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BAER-LEVI SEMIGROUPS OF PARTIAL TRANSFORMATIONS

FERNANDA A. PINTO AND R.P. SULLIVAN

Let X be an infinite set and suppose No < ¢ £ |X|. The Baer-Levi semigroup
on X is the set of all injective ‘total’ transformations a : X — X such that
I X\ Xa] = ¢g. It is known to be a right simple, right cancellative semigroup
without idempotents, its automorphisms are “inner”; and some of its congruences
are restrictions of Malcev congruences on I(X), the symmetric inverse semigroup
on X. Here we consider algebraic properties of the semigroup consisting of all
injective ‘partial’ transformations a of X such that |X \ Xa| = ¢: in particular,
we describe the ideals and Green'’s relations of it and some of its subsemigroups.

1. INTRODUCTION

Throughout this paper, X is an infinite set with cardinal p, and ¢ is a cardinal
such that Rp € ¢ € p. Let P(X) denote the semigroup (under composition) of all
partial transformations of X (that is, all mappings oo : A = B where A,B C X). If
a € P(X), we write doma for the domain of a and ran o for its range. We also write-

G(a) = X \dome, g(a)=|G(a)|,
D(a) = X \rana, d(a)=|D(a)|-

and refer to these cardinals as the gap and the defect of «, respectively.
As usual, I(X) denotes the symmetric inverse semigroup on X ([1, Vol. 1, p. 29]):
namely, the set of all injective mappings in P(X). We write

BL(q) = {a € I(X) : g(c) = 0, d(a) = q}

and call this the Baer-Levi semigroup on X : as shown in ([1, Vol. 2, Section 8.1}), it
is a right simple, right cancellative semigroup without idempotents; and any semigroup
with these properties can be embedded in some Baer-Levi semigroup. Note that the
ideals and Green’s relations on BL(q) are trivial. In addition, every automorphism ¢
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of BL(q) is “inner”: that is, there exists g € G(X), the symmetric group on X, such
that ayp = gag™! for all « € BL(q) [5]. And some congruences on BL(q) are known
to be restrictions of Malcev congruences on T(X), the semigroup consisting of all total
transformations of X (that is, a € P(X) such that doma = X') [6].

In this paper, we examine a related semigroup:

PS(q) = {e € I(X) : d(a) = q}

which we call the partial Baer-Levi semigroup on X (as first defined in (9, p. 82]).
In contrast with BL(g), this semigroup always contains idempotents. In fact, PS(q)
always contains an inverse semigroup R(q) = {a € PS(q) : g(e) = q} which, together
with BL(q), generates PS(q) in a very specific way. Also Green’s relations and ideals
are much more complicated. In Sections 4 and 5 we describe the latter for both PS(q)
and R(g): this will be the basis for subsequent work regarding the congruences on
PS(q)-

2. BASIC PROPERTIES

In what follows, ¥ = AUB means Y is a disjoint union of A and B. Also, 0
denotes the empty (one-to-one) mapping which acts as a zero for P(X). In particular,
d(@) = p, so 0 € PS(q) precisely when ¢ = p. For each non-empty A C X, we write
id4 for the identity transformation on A: these mappings constitute all the idempotents
in I(X) and belong to PS(q) precisely when | X \ A| = gq.

We adopt the convention introduced in [1, Vol. 2, p. 241]: namely, if & € P(X) is
non-zero then we write

(=)
O =
T4

and take as understood that the subscript ¢ belongs to some (unmentioned) index set I,
that the abbreviation {z;} denotes {z; : ¢ € I'}, and that Xa = rana = {z;}, z;a™?!
= A; and doma = |J{A;:i€ I}.

Recall that a semigroup S is right reductive if az = bz for all z € S implies a = b
(and dually for left reductive: see [1, Vol. 1, p. 9]).

THEOREM 1. If Rg < g € p then PS(q) is a right and left reductive semigroup
with idempotents. Moreover, PS(q) contains a zero precisely when ¢ = p.

ProoF: If a,8 € PS(q), we have

X\ Xop=X\XBU[XB\ Xap]
=X\ XBU[(X\ Xa)Ndom§g]|B

https://doi.org/10.1017/50004972700034286 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700034286

(3] Baer-Levi semigroups 89

and in the last equation, the first set on the right has cardinal ¢ and the second has
cardinal at most ¢, thus af € PS(q). Also PS(q) contains idempotents since we
can write X = AUB where |4| = p,|B| = ¢ and then id4 € PS(g). In addition,
if ¢ is a zero for PS(q) then ¢ = (.id4, hence ran¢ C A4, for all A C X such that
X\ A| = ¢. In particular, if z ¢ D(¢) and we choose B C X such that = ¢ B and
IX\ (Bu {x})’ = ¢ then D((¢) contains BU{z}, a contradiction. Thus, every element
of X belongs to D(¢) and this occurs only when ¢ =_p.,

To show PS(g) is right reductive, suppose «,8 € PS(q) and ay = By for all
v € PS(q). If a,8 # 0 then idxq € PS(q), s0 @ = a.idxs = B.idx and this implies
Xa € XB. The réverse inclusion also holds since idxg € PS(q). Hence Xa = Xf
and it follows that o = 3. If (say) a = @ then ¢ = p and By = 0 for all v € PS(q).
In particular, B.id) = 0 for all b€ X3 and thus 8 = 0.

Now suppose ya = v for all vy € PS(q). If o,8 # 0, let b € doma and write
X = {b}U{z;} U{z;} where |I| =p,|J| =¢. Then

z; b
=" PS
% (zi b) € PS(q)
and b € domvya = dom~vf, so b € domfB3. Hence, doma C domf and the reverse
inclusion also holds. It follows that ba = b8 for all b € doma = dom S and hence
a=f.If (say) a =0 and € X then, as before, id(;; € PS(q), so id(z}.8 =0 for
all z € X and this implies 8 = 0. 0

ExaMPLE 1. Unlike BL(q), the semigroup PS(q) is not right cancellative nor right
simple. For, suppose X = AUB where |A| =p, |B| =¢q, A = {a;} and b,c € B are

distinct. If b ;
= (ms) 2= 0)
a; b a; ¢

then o,8 € PS(q) and a.ids = B.id4 but @ # B. Also, suppose X = AUBUC
where |A| =p and |B| = |C| =gq. If a =idaup and B = idayc, both of which are in
PS(gq), then CNdomary = 0 for each v € PS(q). Therefore, since C C dom f3, there
is no v € PS(q) such that 8 = ay: that is, PS(gq) is not right simple.

A subsemigroup S of P(X) is G{X)-normal if gag=* € § for all @ € § and all
g € G(X). Clearly PS(q) is G(X)-normal and, if ¢ = p, then PS(q) covers X: that
is, for each z € X, there is an idempotent constant map (namely, id(,}) in PS(g) with
range {z}. Hence, by [9] Theorem 3, if ¢ = p then every automorphism of PS(q) is
‘inner’ (as defined in Section 1 above) and moreover Aut PS(g) is isomorphic to G(X).
When g < p, PS(q) does not contain any constant maps. Nonetheless, by [4, Theorem
3.18], every automorphism of PS(g) is inner in this case also.
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We aim to show that Aut PS(q) is also isomorphic to G(X) when ¢ < p. For
this, we first need to know that if ¢ € Aut PS(q) then there exists a unique h € G(X)
such that ap = h™'ah for all @ € PS(g). In other words, if h,k € G(X) and
h~lah = k~'ak for all @ € PS(q) then h = k. To show this, we use some ideas from
[5] and let

Cp.g) ={AC X :|A|=p,|X\ Al =g}
If A€ C(p,q) and « is any bijection from X onto A then o € PS(q) and Xh~lah

= Ah, so Ah = Ak for all A€ C(p,q). Fix z € X and write X = AUBU {z} where
|A] = p and |B| =gq. Since h and k are injective,

(Au{z})h = ARU{z}h and (AU {z})k= AhU{z}k.

Therefore, since (AU {z})h = (AU {z})k, we find that zh = zk for all z € X, hence
h = k. We can now prove the following result.

THEOREM 2. If ¢ < p then Aut PS(g) is isomorphic to G(X).

PROOF: Let 8 : Aut PS(q) = G(X), ¢ — hy,, where h,, is the unique permutation
of X such that ap = hj'ah, for all @ € PS(q). To show 6 is a morphism, let
@,% € Aut PS(g) and note that for all o € PS(q), we have:

a(@d) = (hohy) ™ alhghy),
hence hy,y = hyhy by uniqueness. Clearly, if k € G(X) then
¢ : PS(q) = PS(gq),a — k™ tak,

is an automorphism of PS(g) (since PS(q) is G(X)-normal). Thus, h, = k by
uniqueness, so @ is onto. Finally, if h, = hy then ay = ay for all a € PS(q), so
w =1 and 6 is one-to-one. , a

In what follows, we sometimes write PS(X,p,q) or PS(p,q) in place of PS(q) to
highlight the underlying set X or its cardinal p.

As might be expected, PS(X, p, q) is isomorphic to PS(Y,r,s) ifandonlyif p=r
and ¢ = s, and moreover each isomorphism is induced in a natural way by a bijection
from X onto Y. To prove this, we need an argument almost identical to that in [5].
However, since we are dealing with partial transformations and our argument differs in
some important respects, we provide all the details.

‘LEMMA 1. If a,f € PS(p,q) then the following are equivalent.

{a) rana Cranf,
(b) for each v € PS(p,q), By = B implies ay = a.
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ProoF: If rana C ran3 and By = B for some v € PS(q) then (za)y = za for
each za € ranf, so ay = a. Conversely, suppose there exists y = za ¢ ranf = B
say. Then idg € PS(q) and Boidp = 3 but yidp # y; that is, aoidg # o and hence
the condition does not hold. |

Suppose |X|=p 2 g 2 X and let B(X,q) denote the family of all A C X such
that | X \ A| = ¢. Note that the poset (B(X,¢),C) contains a least element if and only
if p=g¢, and in this case @ is its least element. For, clearly if p = ¢ then 0 € B(X,q).
And if ¢ < p then each A € B(X,q) is non-empty and A\ {z} € B(X,q); that is,
B(X,q) cannot contain a least element in this case. The proof of the next result closely
follows the corresponding argument in [5].

LEMMA 2. Suppose | X|=p 2 q > Rg and |Y]| =7 2 s 2 No. Every order-
isomorphism H : B(X,q) — B(Y,s) is induced by a bijection h : X — Y : that is, for
each A € B(X,q), we have AH = Ah, the image of A under h.

PRrROOF: Let A € B(X,q) and z € X \ A. We write AU {z} as AUz. Clearly,
AUz € B(X,q) and AUz covers A. Hence (AU z)H = AHUy for some y ¢ AH. We
write y = zha and assert that zhy = zhp forall A, B € B(X, q) not containing z. For,
clearly ANB € B(X,q) and, since H is an order-isomorphism, (AN B)H = AHNBH .
Therefore, as in the proof of [5, Lemma, p. 493],

(AH N BH) Ugzhang = (AN B)H U zhang
=((AnB)Uz)H
=((Auz)n(BUz))H
=(AUz)HN(BUz)H
={(AHUzhs)N{BH Uzhg),

and it follows that

{zhans} = (AH N {zhp}) U ({zha} N BH) U ({zha} N {zhp}).
Now if zhg € AH then zhsng = zhg and hence

((ANB)Uz)H = (ANB)HUzhans = (ANB)H Uzhg C AH.

This implies (ANB)U =z C A, coﬁtradicting z ¢ A. Therefore, thg ¢ AH and
similarly zh, ¢ BH. Hence {zhs} N {zhp} # 0 and this means zhy = zhp as
asserted.

Now define h: X — Y,z > zhy, where A € B(X,q) satisfies z ¢ A. The above
argument shows h is well-defined. To see h is injective, suppose z1h = z2h and choose
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B € B(X,q) such that z; ¢ B for i+ = 1,2. Then, by definition, z;h = z;hp for
i =1,2. Therefore

(BUz1)H = BH Uz, hg = BHUz2hp = (BUz2)H

and it follows that x; = z,. To show h is surjective, let y € Y and choose M € B(Y, s)
such that y ¢ M. Then AH = M and BH = M Uy for some A, B € B(X,q). Since
M Uy covers M in the poset B(Y,s), B must cover A in the poset B(X,q). That is,
B = Auz for some z ¢ A. Hence

MuUy=(AUz)H =AHUzhy = MUzhy

and it follows that y = zh, and thus y = zh by definition. That is, h is a bijection.

Finally we prove that AH = Ah for each A € B(X,q). First recall that the
empty map @ € PS(q) if and only if p = ¢. In this case, the empty set @ is the least
element of B(X,q) and hence QH is a least element for B(Y,s). This means r = s
and OH = 0 = Qh. So we can assume A € B(X,q) is non-empty. Now if y = zh for
some £ € A then y = zhp where x ¢ B€ B(X,q). If y¢ AH then AHUy € B(Y, s)
and AHUy = (AUz)H for some 2 ¢ A. Hence 2hy = y = zhp and, since h is
injective, this implies 2 = z € A, a contradiction. Therefore y € AH and Ah C AH.
Conversely, if y € AH then AH covers AH \ y (this is true even if AH = {y}, which
is possible when p = ¢). Hence AH \ y = (A\ z)H for some z € A and so

AH = ((A\z)Uz)H = (A\ z)H Uzha\,.

Therefore, since y ¢ (A\ z)H, we know y = zh4\, and this means y = zh € Ah; that
is, AH C Ah and equality follows. 0

Recall that PS(p,q) contains a zero element (namely, ) precisely when p = q.
Consequently, if PS(X,p,q) and PS(Y,r,s) are isomorphic then either p = ¢ and
T =s,o0r p>qand r > s. In what follows, we need the fact: if A,B C X and
a € I(X) then (A\ B)a = Aa\ Ba.

THEOREM 3. The semigroups PS(X,p,q) and PS(Y,r,s) are isomorphic if and
only if p = r and q = s. Moreover, for each isomorphism ¢, there is a bijection
h: X — Y such that ap = h™'ah for each o € PS(X,p,q).

PRrRoOOF: Clearly, if the cardinals are equal as stated, then any bijection from X
onto Y will induce an isomorphism between the semigroups. So we assume there is an
isomorphism ¢ : PS(X,p,q) — PS(Y,r,s) and aim to find a bijection h : X - Y.
First we observe that ¢ induces an order-isomorphism from B(X,q) onto B(Y,s).
Indeed, from Lemma 1 we deduce that, for each o, € PS(g), rana = ranf if and
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only if ran(ay) = ran(By). Also, recall that id4 € PS(q) for each A € B(X,q).
Consequently, there is a well-defined mapping

H : B(X,q) > B(Y,s), A~ ran (ayp)

where A = rana for some a € PS(q). Note that if p = ¢ and A = @ = ran0
where 0 € PS(g) then Op = @ and OH = @. More generally, if A, B € B(X,q) and
A =rana, B = ranf for some «o,8 € PS(q) then AH = ran(ay), BH = ran (By),
and A C B if and only if AH C BH by Lemma 1. Also, for each M € B(Y,s),
there exists v € PS(s) and a € PS(q) such that M = ran+vy and v = ayp: that is,
M = (rana)H where rana € B(X, ¢), hence H is surjective.

By Lemma 2, H is induced by a bijection A : X — Y and now we aim to show
ap = h~tah for each o € PS(q). Clearly this holds if p = ¢ and o = 0. So,
suppose a # 0 and note that domah = dom « since domki = X. Let z € doma and
za = z’'. Choose A,B in B(X,q) such that A C B and B\ A = {z}, and consider
B,v € PS(X,q) such that ran3 = A and rany = B. Now ran~y\ranf = {z} and so

ran((ya)p) \ ran((Ba)y) = ran((vp)(ap)) \ ran((Bp)(ap))
= (ran (vp) \ ran (Bp)) (ap)
= (BH \ AH)(ay)
= {zh}ap.

On the other hand, ran (ya) \ ran (8a) = (B \ A)a = {z'} and so

ran((ya)p) \ ran((Be)p) = (ran (ya))H \ (ran (Ba))H
= (ran (ya))h \ (ran (Ba))h
= (ran~ \ ran 8)ah
= {z'h}.

Thus zh(a) = z'h = zah for all z € dome and so ap = h~lah. Finally, since
ap € PS(Y,r,s) implies |Y \ Yayp| = s, whereas |Y \Yh~'ah| = |(X \ Xa)h| =q for
any bijection h: X — Y, we also have ¢ = s.

3. REGULAR ELEMENTS

Since BL(q) is idempotent-free, it contains no regular elements (if S is a semigroup,
we say a € S is reqular if @ = aza for some = € §). But PS(g) always contains regular

elements.
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THEOREM 4. If 8y < ¢ € p and o € PS(q) then the following statements are
equivalent.

(a) a is regular,
(b) g(a)=gq,
(¢) ale PS(q).

PROOF: Suppose a = afa for some B € PS(q). Then, since a is injective,
zaff = z for all £ € doma and hence doma C ranf. Therefore, ¢ = d(B8)
< g9(a). Suppose g(a) =7 > q. Then X \doma = (ranf \ doma)U (X \ XB) implies
|[ranB8 \ doma| = r. That is, if ran 8 \ doma = {di} where |K| = r and ¢ = di
then {cx}Nrana = 0 (since o = idgoma ) and so {cx} C X \rana which implies d(a)
> r > ¢, a contradiction. This proves (a) implies (b). If g(a) = ¢ then d(a~!) = ¢, so
a~!' € PS(q); and if a1 € PS(q) then clearly a is a regular element of PS(¢). [

The set of regular elements in PS(q) plays an important role in what follows, so
we let

R(q) = {a € PS(q) : g(a) = q}.

Clearly any regular subsemigroup of PS(q) is contained in R(q). Therefore, the next
result shows that R(g) is the largest regular subsemigroup of PS(q). In fact, since all
idempotents of PS(q) have the form id4 for some A C X and all of these commute,
we see that every regular subsemigroup of PS(q) is inverse.

COROLLARY 1. If Ry < g < p then R(q) is an inverse semigroup.

PRrROOF: The idempotents in PS(g) commute and, by the above Theorem, R(q)
is regular, so it remains to show R(q) is closed. Suppose «, 8 € R(g) and note that

domaf = (ranaNdom B)a~! C Xa?,

SO

X\domaB =X\Xa'U[Xa !\ (ranandompB)a~t]
¢)) =X\Xa 'U[X\ (ranandomp)|a?

where the first set on the right of (1) has cardinal ¢ (since a=! € PS(g) by the
Theorem). Also, X \ [ranaNdom 8] = (X \rana)U (X \ dom ), so the second set on
the right of (1) has cardinal at most g (since a~! is injective). Therefore, g(aB) = g,
and we have shown af € R(q).

REMARK 1. In [3], Howie used R(q) = {a € I(X) : d(e) = g(a) = q} to construct
a congruence-free inverse semigroup when p > ¢; and in [10, Corollary 4], Sullivan
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showed that R(p) is generated by its nilpotents with index 2: in fact, it equals the
subsemigroup of I(X) generated by all the nilpotents in 7(X).
For Ry € 7 € p, we write

S, ={ae€PS(qg): g(a) < 1}
This is a subsemigroup of PS(q) since if o, € S, then
glaf) = | X\ Xa U “X \ (rana Ndom B)]a™!|

where X \ Xa=! = X \ domc, regardless of whether a=! € PS(g). Hence, g(af)
<7+ (0+r)=r,s0 af € S,. In particular,

BL(g)UR(q) C S,

and so the two semigroups on the left cannot generate S, for any r > ¢. In addition,
if v € PS(q) and v = af for some o € R(¢g) and B € BL(q) then g(v) = g{e). Hence
R(q).BL(q) is a proper subset of S;. On the other hand, the next two results show
that S, is generated by BL(g) and R(g) in very specific ways: this will be important
when we consider maximal subsemigroups of PS(g) in a subsequent paper.

THEOREM 5. If Rg < ¢ < p then S; = BL(q).R(q). In fact, S, = a.R(q) for
each o € BL(q).

ProOOF: We have already seen that BL(g).R(q) C S;. For the converse, suppose
a € 8, and note that

X\ Xa=[(X\Xa)ndoma] U [(X \ Xa)N (X \doma)].

Hence, if g{a) < q then the second intersection on the right has cardinal less than ¢,
whereas the set on the left of the equation has cardinal equal to ¢, hence we have:

(X \ Xa) Ndoma| = g.

Write (X \ Xa) Ndoma = {a;} = {b;}U{c;}U{d;} where |J| = g(a) < ¢, and let
domaNrana = {zx} and X \ doma = {y;}. Let

Tk a; Yj < T b
/\ = s Ij, =
zr by dj Tra G
which are well-defined one-to-one maps by construction. Moreover, dom A = X and

X\ XA={c}u{y;}: that is, A € BL(q); and X \ domp = {c;} U {d;} U {y;} and
X\ Xp=X\Xa: that is, u € R;. And clearly oo = Ap.
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If g(a) = q, we can write doma = {u},X \ doma = {y;} and X \ Xa
= {v;}U{w;} where |J| =g¢. Let

U Y5 .
A= , w=id R,.
(uka ’Uj) » ldxa € a

Then A is a well-defined element of BL(q) and Ay = « as required.
Finally, suppose «,8 € BL(q), let X = {z;} and write

% _ [T [ %
w=(2) o= () ()
Then 8 = ap where u € R(q), so BL(q) C a.R(g) € S;. On the other hand, if y € S,
then the above argument shows y = Bu for some 3 € BL(q) and some p € R(q), and

now we also know 8 = a\ for some A € R(g). Therefore, v = a(Ap) where Ay € R(q)
since R(g) is a semigroup; that is, S; C a.R(g) and equality follows. 0

The next result shows that in most cases S, can be generated in a different way.
THEOREM 6. If ¢ <p then Sq = BL(q).u.BL(q) for each p € R(q).

PROOF: Suppose v € S; with g(v) =r and let u € R(q). Since ¢ < p, both v
and g have rank p, so we can write

Let X\{a:} = {a;} (so [J| =7), X\{c:} = {y;} U{ys} where |K|=gq, X\{di} = {di}
and X \ {b,} = {uk}U {'Uk}. If

(3 3) 5 )

G Y5 b uk

then a,8 € BL(q) and v = aufB (note that if » = 0 then {a;} = @ but the conclusion
is the same). 0

In passing we note that if v € Sg, u € R(¢g) and v = auf for some «,f € BL(q)

then dom+y C doma, so (dom~y)a € domy and hence |domvy| < |dompu| = r(u).

Therefore, if ¢ = p and r(p) < p then g(v) = g(u) = p, so BL(q).x.BL{q) is a proper

subset of Sg; that is, the above result fails to hold when g = p. In addition, it cannot

" be simplified to read, for example: S, = p.BL(q) for each p € R(g) when ¢ < p.

For, if v € S, then vy # ufB for each u € R(q) such that dom~y € domy. A similar
argument using ran-y shows that also S, # BL(q).u for some p € R(q).
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4. GREEN’S RELATIONS

The semigroup PS(g) is not a regular subsemigroup of P(X), so Hall's Theorem
([2, Proposition II1.4.5]) cannot be used to describe the £ and R relations on PS(g) in
terms of their well-known characterisation on P(X) (see [7, Theorem 10]). Therefore,
in this section we first characterise each of the Green’s relations on PS(q) and then
consider the corresponding problem for S; and R(g). In fact, for each of these semi-
groups, S say, we determine when S'a C S§'8 and oS! C BS! for o,8 € S (that is,
when £ and R classes are comparable under their usual partial order).

THEOREM 7. If a,8 € PS(q) then a = Bu for some p € PS(q) if and only if
doma C dom 3. Hence a R 8 in PS{q) if and only if doma = dom §f3.

Proor: Clearly, if & = Bu for some p € PS(g) then doma C dom 3. Conversely,
suppose doma C dom 3 and write

_ Qg _ a; .’L‘j — Ci
a_(bi>, b (Ci yj>, g (b:')
Then a = Bu where p € PS(q). 0

Surprisingly, it is much harder to describe Green’s £ relation on PS(g).

THEOREM 8. If o, € PS(q) then a = A3 for some A\ € PS(q) if and only if
Xa C XS and

(2) g < max(g(B),|XB\ Xal) < max(g(a), g).
Hence, o L 8 in PS(q) if and only if
(Xa = XB and g(a) = 9(8) > q) or (o = § and g(a) < q).

ProOF: Suppose & = A3 for some A € PS(g). Then Xa C X8 and o € PS(q)
implies

|[(X\ X2 Ndom ]| = |(X \ XN = IXB\ Xa| <d(a) = q.
Also, since § is one-to-one, we have:
g=|X\ X\ = l[(X\X,\)n dom ] U [(X \ XA)n (X\dom/a)”
< |XB\ Xa| + g(B) = max(g(B), |XB\ Xal).
Since A is one-to-one and a = A3, we have

(XANdompB)A"! =doma and (XANX\dompB)A~!'C X\ doma
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and hence
|X \dom B| = |XAN (X \ domB)| + |(X \ XA) N (X \ dom B)|
< |X \ doma| + ¢ = max(g(a), q).

Conversely, suppose «, 3 € PS(q) and the conditions hold. Write

_ a; _ Ti Tk _ a;

= (bi)’ p= <bi bk)’ A= (z.)
so that |K| = |X8\ Xal. If g(a) < g, the conditions imply max(g(8),| X8\ Xal) = ¢
and so d(\) = |{zx} U (X \ domp)| = g: that is, A € PS(g). Suppose g(a) > ¢. In
this case, the conditions imply g(8) < g(e): otherwise, we have

IXB\ Xo| < < g(a) < g(B)
and so
max(g(8), |[XB\ Xal) = g(8) > g(a) = max (g(a), q).

We can also assume ¢ < g{88): otherwise, max(g(ﬂ), 1XB8\ Xa|) = q and the result

follows as before. Now write X \dom 8 = {z,,} U{z,} where |M| = g(B),|N| = q and
choose 2, € X \ doma. Now re-define A as

\= (ai zm>
Iy Tm

and note that X \ X\ = {zx} U {z,} which has cardinal ¢. Hence, A € PS(q) and
a = A8 as required.

It follows that for distinct a,8 € PS(gq), a = A8 and 8 = XNa for some ), N
€ PS(q) if and only if Xa = Xf and g(a) = g(B) > ¢q. That is, if « £ B in PS(q)
and g(a) > g then Xa = X8 and g(a) = g(B), whereas if g(a) < g then a = 3. On
the other hand, if one of these events occurs, it is now clear that o £ 8 in PS(g). [0

Given that the condition in (2) is so complicated, it is worth noting that it cannot
be simplified to read: g(8) < g(a).

ExXAMPLE 2. Let a,3 € PS(g) be defined by
_ a; _ Ty Zj
*= (bi), b= (bi bj)
where g(8) < g(a) < q and |J] < ¢q. Note that in this case Xa C X and |I| = p.

Also max (g(8),|XB\ Xa|) 2 ¢. If a = AB for some A € PS(q) then b; = a;a
= (a;A\)B = z;B for each i, s0 {z;} C X\. Therefore

d(A) < | X\ {z:}| = [{z;} UGB)| < g+g=4q,

a contradiction. That is, for some a,8 € PS(q) with g(8) < g(c), there is no A
€ PS(q) such that a = AB.
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REMARK 2. From Theorems 7 and 8, we deduce that a H 8 in PS(q) if and only if
(Xa = XB,doma = dom g and g(a) > ¢) or (o = B and g(a) < q).

Recall that each group H-class of T'(X) is isomorphic to a symmetric group G(A) for
some A C X ([1, Vol. 1, Theorem 2.10]). The corresponding result for PS(q) is even
more precise. For, if ¢ is a non-zero idempotent of PS(q) then € =id, for some AC X
such that |X \ A| = ¢. Consequently, since each a € PS (g) is injective, we have

a€ H < Xa=Xe,doma = dome,
< rana=doma = A,
<= aecG(A).
That is, He = G(A) and clearly, when p = ¢, Hy = {0}.

To characterise the J relation on PS(¢), we need two Lemmas. Henceforth, if
o € P(X), we write 7(a) = |ranca| and call this the rank of a.

LEMMA 3. If ¢ < p and o, € PS(q) then 3 = Aap for some A\, € PS(q) if
and only if g(a) < ¢ or g(B) > g(a) > q. Hence, in PS(q) for g < p, o J B if and
only if g{a) and g(B) are at most q, or g(a) = g(8) > q.

Proor: First note that if ¢ < p then r(a) = r(8) = p. Suppose 8 = dau for
some A, u € PS(q) and assume g(a) =r > ¢. Then

(X \XAN)N(X\dome)| <g<r

and this implies | X ANG(a)| = r. That is, there exists {an} C dom A such that |[N| =r
and {anA} Ndoma = @. Therefore, {an} C G(B) and ¢(B) = r = g(a), as required.
Conversely, if g(a) € ¢ < p, write

i=(3) o (3)

where |I| = p and let {a;} = {z:} U{z;} where |J| = q. Define

_ C; _ T,
1= (2) o e ()

and note that D(A) = {z;} UG(a), a set with cardinal g. Moreover, 8 = Aap where
A, pu € PS(q). On the other hand, if g(8) > g(a) = r > ¢, choose n; € G(a) with
|J] =r and |G(a)\ {n;}| = ¢, and choose m; € G(B) (possible via the assumption).
Then, using the same notation for @ and 3, we see that

/\=<Ci mj) and u=(bi>
a; "Ny d,‘
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are elements of PS(q) and 8 = Aap, as required. 0

LEMMA 4. If g =p and o, € PS(q) then B = Aap for some A\, p € PS(q) if
and only if r(8) < r(a). Hence, in PS(q) for g=p, a J B if and only if r(a) = r(B).

ProoF: Clearly, 8 = Aap implies 7(8) < r(a). For the converse, write

ﬁ:(z) and a=(2:>.

Put {a;} = {z;}U{zx} (possible since r(B) < r(a)) and define

)\=(cj) and p=($ja)
Ij dj

and note that D(A) = {zx} U G(a): clearly, this set has cardinal ¢ = p if g(a) = ¢;
and if g(a) < ¢ then |I| = g, so we can ensure that |K| = q. That is, A,u € PS(q)
and 8 = lapu.

Note that g(a) > ¢ can occur only when ¢ < p; and if g(a) € ¢ <'p then r(a) = p.
Also, if ¢ = p then max(g(e), g(8)) < ¢ is valid for all @, 8 € PS(g). Hence the last
two Lemmas can be combined as follows.

THEOREM 9. If Ny < ¢ < p then a J B in PS(q) if and only if
[max(g(a), 9(8)) < g and r(e)=r(8)] or [g(c) = 9(8) > q]-

We now consider the D relation on PS(g) and find that D # J, unlike the usual
situation for other subsemigroups of P(X) (for example, the semigroup generated by
the idempotents of T(X) [8, Theorem 7], and the semigroup generated by the nilpotents
of P(X) [7, Theorem 11]).

THEOREM 10. IfRo < g < p then a D 8 in PS(q) if and only if
[9(a) < q and doma = dom ] or [r(a) = r(B) and g(a) = g(B) > q].

PRrROOF: Suppose ¢ £ v R 8 in PS(q). By Theorems 8 and 7, “a = v and
g(a) < ¢” or “Xa= Xv and g(v) = g(e) 2 q”, and dom+y = dom . Since vy and
are one-to-one on their domains, we deduce that

[9(a) < g and doma = dom g] or [r(a) = r(f) and g(a) = g(B) 2 q].

Conversely, suppose this condition holds. If g(e) < ¢ and doma = dompf, then
o £ a R B. On the other hand, if r(a) = r(8) and g(a) = g(B) > ¢, we write

a= () 5=(3) = (5)

Then v € PS(g) and, by Theorems 8 and 7, a £ v R B as required. 1]
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EXAMPLE 3. Let «, 8 € PS(g) be defined by

«=(5) o= (2)

where g(8) < g(a) < ¢ and doma # domp. This implies |I| = p, so r(a) = r(B)
and ma.x(g(a),g(ﬁ)) < g, hence a J B by Theorem 9. Suppose a £ v R 8 for some
v € PS(g). Then dom+~ = dom 3 by Theorem 7, hence a # « (by choice). So Theorem
8 implies Xa = X~ and g(a) = g(v) 2 ¢, contradicting the choice of a. Hence « is
not D-related to B in PS(g), and thus D # J.

We now consider Green’s relations on S;. As before, since S, is not a regular
subsemigroup of PS(g), Hall’'s Theorem cannot be applied to find R and £ on S,.
Nonetheless, they happen to be the restriction of R and £ on PS(q).

LEMMA 5. Let a,B € S, where Xg < ¢ < p. Then

(a) o= Bu for some p € Sy if and only if doma C dom S, and
(b) a= AB forsome X € Sy ifand only if Xao C X8 and max (g(B), | X8\ Xal)
= q .

ProoF: For (a), we simply note that in the proof of Theorem 7, if a € S, then
{z;} € G(a), so |J| < ¢ and G(p) = {y;} UD(B), hence g(n) < q.

For (b), observe that if @ = AB for some A € S; C PS(q) then the condition in
Theorem 8 simplifies to the desired result. Conversely, suppose the stated condition

holds and write
a; r; Ij a;
«=(5)8=(5 5) 2= (2)

Then |J} < ¢ since | X8\ Xa| € d(a) = q. If g(B8) = q then d(X) = g(B8)+|J| =¢ and
clearly g(A) < ¢,s0 A € S; and a = AB. On the other hand, if |[X3\ Xa| = ¢ then
|J| =g > g(B) and again d()A) = g, so A € S, as required. 1]
COROLLARY 2. Let o, € S, where Ro < ¢ < p. Then
(a) aR B in S, if and only if doma = dom 3, and
(b) « L B in S, if and only if [Xa = XB and g(a) = g(B) = q] or
[@=8 and g(a) <gq].

From Lemma 3 we see that if ¢ < p then S; forms a J-class in PS(q). Hence
we might expect the J relation on S, to be universal when ¢ < p. In addition, given
the last result, we might also expect the D relation on S, to be the restriction of D
on PS(q). Both these expectations are correct, as we now show.

THEOREM 11. Let o, € S; where ®o < g < p. Then B = Aap for some A, p
€ S, if and only if r(B8) < r(a). Hence

(a) a J B in S, if and only if r(a) = r(B), and
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(b) a DB in S, if and only if [g(0) < ¢ and doma = domf] or [r(a)
=7(6) and g(a) =g(h) =4q].

ProoF: Clearly, 8 = Aap implies r(8) < r(a). Conversely, if ¢ < p then 7()
= 7(B) = p. Using the same notation as in the proof of Lemma 3, we note that g(\)
= g(B) < q¢ and G(p) = D(a) U {z;a}, a set with cardinal ¢, so A, u € S, in this case.
On the other hand, if ¢ = p and r(8) < 7(e) then we observe that the A, u defined in
the proof of Lemma 4 actually belong to S;.

It remains to prove (b). If « D B in S; then a D B in PS(q), so Theorem 10
gives the desired result. Conversely, if the condition holds, we note that the converse
argument in the proof of Theorem 10 shows in fact that v € S; and hence a D § in
S, 0

We now turn to Green’s relations on R(g). Since this is a regular subsemigroup of
I(X), Hall’s Theorem implies that the £ and R relations on R(gq) equal the restriction
of the corresponding relations on I(X) to R(q). Hence, a £ 8 in R(q) if and only if
rana =ranf, and a R 8 in R(q) if and only if doma = dom . In fact, the J and
D relations on R(g) also mimic those on I(X).

THEOREM 12. If a,8 € R(q) then = Aap for some A, p € R(q) if and only if
r(B) < r(a). Hence, a J B in R(q) if and only if r(c)) = 7(B). Consequently, D = J
in R(q).

PROOF: Asusual, if 8 = Aap for some A, g € P(X) then r(8) € r(e). Conversely,
if this condition holds, we write

a= (3)0 o= () 2= (3)0 w= ()

where {z;} C {a;} (possible since |J| < |I|). Then B8 = Aap and A\, u € R(q) (note
that if ¢ < p then we can assume I = J). Finally a standard argument shows that if
r(a) = r(B) then o D 8, s0 J C D and equality follows. 1]

REMARK 3. From a comment above, we deduce that & H 8 in R(q) if and only if
rana = ran 8 and doma = dom 3. Hence, as in Remark 1 about PS(g), the group H-
classes of R(q) are precisely the symmetric groups G(A) where A C X and |X\A|=gq.
For the group H-classes of S;, note that no idempotent of PS(q) has gap less than
q, hence Corollary 2 shows that H in S, can be characterised in the same way as for
R(q), and therefore the group #-classes of S, are also the same as for R(g).

5. TWO-SIDED IDEALS

Recall that for ¢ < 7 < p, S = {@ € PS(q) : g(a) < r} is a subsemigroup of
PS(q). The reverse inequality gives us ideals of PS(g) when ¢ < p.
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THEOREM 13. The proper ideals of PS(q) for q < p are precisely the sets:
T, = {a € PS(q) : g(@) > r}

where g < r < p. Moreover, each T, is a principal ideal.

PrOOF: Let o € T, and 8 € PS(g). Since domef C dome, we know g(af)
> g(a), so each T, is a right ideal. Also,

X \dom Ba = (X \ dom ) U (dom g \ dom Sa)

and

Gla) = [XBNG(a)] U [(X\ XB) NG(a)]

where [XBN G(a)]B~! = domp \ dom Ba and d(B) = q. Therefore, |[XBNG(a)| > r
and it follows that g(Ba) = r. That is, T, is also a left ideal.

Conversely, suppose A is a proper ideal of PS(q) for ¢ < p and choose a € A
with least gap, r say, so A C T,.. If r < ¢ then, by Lemma 3, all elements of PS(q)
belong to PS(g)aPS(g) which is contained in A: thatis, A = PS(q), a contradiction.
Therefore ¢ < v < p and if 8 € T, then g(8) > r = g(a) > ¢, so Lemma 3 implies
B = Aap for some A, u € PS(q). Hence 8 € A and equality follows.

Finally, if a € T, has gap r where ¢ < r £ p then Lemma 3 implies that, for each
B € Ty, there exist A, € PS(q) such that 8 = Aau and hence T, C PS(q)laPS(q)l.
Since a € T, and T is an ideal, the reverse inclusion also holds, and thus each T is
principal. 0

In effect, in [1, Vol. 2, Lemma 10.54], Clifford and Preston prove that the Rees
factor semigroups I /I of ideals I in T'(X) are O-bisimple, and they contain a primi-
tive idempotent precisely when £ is finite (here £’ denotes the successor of the cardinal
£). To obtain a corresponding result for the ideals of PS(q), we first observe that if
g<r<s<pthen ¢ <r and

Tpg"'gngTrg"'gTq’-

Note that if ¢ < 7 € p then G, = S, NT; is the (non-empty) set of all & € PS(q) with
gap 7, and in fact G, is a semigroup (since it is the intersection of two semigroups).
Therefore, if ¢ < r < p then T,/T, is essentially G, with a zero adjoined (note that
Gp=1p).

REMARK 4. If a, B are D-related in G, then they are D-related in PS(q). Conversely,
from Theorem 10 we deduce that if o, 8 are D-related in PS(g) then they have the
same gap, T say. Moreover, in this case, o L v R B for some v € PS(q) with the
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same gap as a (see the proof of Theorem 10). Now by Theorem 8, either ¢ = 7 or
“Xa = X+ and g(a) = g(y) > ¢”; and in the latter case, as in the second half of the
proof of Theorem 8, we can find A1, Ay with gap 7 such that & = A}y and v = Aa:
that is, @ £ - in G,. On the other hand, if ¥ R 8 in PS(g) then dom~y = dom 3 by
Theorem 7. In addition, if v and 8 have gap r > g, we can write

_ [ G [ a _ z;f
’Y_(bz')’ ﬂ_<0i>’ “l_<bi )’
where {a;} = {z:}U{zs} and |K|=r. Then g(11) = [{zxB} U X \ {c;i}| = r (since
d(B) =g < r)and v = Bu;. Thatis, if yR § in PS(q) and ¢ < r = g(B) < p, we

can show that v+ R 8 in G,. In other words, if a, 8 are D-related in PS(g) and have
gap r where ¢ < r < p then they are D-related in G,.

From the above Remark, we deduce that G, is bisimple if ¢ < r < p. Also, if
€ is an idempotent in G, then € = idy for some A C X such that |A| = p and
|X \ A =7 > ¢, which contradicts d(¢) = q. That is, G, is idempotent-free.

COROLLARY 3. Ifgq <r < p then G, = S,NT, is bisimple and idempotent-free.

When g =p, PS(q) contains constant maps, all of which form an ideal of PS(q),
so we can expect a more standard description of the ideals in PS(q) in this case:
compare [1, Vol. 2, Theorem 10.59] for the ideals of T'(X).

THEOREM 14. If q = p, the ideals of PS(q) are precisely the sets:
J.={aePS(g):r(a) <7}

where 1 < v < p'. Moreover, J, is principal precisely when r = s’ where 0 < s < p.
PRroOOF: Clearly each J, is an ideal of PS(g). Let A be an ideal of PS(q) and
let 7 be the least cardinal greater than r(a) for all @ € A. Then A C J.. Now, for
each B € J,, there exists a € A such that r(8) < r(a) (by the choice of r). Hence
Lemma 4 implies f = Aoy for some A\, pu € PS(q),so B € A. Thatis, J. C A and
equality follows. Moreover, if r = s’ then J, = {& € PS(q) : 7(a) < s}. In this case,
since p = ¢q, Lemma 4 implies J, C P.S'(q)lozPS(q)1 for each a € J, with rank s,
and it follows that J, is principal. Conversely, suppose J, = PS(g)'aPS(g)" for some
o € J.. Let r(a) = s and assume there is a cardinal ¢t such that s < t < r. Since
p = q, there exists 8 € PS(q) with r(8) =t and then 8 € J., so § = Aap for some
A, p € PS(q)'. But this implies r(8) < 7(a), a contradiction. Therefore, ¢ does not
exist and thus r = s'. 0

REMARK 5. If non-zero a, 8 are D-related in J,»/J, then they are D-related in PS(q).
Conversely, from Theorem 10 we deduce that if «, 8 are D-related in PS(q) then they
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have the same rank, r say. Moreover, in this case, & L v R B for some v € PS(q)
with the same rank 7 (see the proof of Theorem 10). Next we observe that, in the
proof of Theorem 7, y has the same rank as «, and this can be used to show that, if
elements of PS(q) are R-related in PS(q) and have rank r, then they are R-related
in Jv/J.. In addition, if @ £ v in PS(q) then Theorem 8 implies that either = or
“Xa = Xv and g(a) = g(y) 2 ¢”; and in the latter case, as in the second half of the
proof of Theorem 8, we can find Ay, A, with rank 7 such that o = A1y and v = Aza:
that is, & £ v in J,.//J,. In other words, if o, 8 are D-related in PS(g) and have rank
r then they are D-related in J,.r/J,.

Now, in Example 2 we found «, 8 with rank p which are not D-related in PS(q)
and so, by the above Remark, J,s/J, is not 0-bisimple. On the other hand, if r <p=g¢
then all non-zero elements of J,»/J, have the same rank r and gap p, so Theorem 10
implies they are D-related in PS(q) and hence also in J,+/J,; that is, J../J, is O-
bisimple if 1 € r < p. However, if ¢ is a non-zero idempotent in J,//J. then € =idy4
for some A C X such that |[A| =7 and |X \ A] =g¢; and, since A\ {z} G Aif z€ A,
this is primitive precisely when r is finite and positive (see {1, Vol. 2, p. 224]). That
is, J,»/J, is completely 0-simple only when 1 < r < Ng. Finally, by Theorem 4, if each
a in J./J, is regular, we must have r < ¢ = p (since elements with rank p can have
gap less than p). In other words, J,//J, is inverse precisely when 0 < r < p.

COROLLARY 4. If1 <71 <p=gq then J./J. is a 0-bisimple inverse semigroup;
it is completely 0-simple only when r is finite.

Note that if ¢ < p and a,8 € S; then r(a) = r(8) = p,so a J B in S; by
Theorem 11(a). Thus, S, is simple if ¢ < p, and of course if ¢ = p then S, = PS(q).
Likewise if ¢ < p then R(q) is simple (in fact, bisimple since D = J when ¢ < p).
And if ¢ = p then R(gq) contains constant maps and an argument similar to that in the
above proof leads to our last result.

THEOREM 15. If ¢ = p, the ideals of R(q) are precisely the sets R(q)NJ, where
1<r<yp.
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