
ON EXCEPTIONAL POLYNOMIALS 

Kenneth S. Wi l l iams 

Let f(x) be a po lynomia l of d e g r e e d >_ 2 defined over 

the finite field k with q = p e l e m e n t s . Let 
q 

m **/ i f ( x ) - f(y) 
(1) f*(x, y) = ~f- . 

x y 
If f*(x, y) has no i r r e d u c i b l e fac tor over k which is abso lu te ly 

q 
i r r e d u c i b l e , f i s cal led an except iona l po lynomia l [ l ] . Davenpor t 
and Lewis have noted that when d is s m a l l compared with p, a 
p e r m u t a t i o n (subst i tu t ion) po lynomia l i s n e c e s s a r i l y an except ional 
po lynomia l . It i s the p u r p o s e of this paper to p rove the c o n v e r s e ; 
that i s , we will show the ex i s t ence of a cons tan t a(d), depending only 
on d, such that if f(x.) i s an except ional po lynomia l over k , whe re 

q 
p >• a(d), then f(x) is a p e r m u t a t i o n po lynomia l . 

If f(x) i s an except ional po lynomia l over k then, in the 
q 

t e rmino logy of [2], f(x) is an e x t r e m a l po lynomia l of index 0. Hence 
by t h e o r e m 1 in [2] we have 

(2) |V(f) - q | < k(d) , 

w h e r e the cons tan t k(d) depends only on d and V(f) denotes the 
n u m b e r of d i s t inc t va lues of y in k for which at l e a s t one of the 

q 
roo t s of f(x) = y i s in k . Hence we can wr i t e V(f) = q - w, w h e r e 

q 
0 S. w — k(d). ^ suffices to p r o v e that w = 0. We a s s u m e w >_ 1 and 
obtain a con t rad ic t ion . 

Le t the d i s t inc t va lues taken by f(x) in k be r , r , . . . , r 
q 1 2 q-w 

and the d i s t inc t va lues not taken by f(x) be n , n . . . . , n . Let the 
1 2 w 

va lues r . (1 < i < q-w) occur for m . ( l < i < q-w) va lues of x so 
l — — l — — 

q-w 
that 2 m . = q. Now each m. > 1 so that for r = 1, 2, . . . . q-w we 

l i ~ ^ 
i=l 

have 

(3) m < w + 1 . 
r — 

Now for t = 1, 2, . . . , w we have 
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q-w q-w 
2 {f(x)} - S S {f(x)} = S m . r . \ 

x e k i = l x € k i=l 
q q 

f(x) = r . 

On the o the r hand we can w r i t e f(x) = f +f x + . . . +f x w h e r e each 
o 1 d 

f.(0< i < d) € k . Now if p > a(d), w h e r e a(d) = dk(d) + 2, we have 
i - - q -

q-2 _> p - 2 > dk(d) > dw so we can w r i t e for t = 1, 2, . . . , w, 

fft U t f ( t ) j . f ( t ) 4. i f W ^ 2 Tl, 
j f(x)) = iL + f x + . . . +f ^ x . Then 
*• J ° 1 q- 2 

S {f(x)} t = S f.(t) S x j . 
j 

x € k j = 0 J x f k 
q q 

Now 2 xJ = 0 for j = 0, 1, 2, . . . , q -2 ; so 
x € k 

2 {f(x)} * = 0 (t = 1, 2, . . . 
x e k 

q 

Thus we have 

q-w 
(4) S m . r . = 0 (t = 1 , 2, . . . , w). 

Now set m = m a x m . so that f r o m (3) we have 1 £ m <_ w + 1. 
i <. i <_ q-w 

If s . ( l < j < in) deno tes the n u m b e r of m . ( l < i < q-w) with m . = j , 
j - - i ~ - i 

q-w 
s. = 2 1 , 

J i = l 
m.=j 

l 

so that 

m m q- w q-w 
S s. = S S 1 = 2 1 = q - w 
j= l J j= l i=l i=l 

m.=j 
î 
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and 

m m q-w m q-w q-w 
2 j s . = 2 j 2 1 = 2 2 m. = S m . = q . 
j = l J j = l i = l j = l i = l 1 i=l 

m.=j m.=j 
î î 

Now r e o r d e r r , . . . , r so that r , . . . , r have 
1 q-w 1 s 

^ 1 
m = . . . = m = 1: r , , , . . . , r , have m , = . . . = m 

1 s s +1 s , + S o s . + 1 s „ + s o 
1 1 1 2 1 1 2 

= 2; . . . ; r r 
s J +s + . . . + s +1' s + . . . + s = q-w have 

1 2 m - 1 1 m 
m , , , = . . . = m , , = m . Hence (for 

S + . . . + S + 1 S + . . . + S 
1 m - 1 1 m 

t = 1, 2, . . . , w) (4) b e c o m e s 
s +. . . + s. 

m 1 j 
2 j S r . = 0. 

j = l i = s +. . . + s. +1 1 
J 1 J - l 

Thus (for t = 1, . . . , w) 
s + . . . + s 

w t w m 1 J t 
S n. = 2 n. + 2 j S r . 

j = l J j = l J j = l i = s +. . . + s . +1 
J
 J J 1 j - l 

s , + . . . + s. 
m 1 J t 

= 2 x + 2 ( j - l ) 2 r . . 
x e k j=l i=s + . . . s . +1 

q 1 J - l 

Now 1 < t < w < dw < dk(d) < q-2 so 2 x = 0. Hence 
x ç k 

q 

s + . . . + s . 
w m 1 j 

(5) S n . 1 = 2 ( j - l ) 2 r . . 
j = l J j=2 i = 8 l + . . . + 8 + 1 * 

We next cons ide r the two po lynomia l s , both of d e g r e e w, 

i(e) = n (e - n.) 

and 

2 8 1 
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h< e> = n n ( 6 - r s +...+B + i ) J " • 
j=2 i=l 1 j -1 

w- i 
Let g., h.(i = 0, 1 w) denote the coefficients of 9 in g(8) and 

h(e) respectively. Clearly, g = h = 1. Also let G . H ( t = 1, 2, . . . 
^ } J °o o t t 

denote the sum of the t powers of all of the roots of g(6) and h(G), 
respectively. Thus by (5) G = H (t = 1, 2, . . . , w). Newton's first 

w identities for g(8) are 

t-1 
(6) S G .g. +tg = 0 (t = 1, 2, . . . , w). 

i=0 * 

Now p > dk(d) + 2 > dk(d) > k(d) > w so the coefficient of g in (6) 

does not vanish in k . Hence the w equations can be solved 

q 
successively and uniquely for g . . . . , g in terms of G , . . . , G ; 

1 w 1 w 
-1 2 

g = - G , g = 2 (G - G ), etc. Similarly we obtain h = - H , 

-1 2 
h = 2 (H - H ), etc. , and so as G = H we have g. = h. for 

2 1 2 t t î i 
i = 0, 1, 2, . . . , w. Hence g(G) = h(G) and so {n , . . . ,n ) must be 

1 w 
a rearrangement of {r , , . . . , r ) . This is clearly impossible as 

s,+l q-wJ 

1 
the r ' s are distinct from the n's by definition. This completes the 
proof. 
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