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Abstract

We prove that the energy of any eigenvector of a sum of several independent large Wigner matrices is equally
distributed among these matrices with very high precision. This shows a particularly strong microcanonical form
of the equipartition principle for quantum systems whose components are modelled by Wigner matrices.

1. Introduction

Equipartition of energy is a general principle in classical statistical physics stating that in an ergodic
system at equilibrium, the total energy is shared equally among the elementary degrees of freedom. In
quantum systems, equipartition breaks down at very low temperatures. Even at higher temperatures there
is no general quantum counterpart of this principle, apart from the standard quantum virial theorem,
which only relates the total kinetic energy to a certain derivative of the potential. Nevertheless, in some
special cases this principle could be verified; see [4] and references therein for an extensive physics
literature on the popular model of a single quantum particle in contact with a quantum heat bath consisting
of infinitely many harmonic oscillators. In this paper we show that for Wigner random matrices — that
is, for a mean-field quantum system with random quantum transition rates — a particularly strong
microcanonical form of the quantum equipartition holds: it is valid separately for every eigenvector.

More precisely, suppose that the total Hamiltonian of a quantum system is represented by a sum of
independent N X N Wigner matrices H = Hy+H,+- - -+ Hy, where each H, represents the Hamiltonian of
a subsystem. Let w = (w(1),...,w(N))T € CN be an £?>-normalised eigenvector of H with eigenvalue
A —that is, Hw = Aw. The eigenvalue A is the total energy of w:

k
A=E(w) = (w, Hw) = Z(W,HLW).
=1

The energy of the tth subsystem H, in the state given by w is E,(w) := (w, H,w). Our main result,
formulated precisely in Theorem 3.4, asserts that

E(w)

E‘L(M})z k ’

Ve=1,2,...k, (1.1)

with very high precision and very high probability. In other words, the total energy is equally distributed
among the k subsystems.
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Fine properties of eigenvectors of large Wigner matrices have been extensively studied in recent years.
They are delocalised — that is, max;|w(i)| < N™'/>*€ for any fixed € > 0, with very high probability
as N tends to infinity. Delocalisation follows directly from the optimal local law (see, e.g., [8], and [2]
for an optimal rate). Moreover, the eigenvectors are asymptotically normal, in the sense that for any
fixed deterministic vector ¢ € CN, the moments of VN|(g, w)| coincide with those of the modulus
of a standard Gaussian [5, 14, 17]. A multivariate extension involving the joint moments of several
eigenvectors also holds [5]. Furthermore, quantum unique ergodicity is also valid, stating that

J
Diw@)? ~ o (12)
4 N
ieJ
for any deterministic subset J < {1,2,...,N} [1, 5, 16]. More recently, quantum unique ergodicity

with an optimal N~'/2*€ speed of convergence was proven in [6] for any quadratic forms (w, Aw) with

a general deferministic matrix A:

1
‘(W,AW) - NTrA < N 1/2+e (1.3)

with very high probability. Gaussian fluctuations around this quantum unique ergodicity limit,
1
VN [(W,AW) - 5T A] — Normal, (1.4)

have also been shown in [7] for general A with full rank; see also [3] for Gaussianity around the limit
in formula (1.2) for mesoscopic subsets, N€ < |J| < N'~€. The key difficulty in all these latter results
was to prove them microcanonically — that is, for each eigenvector; this required the sophisticated
equilibration mechanism of Dyson Brownian motion. In contrast, the local law (see Theorem 4.1)
directly implies the analogous results for a spectral projection on mesoscopic scale — for example,

1 , /1
e 2 2 weF ~ (1.5)

la—ap|<N€ieJ

instead of formula (1.2) — involving an average over many eigenvectors w, with eigenvalues 1, near
A, With a fixed a. Here the eigenvalues A, are indexed in an increasing order, A} < A, < --- < An.

In all these previous results the eigenvector was tested against a specific deterministic observable;
but in the equipartition relation (1.1) we consider the quadratic form of w with a random H, that is far
from being independent of w. Given the complicated dependence between w and H,, it is somewhat
surprising that the proof of formula (1.1) is simpler than those of formulas (1.2) and (1.3). In fact,
despite this dependence, we can still directly handle (w, H,w) for an individual eigenvector — that is,
we do not need to first establish a spectrally local-averaged version of formula (1.1) in the form

1 Ay
INe Z (W(I7HLW(1/) ~ TO

|a—ap|<N€

and then prove that (w,, H,w,) does not change much if the eigenvalue 1, remains close to a fixed

energy.
The main reason for the simple proof is algebraic. Consider k = 2 for simplicity. It turns out that
the quadratic forms of J{ := H; — H; are especially small due to a strong algebraic cancellation

in the cumulant expansion. Once the smallness of (w,Hw) = (w, Hyw) — (w, Hpw) is established,
formula (1.1) follows from A = (w, Hyw) + (w, Hyw).

We remark that this algebraic cancellation holds only if both H; and H, are Wigner matrices.
Equipartition analogous to formula (1.1) is also expected to hold for deformed Wigner matrices (i.e.,
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when EH, # 0), for Wigner-type matrices (when the matrix elements of H, are still independent but
not identically distributed) and even for Hermitian random matrices with some nontrivial correlation
among their matrix elements; however, the proof of these generalisations will be more complicated.
Furthermore, Gaussian fluctuation around formula (1.1) in the spirit of formula (1.4) is also expected,
but the proof would require a detailed analysis of Dyson Brownian motion as in [7].

To demonstrate the central simplifying role of J, in the next section we first give the proof of
formula (1.1) for k = 2 in the Gaussian case, where the mechanism is especially elementary. In this case
we can even prove the Gaussian fluctuation of (w, Hyw) in the spirit of formula (1.4) in an elementary
way. Then we introduce the general model and properly state our main result, Theorem 3.4, in section 3.
After collecting some preliminaries from earlier papers in section 4, we will prove our main theorem
starting in section 5 for the complex Hermitian case under the additional condition Eh = = 0 on the
entries of each matrix H,. This condition is removed in section 9. The necessary rnod1ﬁcat1ons for the
real symmetric case are presented in section 8.

2. A simple proof of formula (1.1) for the Gaussian case and k = 2

Assume we are given two independent Gaussian random matrices H; and H; of size N X N — that is,
their entries are two sets of independent complex centered Gaussian random variables of variance ﬁ
subject to the symmetry constraint H, = H} and H, = H;. Then clearly the sum

H =H +H 2.1

also belongs to the standard Gaussian unitary ensemble. Denote by (1, ), the eigenvalues in ascending
order of H and let (w4 ), be an associated normalised eigenbasis — that is, we have (w(,, Hw/;) =0opdas
for any choice of indices a and .

Consider now the random variables

Oa
Ao

(Wa, Hiwg) -
We claim that for any N, these random variables are Gaussian.

Lemma 2.1. For any choice of index «, the random variable

(W(u lea) -4

Fte (2.2)

is a centered real Gaussian random variable with variance ﬁ, for any N. Moreover, for any choice of
indices a and B, with a # (3, the random variable

(WQ,H1WB) (23)

is a centered complex Gaussian random variable of variance ﬁ, forany N.

Proof. Introduce the auxiliary matrix
H :=H| - Hy, 2.4

whose entries are also independent centered Gaussian random variables, up to the symmetry constraint,

with variance E |3{U| ~. A simple calculation then shows that E [Hu J—Cab] =0, foralli,j,a,b e
[1, N], and hence the matrlces H and JH are independent. In particular, I is independent from w, and
wg, for any choice of @ and .
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Observe now that we can write the random variables in expressions (2.2) and (2.3) as

1 1 1 1
(WQ,H1Wﬁ) - Eﬂaédﬁ = (WQ,H1Wﬁ) - E (WQ,lelg) - E (WQ,H2Wﬁ) = E (Wa,g'fwlg) . (25)

Hence by the independence of H and 3, we conclude that %w’;%wﬁ is a Gaussian random variable.
Since EJ(;; = 0, it follows that Ew},Hwg = 0. Further, we have

. 2 — . — 1 e 1
E|whHwg| = Z Ew o (D) Hijwg(j)wae(a)Hapwp(b) = Z Néia6jb wala)* |ws ()| = ¥
ijab ijab

where we used independence and the fact that the eigenvectors are £>-normalised. The notation jab
means that we sum over all indices from 1 to N. This shows expressions (2.2) and (2.3). ]

Notation

The symbol O( -) stands for the standard big-O notation. We use ¢ and C to denote positive finite
constants that do not depend on the matrix size N. Their values may change from line to line. We use
double brackets to denote index sets — that is, for ny,ny € R, [ny,n2] := [n1,n2] N Z. For vectors
v,w € CN, we write vw = (v, w) for their scalar product. For an N X N matrix A, we denote by || Al
its operator norm and by ||A|le = max;; |Aij| its max-norm. We use (A) := ﬁ >, Aji to denote the
normalised trace of an N X N matrix A = (A;;) N.N

3. Definitions and results
In this section we introduce the model and state our main result on equipartition.

Assumption 3.1. Fix an integer k > 2. Let H, := (h,;j), t = 1,2,...k, be k independent complex
Hermitian Wigner matrices of size N X N — that is, we assume that their entries are independent centered
random variables, up to the symmetry constraints h,;j = h, j; — satisfying

1
E|hl,l~j|2zﬁ, 1<i,j<N,t=1,...k (3.1)
and the families of random variables {h Li j} have finite moments to all order — that is, for each m > 3
there is a positive constant Cy,, such that

B[VNh | <G m23 =12,k (.2)

|m

For the main part of the paper we assume that H, are complex Hermitian matrices. This assumption
is only for simplicity of the presentation; our result holds and the proof also applies with minor changes
to the real symmetric setup as well (see Remark 3.5).

Choose now k possibly N-dependent numbers o, > O such that

Mo2=1, (3.3)

=1

and consider the random matrix

x~

H:= Z o.H,. (3.4)
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To present our results, we use the following definition of high-probability estimates:
Definition 3.2. Let X = X)) and Y = Y@®) be two sequences of nonnegative random variables. We
say that Y stochastically dominates X if, for all (small) € > 0 and (large) D > 0,

p (x<N> > ny“V)) <N 3.5)

for sufficiently large N > Ny(e, D), and we write X < Y or X = O <(Y). When XN and Y@&) depend
on a parameter v € 'V (typically an index label or a spectral parameter), then X(v) < Y(v), uniformly in
v € V, means that the threshold Ny (e, D) can be chosen independently of v.

We often use the notation < also for deterministic quantities, and then X V) < NeYWN) holds with
probability 1. Stochastic domination has the following properties:

Lemma 3.3 (Proposition 6.5 [9]).

1. X <YandY < Zimply X < Z.

2. If Xy <Yiand Xo <Ys, then X1 + X5 <Y1+ Yy and X1 X, < 11Ys.

3.If X <Y, EY > N and |X| < N almost surely with fixed constants ¢\ and cy, then we have
EX < EY.

Let (14 ) be the eigenvalues of the matrix H in ascending order and let (w ), be a basis of associated
normalised eigenvectors. In this paper we are interested in estimating

woHwg —0,a0a5, t=1,...,k, 3.6)

for any choice of @, 8 € [1, N].

Theorem 3.4. Let H be given by formula (3.4), and assume that H,, t = 1, . . ., k, satisfy Assumption 3.1
and that o, t = 1, ..., k, satisfy equation (3.3). Then

. 1
[WiHowg — 0da0ap| < = 3.7)
foralla,B € [[1,N] and ¢ € [[1, k]

Remark 3.5. We formulated Theorem 3.4 for complex Hermitian Wigner matrices, but with some
modifications our method and results carry over to the real symmetric case (see Theorem 8.2). The
details are given in section 8.

We further remark that one may also consider a mixed-symmetry setup, where some H, s are complex
Hermitian Wigner matrices and the remaining H,s are real symmetric Wigner matrices. The arguments
in section 8 can be extended to such a setting, and formula (3.7) indeed holds under this setup as well.

4. Preliminaries

In this section we collect some essential tools used in the proof of Theorem 3.4. We start with the Green
function of the random matrix H and the corresponding local laws.

4.1. Local law for the Green function and rigidity of eigenvalues

For any probability measure u on R, its Stieltjes transform is defined as

1
my(z) :=‘/R)Tzd,u(x), z € C\R. 4.1
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We denote the Stieltjes transform of the standard semicircle law by m.(z).
Let G denote the Green function or resolvent of H:

G(z) = H;—Z’ z € C\R. 4.2)

We refer to z = E + in in definitions (4.1) and (4.2) as a spectral parameter. We denote by m(z) the
normalised trace of the Green function G (z):

)= TG = (G(), <O, @3

and note that by the spectral calculus m(z) is the Stieltjes transform of the empirical eigenvalue
distribution of H. Finally, we recall the deterministic estimate |G (2)|lo < |G (2)|| < |n|~!, withn = Imz.

We are interested for energies E in a neighbourhood of the support of the semicircle law — that is,
|E| < 2+ p, for some fixed o > 0. Further, fix a small € > 0 and introduce the spectral domain

€={z=E+ineC:Ee[-2-02+0l, N <pl<1}. (4.4)

For z,7" € &, let ¥(z, z’) denote the deterministic control parameter

¥(z,7') = no = min{|Imz|, |Imz’|}. (4.5)

1
VN0
We use the convention ¥(z, z) = Y(z).

Let y, be the ath N-quantile of the semicircle law — that is, y,, is determined by

Yo 1 12
L g 2212 (4.6)
2 271' N

The quantile y,, is often also referred to as the classical location of the eigenvalue A,,.
One ingredient for our work is the following strong local law for the Green function and the eigenvalue
rigidity estimate:

Theorem 4.1 (Theorem 2.1 [10], Theorem 2.3 [8]). Let H be as in definition (3.4) satisfying Assump-
tion 3.1. Then we have the uniform estimates

ImmSC(Z))l/2+ L . ¥(z) m(2) = mye(2)] < ¥(2)? .7
Nn Nin| o oo o |

|Gij(2) = 6ijmyc(2)] < (
forall z=E +in € €.
Moreover, we have the eigenvalue rigidity estimate

1
N2 min{e,N - o+ 1}'/’

[da = val < (4.8)

Joralla € [1,N].

4.2. Cumulant expansion

A second main tool in the proof of Theorem 3.4 are cumulant expansions, which were used, for example,
n [13, 15] to study linear eigenvalue statistics of random matrices. For our purposes, the following
version from [11, 12] is very suitable.
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Lemma 4.2 (Lemma 7.1 [11], Lemma 2.4 [12]). Let h be a complex-valued random variable with
finite moments. Let kP9 be the (p, q) cumulant of h, which is defined as

p+a ——
(p.q) — (_yp+tq |_Y ish+ith
K = (—i) (()sl’atq log Ee ) - 4.9)
Set f € C™ (CZ;C); then for any fixed | € N, we have
_ ! 1 _
Ehf (h h) = 3 k) pra) (hh) + QL (4.10)
Saro P!
where
FPD (i, wy) = Ak o f(wi,wa), wi,wy €C,
and the error term Q41 satisfies
@l < GE[IA*] max sup [£P0 (w, )
p+q=l+1 [w|<M
1/2
21+4 ( ) _?
+C |E[IhP** Lppn | E| max  sup |f P (w,w)‘ , .11
pHq=l+1 [w|<|h|

where M > 0 is an arbitrary cutoff.

We remark that Lemma 4.2 is a combination of [12, Lemma 2.4] and [11, Lemma 7.1]; the combi-
natoric part comes from [11] and the error estimate is taken from [12].
From definition (4.9), the first few cumulants of a complex random variable / are given by

0 =En, kD =B - ErP?,  «20 =Er? - (Eh)?,

and so on, with x(4:P) = x(p.@),

5. Proof of Theorem 3.4

The proof of Theorem 3.4 is based on an essentially optimal estimate on a distinguished observable we
introduce in this section (see equation (5.2)). We are going to prove Theorem 3.4 for the case k = 2; the
case of general k then follows easily by grouping all but one summand in definition (3.4) together and
viewing it as a single Wigner matrix.

Generalising definition (2.4), we introduce the auxiliary matrix

H:= 0’2H1—0’1H2, (5.])

whose entries are independent centered random variables, up to the symmetry constraint, with variance
2 . A : .

E |J-C,- j| = % (o7 +0}) = # (see equation (3.3)). In order to prove Theorem 3.4, we derive a high

moment estimate for observables of the form

%Trﬂ{lmG(zl)lemG(zz) = (HImG(z1)HImG(z2)), z1,22 €€, (5.2)

where G denotes the Green function of H (see definition (4.2)) and the domain & was defined in
definition (4.4). The main technical result of this paper is the following proposition:
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Proposition 5.1. Under the assumptions of Theorem 3.4, we have the estimate
(HIMG (z1)HIMG (z2)) < 1, (5.3)

uniformly in 71,z € €.
Remark 5.2. Using the deterministic bound ||G(z)|| < ﬁ and the bounds ||H||, ||H2|| < 1, which
follow from formula (4.8), we get the a priori bound

(HIMG (21) HIMG (22)) < N? (5.4)

— <
[Imzy[[Imzs|

on the spectral domain €. Thus formula (5.3) is an improvement of two orders in N and gives the correct
size, up to factors of N€.

The proof of Proposition 5.1 is postponed to section 7, and we next show instead how it implies
Theorem 3.4.

Proof of Theorem 3.4. In order to link formula (5.3) to formula (3.7), we observe that by spectral
decomposition we have

N
1 . 2 ul m
(HIMG (z1)HIMG (22)) = — |wh,FHwg| , (5.5)
N; T (e = EDP 40} (15 - ) 413

where z1 = E| +in1, 20 = Ex +im, 1 # 0,12 # 0.

Fix now indices @, § and choose £y = 1, and E; = Ag,aswellasn; = = N-'*€guchthatz;,z, € &
with very high probability by formula (4.8). Then we obtain from the uniform bound in formula (5.3),
combined with the representation (5.5), the estimate

. 2 _
[wi,Hwg|” < Ny < N1, (5.6)

foralle,B e [1,N].
Next, similar to equation (2.5), we conclude by noticing that

WoH wg — 01da0ap = Wo, Hiwg — 0'12W2H1W'3 —omw Hawg
= O'ZZWZleﬁ —omw Howg

— *
= oW, Hwg

(&)

where we used formula (5.6). O

6. Computation of the expectation

In this section we compute the expectation of the observable (HImG (z1)HImG (z;)). Since this random
variable is positive for z;, z, € C*, the expectation already indicates its correct size. Also, the estimation
of the expectation unveils the cancellation mechanism from which Theorem 3.4 eventually results.

Lemma 6.1. Set 71,22 € E. Then
1
B(HIMG () HIMG (22) = s <o) () + 0 =) + 0« (¥a) . 61
VN

where Y(z1, 22) is defined in definition (4.5).
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Proof. We start by noticing that it suffices to estimate
X(z,2") = (HG(2)HG(2)) (6.2)

for z = 71,71 and 7’ = 23, Z». Further introduce the shorthand notations

G =G(z2), G’ =G(7). (6.3)
Moreover, note that we can write
1 ..
X(z.2) =< . HyTr (A”GA“”G’) Hups (6.4)
N ijab

where the matrix (A"/) is defined to have entries (A"”) = ;0 jm, or using rank 1 operators,

AT i=er) e, 6.5)

where (e;); is the canonical basis in CV . Recall that 3, Jjap indicates a sum over all indices from 1 to N.
Our task is to compute

EX(z,7') = % > E [J{,- JTr (A”CA“”G') fHab] : (6.6)
ijab

For this we use the cumulant expansions of Lemma 4.2. To get started, we need more notation. Let

E’;}q) = KEI}’iq) denote the cumulants of the matrix entries %, ;;, ¢ = 1,2. We will for simplicity assume
for the moment that Eh% i =0 this condition can easily be relaxed (see section 9). Together with
Assumption 3.1, this implies

K

(1.0) _ (0.1) _ an_ 1 2,0) _ (0.2) _
Kiij =K = 0, K ip = N’ K =K = 0. 6.7)
Further, from formula (3.2) we have the estimates
C
kPO L prg 23 (6.8)
N
Next, introduce the derivation operator
Dji = (0201, — 0102, ji) » (6.9)
where 9, j; = ﬁlﬁ, t=1,2.
With these notations we have the computational rules
DjiHap = 0jadin, (6.10)
where we used equation (3.3), and
D;iG(z) = —~0n01G(2)A' G (2) + 102G (2)AV'G(2) = 0, (6.11)
where we used the basic differential rule
8,,;iG(2) = -G(2)o A'G(z), 1=1,2. (6.12)
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We will also require a higher-order analogue of D: for p, ¢ € N, define

(poa) ._ 1 e (p.q+l) 5P 54 (p.q+1) 5P 54
DD = N (oaraVap i, - ki Doy o) 6.13)
With this notation we have D ;; = CD;:’O) and record that
DG =0, D=0, (6.14)

where the first relation follows from equation (6.11) and the second follows from k02 = 0 (see
equation (6.7)). With the notation in definition (6.13), we next recall Lemma 4.2 to obtain the following
cumulant-expansion lemma:

Lemma 6.2. Fix indices i, j and integers d,d’. Let F be a monomial in the Green-function entries
(Grnm(2)nm> (Gnm(2"))nm, and matrix entries () nm of total degree d in the Green-function entries
and total degree d’ in H,,,, where d’ < d. Then for any fixed | € N,

1
Ej¥F= Y N F B DPOF £ QL (F), (6.15)

p+g=1

where ;; denotes the expectation with respect to the random variables hy ;; and h; ;j. The error term
satisfies the bound

Q1 (F)| < N~0#272) (6.16)

where the explicit constants depend on d and d’ but are uniform in the matrix indices.

The proof of Lemma 6.2 is postponed to Appendix A. Lemma 6.2 has the following direct corollary,
whose proof is also postponed to Appendix A:

Corollary 6.3. Fix indices i,j. Let F be a monomial in the Green-function entries (G ,m(2))nms
(G um(2'))um, and matrix entries (Hpm)nm of total degree d in Green-function entries and total degree
d’ in Hy, where d’ < d. Then for any fixed | € N,

1
BH,F= ) N-%EQ);{"I)F+EQI+1(F), (6.17)
p+q=1

where the error term satisfies the bound
|EQp1 (F)] < N7272, (6.18)

where the explicit constants depend on d and d’ but are uniform in the matrix indices.

With Corollary 6.3 and the computational rules (6.10) and (6.14) at hand, we begin to compute the
expectation of X(z, z):

EX(z,7) = % > 3G, (AUGA‘”’G') Hop

ijab
1
1 +q+ .
= > NS ED (P [Tr (A”GA“"G’) ﬂ{ab] +0. (N<—l+4)/z)
p+q=1 ijab
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- Z ED(L0 [Tr ( UGA“”G’) }cab]
l]ah

1 gt y
o Z NTEEE S Bl [Tr (A‘/GA“bG’) J{ab] +0. (N<—’+4>/2), (6.19)
p+q=2 ijab

where we used Corollary 6.3 together with formula (6.8) and power counting to estimate the error term
from cutting the cumulant expansion at order / to be N"'N*0 < (N~U*2/2) = 0 _ (N(-1+9/2),
We first focus on the first term on the right side of equation (6.19). Using equations (6.10) and (6.11),

we get
ZED(] V|t (aTGaG) 31, ]_ S D ETr (AYGA™G’) 670
ijab ijab
+ % ijza;)ETr (A"f (D;:G) A“bG’) Hoap

7 Z ETr (ATGA™ (D;iG)) Hap
ijab

= ZEG” =Em(z)m(z’). (6.20)

Note that the only nonzero term is when D ; acts on H,p. By the local law in formula (4.7) and the
deterministic estimate |m(z)| < %}7' < N, together with Lemma 3.3(3), the first term on the right side
of equation (6.19) is thus given by

o Z ED(L0 [ ( ”GA“bG) ab] = mge(2)mee(2)) + O < (‘P(z,z’)z). 6.21)
Eers

Consider next the second term on the right of equation (6.19). We are going to use yet another cumulant
expansion with respect to 3, to exploit further cancellation based on equation (6.14). For this purpose
we first note that if {a, b} # {i, j} as sets, then

P (Tr (AifGA“bG') J{ab) = Hap D' (Tr (AijGA“bG’)), (6.22)
because then 9y ; jHap = 02,;;Hap = 0. If {a, b} = {i, j}, then by power counting using |H;| < 1 and
the boundedness of the Green-function entries, we can estimate

I

1 P""l*l (p-q) l_] ab ~7 1 1 2 1
N Z N~ Z ]1({a b}={i, J})E® [Tr ( GAY°G ):H:ab] < NWN < \/_N’
p+q=2 ijab

where we tacitly used Lemma 3.3(3), together with Holder’s inequality, the deterministic estimate
IG(2)|l < InI~" < N and the moment bounds in formula (3.2). Hence, we have for the second term on
the right side of equation (6.19) that

1
1 _pqtl ii ,
= >N Y DTy (A IGAG ):Ha,,
p+q=2 ijab
1
1 p+q+ .. 1
== Y NS B, DPOT (A”GA“bG’)+O<(—). (6.23)
pra=2 {i.j}#{a.b} VN
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Next, using a cumulant expansion to order / with respect to H,;,, we get

l

1 _ ptg+l .. ,
5 2 N Y BDIP T (ATGAPG) Ha
p+q=2 {i,j}#{a,b}
!
_ l Z N_%W Z ED}(QPZJD)D('I?I,QI)TI. (AijGAabGr) +0. (N(—l+1)/2).
a Ji
N Pi1+q1=2 {i,j}#{a,b}
P2tq2=1

By equation (6.14), we see that the terms with p> + g> = 1 yield a zero contribution, so we have

l
1 +q+ .
5 2N Y BDPOT (AYGAG) Hap

p+q=2 {i.j}#{a,b}
l
S LY s N gp e ppay (a7GA®G) + 0 (WD)
a Ji
N pi+qi=2 {i.j}#{a.b}
P2+qr=2
1 (LD (1) i A ab
== >, EDLUDVT (aYGac)
{i.j1#(a.b)

!
1 +q1+Pr+qr+2 .
o Z - B Z EDL;;z,qz)@;fl,ql)Tr (Al]GAabG/)
P1+q1+pat+qr 25 {i.j}#{a.b}

+0. (NH“W) . (6.24)

Using the local law for the Green-function entries in formula (4.7) and Lemma 3.3, we can easily bound
the second term on the right side by

!
1 D1+q1+Pr+qr+2 - 1
N Z N_% Z ED;}ZZ,QZ)@;fI’QI)Tr (Al]GAabGI) < ) (6.25)
PI+q1+pat+qr 25 {i,j}#{a,b} N

For the first term on the right side of equation (6.24), we observe that @l(;l; D D;}’l) contains four partial

derivatives. When those act on the Green-function entries Tr (A% GA“bG’) = G 4Gy, they create by
equation (6.12) monomials of degree 6 in the Green-function entries. Assuming that a, b, i, j are all
distinct, the four partial derivatives will create diagonal as well as off-diagonal Green-function entries
when acting on GjaG;”., since, for example, 01,50G ja = —01G jG aa. Note that the total number of
off-diagonal entries does not decrease, and hence each resulting monomial contains at least two off-
diagonal entries. In power counting we count diagonal entries as O <(1) and off-diagonal entries as
O - (). If there are coincidences among the indices, we gain a factor 1/N in the summation for each
coincidence, and hence those are negligible when compared with ¥2. We thus have the estimate

1 3
— > EDLIDO DTy (A”GA“”G’) < (¥(z.2)% (6.26)
{i.ji#ab)

In sum, choosing / > 5, we get from formulas (6.21), (6.23), (6.25) and (6.26) that
1 1
BX(z,2) = LETHG()HG () = mye (Dme(2) + 0« (¥(2,2)?) + O (—) . 627)
N VN

Using linear combinations, Lemma 6.1 follows directly from equation (6.27). O
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7. Proof of Proposition 5.1

In the previous section we identified the expectation of (H{GHG’) in Lemma 6.1. In this section we
will control the higher moments of (HGHG’) to obtain a high-probability bound required to prove
Proposition 5.1.

Proposition 7.1. Under the assumptions of Theorem 3.4, we have

X(z,2") = m(z)m(z") + O (1) (7.1)

uniformly in 7,7’ € €.

Proof. We rewrite X as
X(z.7) = Z 5, Tr ( AIGA® G’ ) Hop = Z F XTI, (1.2)
z]ah l]ab

where we introduced
xijab = Ty (AifGA“bG') =G 4G, (1.3)
As in section 6, we assume for the moment that ]Ehf i =0=121ij¢€ [1, N]. This implies that
KEOL 12) KEZlO) = 0 as well as D(O D = 0. We will explain in section 9 how this additional assumption

can easily be dropped.

Next, we observe from equations (6.10) and (6.14) that
y 1
1,0 ’ ’ ’
¥ Z}D}i )Xy, = ¥ Z GGy =m(z)m(2") =x(z,2'), (7.4)
ija ij

where we introduce the shorthand x. For n,m € N, define
P(n,m) = (X —x)"(X - ) (7.5)

Fix a (large) D € N, z, 7 € €, and consider

D
1 1
EP(D’D) = ZE I_[ (Nj{ln/nxlnjnan nj{an by, N26]nan inbp GlnlnG]n]n)
ijab n=1
_ 1 -
X 1—[ ( }Cjn Xinjnanbn J‘fb an — méjnané‘inbnGininGjnjn)l , (76)
n=D+1
wherei = (i1,i2,...,iap) € [1,N]*?, and similarly j,a,b € [1, N]?? are 8D free summation indices

corresponding to 4D factors of JHs. In this expression, for each n, we call H;_;, and H,,p, ‘twins’.
We now successively use the cumulant expansions from Corollary 6.3 to expand the summands in
equation (7.6) in all the factors of Hs. We start by expanding in the variable J;, ;, to obtain

E[(X(z,2") = #(z,2")P(D = 1, D)]

Z Z N- mﬂn*‘ D(PI q1) [thllalblj—( b P(D — I,D)]]

Jit
P1+ql Liijia1by

—E[xP(D -1,D)] +E[0< (N#)P(D— 1,D)]. 1.7

https://doi.org/10.1017/fms.2021.38 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.38

14 Zhigang Bao et al.

First, using the facts that |X| < ‘2 < N? and |«| < Mo ~2 < N2, with g = min{|Imz|, |Imz’|}, the
third term on the right of equatlon (7.7) is bounded as O < (N M+(4D 2)), and hence for [ > 10D,

2D
that error term is bounded as O < ((#) ) Here we also tacitly used, as we will do repeatedly later,
Lemma 3.3(3) to justify the estimate. Second, in the first term on the right, for p + ¢ = 1 we consider
the derivation D(I’O) (recall from equation (6.7) that D(O’l) = 0). When D(I’O) acts on a Green function

in X{/141P1 " we get a zero contribution thanks to equation (6.14). If D(llo) acts on its twin H,,p,, we

generate by equation (7.4) the term E[xP (D — 1, D)], which will pre01se1}]f cancel with the second term
on the right side of equation (7.7).

Thus, choosing [ > 10D, we have

1 b (1,0)
EP(D.D) = = D E[X“““l 'y, DV P(D - lD)]

iljlﬂlbl

+q1+1 ..
+_ Z Z N- P+ E[.D(Pl .q1) Xll}lalblj_calbIP(D_ I»D)]]

Jiti
Pl"'tll_2 iijiaib

(\/LN)ZD). (7.8)

In the following we consider the terms on the right side of equation (7.8) separately.

+ 0.

First term on the right of equation (7.8).
We start with the term

1
- > E[X””‘”b‘fl-fal DO p(p - ID)]. (1.9)
itj1a1b

When ®( ) acts on P(D — 1, D), it acts either on a Green-function entry G, j, or Gy, p, oron H; ;.
or Hg,p, 1 E [2,...,2D]. In the former case we get by equation (6.14) a zero contribution, and in the
latter case by equation (6.10) the number of free summation indices in P(D — 1, D) gets reduced from

4(2D — 1) to 4(2D — 1) — 2. Bearing this in mind, we expand the term in formula (7.9) using J(,, 5, to
obtain, with [ > 10D,

1 » 1,0
- Z E[xll]lalb]g.calblpﬁll)P(D 1D)]

iij1aib
— L Z Z 1\/—M A:D(PZ q2) Xi]j]a]le(l’O)P(D -1 D) +0 L P
T N2 bia Jii ’ < VN

itjiaibi pr+qr=1

1,0 0

:_ E[X“Jlallel(na])'Djlll])P(D 1 D)]

11]1u1b1

p2+q2+1 ( ) .. b (1’0)
b5 3 v e 1o
ll]lalbl P2+qa=2
1 2D
+0 — s (7.10)
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where we used equation (6.14). For the first term on the right side in equation (7.10), the number of free
summation indices in D(l O)D(l 0)P(D 1,D) is 4(2D — 1) — 4 by equations (6.10) and (6.14). Or, put
differently, there are 2(2D - 1$ 2 factors of s left that we can use in cumulant expansions.

For the second term on the right side of equation (7.10), either we get a zero contribution when @;11”0)
acts on a Green-function entry of P(D — 1, D) or the number of free summation indices gets reduced by

two if D(,llfo) acts on a factor of J{. For the higher derivative terms in Dl(fl’ ;’1‘12), with ps + ¢> > 2, acting

on Xi/1a1by D(.]IIT]O) P(D -1, D), either the number of Green-function entries is increased by one for each
derivative hitting a Green-function entry or the number of free summation indices is reduced by two for
each derivative hitting a factor J{. We have now expanded the first term on the right of equation (7.8) in
H;,j, and Hg,p, . Before we go on and expand the remaining Hs in P(D — 1, D), we return to second
term on the right of equation (7.8).

Second term on the right of equation (7.8).
Consider now the term

D1+q+1
Z Z N- LR A E[D(pl .q1) Xlljlalblf}{ » P(D - 1,D)]]- (7.11)

Jui
P1+CI1—2 itj1a1b;

Since p; + g1 = 2, we do not have further cancellations from equation (6.14) in the expression

E [95117[11 QI)thlalblf]-(alblP(D - 1,D)] .

If one of the derivatives in Dj,f’i]l’q]) acts on H,, p,, the number of free summation indices is reduced by
two; if none of the derivatives acts on ﬂ{albl, we use a cumulant expansion in J,, 5, stopped at order
[ > 10D. The leading term containing D( ) will then either give a zero contribution if it acts on any
Green-function entry (by equation (6. 14)) or 'reduce the number of free summation indices by two. For
the terms containing ‘D(p Z’qz), p2 + g2 = 2, we have no cancellation due to equation (6.14) but the
number of free summatlon indices gets reduced by two for each derivative acting on a factor JH.

Classification of the expanded terms from equation (7.8).

We have now expanded all the terms on the right side of equation (7.8) using cumulant expansions
and performed all the derivatives by Leibniz’s rule. The resulting terms can be classified by the number
of collapses M of two free summation indices when X, ;, or g, 5, act on some other Hs (except their
own twin), and the number of cumulant expansions L in total; the number of cumulant expansions L
starting from order 1 — that is, with p,, + g, > 1; and the number of cumulant expansions L, starting
from order 2 — that is, with p, + g, > 2. For the moment, either L = 1 or L = 2, with L; + L, = L.
Because of the bounds ’Gij (z)| < L|IG@| < InI™" < N and Lemma 3.3(3), we may ignore the
number of Green-function entries in the power counting, and do not keep track of them.

Iteration and continued expansion.

‘We have now fully expanded equation (7.8) in terms of J};, ;, and H,, 5, . We will continue expanding
in the remaining J{s while keeping track of the numbers M, L; and L, just introduced.

Pick now one of the resulting terms from before; if that term contains J(;, ;, and its twin H,p,, we

expand first in J;, ;,. When D( s ) acts on Ha,p,, we get the cancellation with x from equation (7.4), so
that we are left with a cumulant expansion with ps +g> > 2 only. In case the twin H,,, is missing, we
note that the number of free summation indices has already been reduced by two. If we pick a term that
does not contain H;, j,, we go on and expand in the next H, Hy,p, or, if missing, the next available J{.
In this way we successively expand all factors 3, except those appearing in the error term of a cumulant
expansion cut at order / > 10D.
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Estimation of fully expanded terms.

A resulting fully expanded term containing no more Js is then classified by the total number of
collapses M of free summation indices, resulting from equation (6.10). The number of free summation
indices in such a term is 8D — 2M, whereas the number of total cumulant expansions L in that term is
4D — M. As before, let L be the number of cumulant expansions with p, + ¢, = 1 and let L, be the
number of cumulant expansions with p, + g, > 2. Note that L, =4D — M — L.

Hence a fully expanded term with given M, L, and L, gives a contribution to equation (7.6)
bounded by

L,

L,
1 nt+qn+1 l Pntqn+l
1 spam ( 1 )" ( 1 )
— N P R
N2D Z \/ﬁ Z \/N

Pntgn=1 Pntqn=2

< N6-2M p-Ly N—%Lz

1 -M+L,
= — , 7.12
(m) (712

where we used the facts that |G,~ j| <L |G| < ﬁ < N with probability 1 and there are no more
Hs in a fully expanded term, so that by Lemma 3.3 we get the first line. To obtain the second line we
used the fact that D and [ > 10D are fixed numbers, and for the third line we used L, =4D — M — L.
Summarising, so far we have expanded equation (7.6) in all the factors I and shown that each resulting
fully expanded term with given M, L and L, is bounded by equation (7.12).

We next claim that L; < M for any fully expanded term. Indeed, if for some pair of indices i, j, or
anb, there is no collapse — meaning that the derivatives in @;p ndn) (or D(p n )) exclusively act on
Green-function entries — then we have due to equation (6.14) that p, + g,, > 2 1n order to get a nonzero
contribution.

Thus we reach the maximum for M = L; in equation (7.12), and the term is stochastically dominated
by 1 — that is, each fully expanded term is stochastically bounded by 1. The number of generated terms
in the expansion is bounded by (CD)c? if we choose I to be proportional to D.

It follows that

EP(D,D) = E|X(z,2) —#(z,2)|*” < 1 (7.13)
for any D, and hence by Markov’s inequality we have
[X(z,2") ==(z, ) < 1, (7.14)

which was to be proven for fixed z,z" € €.

It remains to extend this bound to a uniform bound forall z, 7’ € £.Let L c € X & be alattice such that
|£] =0 (N'°) and for any (z, ') € €x & thereisa (z0,2)) € £ such that|(z,2") — (20, 2))| = O (N710).
Since (HG(z)HG (')} is Lipschitz continuous in (z,z’) with constant bounded by n;* < N4, 5o =
min{|Imz|, |Imz’|}, as follows from equation (6.12), the uniform estimate follows from a union bound
over £ and formula (7.14). This concludes the proof of Proposition 7.1, modulo the assumption that

Eh% i = = 0. This condition can easily be removed, as we will show in section 9. m]

Remark 7.2. We can strengthen estimate (7.1) to

X(z,2") =m(z)m(z') + O (‘I’z(z, z’)) +0. (\/Lﬁ)

= msc(Z)mu(Z ) +0< (‘Pz(Z,Z ) + 0. ( l]\])
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To establish this, one needs to count the number of off-diagonal Green-function entries generated along
the expansion procedure and then use |Gl~ j| <Y¥+6;;.

8. Real symmetric case

In this section, we outline how our results for the complex Hermitian setup carry over to the real
symmetric one. We start with the analogue to Assumption 3.1.

Assumption 8.1. Fix an integer k > 2. We assume that H, := (h, ;j) are k independent real symmetric
Wigner matrices of size N X N — that is, we assume that their entries are independent centered random
variables, up to the symmetry constraints h, ;; = h, ji, satisfying

Eh2 1 +5ij

wi= s 1ShisNou=1.ook ®.D

and the families of random variables {hl,i j} have finite moments to all order — that is, they satisfy
formula (3.2).

‘We then have the following result for the real symmetric case:
Theorem 8.2. Let H be given by definition (3.4) and assume that H,, t = 1, . . ., k, satisfy Assumption 8.1

and that o, t = 1, ...k, satisfy equation (3.3). Then

. 1
|whHwg — 0 de8ap| < —, (8.2)

VN
foralla,B € [1,N] and € [1,k].

Proof. In the following we sketch the proof of the theorem for k = 2. First we define the cumulants

Kf’x = Kf’;)l for the real random variables h, ;; as
p
» 9 ishyi)
k= (—1)P — log Ee™* "+ (8.3)
ot dsP 5=0
and note that they satisfy estimate (6.8).
Second, we introduce the real symmetric analogue to @;f @) by setting
(p ._ L yes (p+) 4p (p+1) 4p
Dﬁ = IT!N 2 (0’2/(1’].1. Blyﬁ — Ok (92’].1.), p €N, (8.4)

With these definitions we obtain the following cumulant expansion formula for the real symmetric case:
let F be a monomial in the Green-function entries and entries of J{ as in Corollary 6.3; then for any
[ €N,

EH;, F = ZI]N*%EQDE?MEQM(F), (8.5)
p=1
where the error term satisfies the bound
|EQ4 (F)| < N~D/2, (8.6)
Third, we recall the basic differentiation rule for the real symmetric setup:
8,,jiG(2) = -G(2)o A'G(2) - G(2)o AV G(z), 1=1,2. (8.7)
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It is then easy to check that we have the computational rules
DWG(2) =0 (8.8)
and
D;pﬂ-ﬁab =0jabib + 0ial jb, (8.9)

where H,p = oo H — 01 H, and where we used equations (3.3) and (8.1).
Armed with these definitions and rules, we turn to the computation of E{HG (z) HG(z")). We follow
the computation in section 6 up to equation (6.20), which now becomes

1 (1) ij ab 7 1 ij ab 7 (1)
- > eDl! [Tr (A IGA™ G )}cab] - > BT (A IGA™ G ) D3,
ijab ijab
1 ..
- > BT (AUGA“bG’) (8 a6ib + G1ab 1)
ijab

1
=Em(z)m(z’) + 2 Z ]EG,-]-G}i
ij
=Em(z)m(z’) + O (‘I‘(z, z’)2) , (8.10)

where we used the local law for the Green function in formula (4.7) to get the last line, and the fact
that Theorem 4.1 holds for real symmetric Wigner matrices as well. The only change was the addition
of the error term O < (¥(z, z’)z) in equation (8.10). Following the computation in section 6 further, we
conclude that Lemma 6.1 holds in the real symmetric setup too.

We move on to bound the higher moments of (HGJHG’) following the arguments in section 7. Due
to the modified rule (8.9) in the real setup, we redefine x(z, z") from equation (7.4) as

’ ! 1 ’
%#(z,7") = m(z)m(z’) + Y2 Z Gij(2)Gji(Z)), (8.11)
ij
so that
1 .
25 O DX TP, = 2(2,2) (8.12)
ijab

holds with the adapted notation X/’ given in equation (7.3). This modification of » ensures that
X(z,7") —x(z, 7’) is a self-normalising quantity — that is, in the computation of EP(D, D), with P from
definition (7.5), when some 3{;, ;, acts on its twin H, 5, we get a zero contribution to EP(D, D) as in
the complex Hermitian computation.

Yet if some H;, ;, acts on another H which is not its own twin, then we get an additional contribution
from the second term on the right side of equation (8.9) which is absent in the complex case. However,
when this happens the number of free summation indices is reduced by two, and we continue to expand
the resulting term in the same way as in the complex case. Thus the modified rule (8.9) produces more
terms in the expansion of EP(D, D), but after all terms are fully expanded in the Hs, the sizes of the
terms are estimated by the same power counting as in the complex Hermitian case. In this way one
obtains

(HIMG (2) HImG (")) = Imm(2)Imm(z’) + O (1), (8.13)
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uniformly in z,z" € &, similar to Proposition 7.1. The proof of Theorem 8.2 is then concluded in the
same way as in section 5. m]

9. Complex case revisited

In this last section, we return to the complex Hermitian case. In the proof of Proposition 5.1 in section 7,
we assumed for simplicity that ]Eh% = KEOI.’].Z) = 0. In this section we explain how this assumption can

be removed. Even if KEOEJ.Z) # 0 and hence @j.?’l) # 0, we have
(1,0) _ .1 _
Dﬂ G(z) = Djl. G(z) =0, 9.1)
similar to equation (6.14). Further, equation (6.10) is modified as

D;?’l)ﬂ-(ab = 6ib6ja» Dg’o)ﬂ-(ab = Uzzkl(?}?)éiaéjb + O’%Kéf)}lz.)éiaé‘bj. 9.2)

Since the cumulant expansions of Corollary 4.2 remain valid, it is straightforward to check that Proposi-
tion 7.1 holds true also when Kf?i’jz) do not necessarily vanish, after modifying the definition of » similarly
to the real symmetric case to obtain self-normalising quantities in the moment bounds of X — ». More
precisely, redefining

" . n, 1 2 (0.2) N, 2.(0.2) ,
#(z.2) = m@m) + 2 (03607 G (961 + ol G (G () 03)

ij
we find that

1 y
7 0 (DD D) X3 = (2.2, 9.4)
ijab

with xi/ab given in equation (7.3). We leave the further details aside. Finally, the proof of Theorem 3.4
from Proposition 7.1 remains unaffected by this modification.

Appendix A. Proof of Lemma 6.2

Proof. Fix the indices i and j. We write F = F (hl,,-j, hi,jis hoij, hz,ﬁ) to emphasise the explicit
dependencies. From Lemma 4.2 and the definition of ﬂ(f 9 in definition (6.13) we directly obtain
equation (6.15), where Q.1 (F) is the sum of two error terms € 741 and 1 47, the first coming from
cumulant expansion with respect to £ ;; and the second from expanding with respect to A5 ;; in H;;. To
bound the error term Q; ;,;, we choose M = N~!/* in formula (4.11). Then together with the moment
bounds in formula (3.2), for any (large) D > 0, we have

|21,41] < Nllﬂ max sup |08 OLF (w, W, haij, ha,ji)|

7 prg=ltl weC,|w|<N-1/4

C
+ LD (EU

12
DI max sup |0£(9%F (W, w, ha i, hz,j,-)|zl) (A.1)

p+q=I+1 Iw ISlhl‘ijl

for N sufficiently large, where we used Holder’s inequality and the moment assumption (3.2) to conclude
that for any / and D,

142 G Ci.p

244 .
E;;j Vll,ij| < @, E;;j [|h1,,‘j| 1|h1,ij|>N"/4] < ND/2 (A2)

for N sufficiently large.
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Consider next the Green-function entry G, = Ggp(z) for some fixed z € € and some choice
of indices a,b. We write G.p = Gap (hl,ij,hl,ji) in the following. Recall from the local law in
formula (4.7) that |Gab (hl,i s hi, j,-)| < 645 +¥(2). Hence, using a Neumann expansion of the resolvent,

we get
Gap (W, W) (A3)
= Gap (hijs hji) = To [AP4G (hiij b ji) o (W = ho i) AY + (W = o ji) A7) G (w,W)]
(A4)
Thus, denoting
A, = sup max |Ggp (W, w)|,
weC,|w|<N-1/4 ab
we get from equation (A.3) and |h1’ij| < \/#ﬁ that
~ 1 .
A, <1+ WAO, (AS)

and hence A, < 1. Next observe that 61.”.6‘.11.F is a polynomial in the Green-function entries and the
matrix entries of H of degree at most d + d” + [ + 2. Since F was a monomial, the number of monomial
summands in 61.’;.6}1[F depends on p,q and d + d’ + [ + 2, but is independent of N. Using the bounds

|Hap| < 1 and A, < 1, we conclude that SUPyy | |<N-1/4 al.';a;.’l.F (W,W)‘ < 1, for all p,q with
p+q <[+ 1. It follows that the first term on the right side of formula (A.1) is of order O < (N‘(l+2)/2).

To control the second term on the right side of formula (A.1), we use once more that a;’}a}ffiF is
a finite linear combination of monomials in the Green-function entries and the matrix entries of J.
The maximal number of Green-function entries occurring is d + [ + 2, and estimating each factor by
Gl < nLo < N, we get a contribution of order N4**? from the Green-function entries. From the
factors of H,;, we use |H,p| < 1 and the moment bounds in formula (3.2) to conclude that

1/2

2
By | max sup [0f0%LF (w.w kg hai)| || < N4 (A.6)
p+q=I+1 |W|S|h1,i,_,‘| L

Hence choosing D sufficiently large, the second term on the right side in formula (A.1) is bounded
by O« (N~"*D72) In sum, we have |Q; 141 (F)| < N~"*?/2_ We derive the corresponding bound on
Q) 1+1(F) in the same way. O

Proof of Corollary 6.3. Corollary 6.3 follows from Lemma 6.2, together with an application of
Lemma 3.3(3) using the the estimates |Gij(z)| < 1,IG(2)|l < InI”" < N and the moment assumptions
in Assumption 3.1, combined with Holder’s inequality. O
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