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Abstract. A simplified model of the Earth’s atmosphere consisting of three nonlinear differential
equations with a driving force was developed by Goldblatt et al. (2006). They found a steady-
state solution that exhibits bistability and identified its upper value with the great oxidation of
the Earth’s atmosphere. Noting that the driving force in their study was a step function, it is
the main goal of this paper to investigate the stability of the model by considering two different
more realistic driving forces. The stability analysis is performed by using Lyapunov exponents.
Our results show that the model remains stable and it does not exhibit any chaotic behavior.

1. Introduction
There is strong geological evidence that the oxygen concentration in the Earth’s at-

mosphere increased from 10−5 of its present atmospheric level (PAL) to 10−2 PAL (the
so-called great oxidation) about 2.4 Gyr ago (Catling et al. 2001). To explain this phe-
nomenon, Goldblatt et al. (2006) developed a simplified atmospheric model in which
the time evolution of oxygen, methane and carbon is driven by the sudden decline of
reductants to the surface.

Mathematically, the model is described by a set of three nonlinear differential equations
with a driving force. Goldblatt et al. (2006) approximated the driving force by a step
function and obtained a steady-state solution that exhibits bistability. They identified the
high value of oxygen in this bistability as the great oxidation of the Earth’s atmosphere.
In this paper, we consider the same mathematical model but with two different and
more realistic driving forces. We investigate stability by using Lyapunov exponents. Our
results show that the model is stable and does not exhibit chaos.

2. Results and discussion
The set of three nonlinear equations that describes the time evolution of oxygen,

methane and carbon is discussed in detail by Goldblatt et al. (2006) and Cuntz et al.
(2009), and it will not be repeated here. However, we want to emphasize that the explicit
dependence on time of the driving force makes the set of equations to be non-autonomous.
A standard method to perform stability analysis of such a system of equations is to in-
vestigate its Lyapunov exponents. The fact that the Lyapunov exponent method is a
valuable tool for studying dynamical systems with bistability has been shown in the
literature (Badzey & Mohanty 2005).

The number of Lyapunov exponents for a dynamical system is the same as the num-
ber of dependent variables representing the system. However, if the system is non-
autonomous, then one additional Lyapunov exponent must be added (Wu et al. 2007).
For the considered model, the equations describing the time evolution of oxygen and
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Figure 1. Lyapunov exponent for methane is plotted versus the parameters α and κ
of the two driving forces used in our numerical calculations.

methane are mutually dependent and non-autonomous, which means that three Lya-
punov exponents are needed to investigate the stability of this subset of two equations.
Note that the equation describing the time evolution of carbon is independent and the
corresponding Lyapunov exponent is zero (Cuntz et al. 2009).

To determine the stability of the model, we consider two driving forces. The so-called
exponential driving force is given by r(t) = r0e

−αt/t0 and the logistic driving force is
given by r(t) = r0κ

−t/t0 with t0 = 107 yrs and α and κ as parameters. The system equa-
tions are solved numerically by implementing one of these driving forces. Thereafter, the
resulting three Lyapunov exponents are calculated. Since two of the exponents (oxygen
and methane) are negative, and the third one corresponding to the explicit time depen-
dency of the system is zero, the system can be classified as periodic (Hilborn 1994). The
Lyapunov exponent for methane calculated for the two driving forces is plotted in Fig. 1.
It shows that the exponent remains negative for all values of α and κ considered.

3. Conclusions
We studied the model of the Earth’s atmosphere developed by Goldblatt et al. (2006)

by using two different driving forces. Our results show that the model remains stable and
it does not exhibit any chaotic behavior for the considered range of parameters. If con-
firmed by further studies, this result carries important implications for the biochemistry
of early Earth as discussed by Kasting (2006) and others, and may be of interest for the
investigation of Earth-type exoplanets as well.
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