let T be a power-bounded operator. Then the following conditions
are equivalent:

(1) T has Lso-maximal regularity;
(1) T satisfies Ritt’s condition (2.1) and there is a constant C so that

lx|| < C( sup n||(T" — T" Vx| + lim sup ||T”x||>. (3.4)

n>1 n—oo

PROOF. We prove that (i) implies (ii). Suppose that T has £,,-maximal regularity;
then T* has £;-maximal regularity and satisfies (3.1) for some constant C. In
particular, 7* and T satisfy Ritt’s condition. It follows from (3.3), for any x* €
X* x e Xand N €N, that

Ix*(x — T"x)| < Cllx*|| sup k| T*~1 (1 — T)x|.
k>1

Hence

lx — T"x|| < C sup k|| 7"~ (1 — T)x||
k>1

and (3.4) follows.
Assume that (ii) holds. Suppose that ||xg|| <1 for 1 <k <n and let y=
S F_(T* — T*=1)xy. For any m > 1,

n
(Tl’l’l _ Tm_l)y — Z(T - I)szJ’_k_ZXk,

k=1

so that we have an estimate (using the analyticity of the semigroup and (2.3))
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Tm Tm 1 <C C —1
I Il 12( +k)2_ m

for absolute constants Cy, Cs.
On the other hand,

n

so that lim,,_, oo T™y = 0. Using (ii) we see that ||y|| < CC, and this proves (i). O

The continuous analogue of the next theorem is well known (see, for example,
[8, Theorem 7.1]).

COROLLARY 3.4. Suppose that T is an operator that has either €1 or {o-maximal
regularity. Then T has £ ,-maximal regularity for every 1 < p < oo.

PROOF. We need only consider the case where T has £.,-maximal regularity, since,
once this case is done, the other case follows by duality. Suppose that (xk),i’il € coo(X)
and

n
Vo = Z T"M(T — Dx; foralll <n < oco.
k=1

Then, for any j,

1T/~ = Ty, = jT"*f'—lu — 1) xp—s

Z )Zn akl

0
1 n
<Cmax — Y |lxl.
I<r<nr [

Now by Theorem 2.1, since lim o0 T/, =0,

n

1
Iyall = € max > Il

k=n—r+1
and so
00 1/p 0 1/p
( > ||yn||f’) < C’( > ||xn||")
n=1 n=1
by the boundedness of the discrete maximal function on £,. O

https://doi.org/10.1017/51446788708000712 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788708000712

352 N. J. Kalton and P. Portal [8]

We next prove the discrete analogues of the results of Baillon [2] and Guerre-
Delabriere [9].
THEOREM 3.5. Suppose that either:

(@) X contains no copy of co and T has €~-maximal regularity; or
(b) X contains no complemented copy of £1 and T has €1-maximal regularity.

Then X splits as a direct sum X1 @ X of T-invariant subspaces such that T'|x, = Ix,
and the spectral radius of T | x, is strictly less than one.

PROOF. (a) We first estimate [|>_}_;ax (T*~! — T¥)|| if |ax| < 1. By Theorem 3.3(ii),
for a suitable constant C,

n
Z a (T = Tk
k=1

n

k=1

+ lim sup

m—00

)

§C(supm

m>1

n
k=1

The second term reduces to 0 and the first is estimated by

C sup sup c’

m
—— <
m=1k>1 (m+k—1)?

for some suitable C’. Thus for each x € X the series Y o, (T*~! — T*)x is a weakly
unconditionally Cauchy series and by the Bessaga—Pelczyniski theorem [3] the series
converges in norm. Hence Px = lim,_, o, T"x exists for all x € X and P is a bounded
projection onto the eigenspace X1 ={x € X | Tx =x}. Now (I — T)X is dense in
the complementary space X» = (I — P)X since T"x — 0 for x € X». We therefore
deduce that

lim n(I —T)T"'x=0 forallx € X.

n—oo

On X, the map x — (n(T"1x — T”Jc))fl":1 is thus an embedding of X, into

co(X3). If X, contains no copy of ¢ a standard gliding hump argument shows that
there exist NV and a constant C; so that

x|l <C; max k|| T 'x — T*x| forall x € X».
1<k<n

This implies that

k
IT"x|| < C; max k||T" ™ 1x — 7" x| < Co( max llx]l.
1<k<n I<k<n m + k

Thus lim sup || T < 1.
(b) If T has ¢;-maximal regularity then Y -, (T*=1 — T*)x converges absolutely
for x € X. Thus the projection Px =1lim,_, T"x is well defined. We can split
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X =X1 @ X; so that T'|x, = Ix, and X, is T-invariant with lim, o, T"x =0 for
x € X».

To complete the proof, we will reduce to the situation where lim,_ T"x =0
for x € X. If X contains no complemented copy of £; then ¢y does not embed into
X*. Since T* has £-maximal regularity we can use (a). Suppose T*x* = x*; then
x*(x — Tx) =0 for x € X and this implies that x* = 0. Hence by (a), T* and hence
T has spectral radius less than one. O

THEOREM 3.6. Let —A be the generator of a bounded analytic semigroup. The
following conditions on A are equivalent:

(1) A has Ly-maximal regularity;
(ii) there is a constant C so that

oo
/ |Ae™ x| dt < C|x|| forallx € X. (3.5)
0

PROOF. We prove that (i) implies (ii). If A has maximal regularity then e~"4 has
£1-maximal regularity uniformly for 2z > 0, so that

o0
D il A — e E=DA | < Cllx|| forallh >0, x € X. (3.6)
k=0

Hence letting 7 — 0, we obtain (3.5).
Assume that (ii) holds. Equation (3.5) trivially implies (3.6). d

THEOREM 3.7. Let —A be the generator of a bounded analytic semigroup. The
following conditions on A are equivalent:

(1) A has Lso-maximal regularity;
(ii) there is a constant C so that
x|l < Csup |tAe”"Ax| + limsup e "Ax| forallxeX.  (3.7)
t>0 t—00

REMARK. If A is has dense range then lim;_, o e "4x =0 for every x € X and we
can drop the last term.

PROOF. Assume that (i) holds. Then (ii) is very similar to the preceding theorem
case (i).
Assume that (ii) holds. Observe that if f € Loo(Ry, X) with || f]leo < 1, then

t t
H f Ae 94 £(s)ds| < C sup / TA%e~TT=94 £(5) ds
0 >0 0
! T
< Cysup / ———ds
=0Jo (E+T—5)
< (y,
where C, C are suitable constants depending on A. a
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At this point let us remark that it is now easy to recover the results of Da Prato
and Grisvard [7] on Ly-maximal regularity in real interpolation spaces. Da Prato
and Grisvard consider maximal regularity on a finite interval which is equivalent to
maximal regularity on the infinite interval for s 4+ A for some s > 0. Thus it is enough
to consider the case of an invertible operator.

Let us consider the real interpolation space (X, Dom(A))@,c0) for 0 < 8 < 1 which
is defined by the norm

%l 0.00) = sup £ VK (z, x)
>0

where
K(r, x) = K(t, x; X, Dom(A)) = inf(||y[| + t| Az]| : y + 2 =x}.

The space (X, Dom(A)),~) can be given several equivalent norms, see [7] and [12];
we will need one of these which we now describe for completeness. If x =y + z,

ltAe™ Ax|l < [t Ae™ Ayl + e Al Az,

so that

ltAe™" x| < CK (¢, x).
On the other hand,

K(t,x) < x — e x| + [[tAe™ x|

< /OI |Ae=4x| ds + |[tAe x|

Ift > 1, then
K(t,x) < |xl,

while if 0 < ¢t < 1, then

K(t,x) <2077 sup s'7%)Ae"*4x].

O<s<l1

We may pick T > 0 so that e~ < 1/2. Then
T
Ixll < lle” x| +/ lAe™ " x]| ds
0

so that

x| <207 2% sup s Ae x|
p
O<s<t
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Combining these remarks, we see that || - ||g,oc 1S equivalent to

1-6 —tA
Ixllo=supz"[[Ae " "x|.
t>0

Now — A generates a bounded analytic semigroup on the space Yy which is defined
to be the closure of Dom(A) in (X, Dom(A))4,c0)-

THEOREM 3.8 (Da Prato and Grisvard [7]). A has L~o-maximal regularity on Yy.

PROOF. Forx €Y,

sup |[Aex|lg = sup s! 7| AZe Ay
t>0 s,t>0
Hence for a suitable constant,
sup 127 ||A%e ™A x | < C sup |[Ae " xo.

t>0 t>0
Now
o0
|Ae~" x| < / |A2e™Ax | ds < (1 —0) " sup 1277 A%e x|,
t >0

so that

lxllo < C(1—8)"" sup [|Ae ™" xlo. O
>0

4. The unconditional Ritt condition

In this section we study the discrete analogue of the H®°-calculus for sectorial
operators which was introduced by MclIntosh [14].

Before proceeding, we develop some basic ideas which will be useful later. Assume
that T satisfies the Ritt condition. For any m > 0 we consider the operator V,, defined

by
o0
V=Y _ e (T — 7+Dm) 4.1)
k=0
where
@b
& 2

Note that there is a constant M so that |cx| < M/ Vk for k > 1, so that it follows from
(2.2) that the series in (4.1) converges absolutely. Of course Vy = 0.

LEMMA 4.1. For m > 1 we have Vn21 =]-T"
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PrROOEF. Consider the function
o0
Fu(t) =) cp(Fmrhm — ¢ &FDmp®Ebmy - forall 0 < ¢ < 1.
k=0
Since

tkakm _ t(k-i—l)mT(k-‘rl)m — tkm(Tkm _ T(k-‘rl)m)

4 (tkm — ke DmyptDmy - gora 0 < £ < 1,

it follows that the series on the right converges uniformly to F,,,(¢) for 0 <¢ <1. If
0<t<l,
o¢]
Fu(t)=(I —1"T™) > cxt" T,
k=0

and as
0
1-z7)"1%= Z cxzk forall |z] < 1,
k=0

we deduce that
Fu()>=1—1"T" forall0 <t <1.
Letting ¢ tend to 1, and using uniform convergence, we deduce that
Vi —Tm O
LEMMA 4.2. Suppose that T satisfies the Ritt condition and define

pr(x) = max I(T* —T")x| forallxcX,k=0,1,2,...
2k _1<u<2kt1q
2k _1<p<2kt2_

and

or(x) = max \T" = T" x| forallxeX, k=0,1,2,....

2k _1<p<2k+l_q
Then po(x) = oog(x) = ||(I — T)x|| and, in general,

ox(x) < 2%or(x) + 2 o1 (x) forallx e X, k=0,1,2, ..., (4.2)
2kcrk(x) <C(or(x)+ pr—1(x)) forallxeX, k=1,2,..., “4.3)

for a suitable constant C.
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PROOF. Inequality (4.2) is trivial. Next, suppose that 2K — 1 <m <n <28+l — 1
where k > 1. Then pick m’ withm — m’ > 2¥=1 and 21 — 1 <m’ < 2F — 1. Then

(T — T Nx — (T — T x = T (] — T)(T™ — T™ )y,
so that if C1 = sup,»; n||T" — 7"+, then
(T =T % — (7" = T x| < 20 27K @™ = T |
<2012 pp_ 1 (x).
Summing gives

2k+1_1

k_
-t -r1 )x — 2K — 1" x| < 2C3 011 (%),

and so
2k (x) < 2C3 011 (%) + pr(x). g

Let us say that an operator T satisfies the unconditional Ritt condition if there is a
constant C such that

N
H (I-T) Z ar T*
k=0

This is easily seen to be equivalent to the condition

<C max |ai| forallag,...,ayeC,N=1,2,....
0<k<N

4.4)

o0
Z X (TF1(T = T)x)| < Cllx||||x*|| forall x € X, x* € X*. (4.5)
k=1

The unconditional Ritt condition is a discrete analogue of the existence of an
H ™ -calculus with angle less than 7t /2 for a sectorial operator (see [14] and [6]). We
will discuss the connection at the end of the paper.

PROPOSITION 4.3. If T satisfies the unconditional Ritt condition (4.4) then T satisfies
the Ritt condition (2.1).

PROOF. From (4.4) we deduce that
(I =T)UI —27'T)" | <C forall |A] > 1,
that is,
(I = T)R(, T)|| < C|A|™" forall |A] > 1.
Hence
I1=2)RM, T <1+ClA|"" forall |A]> 1. O
Now let (rk),i’io and (mk),?io be any pair of sequences of integers such that

O<mp <2831, 28— 1<pm <2~ 1 forallk=0,1,.... (4.6)
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LEMMA 4.4. Suppose that T satisfies the unconditional Ritt condition. Then there is
a constant C such that for any pair of sequences (r)g—, and (my);2, satisfying (4.6),

N
D a TV, | <C max |al. (4.7)
0<k<N
k=0
PROOF. Suppose that maxg<x<ny |ax| <1 and x € X and x* € X* with ||x] = [|x™||
= 1. Then
N N
x*(Z axT'* mGx> < XTIV x))|
k=0 k=0

x
Z Cllx*((Trk-i-mklx _ Trk+mk(l+l))x)|
=0

M=

il
(=]

dj|lx*(T7 — T hx)),

M

~
I

1
where

dj =" Clir/m-
g <j

Assume that 2° — 1 < j < 25+l _ 1. Then ry < j implies that k <s. If k <s — 2,
then [j — re/my] > 25"V /my > 25—4=k Thus,

s—=2
k=0

Thus we get an estimate
d i =<CiM

where C| is an absolute constant. Hence

N
x*( Z ar T’ mGx> <CoC1M
k=0
where Cy is the constant in (4.4) and thus
N
ZakTrkak < CoC1M. O
k=0

The following result is the discrete analogue of a similar result for sectorial
operators with an H®-calculus proved in [11]. We recall that a Banach space X is
called a GT-space (for Grothendieck theorem) if every bounded operator 7 : X — £
is absolutely summing. See [16].
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THEOREM 4.5. Let X be a GT-space (for example, X = L1, £1 or X = L1/Hy). Let
T : X — X be any operator. Then T has €1-maximal regularity if and only if T
satisfies the unconditional Ritt condition.

PROOF. Assume that T satisfies the unconditional Ritt condition (4.4). Let C be the
constant in (4.7).
Suppose that (u);2, and (vk)2, are two sequences of natural numbers such that

X l<up <21 and 28 —1<u <221,

For k>0 we write ugi) =rr+ s where 0 <ry —sx <1 and my = vy — ug.
Thus 28 + 1 <rg, s <28F1 — 1 and 0 < my <2543, that is, ()$2, and (mp)P2,
satisfy (4.6).

At this point we use the hypothesis that X is a GT-space, which means that there is a
constant K so that for any operator 7' : X — £, we have m1(T) < K||T || where 71 (T)

is the usual absolutely summing norm. For any x;j, x}, ..., x} € X* with |lx}[| <1
and any ao, ..., ay € C with Z/](v:o lax|? < 1, consider the operator S: X — ZQIH
defined by

Sx = (apxf (X)),
Then || S]] <1 and so 71 (S) < K. Hence for any x € X,
N
Y IST* Viex || < KCillx]l.
k=0
In particular,

N
D larl I (T Vi )| < K Cllx]).
k=0

Since this is true for all such choices of (ak),ivzo and (x,f),ivzo,
N 12
(Z | T mGx||2) <KCi|x|| forallx e X.
k=0

Now, for any fixed xjj, . . ., xy, € X* with ||x;’|| < I, consider the operator R : X —
ZZZV +1 defined by
(kT Sk N
Rx = (xk (T mGx))k:()
and observe that

7 (R) < K|[R| < K*Cy.
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It thus follows that

N
> IRT™* Vx| < K*CP|lx|| forall x € X,
k=0

and, as before,

N
D I (TR x| < KACPllx|| forall x € X.
k=0

Again this implies that

N
D ONTI = T™)x|| < K*CPx| forall x € X.
k=0

We conclude that if (uz)32,, and (vx)g2,, satisfy 2% <y < 25 and uy < v < 2KF2,
then

o0
Z (T — TY%)x|| < Ca|lx|| forall x € X,
k=1

where Cp = K2C12.
Thus we have an estimate

o0
> i) < Coflx|| forallx € X,
k=1

which implies by Lemma 4.2 an estimate

o0
Y 2%o(x) < Csllx|| forall x € X,
k=0

and hence that
o0
DT = T < Calx ]l
k=1

The result now follows by Theorem 3.1.
The converse direction is trivial. O

The dual result is now easy.

THEOREM 4.6. Let X be a Banach space such that X* is a GT-space (for example, X
is a C(K) space or the disc algebra). If T is a power-bounded operator on X then T
has £oo-maximal regularity if and only if T satisfies the unconditional Ritt condition.
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Finally we establish a corresponding result for Hilbert spaces. The continuous
analogue which we discuss later is due to McIntosh [14]. See also further discussion
in [6] and [1].

THEOREM 4.7. Let T be a power-bounded operator on a Hilbert space H. Then T
satisfies the unconditional Ritt condition if and only if there is a constant C such that

00 1/2
c x| < (Z kIITF'x — Tkx||2) +limsup |[T"x|| < C|x|| forall x € H.
k=1

n—oo

(4.8)

PROOF. Suppose that T satisfies the unconditional Ritt condition with constant Co.
We first observe that for every x € H the series Y po. (T*~'x — T*x) is weakly
unconditionally Cauchy and hence unconditionally convergent to some Px where P
is a projection whose kernel is the eigenspace {x | Tx = x}. We may therefore easily
reduce to the case where lim,,_, o, T"x = 0 for every x € H.

Then, for any pair of sequences (uk),fozo, (vk),fio with 28 — 1 <ug <21 — 1 and
2k — 1 < v <252 — 1, we have an estimate

<2Cy foralleg,==+x1,k=1,2,..., N,

N
DT —T%)
k=0

and it follows from the generalized parallelogram law that

o0 172
(Z |(T"* — Tv")x||2> <2Cp|lx|| forallx € H. 4.9)
k=0
Thus
o0 172
(Z ,ok(x)2> <2Co|lx|| forallx € H. (4.10)
k=0

Now by Lemma 4.2 we can deduce an estimate
o0 1/2
(Z k|| TF 1 x — Tkx||2) < Cyllx|| forallx € H,
k=0

for a suitable constant C;. Thus the right-hand side of (4.8) follows. Note that the
same inequality also holds for the adjoint 7%, that is,

o 1/2
(Z kI(T* ! x — (T*)kx*||2) < Cy|lx*|| forall x* € H.
k=0
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We now turn to the left-hand estimate. If x € H, pick x* € H* with ||x*|| = 1 and
x*(x) = ||x]||. Then, since we assume lim,, .o ||T"x|| =0,

llx]l = x*(x)

< TN = T))x]
k=1

172
< 4C1( k|| 1x — Tkx||2)
k=0

by an application of (3.2) combined with (4.9) and (4.10).

We now turn to the converse. Assuming (4.8), let us first show that T satisfies
the Ritt condition. Note that we have lim,_, o |7" (I — T)x| =0 for every x.
Therefore

o
InT"" 11 = T)x||* < C* Y n?k|T"H2(1 = T)x|?

k=1
o0
<Y KRPITN - T)x|)?
k=1
ook
<6C2Y > jlk+ 1= PIT T = T)%x|P
k=1 j=1

6

m .
D FkITIR A — Tk
k=1

<6 177711 - THx)?

o0
c? Z
j=1
o0
c* Z
j=1
< 6C°|x|I?,

so that
IT"=Y(1 = T)|| < V6C3/n.

Thus T satisfies the Ritt condition (2.1).

Now suppose that (x;);2 ; is any finitely nonzero sequence in H. Let

o0
k=1

https://doi.org/10.1017/51446788708000712 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788708000712

[19] Regularity of power-bounded operators 363

Note that limy,—, oo 7"y = 0. Then

(o¢]
12 = Tyl < Y GRAITIT AU - T x|

k=1
00 i1N1/2
(Jk)
<C 2 L |x
< Ok—l (j+k)2|| Kl

°_° 1
< Co — [lxll-
,; j+k

The matrix ajx = (1/(j +k));, defines a bounded operator on £; by Hilbert’s
inequality. Thus, for a suitable constant C1,

00 ] ] 1/2 00 1/2
(Zjnm—l —Tf>y||2) scl(z ||xk||2> :
j=1 k=1

We conclude from (4.8) that

00 1/2
Iyl < C ( > ||xk||2> :
k=1

Now suppose that x* € H*. For N € N, pick x, ..., xy with
Ixll =1 and x*(T* NI = Thx) = |(TH 1T = THx*|.
Then for any scalars ay, . . ., ay,

N
Z ark\PTFN(T — T)xg
k=1

N 1/2
< c1||x*||(2 |ak|2> :
k=1

N
> ak (TN = T < (x|
k=1

Hence

00 1/2
( kl(T* 11 — T*)x*||2) < Crllx*|.
k=1

At this point we can appeal to (3.2):

o0
AT A = Do)l < Gallx|lllx*|| forall x € H, x* € H*.
k=1

This implies the unconditional Ritt condition. O

Now suppose again that —A is the generator of a bounded analytic semigroup on a
Banach space X, and suppose also for convenience that A has dense domain and range
(that is, A is sectorial). Then lim;_, o || ~4x| = O for x € X. The continuous version
of the unconditional Ritt condition is
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o0
/ Ix*(Ae "Ax)|dt < C||x||||x*|| forall x € X, x* € X*. 4.11)
0

Let us call this the continuous unconditional Ritt condition. If (4.11) holds then ¢4

uniformly satisfies the unconditional Ritt condition.

We recall that A has an H°(Xy )-calculus where ¥y, = {z: Jarg z| < ¥} if f(A)is
a bounded operator for every f € H*(Xy); see [6] for more details. Let w(A) be the
infimum of all ¢ so that we have the resolvent estimates

[ARA, A =C, largz]| = ¢,

and let wy (A) be the infimum of all ¢ so that A has an H°°(X4)-calculus.

It is easy to show that if wg (A) < /2 then A satisfies the continuous unconditional
Ritt condition.

Conversely, it follows from [6, Theorem 4.5] that if A satisfies the continuous
unconditional Ritt condition, then A has an H* (X )-calculus as long as ¥ > 7 /2;
thus wg(A) <m/2. If X is a Hilbert space, then results of Mclntosh [14] imply
that wy (A) = w(A) < /2. One cannot apply this argument for an arbitrary Banach
space [10]. Thus it is open whether the continuous Ritt condition is equivalent to
wg(A) <m/2.

It is easy to prove continuous versions of Theorems 4.5, 4.6 and 4.7 as in
Theorem 3.6.

THEOREM 4.8. Let A be the generator of a bounded analytic semigroup with dense
domain and range. Then:

(1) if X is a GT-space then A satisfies the continuous unconditional Ritt condition if
and only if there is a constant C so that

o0
C_1||x|| 5/(; ||Ae_tAx|| dt <C|x| forallx € X;

(ii) if X* is a GT-space then A satisfies the continuous unconditional Ritt condition
if and only if there is a constant C so that

C7 x|l < sup t]|Ae™"A

t>0

x| <Cllx|| forallx € X;

(i) if X is a Hilbert space then A satisfies the continuous unconditional Ritt
condition if and only if there is a constant C so that

0 1/2
C x|l < (/ ) Ae " Ax|? dt) <Cllx|| forallxeX.
0

In view of our remarks above, (iii) is simply a special case of the result of
MclIntosh [14] on the equivalence of the H°°-calculus with certain quadratic estimates.
Similarly, (i) is a close relative of [11, Proposition 7.2].
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