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HARMONIC MAPPINGS ONTO CONVEX DOMAINS
YUSUF ABU-MUHANNA AND GLENN SCHOBER

1. Introduction. Let D be a simply-connected domain and w, a fixed
point of D. Denote by S, the set of all complex-valued, harmonic,
orientation-preserving, univalent functions f from the open unit disk U
onto D with f(0) = w,. Unlike conformal mappings, harmonic mappings
are not essentially determined by their image domains. So, it is natural to
study the set Sj,.

In Section 2, we give some mapping theorems. We prove the existence,
when D is convex and unbounded, of a univalent, harmonic solution f of
the differential equation
L=adf., z€U,

z

where a is analytic and |a| < 1, such that f(U) € D and

F(" = lim f(reé") € 3D ae.
r—1
General bounded domains with locally connected boundaries were
considered earlier in [7]. We show also that if D is convex and unbounded
and if f € S, then f + AP(-, 1) is a univalent, orientation-preserving
mapping onto a convex domain for suitable constants 4 and ¢. Here, and
in what follows, P denotes the Poisson kernel

1

it +
P(z.1) = 5~ Re e———Z]
T

elt

— Z

In Section 3, we choose D to be a wedge W. We determine the extreme
points for the closed convex hull of S;. As an application, we estimate the
Fourier coefficients. In Section 4, D is chosen to be a half-plane, and we
carry out a parallel development.

In Section 5, we give an application to nonparametric minimal surfaces
over D when D is a wedge, a half-plane, or a strip. In particular, we give
lower bounds for the Gaussian curvature of the surface over a point
in D.

2. Mapping theorems. Recall that f belongs to the space h' if f is
harmonic in U and
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1o

is bounded as r — 1. Since we admit complex-valued functions, this
implies (cf. [3] ) that
27

fG) = ], Pz n)duo)

where p is a complex-valued measure of finite variation. Furthermore, the
radial limits

(€ = lim f(re")
r—1

exist a.e., and fA is equal a.e. to the Radon-Nikodym derivative of dp.

The following lemma asserts that, under certain hypotheses, the
absolutely continuous part of a limit measure is the limit of the absolutely
continuous parts, at least for a subsequence. Its proof was suggested to us
by J. G. Stampfli.

LemmMma 2.1. Let g, and g belong to L'[O, 2a],

lim g, = gae, and

n—oo

2
f() lg,(x)ldx =M foralln =1,2,3,....

Then there is a subsequence {g, } of {g,} such that g, dx converges in the
weak * topology as k — oo to gdx + ds, where ds is a singular measure on
[0, 27] with respect to the Lebesgue measure dx.

Proof. Alaoglu’s theorem implies that there is a subsequence {gnk} of
{g,} and h € L'[0, 27] so that

8y dx — hdx + ds as k — oo

in the weak * topology, where ds is singular with respect to Lebesgue
measure. For each € > 0 there is, by Egoroff’s theorem, a compact subset
A, of [0, 27r] with measure 27 — € such that 8,, — & uniformly on A as
k — oo. Since the restriction of hdx + ds to A, 1s also the weak * limit of
8, on A, we may conclude that h = ga.e.on 4. Lete = 0. Then h = ¢
a.e. on [0, 27].

The following application of Lemma 2.1 will be useful in our mapping
theorem.

LeMMA 2.2, Assume that
2

L@y = |, P 0t

and that
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lim fn =g ae

n—>0

wherefAn, g € L' and

27 )
fo (@) ldt = M foralln =1,2,3,....

A
If £, converges locally uniformly on U to a funciion f € h', then f = g
a.e.

Proof. Lemma 2.1 implies that there is a subsequence j:,k that converges
for eachz € Uto

27

, PG Dig(edr + ds)

where ds is singular. On the other hand,

1) = f(z) ask — oo,
and so

2
fe@ =/, PG ig(e"ydt + ds] forall z € U.

Hence f = ga.e.

The following is our mapping theorem. The linear space of analytic
functions on U is denoted by H(U).

THEOREM 2.3. Let D be a convex domain. Fix wy € D, and let a € H(U)
satisfy a(U) € U. Then there exists a univalent, harmonic, orientation-
preserving mapping f with the following properties.

(a) f(U) € D, f(0) = wy, and f.(0) > 0;

(b) f is a solution of [ = af;

() the limits lim f(re'") exist and belong to 3D for a.e. t.

r—1

Proof. Case 1. If D is convex and bounded, then 3D is locally connected
and this theorem is a special case of [7, Theorem 4.2].

Case 2. If D is convex and unbounded, but neither a strip nor a
half-plane, then there is an infinite wedge containing D. Since the
mapping w — aw + f3 preserves the convexity of the domain, harmonicity,
and the form of the equation, we may assume without loss of generality
that D is contained in the wedge bounded by the rays L, :te'® and
L _:te ' t = 0, where a is fixed and 0 < a < 7/2.

Let ¢ be the univalent analytic mapping from U onto D with ¢(0) = w,
and ¢’(0) > 0. Let

D, = ¢(lz] <n/(n + 1)) and
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a,(z) = a(nz/(n + 1)).

Since D, is bounded and convex, there exists by Case 1 a univalent,
harmonic, and orientation-preserving mapping f, satisfying (a), (b), and
(c) with D and a replaced by D, and a,,. Furthermore, since |lg,||., < 1, the
prime-end theory for quasiconformal mappings implies that f, extends to
a homeomorphism of U onto D,.

Write f, = h, + g, where h, and g, are analytic, 4,(0) = w,
and g,(0) = 0. Since D, is contained in the wedge, the analytic
functions

F;: _ eii('rr/2—a)hn + eri(a-w/Z)gn

satisfy
Re F- = Re{e™™27%f} >0 and
FE(0) = 520,

By Montel’s theorem there is a subsequence F”i converging uniformly on
J
compact subsets, say to F~. Now

fo, = [e i@ Re{F,,t} + ¢ Re{F, } V/sin(2a)
converges in a similar fashion to
[ =le "™ Re{F"} + & Re{F} |/sin(2a)

and f(0) = w,. To see that f is not constant, we use the fact from
[2, Theorem 2.1] that

U = wol/[(1,):(0)]

omits some point on the circle |w| = 1.72. Hence
5,

(f):(0) = 173

where 8, is the distance from w to dD,. Consequently,

)
0 =—->0,
/-0 1.72
and so f is not constant. This and Lemma 3.1 in [7] imply that fis a
univalent, orientation-preserving, harmonic mapping and that f satisfies
the equation

£=d.

It is clear that f(U) C D since fis open, D, C D, and D is convex.
It remains to show part (c). We use the Helly selection theorem as in
[7, Theorem 3.2] to find a further subsequence f, , call it f,, such that
Jk
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(p_l o f, is bounded and converges a.e. on oU to a function n on dU
with |g| = 1. Since ¢ is continuous on U with respect to the spherical
metric, it follows that f, — ¢ o 1 a.e. on 0U in that metric. If we
write f, = u;, + iv, then

vl = (tan a)u,

since D, lies in the wedge. Hence

27 2
/0 I/ (") ldt = (1 + tan a) /0 u, (e")dt
27(1 + tan a)Re{w,}.
This and Fatou’s lemma give
27 . 2 )
fo lg o n(e') |dt lim ,/O | £, (e |dt
k—00

= 27(1 + tan a)Re{wy}.

I

IA

Thus ¢ o 7 is finite a.e., and it follows from Lemma 2.2 that fA exists and
equals ¢ o 17 a.e. Since ¢ o 1 € 9D, part (¢) is proved.

Case 3. If D is a half-plane, we may suppose without loss of generality
that D is the right half-plane. An explicit representation for the solution
will be given in Remark 4.4.

Case 4. If D is a strip, then an explicit representation was given earlier
in [8, Section 2].

We remark that Case 3 of the proof remains valid for any domain D that
is contained in a convex wedge and has a locally connected boundary.
Secondly, uniqueness of the mapping with the properties of Theorem 2.3 is
not known in general. However, for the cases where D is a strip or
half-plane the explicit representations for f show that the correspondence
between f and a is one-to-one.

It is possible to represent univalent, harmonic, orientation-preserving
mappings f = h + g of U onto convex domains in various ways. For
example, J. Clunie and T. Sheil-Small [2, Lemma 5.11] showed that there
are real constants A and pu such that

p — (e—iﬂhr + ei,llg/)(ef}\ . e*i)\zz)
satisfies Re p = 0. If a = g'//’, this implies that

B : p&)dt
f(z) = f(O) + ,/0 (ei}\ _ e-i)\g»z)(e—iu + ei"a({))
: aQp Ot
" / 0 — "N e ™ + ()

This representation was sufficient for Clunie and Sheil-Small [2] to obtain
some sharp coefficient estimates.
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Let us consider another representation. If f is a univalent harmonic
mapping onto a bounded convex domain, then

2m

f@ = |, P nfEd

and, moreover, f has unrestricted limits at the boundary except possibly
at points of a countable set at which the cluster sets are straight line
segments [7, Theorem 4.3]. The following theorem concerns the
unbounded case.

THEOREM 2.4. Let f be a univalent, harmonic, orientation-preserving
mapping from U onto an unbounded convex domain D which is neither a strip
nor a half-plane. Then

() f€h's

(b) there is only one point e that corresponds to co;

2m N
(© f(z) = N P(z, t)f(e")dt + AP(z, \)

for some constant A € C; .
(d) there is a countable set E C dU\{e™} such that
(i) the unrestricted limit lim f(z) exists as z — &z e U, and is
continuous for all points & e JU\[E U {ei}‘} 1,

(i) lim f(¢") and lim f(e")
04 18

exist and are different for ¢° e E,
(i) and the cluster set of f at ¢® € E is the line segment joining

lim f(é) to lim f(e”);
11 110
(e) the cluster set at &
half-lines.

is either the point at co, a half-line, or two parallel

By correspondence in (b), we mean that there is a sequence {z, } € U so

that
lim z, = ¢® and lim f(z;) = oo.
k—00 k—0o0

Proof. Since D is neither a strip nor a half-plane, there is a convex wedge
that contains D inside it. Use an affine transformation

w— (w) =aw + bw + ¢

to map this wedge onto the first quadrant. Then .« o f is harmonic,
Re/o fZ0,ImZo f=0,and so.«Z o f € h'. Since the inverse of . is
also affine and h' is closed under affine transformations, part (a) of the
theorem is proved.
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The existence of a point &N corresponding to co is clear because f is
open. To show uniqueness, choose two points ¢ and ¢® on 9U at which f
has finite radial limits. Denote the union of the radii to ¢ and ¢'® by L.
Then L divides U into two disjoint sectors U, and U,. Suppose that

e oU,. Then f(L) is a finite Jordan arc that divides D into two disjoint
domains, one bounded and the other unbounded. Necessarily, f(U,) is
unbounded and f(U,) is bounded. But / has radial hmlts almost
everywhere, and so we can choose ¢'“ and ¢' arbrtrarlly close to ¢ and on
either side. Hence ¢ is the only point that corresponds to co.

Next, consider part (c). The function .o o f, defined earlier, belongs to
h!, and so it has the representation

27

Ao fz) = |, Pl oo f(ear + foﬂ P(z, t)ds(t)

where ds is singular with respect to df. Since Re o« o f = 0 and
Im &/ o f = 0, we may write ds = ds; + ids, where ds, and ds, are non-
negative singular measures.

Suppose that dsj, for some J, is not zero, and let E/ denote its closed
support. Then it is known [4, p. 77] that

11m—1~s((t—et+e)) +o00
0 2(
for s;-almost all 1 € E. This, in turn, implies [3, p. 4] that
2
0 P(z, 1)ds;(1)
has radial limit +oo at such points. Since the real and imaginary
parts of
2 A
0 P(z, 1) o f(e)dt
are nonnegative, it follows that

lim o f(ré') = oo

for s-almost all 1 € E,. But only ¢ corresponds to oo by part (b). This
implies that E; {e’A} Therefore ds; is a point mass at ¢™. This proves
part (c) of the theorem for .« o f and consequently, for f.

The proof of (d) is the same as in [7, Theorem 4.3]. The boundary of D is
locally connected since D is convex, and the hypothesis in [7, Theorem 4.3]
that f is bounded can be replaced by the properties (a), (b), and
(c) above.

To prove (e) we use the representation (c). First suppose that 4 = 0.
Since P(z, t)dt is a probability measure for each fixed z, it follows that D is
the open convex hull of the radial boundary values f If f is unbounded
from both sides of e}‘, then an argument as in part (b) shows that the
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cluster set at ™ is only the point at co. Simularly, if f is bounded from one
side and unbounded from the other, then the cluster set must be a
half-line. In this case, f cannot be bounded from both sides of ¢, for then
D would be bounded.

Finally, assume that A # 0 so that P(z, A) plays a role. If f 1s bounded,
then by approaching ¢' along circular arcs tangent to dU at e, one sees
that the cluster set contains two parallel half-lines. Smce D is convex, that
is all it contains. If f is bounded from one side of ¢” and unbounded from
the other, then by approaching ' along the same circular arcs, but only
from the bounded side, it follows that the cluster set contains one
half-line. The convexity of D and an argument as in (b) implies that the
cluster set is no larger. If f is unbounded from both sides, then an
argument as in (b) shows that the cluster set is just the point at oco.

Remark 2.5. 1t is a property of the Poisson integral representation (c)
and part (d) (iii) that the radial limit of f exists for points ¢’ € E and
equals

1 A A
~{lim f(e") + lim f(e")|.
2 104 1|0
Therefore the radial limit fA exists at every point of E)U\{ei}‘}.

A question arises as to whether there is a univalent, harmonic,
orientation-preserving mapping f onto a convex domain D so that 4 # 0
in part (c) of Theorem 2.4. The next theorem answers this question
affirmatively.

THEOREM 2.6. Let f be a univalent, harmonic, orientation-preserving
mapping from U onto an unbounded convex domain D. Choose \ and a so
that there are points z;, € U for which

Z ™ e, |f(z;) | = oo, and

fENf(z) | — ¢ as k — oo.
Then for each r > 0

[+ ré“P(-, N

is a univalent, harmonic, orientation-preserving mapping of U onto an
unbounded convex domain contained in D.

Proof. Write f = h + g where h and g are analytic, and define
iA
roet + oz
H(z) = h(z) + E e'}‘ and

4

iA
r e+ oz
G(z) = g(z) + —e "=
() g() | e,)\

- Z
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Then F = H + G satisfies
F(z) = f(z) + ré®P(z, N).

By [2, Theorem 5.7], the harmonic function F is univalent, orientation-
preserving, and maps onto a convex domain if and only if for each
8 € [0, =) the function

o = ie_’ﬂ[H — e2i0G]

is univalent and maps onto a domain that is convex in the vertical
direction. This is the case [13, Theorem 1] if and only if ® is nonconstant
and there are parameters p € [0, 27) and » € [0, «] such that

(1)  Ref{—ie"l — (2 cos v)e *z + ¢ 2 d'(z) } = 0.
Choose p and v so that (1) is satisfied for the function
¢ = ie*iﬂ[h _ eZIHg]’
which does map onto a domain convex in the vertical direction because f
is convex. Since
A
r et + z
b =9 — —sin(a — 0) ——,
Y ( )e’>‘ -z
it is sufficient to verify that
iA
Q) Re{ie"ﬂ[l — (2 cos v)e Mz 4+ e HH2] sin(a — ) (%)—2}
et —z

is nonnegative. It is known [13] that the point ¢**" corresponds to

inf,, Re ¢ and that ¢' =" corresponds to sup,, Re ¢. We consider two

cases.
If

Refie %} = 0,

then the point &N corresponds to sup,, Re ¢ because
Re ¢ = Refie f}.

In this case
ei?\ — ei(u*u)

and (2) reduces to

et — e*""z}
sinfle — 0) Re{ i——+—
(@ = 0) Ref i
) (1 — |zP)sin »
= —sm(a - 0) m,
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which is nonnegative. Similarly, if
Refie 9¢'*} < 0,
then the point e corresponds to inf;; Re ¢, and so

AN = it

In this case (2) reduces to
in iv
. et — €’z
sin(a — 6) Re{i.—}
¢ —z
(1 — |z[»sin »
Iei(p+v) o 2[2 ’

= sin(a — 0)

which is nonnegative.
To see that @ is nonconstant, choose z, as in the hypothesis. Then

F(z;) = f(z;) + reé®P(z,, N)
approaches infinity in the direction ¢® as k — co. For this reason
Re ® — Refie "F}
could be constant only if
Re{ie e} = 0.
However, in this case
Re ® = Refie "/}
is not constant because f is open.
Finally, the domain F(U) is contained in D since the addition of
ré“P(z, M) to f(z) is a translation along a ray in the convex domain D. In

addition, F(U) is unbounded since the points F(z,) mentioned earlier
approach infinity.

Except at the point ¢ the Poisson kernel P(z, A\) has boundary values
zero. Therefore, in Theorem 2.6, the only place where the boundaries of D
and F(U) can differ is at the cluster sets of f and F at e,

3. Mappings onto a convex wedge. In this section, we consider the set
Sy, of all univalent, harmonic, orientation-preserving mappings f of U
onto the wedge

W = {w:larg w| < @/4},

with normalization f(0) = 1. Let S,, denote the closure of S,, in the
topology of locally uniform convergences. If #”is any convex wedge, then
there is an affine transformation that maps #  onto W. So the properties
of §);, will be representative.
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By Theorem 2.4, every f € S, is in h' and can be expressed in
the form

3 f@) = ;w P(z. )f (€")dt + AP(z, M)

where the radial limit values fA (¢") are finite and belong to dW for every
point &' # ¢ The following theorem shows that this representation and
other properties persist for S}, and it identifies some degeneracies.

TueorREM 3.1. If f € S, then

(a) f e n, f(U) € W, fis not constant, andf(e”) € dW for almost
all t;

(b) £ = df, for some analytic function a with a(U) C U,

(c) if lal # 1, then f is univalent and orientation preserving, f(U) is
convex, and [ has the representation (3);

(d) if la] = 1, then f(U) is either a line segment or half-line through the
point 1 with endpoint(s) on IW.

Proof. Let {f,} C S, converge locally uniformly to f. Since the real
and imaginary parts of (1 + i)/, are positive and normalized, the same is
true for (1 + i) f, and it follows that f belongs to h'. Next, it is clear that
f(U) € W and, moreover, that f(U) C W since f(0) = 1 is an interior
point of W. In addition, we have

L0 = >

1.72
where § = 1/1/2 is the distance from f,(0) = 1 to dW as in the proof of
Theorem 2.3. Hence f'is not constant.
In order to show that f (") € AW for almost all ¢, consider the
functions ¢ ' o f, where

1 +
9(z) = \/1_i

is a conformal mapping from U onto W. Then ¢ ' o ﬁ, maps dU into
aU, is orientation-preserving, and, by Helly’s selection theorem as in the
proof of Theorem 2.3, part (c), has a subsequence that converges almost
everywhere to a function n with |n| = 1. Since ¢ is continuous from U into
the Riemann sphere, a subsequence of {/,} converges to ¢ o 1 almost
everywhere. Therefore, f = ¢ o 7 by Lemma 2.2, and so the values of f
belong almost everywhere to dW. This completes the proof of part (a).

Since f is nonconstant [7, Lemma 3.1] implies that £ = af, for some
analytic function a with a(U) C U, and if |a| == 1 then fis univalent and
orientation preserving.

First, assume that |a| == 1. To show that fis convex, we write
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f,=h,+g, and f=h+g

with 4,(0) = #(0) = 1 and g,(0) = g(0) = 0. Since the z and z derivatives
of f, converge to those of f, it follows by integration that 4, — h and
g, — g as n — oco. Each f, is convex, and so the function

. —if 2i6
9, = 1€ I(hn—elgn)

is convex in the vertical direction [2]. Thus ¢, satisfies a condition of the
form (1) [13]. By passing through appropriate subsequences, it follows
that

¢ = ie‘*lvo(h _ ezmg)

also satisfies a condition of the form (1). Moreover, ¢ is not constant
because

Re ¢ = Refie "*f}.

Therefore ¢ is convex in the vertical position for all 6 [13]. Hence [ is
convex [2]. Now Theorem 2.4 implies that f has the representation (3).
As a result, parts (b) and (c) are proved.

If la] = 1, then a(z) = € for some constant ¢, and the differential
equation f; = af, can be written as

(Im{e®/})- = 0.

Thus Im{emf} is constant, and the values of f lie on a straight line.
Since f(U) ¢ W, f(0) = 1, and the boundary values of f are almost
everywhere on dW, only the indicated segments and half-lines are
possible.

By Theorem 2.6 the functions

l 1 + 2
nvl—z:z

f,(2) = + (1 — l)2'77P(z, 0)

n
belong to S,,. Their limit f(z) = 27P(z, 0) maps U onto the positive real
axis. Therefore some degeneracy, as in part (d) of Theorem 3.1, can occur
in S,,.

For a function f € S,\Sy, the only possibilities for f(U), beside
segments and half-lines, are triangles, quadrilaterals, and unbounded
polygons with three, four, or five sides. All cases actually occur. We shall
make use of the triangles and some of the others.

Choose a, 8, and y so that « < B < y < 27 + a, and let

I ={"a<t< B} and I, = {"'y <t <27 + a}.

The lengths of these arcs are |I}| = 8 — a and |[,] = 27 + « — y. Next,
consider the harmonic functions
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1/3 —
Ul(z) = f Pz, t)dt = — + — arg——
' Tl 2 |1,| —z
and
7 fatlm -1 1 & — 2
Uyz) = — P(z, )ydt = — + — arg —5—
: TARA 2L —z

where the branches of the arguments are chosen so that

1
U,(0) = Uy0) = 2

Clearly, the boundary values of U; are /|I)| on I; and zero on 9U \I
Finally, define

@ Tapy =1+ DU + (1 — )HU,.
Then T, 4,,(0) = 1 and

-1+ .
A X D7 e e,
|7,
Tapyple =| 0 =D ife €1,
15|
L0 if ¢! € QU\[T, U T,].
T o p.y 1s @ univalent, harmonic, orientation-preserving mapping of U onto

the open triangle with vertices at the origin and the points
1+ i) (1 — i)
= 7 gpd —2%
1| 2|

The cluster sets of 7}, 5., at the points ¢, &P and ¢ are the respective
sides of the trlangle
We extend the definition of T, z,) by continuity so that

() Trupnf@)
A+ HUE) + (1 —D)Uy(z) fa<B=y<a+t+2dr
(I +HU¢)+ (A = imPza) ifa<B<y=a+2n
A+ HaPi, ) + (1 — DHUyz) fa=B8<y<a+ 27
=1+

5 + (1 — D7P(z, ) fa<B=vy=a+ 27

1 —i .
(1 + HmP(z, a) + ! fa=f=y<a+2n
L277P(z,a) fa=8<y=a+ 27

https://doi.org/10.4153/CJM-1987-071-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-071-4

1502 Y. ABU-MUHANNA AND G. SCHOBER

Ifa <p =y <a+ 27 then T, 5, maps U onto the open segment with
endpoints

(1 + 7 (1 — i)
——— and ——
7] 2|

fa<pB<y=a+t2rorifa=B<y<a-+ 2 thenT,pz, isa
univalent mapping of U onto an unbounded open triangle with vertices at
the origin and either at

The unbounded sides are parallel, and one of them coincides with one side
of W lfa<B=y=a+2rorifa ==y <a+ 27 then T, 4,
maps U onto the open half-line through 1 with initial point either
(1 +i)/20r (1 —i)/2. Finally,ifa = B <y = a + 27, then 7, 5,(U) is
the positive real axis.

%EEOREM 32. Fora = B = v = a + 27 the functions T o p.y) belong
to Sy

Proof. Since the other cases were defined by limiting processes, we may
assume that a < B < y < a + 27. Set
B+

8§ = .
2

Approximate the characteristic function x,p of the interval (a, B] by
continuous, strictly decreasing functions o, on (e, 8] in such a way that

()
limg,(7) = oo, 6,(5) = 0, fa o,(t)dt = |I,], and
—a
]
/a lo, = X(apldt =0 asn— oo

Similarly, approximate the characteristic function x;, 4+ Of the interval
[y, « + 27) by continuous, strictly increasing functions 7, on [§, a + 2m)
in such a way that

a+2m
7,(8) = 0, lim 71,(t) = oo, /8 T,()dt = |I,|, and
—a+ 27

t
a+ 2w
s I, — x[m+2.,,)|dt — 0 asn— oo.
Define

(1 + i)

5 =S

()
fa P(z, t)o,(t)dt
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(1 — i) a+2m
+ T f8 P(Z, [)’Tn(l)d[.

Then f is a homeomorphism of dU onto dW U {co}, and the proof of
the Rado-Kneser-Choquet theorem [10, 1] applies to it. Therefore [, is a
univalent, harmonic, orientation-preserving mapping of U onto W. Since
/,(0) = 1, the function f, belongs to S,,. As n — oo, the functions f,
converge locally uniformly to

1 + _ a+27
d+ ijm f P ndt + L= D7 f P(z, t)dt
1,1 1] Y
=1+ DHUz) + (I = DHUy)z) = Ty py(2)-
Consequently, T, 4., belongs to S,.

Let 7 denote the set of all functions f of the form

f= e (aﬁy)du(a’ B.7v)
where p varies over all probability measures on the compact, convex set
K={(@Bv: 0=a=2rna=B=y =27+ a}.
Let HS,, denote the closed convex hull of Sy,.
THEOREM 3.3. HS,, = I

Proof. Since T,p, € Sy it is clear that I c HS),. To verify that
HS,, c 7 it is sufficient to show that each f € S, belongs to I°

Fix f € S, and choose a and B so that the values f (¢'") are on
the ray arg w = #/4 for « < t < B and on the ray arg w = —x/4 for
B <t < a + 2=. Then the representation (3) becomes

J@) =0 + DHuyz) + (1 — Duy(z) + AP(z, )

where

1 B A
) = =5 " pe o1fena,

1 a+27 A
u(z) = % fﬁ Pz, t)|f(¢")|dt, and

larg A| = 7/4.

If b = u(0) and ¢ = uy(0), then the normalization f(0) = 1 and
restriction on arg 4 imply
A

1
— =(1—b—c¢)+i(c—5b) and 0=b, ¢ = —-.
2 2
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It is possible that & = B, in which case b = 0, or that 8 = a + 27, in
which case ¢ = 0.

First, we want to approximate u,. We may assume that b > 0, for
otherwise u; = 0. Partition the interval [«, B] into n equal parts, and let

2arnb fora§t<a+u
—_— n
viit) =| (B~ a)j
J —
0 fora+(B a)j§ t= B
n
forj = 1,...,n. Then
B
fa vj(t)dt = 2ab.
Define also
y n /a+((B*a)i/n) Ao 1
7T V2AB ~ a) J at(Bai-1/m [f (%) ldt
and d,; = 0. Since If(e”) | is nonincreasing on («, ), the numbers
B — o))
. d — d
S ey T G
are nonnegative and
s, = d .
E} ; zﬂnb 2 Jj(d; = diiy)
B— a < 1 j‘ﬂ A
= d = e ldt =
27nb ‘,‘gl 4 2\/§7rb a SRl
Next, define
- 2 Y
Jj=1
If
JBowk =D B ok
n n
then
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In addition,

B
fﬂ V. (t)dt = 2mb.
Since
V(1) = u(¢") for ae. 1,

it follows from Lemma 2.1 that there is a subsequence such that

B
v, (2) = f Pz D)V, ()i

converges locally uniformly to u;.
Similarly, to approximate u, we may assume that ¢ # 0 and define

wi (1)
+ 27— Bk — 1
0 forp=i<p+ @ 2T AKZD
n
- 2mne + 27 — Bk — 1
e orﬁ+(a ™~ BX )§t§¢x+2'n
(a +27 — By(n—k+1) n
for k = 1,...,n. Then we can construct nonnegative numbers #, with

n
2 tk = 19
k=1
functions
n
W, = AZI LW

and their Poisson convolutions

o+ 2m
W (z) = fﬁ P(z, )W, (t)dt

such that

a+2m

f 8 W, (t)dt = 2mc

and a further subsequence
W, (2) = u(2)

locally uniformly.
For1 =/, k = n, let

Z;k(z) =(1+ i)vj-(z) + (1 — iw(z) + AP(z, o)

where v;(2) and w,(z) are the Poisson convolutions of v; (1) and wy (1).
Then
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l

L@ = (1 + DY) + (1 = DW(2) + APz, &)

n

= 2‘ Stk Tu(2)

Jik=

has a subsequence that converges to f. Consequently, if we show that
T, € J for all j and k, then it will follow that f € 7
~ To see that T; € ] recall that

A

1
=1 —b—c¢)+i(c—b) where0 =b ¢ = -.
277 2

If m = max{b, c}, then

_ L - — )ik
T, = 2b + « m)[(l togta 1)2(_]

+ 2m — c)[(l + i)% + (1 — Pz, a)]

+ 2m — b)[(] + Pz, @) + (1 — 1)%]

+ (1 — 2m)[27P(z, a) ]

is a convex decomposition of T into functions of the form 7}, ., that
appear in (4) and (5). If b = 0 or ¢ = 0, the ambiguous terms are
omitted.

In the proof of Theorem 3.3 the points a« and B remained fixed.
Therefore we proved also the following corollary. For A = k = A + 27, let
Sw(x A) consist of those functions fin Sy, such that the cluster set of f at
¢'* contains the origin and the cluster set of f at ¢ contams mflmty That
is, S, (k, A) contains those functions in Sy, for which ¢'“ and ¢' A correspond
to 0 and oo, respectively. As before, HS, (x, A) denotes the closed convex
hull of Sy, (k. A). Next, let Z(k, A) denote the set of all functions f of the
form

j- = K(x.\) ](‘)\,B,‘y)dnu‘()\’ Ba Y)
where p varies over all probability measures on the compact, convex set
Kk,MD)={(AB Y A=EB=xk=y =27 + A}
CoRrROLLARY 3.4. HS, (k, \) = T(k, A).

We shall add the prefix E to denote the set of extreme points.
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THEOREM 3.5.
EHSy = {T,py 0= a<2ma=B=y=a+ 27
and
EHS(x, ) = {Thpy  ASB =k =y =\ + 27}

Proof. That EHS,, and EHS,,(k, A) are contained in the indicated sets
is an immediate consequence of Theorem 3.3 and Corollary 3.4. For the
opposite inclusions, it is sufficient to show that each T, By 18 an extreme
point of HS,, for if it belongs also to the subset HSW(K A), it will
necessarily be an extreme point there, too.

Fix an arbitrary T and denote it more simply by 7. Assume
that

(ag B 'Y())’

for some probablhty measure p, where
K={(aBv: 0=a<2r,a ==y = a+ 2n}.

We shall show that p is a unit point mass at (a;, B, vy)- We may assume
0= ay <27

First, we shall show that a = a5, 00 = B = Bp,and yy = v = o) + 27
for n-almost all points in K. Write

T=0+iHU, + (1 —i)U, and
7(",1‘&,{) =+ du + (A — Du,.
Then

6 U = ‘/%ujdp + ,/1;\15/ 7P (z, a)du

where E; consists of those points in K with a # B, E, consists of those
points in K with vy # a + 27, and we have suppressed the dependence of
the functions U, and the measure p on (a, B, v).

The integrands in (6) are nonnegative, and so Fatou’s lemma implies

Uy =z fEl i, (e")dp.
If oy < By, then
Uy =0 for By <1< ay + 2,

and it follows that #;(¢") =0 for a dense set of £’s in the same interval for
p-almost every point in E;. Thus oy = a < B = B, for p-almost all points
in E,. In addition,

/K\E, 7P (z, a)du
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tends uniformly to zero on each subarc of {¢":8, < t < a, + 2}.
Therefore oy = a = B for p-almost every point in K\E,. If oy = B,
then

Ul = WP(Z, 010) = ./I-( uld‘u,
in which case p-almost all u, satisfy
(e =0 fort # a.

The only u;’s with this property are the Poisson kernels. Thus

P(z, o) = j;{ P(z, a)dy,

which implies that & = « for p-almost all points of K. In all cases we have
ay = a = B = B, for p-almost every point of K.

Similarly, by considering U,, one concludes that yy = vy = a + 27 =
o, + 27 for p-almost all points of K. Taken together, these and the
previous inequalities imply also a = «,.

Now, (6) can be rewritten as

U~ [, wds + 7P(- . apulkNE).
J
Consider the case where oy < 8. Then U, is bounded, and so both

/1;} wdp and  P( -, ap)m(K\E))

are bounded. Hence

WMK\NE) =0 and U, = fm u,dp.

For p-almost every point of E;, we may write

a B
u(z) = B o fao P(z, t)dt.

In this form it is easy to see that the functions u; have a uniform bound
when z is near ¢/, Therefore

U (e = ﬁ n(ePydn = Uy (ePoy(k )
~1
where
Kl = {(ao,Bo,Y):BO _—<:'Y é ao + 277}
Since
2By — )
we conclude that u(K;) = 1. That is, 8 = B, for p-almost all points.
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In case oy = f,, we have
Ui(z) = mP(z, o).

Then (6) and Fatou’s lemma imply

0 = 7P, ap) = [E 2(e")dp  for all 1 # a.
1

This, in turn, implies that

(e =0
for a dense set of ¢’s for p-almost all points of E,. However, there are no
functions u, with this property corresponding to points of E|; that is,
w(E;) = 0. Consequently, 8 = a = a5 = fB, for p-almost every point.

Finally, a similar treatment of the function U, leads to the conclusion

that y = y, for p-almost all points. As a result, u is (equivalent to) a unit
point mass at («;, By, vy), and the proof is complete.

As applications of the extreme point theory, we shall obtain coefficient
bounds for functions in S, The following lemmas will be useful for that
purpose. Define

sin x

s(x) = for x >0 and s(0) = 1.

LEMMA 3.6. The function
1 1 .
G(x, y) = 250 + Zs()! = s(x)s(») sinx + »)
satisfies 0 = G(x, y) = 1 forall x,y 2 0, and G(x, y) = 1 only when
x =y =0
Proof. Since |sin(x + y)| = 1, it follows that

1
axwzimun~muﬂfza

To derive the upper bound, we first selectively bound the absolute values
of the s and sine functions by 1 to obtain

1 1 1
Gx,y)=— + -+ - forx 0.
(x.7) 2x% 2 X
Hence, G(x, y) < 1 for x > 1 + /2. By symmetry, the same is true
whenever y > 1 + /2.
Next, assume 7/2 = x, y = 1 + /2. Since s is decreasing for this
range, we have

1 1
G(x, y) = 55(77/2)2 + 5s(w/z)2 + s(m/2)s(w/2) = 8/7° < 1.
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Now, suppose that 7/2 = x = 1 + /2 and 0 = y = 7/2. Then
—sin(x + y) = —sin(x + 7/2) = sin(x — 7/2) = x — 7/2
and

] 11
GO, y)=— + =+ —(x — 7/2).
(x, y) 23 x(x m/2)

The latter expression is less than 1 when
Ix — @/2| < V(@/2)? — 1.

Fortunately, this is the case when #/2 = x = 1 + \ﬁ In summary, we
have shown that G(x, y) < 1 whenever x = #/2 and, by symmetry,
whenever y = #/2.
Finally, if 0 = x, y = @/2, then
1 2 1 2
G(x,py) = Es(x) + Es(y) =1,

and G(x, y) = 1 is possible only when x = y = 0.

LemMMA 3.7. For x, y Z 0, the function
1 1 .
H@JO;Eﬂm2+5ﬂw2+ﬂﬂﬂﬂ9ﬂx+y)

is nonnegative and assumes its maximum at a unique point (xy, X). In

particular,
sup H(x,y) = max H(x, x) = H(xy, xy) = 1.7114
xy=0 (m/8)=x=(n/4)

where x, =~ 0.5875.
Proof. As before,

1
m%wziwun—mwﬂfzo
If x = 7, then

+

>

1
H(x,y) = — +
2

9 |-

1
2
which is less than the given H(x,, x;), and so we may restrict attention to

0 = x = 7. In fact, since s(x) is decreasing it follows that

1 1
H(x, y) = 5 sin’(1) + 3 + sin(1) = 1.6955 ...
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for 1 = x = . This bound is also less than H (x,, x;), and so by symmetry,
we may further restrict attention to 0 = x, y < 1.

Now restrict (x, ) also to the line segment x + y = ¢,0 = x, y < 1,
and parametrize x = tand y = ¢ — t. Then C = sin ¢ = 0 and

d*H 1 1
—r ) = Els(xﬁ" + E[S(y)zl”

+ Cls"(x)s(y) — 25'(x)s'(y) + s(x)s"(y) ).

By considering power series, one observes that s(x) > 0, s'(x) < 0,
s”(x) < 0, and [s(x)z]” < 0, at least for 0 < x << 1. Therefore H is strictly
concave on the line segment x + y = ¢, 0 = x, y = 1. Since H is
symmetric, the maximum of H on this segment occurs only when x = y.
This is true for each line segment x + y = ¢, 0 = x, y = 1. Therefore

max H(x,y) = max H(x, x) = max s(x)l[l + sin(2x) }.
Xy 20 0=x=1 0=x=|

Since sin(2x) and s(x) are decreasing for 7/4 < x = 1, the maximum
cannot occur there. Similarly, if 0 = x = #/8, we have

‘ 1
Hx,x) =1+ —,

V2

which is less than H(x, x;). Therefore the maximum of H(x, x) occurs in
the interval #/8 = x = #/4.
The derivative of H(x, x) is

2s(x){s’()[1 + sin(2x)] + s(x) cos(2x) }.

This can be zero only if
w(x) = s'(x)[1 +'sin(2x)] + s(x) cos(2x)

is zero. Since w(#/8) > 0, w(w/4) < 0, and the first two terms of
w(x) = s”(x)[1 + sin(2x)] — 2s(x) sin(2x) + 3s'(x) cos(2x)

are negative and the third is nonpositive, the equation w(x) = 0 has a
unique solution x; in [7/8, w/4]. We conclude that

max H(x, y) = H(x xo) = s(xo)°[1 + sin(2x,) ].
Numerical computations give x, = 0.5875 and max H =~ 1.7114.

THEOREM 3.8. Let f belong to S, and suppose that

(e e} (e'e]
fz)y =1+ 2 a"+ X b2"

n=1 n=1
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Then

la,| = VH(xg, xo) = 13082 foralln = 1

where H(x, x,) is defined in Lemma 3.7. Equality for any n is possible only
Jor the functions T, g, where
2x,

2x,
B=a+= and y=a+ 27 — =2
n n

In addition, |b,| = 1 for all n = 1. Equality in this case for any n is
possible only for the functions 2nP( -, «).

Proof. 1t is sufficient to consider the extreme points

o0 [&S)
7(10("3”)(2) =1+ 2 AnZ” + 2 ann.

n=1 n=1

Ifa < B <y < a + 27, then formula (4) can be rewritten as

Tap(2)
i iB _ i« _
=*l+(1+1)arge. z+(1 l)arge. z
[1,] et — z |1 el — z
1 — i B _ 1 + i o
= —1+ [( l)logeu z_ | J logei z
2|1, et — z 2|1 el — z
[(1+i) ) eia—z]
- og — — log — .
2|1, et — z 2|5 e’ — 2
Therefore
D et O e B Ut O )
" 2n|1,| 2nl1,|
and
5 _ _(1 4 i)(e—ina _ e—*inB) (1 — l-)(e—iny o e*ina)
! 2n|1| 201,
Consequently,
— + i) _; 1 —1i) ..
7 A, =e ”’“[%e io(x) + (—'—)e'-‘s(y)]
and
_ I =0y 1+ i)
®) B,=c¢e ”’“[(—2—1)e Ms(x) + %e’»‘s(y)]
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where
x = nll}|/2, y = n|ll,|/2,

sin x

s(x) = for x > 0, and s(0) = 1.
In the other cases for (a, B, y) the functions T o p.y Were defined by
continuity. Therefore formulas (7) and (8) remain valid in the general

case.
It follows from (7) and (8) that

lAnlz = H(X, y) and 'Bn|2 = G(x7 Y)

where G and H are defined in Lemmas 3.6 and 3.7. These lemmas give the
desired estimates and equality for the indicated functions. If f is any
function in S, for which |a,| is a maximum, then this function provides
the maximum of Re{e’”an} for some 6. However, only one of the indicated
extreme points solves this problem. Therefore f'is this extreme point. In
other words, the indicated extremal functions are the only ones for the
la,|-problem. A similar statement holds for the |,|-problem.

For application to minimal surfaces we shall see in Section 5 that it will
be useful to have estimates for |a;| from below. We saw already in the
proof of Theorem 3.1 that

1
1.72/2

for all f € §,,. This bound is not sharp; however, the following one is.

lay] = 1£.00)] =

THEOREM 3.9. If f = h + g belongs to S,,, then
W) | = 2/7.
Equality occurs only when
/= Taatmatm 0= a<2m

Proof. If f = h + g belongs to S,,, then f belongs also to S(k, A) for
some k and A with0 = A <27 and A = k = A + 27. As a result, Corollary
3.4 and formula (7) imply that

® WO =

NG =)
.[K(K.A) € M[( 5 Doy + (*‘2“1—)6”8()’)]@(3, Y)’

1

)

_L(M) [ie” "s(x) + €”s(y) Jdu(B, y)b
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where

x='8_)\,y—7, andAN=B=k=y=N\+2m

Let

o =

2
Then 0 = x = o0and 0 = y = 7 — o, and it is sufficient to restrict
0=o0=a/2
First, we shall show that |#’(0)| > 2/7 when 0 = o < #/8. In this
case

2
20O) = f [ (sin x)s(x) + (cosy)s(y)]du]

2
[ tecos ws0) + s y15() 1]

2 in 2 2
> /(cosx)s(x)du] - fS"; xdu]
X
: 2
- fsm 77/4d”] _ sl
7/4

In other words, |#(0)| > 2/«. So from now on, we may assume that
7/8 = o0 = a/2.
Let C, and C, denote the curves

C.:ie "s(x), 0=x=o0, and
X

C,: ’s(y), 0=Ey=7w—o.

These curves lie in the upper half-plane and are at least as far from the
origin as the line segments L, and L, joining their endpoints. Therefore
the convex average in (9) has modulus at least as large as that obtained
from sums of points on L, and L,. The set of sums of points on L and L,
is a parallelogram IT with vertices

Vi, = ie "%s(o) + €7 V(m — o), W

V, = ie "s(a) + 1, Vi=1i+ L

i+ " Vs(x — o),

I

We shall show that V] is the nearest point of I1 to the origin. One easily
verifies that

VP =1y forj =234,

and so the nearest point of II to the origin is either on the segment joining
Vi to 1, or on the segment joining V| to V5. Therefore it is sufficient to
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—> —>
show that the angle between the vectors OV} and W}/ is at most 7/2 for
J = 2, 3. This is equivalent to showing that

Re{ (¥ — WV} =0 forj =2,3.
First, we compute

Re{ (¥, — V))W} = s(a)[cos 6 — s(0)] + s(m — o) sino

2
-——sz(o) ocoto — 1 + d
T — 0
We use the expansion
(o]
ocoto — 1 = —2 X (Qk)o/m)*, o] < m,
k=1
in terms of the function
o0
Sy = 2 nt
n=1
Since {(1) = {(2) = #%/6 for t = 2, it follows that
) § " — 2
ocoto — 1 = — o/m)" = —5—5-.
3 k=1 (o/m) 3(772 — 02)
Therefore
crzs(o)2 —a’

Re{ (¥, — NI} = 02T+77+o >0

p)
a —
for
T
'n'(—— — 1) <o<m.
3
This includes the interval 7/8 = o0 = #/2.
Next, consider
Re{ (¥, — V)V} = —s(7m — o)[cos o + s(m — 6)] + s(o) sin o.

This is the same expression as for Re{ (}5 —_Vl)T/I} with o replaced by
a7 — o. Since the expression for Re{ (V5 — V})}1} was proved to be posi-
tive for an interval containing #/2 = o < m, it follows that

Re{(V; — )V} =0 for0 =0 = /2.
Now we shall show that |}{| is a minimum when ¢ = 7/2. Let

1

9(0) = IVilz = S(0)2 + s(m — 0)2 = (sin 0)2 iz + .
o° (7 — o)
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for #/8 = o = #/2. First, we use the fact that s(o)2 is decreasing to see
that

o(0) > 5(0)° = s(7/4)* = 8/7° = @(n/2) forw/8 = o = n/4.

Next, since s(7 — 0)2 is increasing, there is a o, > #/4 such that for
7/4 < 6 < o, one has

2
o(0) > s(0)> + s('zr - Z) = ¢(7/2).
The number o, satisfies the equation

2
s(o|)2 + s(7r — %) = o(7/2).

That is,
64
2
S(O’l) = '9—7'75
or
S(Ol) = g;

Since s(o) is a decreasing function, one easily approximates ¢, =~ .975.
Finally, using the inequality

(cos 7)2 =1 - 7,

we have

R 1 1 '
ey e

It is easy to verify directly that the latter is larger than

12 — 72
7/2) = 8/7* when 0 < < 7 —_—
‘P( ) m iTI 2 4 1 Wz

That is,

T 12 — 72 T
> /2) for .955~—[1 — ———] <o <-—.
#(0) > o(7/2) 2 Var 217773
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In any case, it follows that
o(0) > ¢(n/2) for#/8 = o6 < 7w/2.
In summary, we have shown that
2/0(0) > = ¢(w/2) = 8/7°.

Equality can occur only when p is a measure concentrated so that x = y =
o = 7/2. In other words, equality in the estimates occurs only for
functions in F—W that arise from a unit mass at a point (a, 8, y) with
B=yvy=a+

The bounds for |#’(0) | in Theorems 3.8 and 3.9 can be improved if we
assume in addition that g’(0) = 0. In the applications of Section 5, this
will mean geometrically that the tangent plane at a corresponding point of
a certain minimal surface is horizontal. For that reason let Sg/ be the subset
of Sy, consisting of functions f = h + g for which g’(0) = 0.

TurorEM 3.10. If f = h + g belongs t0 S,2, then

4 4
— = O0)| = -.
7+ 2 O] T
The lower bound is sharp only for the functions

T 4
- T +
f . 5 (a,a+ma+m) . 2

P(-,a), 0=a<2m

and the upper bound is sharp only for the functions

f: 7(“0(,&“"”/2,0(4’77/2)’ 0=a<2nm

Proof. We shall continue to use some of the notation from the proof of
Theorem 3.9. In particular, we may represent

' A+ (=10,
W) = fn e e () s () [du(. )
and, similarly,

Al =19 _; 1 +1i) .
g0 = f M5 2e 500 + D000 | v

where

x='8_)\, y=)\—+—2277—:—z, A=k =N+ 2,

=90, and 0=y =7 — 0.

o
A
=

1A
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The additional restriction g’(0) = 0 is equivalent to

(10) f ie”s(x)dp = / e"s(y)dp,

and so

(1) )| = ﬁ’fe'*“smdu’ = ﬁ}fe’i“suwu\.

If 0 = 0 = 77/16, then

o T
"0 _ \ i(x—7m/32) ‘ > ) ( _
WOy = \2 fe s(x)dp. V2 cos|o —32)s(0)
- ANNELANE 4
=2 cos(32) S(IG) =.780... > p——

A similar estimate holds for 97/16 = ¢ = . Therefore, to derive the lower
bound we may assume 77/16 < ¢ << 97/ 16.

Since s’(x) < 0 and s”(x) < 0 for 0 < x << 97/16, the left side of (10)
lies in the closed convex region R bounded by the curve

C,iie "s(x), 0=x=o,

and the line segment L, joining its endpoints. Similarly, the right side of
(10) lies in the convex region R, bounded by the curve

C, :é"(y), 0=y=a— o,

.
and the line segment L, joining its endpoints. The constraint (10) restricts
us to the intersection of these regions, and for arbitrary probability
measures p each point of R, = R, N R, is attainable. The expressions in
(11) involve the distance of points in R, from the origin. Thus we need to
find the nearest point of R, to the origin for all o.

It is evident that the nearest point of R, to the origin is on one of
the segments L, or L,. We shall observe that it is at their intersection
I, = L. N L, atleast for the minimizing value of ¢. (The reader may find
it useful to make a sketch.) If p is a point of (L, N R,)\/,, then p belongs
to the interior of R, for € positive and sufficiently small; that is, p
cannot be the nearest point of R, to the origin for all 0. Similarly, if p is a
point of (L, N R)\/,, then p belongs to the interior of R, _ for € positive
and sufficiently small; that is, p does not minimize. Thus the solution to
the minimum problem is

min  \/2|I.

Tr/16=0=97/16
A straightforward computation yields
(sin 0){s(o)[1 + (cos 6 — sin o)s(7 — o) ]

T 1 = s(e)s(m — a) — (cos o)s(o) — s(7 — a) ]

is(m — o)[1 — (cos o + sin o)s(o) ] }

1 — s(o)s(m — o) — (cos o)[s(6) — s(m — o) ]
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After substituting
s(6) = (sino)/o0 and s(7 — o) = (sin 0)/(7 — o),
we may write
II]> = N(o)/D(0)
where
N(o) = (sin o)*{ (= — 20)(sin 20)
— 2w — I)(sin o)’ + o° + (7 — 0)’}

and
D(6) = o(m — o) — (sin 0)> — %('rr — 20)(sin 20).

The function D is positive over the indicated interval, and since
D'(0) = (7 — 20)(1 — cos 20),

it follows that D is largest when ¢ = #/2. In other words, 1/D* is a
minimum when o = 7/2. Next, we have

N'(6) = —2(m — 20)(sin 0)*(1 — cos 20)
— 2(sin 20)(sin 6)*[ (37 — 2)(sin o)’
— (7 — 20)(sin 20) — o> — (m — 0)2].
On the interval 77/16 = ¢ = 97/16, the factor
(37 — 2)(sin 0)> — (7 — 20)(sin 20) — o* — (7 — o)’

is bounded below by the positive number

R - 1

=198....

It follows that N has its minimum also at ¢ = #/2. As a result, we
conclude that

min \/2_l10| = \/ill'n'/zl = —_4——
Tm/16=0=97/16 7+ 2
and that this number is the minimum of |#’(0) |.

Equality in the minimum problem occurs only when o6 = 7/2 and the
expressions in (10) equal I,,,. The measure p must be concentrated at
the points corresponding to the endpoints of C, and C,. That is, in the
(x, y)-coordinates the measure p has mass 2/(7 + 2) — t at (0, 0), mass
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a/(m + 2) — t at ((n/2), (w/2)), and mass ¢ at each of the points
0, (#/2)) and ((w/2), 0), for some 1, 0 = ¢t = 2/(w + 2). The
corresponding functions are

T
a7+ 2

- t) 7;&,&+1T,(X+77)

2
7= (g s+

t Tgaatm T Taatmatim

Because of the identity

7;01.01,01+277) + 7201,01%—77,014—17) = 7(woz,ot,ot+'7r) + Ea,aﬁ-w,a-‘r}n’)’

these are the functions given in the theorem.

The upper bound for |#’(0) | is obtained more easily. Since the curves C,
and C, move toward the origin, it is apparent that the point of R, farthest
from the origin occurs at the intersection of the curves C, and C, when
o = /4 and x = y = «/4. That is, we have

W) | = \/2s(w/4) = 4/m.

Equality occurs only when the measure p is concentrated at a point
corresponding to x = y = 7/4. These functions are given in the statement
of the theorem.

4. Mappings onto a half-plane. Let R = {w:Re w > 0}, and denote by
Sg the set of all univalent, harmonic, orientation-preserving mappings f of
U onto R with normalization f(0) = 1. There are functions in Sk, such as
(1 + z)/(1 — z), that do not belong to h' and cannot be written in a form
similar to that of Theorem 2.4 (c). Consequently, the treatment of S, must
differ from that of S),. Instead of using radial limits, we shall focus
attention on the behavior inside the unit disk as in [8] in order to obtain a
representation theorem.

LEMMA 4.1. If f € S, then Re f = 2aP(-, N\) for some X\, 0 =
A < 2q.

Proof. Since f = h + g maps onto a convex domain, it follows from
[2, Theorem 5.7] that h = g are univalent. Therefore h + g, h, g, and [ all
have finite radial limits almost everywhere. Just as in the proof of
Theorem 2.4, we conclude that there is exactly one point ¢ which
corresponds under f to co.

Since Re f > 0, we have Re f € h' and

27
Re f = , PO 1)du(t).

Except for the point &, the radial limits of Re f all exist and are zero.
Therefore p is equivalent to a point mass at 1 = A.
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For f € Sy write
f=h+g=2aP(, N+ iv
where 2(0) = 1 and g(0) = v(0) = 0. Then, by differentiation, we have
KE) + HC) = 4B ) = 2
z z) = 47P.(z, = -
8 z (e1>\ _ 2)2
and ' — g = 2iv,. So, if
h/ _ g/
W+ g’

P:

then we find that

I[&%%&d

The orientation-preserving property of f implies that |g’/#'| < 1 and,
hence, that Re p > 0. Therefore, by the Herglotz formula, there is a
probability measure p so that

[iwe - g0 1] -

v(z) = Im

(12) p(z) = b /27’ e + Zdu(z) + dc

where p(0) = b + ic. By substitution, we have

2 = 2beNE + D)
v(z) = ./0 Im{‘/‘O (ei)‘ e — g)d{} au(t)
: 2ce
R
e{f ( TN 22 5)2 §}

2
— | Kz, 1, Ndu(t) + 2¢ Re{ = }
e — Z

+

0

where

4 2 i\ it +
K(z, 1, \) = Im[ f o ¢ (;)Z(enf_) {)ds“}

can be integrated explicitly. The following representation is a conse-
quence.

THEOREM 4.2. If f € Si, then there are a probability measure p and real
numbers A\, b > 0, and c so that

(13) f(z) = 2wP(z, N)
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2
+ i[/o bK(z, t, Ndu(t) + 2¢ Re{el.)\i Z}]

Let ¢ denote the set of all functions of the form (13) for real numbers
A, b = 0, and ¢ and probability measures p. Then J¢ is closed, but not
compact since b and ¢ are not bounded. However, the following is true.

THEOREM 4.3. If f € XA with b > 0, then [ is a univalent, harmonic,
orientation-preserving mapping of U onto a convex domain.
Proof. If f € A and
AW 1
w) = e'——,
v w+ 1

then fis harmonic and fo ¢ maps vertical lines in R into themselves. For
uy > 0, consider the vertical line

L,:uy+iv, —oo <y < oo

L)

Reversing some of the steps above, we obtain
0
5 Im{fo (p} = Re{pom}

where p has the form (12). Since Re p is positive, f o ¢ maps each line
L, into itself in an increasing fashion. Hence f o ¢ is one-to-one and
orientation preserving in R. Thus the same properties hold for fin U.

To see that f(U) is convex, we substitute
® — ie (h — )
into expression (1) with u = A and » = 0. We obtain
Re{ —ie™1 — e z)2@/(z) } = 2(cos O)Re{ p(z) }.

This is positive for —7/2 < 8 < «/2, and it follows from [13, Theorem 1]
that @ is univalent and maps U onto a domain that is convex in the
vertical direction. For 8 = #/2, the function

Ntz

D) = h(z) + g() = Sy

obviously has the same properties. Since ® is convex in the vertical
direction for all 0, it follows from [2, Theorem 5.7] that f(U) is convex.

Remark 4.4. Given a function ¢ € H(U) with a(U) C U, one obtains
from (12) a measure p representing

p =0 —a)yd + a).

Since b = Re{p(0) } > 0, the function (13) satisfies the conclusion of

https://doi.org/10.4153/CJM-1987-071-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-071-4

HARMONIC MAPPINGS 1523

Theorem 2.3 in case D = R. Part (c) of the theorem is clearly satisfied
because Re ftends to zero at every point of U \{e’}‘}. The normalizations
in (a) may be achieved by composing f with elementary mappings.

Using an argument similar to that in [8, Lemma 2.6 and Theorem 2.7],
one obtains the following result. We omit the proof.

THEOREM 45 % = Si.

In the remaining part of this section, we shall study the subclasses Sg
and ¥ of Sk and X, respectively, of functions f = h + g that satisfy the
additional condition

/:0) = g'(0) =0
or, equivalently, p(0) = 1.
It is clear from the definitions that
SYc #° and S9 = 4

Since b = 1 and ¢ = 0in (13), it is also clear that H0is compact. Next, we
characterize the extreme points of ¢ 0

THEOREM 4.6. EX = {27P(-,\) + iK(-,,A) : 0 = £, A < 27).

Proof. If f € ExX, then the probability measure p in (13) must be a
unit point mass. That is, the extreme points must have the given form. On
the other hand, suppose that

20P(-,N) + iK(-, M) =xf; + (1 — x)f,
for some f|, f, e #%and 0 < x < 1. Then
Re f; = Re f, = 27P(-, )

simply by a comparison of singularities. Finally, the map

2
b= J o KC ot Ndutr)

from the set 2 of probability measures is linear and one-to-one. Since the
extreme points of £ are unit masses, we conclude that Im f; = Im f, =
K(-,t MN), also.

Example 4.7. The function
f(z) = 2aP(z, ) + iK(z, A\, N)
N+ oz

ei}‘—z] + 2i Im

ez

Re —
(el>\ _ 2)2

is an extreme point of 0 and belongs to Sy since it maps U onto R. Its
boundary values are all zero except at the point ™, which corresponds to
the entire imaginary axis. Note that this function does not belong to '
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Example 4.8. Suppose that ¢ # ¢, and set
& = e"O‘At), 0 < ¢ < 2.
Then
f(z) = 2aP(z, N) + iK(z, t, N)

ei>‘ + z i N — 2
:Reei)‘—z - gzarge")‘—e’fz
(sin —)
2
+ 2i(cot §) Re[ X
2 et — z

is an extreme point of 2. It maps U onto the intersection of R with an

inclined infinite strip. The boundary values of f on one open arc between
¢™ and ¢ are all equal to

& —siné

=1l

! 1 — cos €

and on the complementary open arc they equal
€& — 7 —siné
=]
P2 1 — cos €

The cluster set of f at ¢ is the closed segment of the imaginary axis
joining p, and p,. The cluster set of f at ¢ contains the rest of 3 (V). It
consists of the half-lines

P + rie_ig/z, rz0, j=12
Finally, we give the following application of Theorem 4.6.

THEOREM 4.9. If

o0 oo
f@) =1+ 2 az"+ 2 b
n=1 n=2

belongs to H° then la)l =2, la,) =n+ 1,and b =n — 1 forn = 2.
Equality in either of the inequalities occurs only for the functions from
Example 4.7.

Proof. 1t is sufficient to estimate the coefficients of the extreme points in
Theorem 4.6. For these functions we have

> na, "' = 2mP(z, \) + iK.(z, 1, N)

n=1
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ei}\ ei)\(eil + Z)
(el)\ - 2)2 (el>\ _ Z)Z(ell _ Z)

and

M8

nb, "1 = 2mP(z, \) — iK,(z, 1, \)

47754

3
Il
¥}

ei)\ ei}\(eit + Z)

= (ei)\ — 2)2 (e»\ — z)z(en — 2

It follows that

n
na, = 2e " k™M and
k=1

n—I1

nb = _2e—int 2 keik(l—}\)
n N
k=1

From this one has
la)) =2, nla| =2 2 k=n(n+1), and
k=1

n—1

nb,| =2 2 k =n(m— 1) forn=2.
k=1

Equality in these inequalities occurs only if ¢ = €™, that is, the extreme
point is of the form of Example 4.7. Finally, to see that equality occurs
only for an extreme point, one argues as in the last paragraph of the proof
of Theorem 3.8.

5. An application to minimal surfaces. Let S denote a nonparametric
surface in R over a domain D in C. Suppose that S is the graph of the
function # = #(u, v) where u + iv € D. Then S is a nonparametric
minimal surface if % belongs to C> and satisfies the differential
equation
0F

av

g
ou

o

2) F

2)8237_ (a? ay-) i (

(1+ 2225 e 22
Ju oudv

du . v
in D [12, p. 17]. Proofs of the following proposition are indicated in [11,
p- 120] and [12, p. 30].
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PROPOSITION 5.1. S is a nonparametric minimal surface over a
simply-connected domain D + C if and only if there are analytic functions
®,, ®,, ®; in U such that

(a) ® + @2 + @3 = 0in U,
(b) [@%2) | + |®Xz) | + |®2z) | # O forall z € U,
(c) the mapping

z—>Re'/<l>ldz+iRef(I)2dz

is harmonic and univalent from U onto D, and

@ S = {(Re f‘bldz, Re fd>2dz, Re f¢3dz):z e U}.

Of course, in (¢) and (d) appropriate constants of integration must be
chosen for the antiderivatives [ ®dz.
If S is given as in (d), then the mapping

z— (Re/d)ldz, Refszdz, Re ffl>3dz)

of U onto S is conformal, that is, angles are preserved, and z is an
isothermal parameter. In other words, arc length on S can be obtained by
ds = p|dz| where p > 0. In fact, one has

1
o’ = 5( D)1 + 1@, + @)

We are interested in the univalent harmonic mapping of U onto D that
is given in (c¢). Denote

/= Re /q)]dz + i Re ftbzdz.

It is no loss of generality to assume that f is orientation-preserving.
Hence, if we write f = h + g, then a = g/l satisfies la(z) | < 1 for
z € U and we also have

o =i +g, & =—il —g) and
] = —4n'g’ = —da(h'y.

The latter shows that a has a single-valued square root in U. For our
purposes the following is a useful restatement of Proposition 5.1.

PROPOSITION 5.2. S is a nonparametric minimal surface over a
simply-connected domain D # C if and only if there is a univalent, harmonic,
orientation-preserving mapping f = h + g of U onto D such that a = g' /W
has a single-valued square root in U and

S = [(Re f(2), Im f(z), 2 Im /\/5h’dz) 1z € U}.
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In terms of f = h + g, the conformal factor p becomes simply

p = Il + gl
Therefore the Gaussian curvature of S is
__Al _hl //_h// "2 _ 712
(14) k = 2ng= /I g/ g/'4= |a|4;2
P gl (1) + 1g']) lal (1 + lal )*|A'|

where a = g’/h’. We summarize as follows.

LeEMMA 5.3. Let S be a nonparametric minimal surface over a
simply-connected domain D # C. Let f = h + g and a be as in Proposition
5.2. Then for z € U the Gaussian curvature of S at the point

(Re f), Im f(z), 2 Im / \/Eh’dz)

_ —la'@)
laz) | (1 + la(z) HK'(z) >

In addition, one has

k(z)

41 — la(z) )
15 k =
1) W= T 20 T e W) P
- 4
T = 2HgE) |+ e ]
and
(16) 1k(0)| = 4 = 4 < 14

(8O + WO ) ~ Ig©@F + W) [~ W@
Proof. Since the function a has a single-valued analytic square root,
which is bounded by one, the invariant form of Schwarz’s lemma
implies
@ = 2V/lal (1 = lal)/(1 = [2).
Use this estimate in (14) to obtain the first inequality in (15). The second
inequality in (15) follows from

1 —la =1+ |al.
The inequalities in (16) are simple consequences.

Remark 5.4. If D is a convex domain, then the analytic part & of
f = h + g maps U homeomorphically onto a domain 2 [2, Theorem 5.7].
Hence, the function F = fo h~ ! is a univalent harmonic mapping of &
onto D, and in terms of F, the surface S has the attractive conformal
parametrization
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S = {(Re F(w), Im F(w), 2 Im /\//?dw) Tw e Sl}

where A = E,/F, has a single-valued analytic square root and 4] < 1.
Furthermore, the Gaussian curvature becomes

. lA/'Z
=
4] (1 + [4])
For the rest of this section, we shall estimate the Gaussian curvature k
for nonparametric minimal surfaces over certain domains D. E. Heinz [6]

proved that if D = {w:|lw| < R}, then the curvature of S at the point P
above the origin satisfies

k| = 4’/(3R%).

Improvements were considered by E. Hopf [9] and many others. This
estimate can be improved to

k| = 167%/(27R?)
by combining R. Hall’s [5] determination of the “Heinz constant”, which
implies

g P + () P = 27R%/(4n),
and inequality (16). Unfortunately, this curvature estimate is still not

sharp. However, if in addition, S has a horizontal tangent plane at P, then
at this point

k| = #*/(2R%)

and this estimate is sharp [12, p. 108]. Furthermore, for a general domain
D it is known [12, p. 108] that if S has a horizontal tangent plane at P,
then

k| = 64/(9d%)

where d is the distance along the surface from P to dS. This is also known
to be sharp for a certain domain D.

Suppose, in the framework of Proposition 5.2, that the surface S has a
horizontal tangent plane at the point P above f(0). Then we have

i[2 Im f\/ah’dz 9 2 Im f\ﬁh’dz
dx ay

at z = 0. This implies that /a(0)#’'(0) = 0 and, consequently, that
g'(0) = 0. The following theorem is the result of combining the estimates
for |#’(0) | from below in Theorems 3.9, 3.10, 4.9 and [8, Theorem 2.3] with
inequality (16) in Lemma 5.3.

=0
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THEOREM 5.5. Let S be a nonparametric minimal surface in R® that lies
above a domain D in C. Let k denote the Gaussian curvature of S at a point P
that lies above wy, € D.

@ If D =W = {w: |largwl < 7/4} and wy = 1, then |k| = . In
addition, assume that S has a horizontal tangent plane at P.

(b) If D = Wand wy = 1, then |k| = (7 + 2)*/4.

(©IfD=R={w:Rew>0}andwy = 1, then |k| = 1.

(@ IfD =9 ={w:|Imw| < 7/4} and wy = 0, then k| = 4.

The estimate (16) that we have used in proving Theorem 5.5 is sharp
only when

2

a(z) = €°z* for some a.

Therefore the curvature estimates in this theorem are sharp only if the

lower bounds for |4’(0) | arise from harmonic mappings f = h + g with
g () (z) = 2.

This is not the case in (a) or (b). For (c¢) equality occurs for the surface

+
S:{(Rel+z 1 zl’

1 —: 1 — =z

Im’ o I-i—lar
Tl =22 2 g

Re[ﬁ] - % log

1 + 2

1 —:

) cz e U ]
and for (d) equality occurs for the surface

S - {(Re z . ,Im[l izzzl):z E U}.

——>x |, T ar
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