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Abstract

The structure of space—time is examined by extending the standard Lorentz connection
group to its complex covering group, operating on a 16-dimensional “spinor” frame.
A Hamiltonian variation principle is used to derive the field equations for the spinor
connection. The result is a complete set of field equations which allow the sources of
the gravitational and electromagnetic fields, and the intrinsic spin of a particle, to appear
as a manifestation of the space—time structure. A cosmological solution and a simple
particle solution are examined. Further extensions to the connection group are proposed.

2000 Mathematics subject classification: primary 83C05; secondary 83E99.
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1. Introduction

The geometric structure of space—time has long been regarded as settled by general
relativity: a four-dimensional pseudo-Riemannian manifold with signature 3+1,
equipped with appropriate field equations. Connection and parallel displacement have
played a comparatively minor role in this development. The significance of affine
connection for space—time geometry was recognized quite early by Weyl [13], but
the development of the theory remained largely unaffected by it. Among the few
attempts to attribute a greater independent role to affine connection perhaps the best
known is the Palatini [8] suggestion (see also Schrodinger [10, Chapter 12]) to treat
affine connection as the fundamental field quantity of the geometry and to derive its
relation to the (nonsymmetric) metric tensor from a variation principle. The pseudo-
Riemannian character of space—time appears somewhat artificially however, through a
metric tensor supplied by the symmetric part of the Ricci tensor.

In more recent times there has been renewed interest in affine connections with
torsion, notably in the U4 theory of Sciama [11], Kibble [4] and Hehl et al. [3].
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The appearance of torsion in the connection is motivated by physical rather than
geometrical necessity: the spin angular momentum tensor of the matter field generates
torsion and through it spin itself becomes the source of the gravitational field. The
electromagnetic field forms no part of the affine connection and U4 theory makes no
claim to be a “unified” field theory. The principal gain derived from the theory is
that it definitively establishes the form in which torsion and spin angular momentum
must appear in both the gravitational equations and in Dirac’s equation. There is an
excellent account of that theory in [3], including an extensive list of references.

Our purpose here is to examine the structure of space—time from a predominantly
geometric point of view. In spite of the remarkable success of general relativity as a
physical theory, Einstein’s model of space—time is not wholly satisfactory. The field
equations of nonempty space—time require a matter tensor which is not an inherent
part of the geometric structure but injected from the outside so to speak into the
geometrical framework. In this respect we are no better off than in Newton—Galilei
space—time where the geometric structure is also a mere framework for the phenomena
of the physical world. The gravitational field itself appears as a curious hybrid between
“geometry” and “matter”.

A second, even more disturbing shortcoming of the Einstein model is that the
group of connection of the underlying pseudo-Riemannian manifold is the real pseudo-
orthogonal group with signature 3+1 (the Lorentz group) and therefore inherently
incapable of accommodating particles with spin as manifestations of the space—time
structure. For that we need (at least) the covering group of the Lorentz group £,
that is, the complex spin representation of £, as the group of connection. The
ensuing geometrical structure is of course far more complex than a pseudo-Riemannian
geometry, but the return is also far greater. In carrying out the program we need
to work with complex representation spaces upon which the spin representation can
act. As a result, two distinct types of field quantities will appear in the description
of the geometry. The first are structure entities, that is, complex-valued fields over a
base manifold M with appropriate tensorial properties with respect to certain abstract
spaces. The second are proper geometric quantities, that is, real fields with tensorial
properties with respect to the underlying 4-manifold M (the space-like manifold) with
coordinates x*, u =1, 2, 3, 4 in some local neighbourhood of M. Only the geometric
quantities will represent physically observable entities.

As it turns out, quantities of the first type (the structure entities) are not really
tensor fields in the ordinary sense but classes of equivalent tensor fields which,
however, produce the same real tensor fields in the underlying space—time manifold.
No individually selected representation of the equivalence class can therefore be
considered as an “observable” field quantity. A good analogue is the electromagnetic
potential in Maxwell’s theory which is only defined modulo an arbitrary gradient field.

Two fibre bundles over M will describe the structure entities: one termed the
“metric bundle” (Section 2) which serves as a messenger between structure and
geometry (and on the way supplies the pseudo-Riemannian metric tensor for M),
and the “spinor bundle” (Section 3) which carries the spin representation of an
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appropriate extension of J£. The first of these replaces Einstein’s Vierbein device using
Minkowski’s representation of the Lorentz group with three real space coordinates
and one imaginary time coordinate. The second bundle is a spinor version of the
Vierbein, namely a tetrad of orthonormal Dirac spinor fields which arise naturally in
this representation of spinors by a method that goes back to Eddington [2]. The fibres
of this bundle will be an equivalence class of fibres.

The quantities which describe spinor connection (Section 4), when converted
into real geometric fields, represent both the electromagnetic field and a form of
Hehl’s torsion field. The physical role of these tensor fields emerges when we
postulate a variation principle in Section 5 which supplies the field equations of the
geometry. Dirac’s equation (in a general relativistic form) appears as a constraint in
the Hamiltonian of the variation integral, and a Lagrangian factor in the constraint
(actually, its reciprocal) can be interpreted as “cosmic time” which, contrary to the
usual coordinate time, is here a scalar physical quantity.

The theory is “unified” in so far as it provides the sources of the electromagnetic
and gravitational fields, as well as being able to represent particles with spin. A
further interesting result is that separate equations arise for the material and intensity
components of the electromagnetic field, compared to the classical Maxwell equations
where these components are not separated.

Finally, we provide here just two simple examples of the types of solutions possible.
In Section 6 we describe a cosmological solution to the field equations with a
Robertson—Walker line element and nonzero spinor field tetrad, corresponding to the
Einstein—de Sitter model.

In Section 7 we describe one of the simplest possible elementary particle solutions,
namely, a neutral spherical symmetric (spinless) solution with mass. Whether or not
this represents a real particle, it is illustrative in that the spinor and gravitational fields
generate an internal structure which is highly nontrivial. Of further interest is the
fact that the magnitude of the spinor field, and hence the mass, is “quantized” by the
requirement that the solution be singularity-free.

The example solutions presented here are torsion-free; however, more complex
particle solutions have also been examined by the authors [9]. These include a
spherically symmetric charged particle (“meson-like”), an axially symmetric charged
particle with spin (“electron-like”), and a magnetic monopole particle with charge.
These solutions illustrate how charge and spin arise naturally from the geometry, but
have required extensive computer-based numerical integration and the results are not
reproduced here.

Lynch, an early collaborator with Szekeres, has also explored particle solutions
using this type of approach and has attempted to make more definite identifications
with known particles. (See [7] for an electron/positron solution and [6] for a neutrino
solution.)

The discussion throughout is in an explicit coordinatized (nonaxiomatic) form, in
the spirit of Descartes rather than that of Hilbert.
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2. The metric bundle
To describe the metric (or Vierbein) bundle we introduce the symbols
hi=p=p=i ji=1
and define ¢, = j,%, so that
gl=&=e=—1, se=1.

The Minkowski representation space of the Lorentz group £ = O, (3, 1) can then
be described as a 4-vector space V with elements v = (vq, V2, v3, v4) with reality
conditions j,v, real, n=1,2,3,4. The effect of 0 € £ upon veV is then
described by

4
(cv)m = Z Mynvp,
n=1

where M = (M,,,) is a complex orthogonal matrix satisfying

Z MMy = Z My My, = 6 (the Kronecker symbol)
k k
with reality conditions j, j, M, real, det M = 1.

The advantage of using the Minkowski instead of the standard Lorentz
representation of £ is that there is no need to distinguish (in terms of components)
between vectors and their duals: the action of o € £ upon u* = (u,) € V* (the dual
space of V) is

o ™ = wMy = My, (Mp)=M".
k k

The inner product (u*, v) =), u,v, is invariant under the action of £ and will be
denoted (u, v) = unv,. We have used here the summation convention for repeated
Roman indices, even though both appear in the lower position (they always will
be). This summation convention will be used forthwith, except in conjunction with
the symbols j,, &, (such as stating reality condition for vectors or matrices). It is
understood that k, [, m, n, p, g and so on run from 1 to 4. Later on the Roman suffices
a, b, c, will also appear; they will run from O to 5.

The fibre of the metric (or Vierbein) bundle is expressed now by the matrix (g,,),
1 <n, u <4 where the index »n indicates that for fixed t, (g,,) is a vector in 'V and for
fixed n, (gny,) is a covector with respect to a change of coordinates in the underlying
base manifold M, that is, g,,, transforms into g, dx"/0x". We assume that

8 =i det(gu) #0.

Clearly & is real and transforms into g d(x)/d(y) under a change of coordinates in M.
Hence g is what Weyl and Schrodinger call a density over M, the first instance of a
real geometric quantity. Under a transformation of the basis in V by (M), § gets

multiplied by det M =1, that is, & is invariant with respect to the choice of basis in V.
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‘We shall refer to such transformations of the V-base as anholonomic transformations;
true M-vectors and tensors must be invariant to them.
Our second example of a real tensor field over M is

8uv = Emu8mv = vu

which is a real symmetric covariant tensor of rank two. Here g = (g,,) can be
interpreted as a nonsingular linear mapping from the tangent vector space at p € M
to V and vice versa. It converts complex vectors in 'V into real tangent vectors in M.
Associated with g is a dual mapping

g =(gl), Jjng) real
from the cotangent vector space at p to 'V with the property that
g;lqégmv = S{f’ gﬁgnu =6mn

that is, (gl ) is the inverse of the matrix (g,, ). Here of course the Einstein summation
convention on repeated upper and lower Greek indices is used and the equations
express the fact that (g,,,,), n =1, 2, 3, 4, represents a Vierbein of four orthonormal
vectors over M.

One feature of the metric bundle g = (g,,;,) is that its components are not uniquely
determined by g,,. In fact if M(x) = (M;,,(x)) is a field of Minkowski orthogonal
matrices (with the appropriate reality conditions) then g, , = (Myngny) is equivalent
to g, in the sense that it produces the same metric tensor and density §. We shall

refer to such a Minkowski transformation as a reorientation of the Vierbein frame and
we may regard the fibre of the metric bundle as the equivalence class of the (gy,)
under reorientation.

We conclude this section with a remark on the space ‘W of skew tensors generated
by the wedge products u A v of vectors in V which will play an important part in the
following sections. If w = (wy,,) € W then wy,,, = —w,,, with the reality conditions
Jm Jnwmn real. The effect of o € L on w is

—1
(Cwo ™ )mn = MypMpgw pg.

3. The spinor bundle

A spinor tetrad has an obvious representation by means of 4 x 4 complex matrices
in which each column represents a Dirac spin vector. To express the relevant algebraic
transformation properties of the tetrad it is more convenient to use an alternative model
which goes back to Eddington (see also Benn [1]) and which utilizes the equivalence
of 4 x 4 matrices and a 16-dimensional complex Clifford algebra €2 with identity
element /.

To obtain a convenient vector basis for €2 we introduce the Dirac symbols
'y, 'y, '3, I'4 satisfying

Conln +Tuly =280l
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We also introduce the 15 symbols I'yp, = —T'p4, 0 <a < b <5, by
Lom =—Tmo=Tm, Tos=-Iso=—-T1T2030Y,
Cap=—Tpg = —iT0sTop 0=<a<b<S5,
with multiplication rules

1_‘abl—‘ab =1, 1ﬁba = _Faba
Caplac =ilpe a#b#c#a, (3.1
Caplcal’er =1  (abedef) an even permutation of (012345).

See Appendix B for a correspondence between the Dirac gamma matrices and
elements of the I';.
These multiplication rules can be concisely expressed by

TabTed = (BacOpa — 8aadbe)] + % EabedefTef
+ i(aacrbd + (de Fac - (Sad Fbc - 5bcrad)-

I and the 'y, form a complex vector space over C for €2, and every w € Q2 has a
unique representation

w=ol + %Vabraba o, Yab €C,  Yba = —Vab-

The algebra €2 is equipped with an involutary anti-isomorphism 7 : £ — € with the
following properties

(Hh'=w, (01 +w)f= a)I + a); (1)’ = w;wI

+ h 3.2
(cw)'=c*w" ceC, c* the complex conjugate. -2

To express the T mapping in terms of the 'y, we first define the complex conjugate of
o=al + (1/2)yaplap as ©* =a*1 + (1/2)y;,Tap and set

o' = Touw*Tos. (3.3)

With this definition, the properties (3.2) readily follow from (3.1). We call '
the adjoint of w € ©, and w is said to be self-adjoint if ' = w, and skew-adjoint if
o' = —w. The self-adjoint elements of Q form a 16-dimensional real vector space
spanned by / and the elements

JajpTap 0<a<b <35
(no summation for the symbols j,), where
jo=1 jg=p=p=i, jau=1 j=i

The skew-adjoint elements

%jajbl“ab, 0<a<b<5 (3.4)
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form the basis of a 15-dimensional Lie algebra k under the usual Lie product, [A, B] =
AB — BA, isomorphic to the Lie algebra of a six-dimensional proper pseudo-
orthogonal group with signature (4, —, —, —, +, —). The Lie group X generated
by k is the covering group of this pseudo-orthogonal group; indeed exp (27w (i /2)[},1,)
for 1 <m <n <4 and exp(27 (i /2)["g5) are both —1, not /.

Since the elements of k are skew-adjoint it follows that o™ = o ~!, for all o € X.
Extending the basis (3.4) by i/ we obtain a 16-dimensional Lie algebra ko and a
Lie group Ko which will ultimately serve as the group of spinor connection of the
geometry.

The elements

%jmjnan, l<m<n<4 (3.5)

span a six-dimensional Lie subalgebra 1 of k, generating the covering group £ of the
proper Lorentz group L.

Under conjugation by elements of £,Qasa complex vector space is the direct sum
of five invariant subspaces

Qr, Qj, Qvy, Qyp, Qw

of complex dimensions one, one, four, four, six respectively, and spanned by the
following basis elements of €:

Qr {1}, Q2 :{Tos},
Qy:{Tps}, 1<n<4, Qp:{Ton}, 1<n<4,
Qw :{Thn}, 1 <m<n<4.

This is easily seen by conjugating with the infinitesimal generators of £, using the
commutator rules:

[Qw, Qw]l=Qw, [Qv, Qw]l=Qy, [Qp, Qwl=Q, [Q; Qw]=0.
The rest of the commutator rules (easily checked) are:

[Qy, Qv]=Qw, [Qp, Qpl=Qw, [QvQy]=KQ;,
(27, Qy]l =y, [}, Qp]=Qy.

In particular, €20=Q; & Q;®Qw is an eight-dimensional (associative)
subalgebra over C with centre €2; @ 2}, and the Lie group £ lies in €. More
specifically, it lies in the eight-dimensional subalgebra over R spanned by the
elements I, iTgs, ijy jnlmn, 1 <m < 4.

The algebra 2 admits £ as a group of operators, the action of 0 € £ on w € Q
being the ring product cwo !, and

Q=Q &L ®QLY &Ly DLW (3.6)
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is a decomposition into irreducibles under this action. To express the action in
coordinatized form, let us define the R-linear mappings

Py V= Qy, V> Qy, dw:W— Qu,
by

¢yu =u,lys, ¢{;U:vnr‘0n7 ¢'Ww:%wmnrmn7
whereue'V,ve"Q,we"W. Then for o € £

o(pyu)o ! =¢y(Gu), o@PyvIoT! =gy,

o(pww)o ! = pyw(Ews 1), (3.7)

where on the left we have ring multiplication in €2, and on the right ¢ denotes the map
of o in L. Indeed if

i ..
o= CXP(Z Pmnrmn>, Jm Jn Pmn real,

and if M =exp(P), M = (M), P = (Pun), then M is orthogonal with j,, j, My,
real, and we have to verify
1 -1
O'(Unl_‘On +unlns + jwmnrmn)a
= (anvp)FOn + (an”p)FnS + %(Mmpanwpq)an- (3.8)
It is sufficient to check (3.8) for infinitesimal operators o =1 + (i/4)€ Pyl in
using (3.1). .

2 as a complex vector space also admits £, and in fact the whole of €2, as a left
operator. Denote by € this 16-dimensional (left) representation space, the action
w € Qon ¥ € Q being the ring product wr. Similarly, define ", the complex vector
space  with Q as a right operator domain. The action of w € € upon T € Q is the

ring product ¥ "w' where ' is the adjoint of w.
The dagger mapping is now extended to

7:Q > Q" and T:Q - Q!
according to the definition
v =y* o,
where * is the Hermitian conjugate of 1. Note that for w € Q, ¥ € Q! we have
@) =y o’ bt o)l =o'y’

Next we define an inner product (Y1) for ¥, ¥ € Q!. Denote by gs(w) the
I-component of w in the decomposition (3.6), that is

gs(el + SyaTap) = .
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The notation comes from the fact that the I',;, have a trace-free standard matrix
representation (see Appendix A). Now define the inner product

W1v2) = gs (Y] ). (3.9)

This inner product has the obvious properties

(Y1 +¥2)¥) = (i) + (ad), (bW +¥2)) = i) + (i),
(W1 (cy2)) = c(Y1v2) = (Y1),
(Vo) = (Viy)*,  (Yi(@¥2)) = (0 y)ya),

for any ¥, ¥, ¥ € @, w € Q. The last expression will be denoted (y/jwir,). Note
that (Y wyr) is real if w is self-adjoint, and imaginary if w is anti-adjoint. Also note
that if o € K then

(0¥ (0Y2) = (Y10~ 'ovn) = (Y112),

that is, the inner product is invariant under the action of K.

In (3.7) we have established, through the ¢-mappings, an association between
vectors of 'V, V, or ‘W and elements of Q. The mappings were expressed in terms
of the components of vectors, therefore the resulting elements of Q2 depended on
the orthonormal basis in V. If this basis is changed by the transformation o € £,
the elements w € 2 associated with u, v, w by means of (3.7) transform into
owo ™. Consequently ¥ € Q' must transform into o, and ' € Q" into YTo ' =
vTo~1. This association of the anholonomic Vierbein frame transformations with
“spinor frame transformations” i — o achieves that inner products (yjwir;) are
independent of the basis of the anholonomic coordinates.

We are now in the position to define spinor tetrads. First note that Q! decomposes
into the 4 minimal left ideals,

Ol — ot @ Q) D ol @ Q(——)’ (3.10)
where for n = %, ¢ = =&, each Q) is spanned by

Y(n;) 1(Co1 +inlis +itToy — n¢Tas),

Y(m 1(Tos3 +inl3s — £ Tas +ingTos),

Y(M) 1Tz + nl1g +i¢T31 +ingTas),
Y(M) 1T+ 0T34 — ¢1 — n¢Tos).

A multiplication table for the I';,Y;, is given in Appendix C. It can be easily verified
that the ideals %) are mutually orthogonal under the inner product (3.9).
A Dirac spinor ¥ ¢) is an element of one of these ideals, and for fixed 1 and ¢

w9 = uﬁ”C)Yé"O (summing for n)

m¢) -

where u,," "’ is a complex function on M.
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Dirac spinors are complex 4-vectors and with this basis have the representation:

0 u; —u; O 0 ur ur O

‘(Il++ _ 0 uz —up 0 ]//_;’__ _ 0 uy ujp 0
10 wus —usz 0}’ 10 us uz 0}

0 ug —ug O 0 ug ug O

ur 0 0 u up 0 0 —u

—+_|u2 0 0 u —— _fu2 0 0 —u
Vo= us 0 0 wusz|’ Vo= uz 0 0 —u3z |’

ugsg 0 0 wuy ug 0 0 —uy

with each u,, = u’(in;“) e C.
A spinor tetrad v is simply an element of Q. It is uniquely written as the sum of
the four Dirac spinors

wzzlﬁ(ﬂ):zur(ln()yrfnf)' (3.11)
1 ng

If ¥ is given by (3.11), and
»= Z vy ) each v, = v e C,

n¢
then
(Vo) = Z 77(“1”3 - M3U1 + M2U4 - U4U2)
ng
In particular,
W1 = (YToy) = ZZlu(“)! (3.12)

A table of all relevant inner products is given in Appendlx D.

The decomposition (3.10) into minimal left ideals is of course not unique, not even
if orthogonality of the members is required. A right transformation ¥ — ¥ 7 by some
invertible element 7 € 2 carries the decomposition (3.10) into a new one provided that
((1,01)‘[)(1,02‘[)) = (Y1), for all Y1, Y € QL. This will be so if t is unitary, that is, if

™™ =1.

The transformations

t=eMMus jeR (3.13)

form a subgroup J of unitary transformations, and have the effect of multiplying v/
by a phase factor ¢!+
Finally, we note for later reference that

1//(774“)1"05:”1//(77()’ w(nf)r‘n:_gw(ﬁ{), w(n()r?"‘:_né—w(ﬂf)’ (3.14)

hence the ideals of the decomposition admit multiplication from the right by I'gs, I'12
and I'34.
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TABLE 1. Possible charge and spin properties for various types of spinor field tetrad combinations.

Ideals Charge Spin Form of the tetrad

4 Neutral ~ Spinless ¢ =yt Tt 4+ ¢t + T+
2 Positive ~ Spinless ¢ =TT + ¢t

Negative Spinless ¢ =v¢ T 4+~
2 Neutral ~ Spinless ¢ =yt 4+~

Neutral ~ Spinless ¢ =v T + ¢t

2 Neutral ~ Up Y=yt 4yt
Neutral ~ Down v=ytT+y "

1 Positive ~ Up Y=yt
Negative Up Y=y "

1 Positive ~ Down Y=yt
Negative Down Y=y

Considering now just the action of I'gps (whose connection field we will later
associate with the electromagnetic field), the fact that two of the ideals receive a
phase factor of the opposite sign means that both neutral and oppositely charged
pair solutions can arise from a single geometry. For example, a 2-ideal solution
can be used to give the oppositely charged pair ¢ = ¢ + ¢~ (¥ T¢s =) and
Y=yt +y (Ylos = —).

We note also that spin-up/spin-down pairs can be constructed from 1-ideal or
2-ideal combinations. In an appropriate coordinate system, the z-component of
the spin angular momentum operator J, = —i#(d/d¢) + (h/2)I"12. Provided the
coefficients u, have the appropriate e'? factor, and using Appendix C, we can achieve
J. ¥ = (h/2)¢ (spin-up) from ¥ = 4+ ", and J,3 = —(%/2)¥ (spin-down)
from ¢ = ¥~ + . Similarly for the 1-ideal tetrads ¥ = ¥"" and ¥ = "~ for
fixed n.

The possible charge and spin properties for various types of spinor field tetrad
combinations are listed in Table 1. Note that either a 4-ideal or 2-ideal tetrad could be
used for a neutral, spinless solution.

4. Spinor connection

Under parallel displacement of a spinor tetrad, both a left and right connection
group are admitted. For the left connection group we take not just the covering group L
of the Lorentz group, but the full conformal group which is €2 itself. We therefore
admit the infinitesimal transformations

ijmjnrmn l<m<n<4, %jnros 1 <n<4,
1 1

— 7. 1<n<4, =Tos,

2]n ns =n= ) 05

in the virtual displacement of the spinor field.

4.1)

https://doi.org/10.1017/51446181109000108 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181109000108

154 G. Szekeres and L. Peters [12]

It is important to note that the only transformations of the connection group 2
that are assumed to have real counterparts are those of the reorientation group £, due
to its linkage with the Vierbein frame. (See an earlier paper by Szekeres [12] for a
description of the problems that one otherwise encounters.) In particular, we do not
admit transformations of the left connection group that would lead to nonmetricity of
the generated 4-vector covariant derivative. See Leuhr et al. [5] for a classification
of general spinor connections and their resulting 4-vector connections, indicating that
transformations (4.1) may still not be the most general, even allowing for the metricity
constraint.

For the right connection group we take the one-parameter Lie group of unitary
transformations #¢ with Lie algebra generator i['g5 defined in (3.13). We will see
that this introduces a four-potential that can be identified with the electromagnetic
potential.

From (3.14), the right connection group could be extended to include the generators
iI"12 and iI"34, in fact the full eight-parameter group SU(3), which could then possibly
represent the potentials of the “strong” and “weak” forces. For simplicity, this
extension is not considered here. See [6] for an example of the use of this extension to
represent the strong charge.

The simplification of the field equations that results from ignoring these extensions
will not however affect the two simple solutions presented in Sections 6 and 7.

Accordingly, the covariant derivative of a spinor field tetrad is given by

i i 1
w/u = w,u - ZSmn;ernl/f - EBnuFOrﬂ/f - Ecn,urnﬂl’

1 i
- EHMFOSW - EK/A”Fos, 4.2)

where for fixed m and n, jum juSmnu, JanBnws jnCnps Hy, Ky are real, Spmpy = —Smnp
and ¥, stands for 9,y = dy/dxH.
For the adjoint tetrad we have

i 1 .
‘///Tu = 1//L + ZS’"”“‘NF’"" + EBnM/"FO"

1 1 i
+ EcnuwTFnS + EHMI//TFOS + EK;,LFOSWT‘

Spin curvature tensors are obtained from
i i 1
1/f///./v - 1/f/v/;,L = _ZRmnqumnw - EROm;wFOmw - EROS;WFOSw

1 i
- ERmSu.vaSw - EP/waOS,

where

mnv, + SmppLSpnv - Smvapn,u - Bmuan
+ Bman//. + Cmucnv - Cmvcnu. (43)

Rmn;w = Sman,v
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and

Romuv = Bmp,y — B, + BpuSpmv — BpvSpmpy — CopHy + Cipv Hy,
Risuv = Cimp,v = Cov,pe + CpuSpmv — CpvSpmpu — BmpHy + Bmv Hy,
Rospw = Hyw — Hy o — By Cpyy + By Gy and
Po=K,,—K,,.

For fixed m and n, ji junSmnps jnBnw> jnCnp» Hyu, and K, are covectors of M. Let
us examine their transformation under a change of the anholonomic (Vierbein) base in
V and the associated spin transformation in Q.

A re-orientation of the Vierbein and spinor frames is a field of group elements
o:M— L,

7T(x)

ox)=e T(x) el

(1 defined in (3.5)), representing these changes of spin frames over a region of M. The
transformed spinor field tetrad is ¥ (x) = o (x)¥(x), and for this to remain a spinor
field tetrad we must have

i =0/,
that is

1~
(o), W mnu Cunoyr — anMFOnGw _CnanSGw

1 -~
_EH Tosoyr — —KMOWF(E

1
BnuFOnw - EcnuFHSW

—0<WM mnu mnw )

] .
— EH Cosy — ul/ffbs)

for arbitrary 1, where Sm,, s Bn > Cn 1w H > K are the components after reorientation.
This gives immediately Hu =H, K u = K, that is, neither are affected by re-
orientation. The transformation law for the left connection is well known: if

i . .
o= exp(z1 Pmnrmn>, JmJjn Pmn real,  Pu, = — Py

and if P = (Ppp), M = e, then
Smnu = MinpMng Spgp + Mmp,uMnp

and similarly B, and C,, transform as vectors. We also get, using the orthogonality
of M

Rippv = Minp Mg R pgpuv-
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This shows that for given , v, (Rynuv) € W. It follows that R 6 = gmu&nv Rmnpo
is a real tensor, with the symmetries

R;w,oo = _Rvu,oa = _R;wap-

For convenience we call it the curvature tensor although it has no such geometrical role
as far as tangent vectors and tensors of the manifold are concerned. Only the metric
(Riemannian) curvature tensor has such a role.

Next we consider changes in the connection under a phase transformation field

T(x) = eXP{ %M&)Fos } A(x) real,

acting from the right on the spinor tetrad. We require

(wrxu—-ékﬂwrrwz=(wﬂ——§ngrm)r

which gives y
K;LFOS = (K;,L + )\,M)FOS

noting that ['pst = t["gs. Hence

K,=K,+X,. 4.4)

This shows that K, is not an ordinary covector field but an equivalence class of such
fields under the transformation (4.4) (a gauge transformation). This is precisely the
behaviour of an electromagnetic four-potential. Note that Sy, Buy, Cuy and Hy, are
invariant under phase transformations.

A “metric” connection can now be defined for spinor tetrads. Define

N = 8l 8nu{ly} — &m&niv 4.5)

where

5,0} = %g)\'u(g)\p,v + &, — gpv,k)

is the usual Riemann—Christoffel affinity pertaining to g, .

It is straightforward to check that Ny, is a covector for each m and n, and
that Ny = —Npny. From (4.5) it can also be seen that under reorientation, N,
transforms like a (left) connection. Hence N,,,, can be regarded as the metric part
of S;nv, although it has no such geometrical role, and separating it off from S,,,, is
just a computational convenience. Indeed, if we define

Tmnu = Smnv - Nmnu (46)

then 7,,,, (for fixed v) transforms as a skew tensor in ‘W, with j, j, Tjnny real. Hence
Tyvo = 8mu8nvTimnp 1s a real contortion tensor with the skew symmetry

Ty = —Thvp- 4.7
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We can also define a metric derivative for spinor fields, namely
i
w;u = w,u - ZNmnuanl//- 4.8)
Although it is a legitimate spinor field with respect to reorientations of the spinor
frame, it does not behave like a spinor field tetrad with respect to (right) phase
transformations.

The tensor T),,, can be used to express the relation between Ry, ,; and the
Riemannian curvature tensor

Gllow ==t o + b o + LM = U 1)
namely, using (4.3),

Rp.vpcr = Gp,vpa + T;/,vp;(r - T,uva;p + Tukpﬂj} - TMAJ Tv);o - Bp,vaa
+ BuoByp + CrpCos — CuoCrp, 4.9)

where semicolon denotes covariant differentiation with respect to the Christoffel
affinity. That is,

fy = Aby T oy} A5 — ()40

is the covariant derivative of a tensor field A%y. The Ricci tensor is given by

Guv =~ Cod i+ b + Gl ) = GG

with the gravitational scalar
G=g""G .

Finally we define the Dirac (scalar) differential of ¢ € Q!
Dy =T"y),,  where TH = gliT,. (4.10)

It is clearly a spinor tetrad, and will play a crucial role in the field equations in the
following section.

To facilitate the transition from a purely geometrical to a physical description of
the field equations, it is useful to introduce the notion of a metric index. We note
that for a given coordinate system, the metric tensor g, is only determined up to a
scaling factor, depending on the “unit of length” chosen for the manifold. Suppose we
change the unit of length by a factor of A, without changing the coordinate system.
Since g, dx"dx" is the square of a length, we must multiply g,,, by A~2 so that the
same length is expressed in the new, rescaled unit. We express this by saying that g,
has a metric index of 2. Similarly, the metric indexes of g,, and gh are 1 and —1
respectively. Hence note from (4.10) that the metric index of D is also —1. Since any
equation expressing a law of nature must be valid independently of the unit of length
chosen, we shall provide the appropriate factor to ensure that all terms appearing in
such an equation have the same metric index.
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5. Field equations

The field equations of the geometry are obtained from a Hamiltonian variation
principle, applied to suitable action integrals and linked together in a single world
Lagrangian. We assume that the 4-manifold M is equipped with a metric field,
a connection field and a spinor field tetrad. The field quantities to be varied
independently are the components of the metric and connection fields, namely, g,
Smnp> Bnps Cnp, Ky and Hy. The spinor field tetrad enters the variation principle
only in the form of a homogeneous constraint, expressing the condition that the Dirac
differential of an admissible ¥ should satisfy the generalized Dirac equation

Dy + A" 'Tgsy = 0. (5.1)

Here A is a positive constant, denoting the unit length chosen for the manifold, and
required as the metric index of D is —1.

To incorporate this constraint into the variation principle, we construct the real
scalar density

L=38 &((DY + A7 'Tosy)y — ¥ (DY + A~ Tosy)). (5.2)

Using (4.2), this expands to

1
(Y 'y —yTHy ) =5 8 Ku (YT Tos)

h

S mnu i(llf(rmnr'u + F'U'an)l/” - anp, g<¢(FOnFM + FMFOn)w)

#I“‘- x| — ||0'Q

wn W (TasT" + TAT,s)Y) — iA™" 8 (YTos). (53)

(Note that there is no H,, term.) It is not difficult to check that variation of (5.2) with
respect to i gives (5.1), provided that the symmetry conditions,

Smnu(rurmn - anru) =0, Bmu(FMFOm - FOmFIM) =0

Con (T s — TosTH) = 0 (54)

are satisfied. Conversely, if (5.1) is satisfied, then clearly L = 0. To obtain the field

equations for the connection fields, we first vary Sy, freely in

A2 4
/(5 + é) d*x (5.5)

R= _RZE = _g;lqﬁgyl:Rmn/w

where
is the curvature scalar formed from the curvature tensor (4.3) and R = & R is the

corresponding density. The Lagrangian factor (1/7T)A? is not necessarily a constant,
but may be a function of the cosmological epoch, and we take this into account in
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Section 6. The term AZ is introduced to make 7 dimensionless. Although T is
independent of the unit of length, its value depends on the normalization of the v fields
which at this stage is wholly arbitrary. As L is homogeneous of degree two in ¥/, it is

in fact (1/+/T)v which is able to be determined from the variational principle.
Using (5.3), the relevant terms in (5.5) for the variation of S;;,,,, are

_g;légrl: (Smnu.,v - Smnu,u + Smpu.Spnu - Smvapnu)
2

A H w
- ﬁSmnu(w(anF + r an)w)
Variation of S;,,,,, gives, when converted to real tensors using (4.6),
A2
gMT,f; - g)»vTﬁfp + Tkuv - Tkvu = EE)\/.LVJ“pFOSFUl//)v (56)

where
Ejpvoe =1 8kn &mu &nv &po Eokmnps = é sig(Auvo)

is the real alternating tensor. Contraction of (5.6) with respect to A and u gives
Ty, =0

which means that the first of the symmetry conditions (5.4) is satisfied. Equation (5.6)

simplifies to
2

A
TMLU - TM}pL = EEAMVU<WFOSFUI//>

and finally, from the symmetry (4.7),

2

A
T = g Eauvo (¥ T0s r7y), (5.7

that is, the contortion tensor is fully skew-symmetric.

Note that although the contortion tensor appears in the general form of these
field equations, the right-hand side of (5.7) may vanish identically depending on the
assumptions made about the form of the metric and the spinor tetrad for a given
solution. That type of solution will then be torsion-free. The simple solutions given in
Sections 6 and 7 are examples of this.

Variation of B, in (5.5) gives

A2
T 121

which shows that B,,, is symmetric, satisfies the second condition of (5.4), and has the
simple contraction

By gWWW),

A3
B=AB)= (),

where the additional A factor makes B scale-free.
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Variation of Cy,, in (5.5) gives

. A2 Ao
Cp,v = ZS_TE;LvAo (yI"Ir74)
which shows that C,,,, is skew-symmetric, and satisfies the last of the conditions (5.4).
Unlike the contortion tensor, we do not hazard any “physical” interpretation of
the By, or Cy,, tensors.
The generalized Dirac equation (5.1) now takes the form

i
0=THy., — ZT“W EopyulosTHy  (Tys term)

1

— Zc‘xﬂ Eopy IV THY (T term)
i
— EKMFMIﬂF()S (Toy, term)
- %A—le (I term)
+ A" Tosyr (Fos term). (5.8)

Note that each type of element of 2 appears as a left operator, and this is the motivation
for the "5 operator with the “mass” term A~ in the Dirac equation (5.1). Also note
that H, does not enter the equation explicitly at all. Defining the skew-symmetric
tensors

Qp.v = H;L,v - Hv,u
and

Puv=Kuv — Koy

the electromagnetic Lagrangian is taken to be
P=—28 P, 0". (5.9)

As before, we vary K, and H, in

1 4
/(5 +5 é) d*x (5.10)

where the Lagrangian factor 1/b is dimensionless. The value of b again depends on
the normalization of ¥, but /T is independent of spinor normalization and is likely
to be a function of the cosmological epoch, as we shall see later.
The variation gives the electromagnetic field equations with an explicit source term,
namely,
1
= Q) = (YT Y Tos) (5.11)
and
PV =o0. (5.12)
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The form of the electromagnetic equations suggests that Q"' be interpreted as
a “density” or “material” field, and P*Y as a pure “intensity” field. —These
electromagnetic equations have a very satisfactory appearance in the sense that they
address one of the crucial problems of unified field theories. Consider Maxwell’s
equations

curl H— D=1, divD=p, curlE—E:Q, divB =0,

where [ is the current, p is the charge, H and D are the magnetic and displacement
(“material”) fields, and E and B are the electric and magnetic (“intensity”) fields.
Instead of the usual identifications

H=B, D=E (5.13)

(apart from proportionality constants), which cannot be justified by geometrical
considerations alone (see [10, Page 25]), (5.11) and (5.12) provide separate equations
for the material and intensity fields respectively. The Maxwell identifications (5.13)
are only possible in a region where the spinor field is negligible, that is remote from
the centre of a particle, and correspond to

Ky = H,. (5.14)

This does not follow from the geometry itself, and it is only by considering particular
solutions to the field equations that the boundary conditions (5.14) could possibly be
enforced.

There is also a striking geometric difference between the two connection vectors K,
and H,, constituting the electromagnetic potential. The unitary group # of right
connection with Lie generator (i /2)I'g5 pertaining to K, is compact, and its members
are indeed phase transformations (see (3.13)). However the one-parameter left
connection group with Lie generator (1/2)I"gs pertaining to H,, is noncompact. It
is similar in effect to Weyl’s original gauge group of “length curvature”, that is scale
transformations. It is interesting to note how both versions of Weyl’s gauge group
appear here in a very natural fashion, one representing the electromagnetic intensity,
the other material electromagnetic field density.

Finally, to derive the field equations for the metric field, we first note that by
contracting the curvature tensor (4.9) we obtain

Ry — %ng =G — %gqu + TaﬂMT\f{ﬂ - %guvTaﬁyTaﬁV
—3A "By B — CupCP + 18, CP7 Cpo. (5.15)

We now vary g, in

/(@ +A72(é +b 1=D)> d'x,
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where the world Lagrangian is obtained from the Lagrangians (5.5) and (5.10). The
variation is particularly simple to perform (in contrast to ordinary relativity) since g;,
appears only algebraically in the expression. We get
1
G;w - Eg ;wG
2

bA 1
= T[ng(P/L,OQU(I + Pva;w) - Eg/wppa oni|

bA? 3 PR rpo
+W[K/LJV+KVJH,]+§g/LVA B +§guvT T)\pa

1 iA?
- Eguvckpcxp - S—T(W;MFVW + w;vl",ﬂﬁ - 1/f1“;uﬁ;u - wrvw;u)-
(5.16)
The right-hand side of this equation is the “energy—momentum” tensor in a perfectly
explicit form, comprising of electromagnetic, torsion and matter components. Note

that of the ten equations defined by (5.16), only six are independent. The rest follow
from the contracted Bianchi identities

1
(GIVJ« - zg/‘iG);v =0.
Taking the inner product of y with (5.8), one finds
i (Y., THy) = 2T A2 T Ty o + 20K, J* + 3T A4 B?
—2TAT2C*Cyp + i AN (YT os).
Contracting (5.16) and (5.15) one finds the gravitational and curvature scalars
iA
= _TW Losyr).
(5.17)
We now have the complete set of field equations, namely, the generalized Dirac
equation (5.8), the electromagnetic equations (5.11) and (5.12), and the gravitational

equations (5.16). To get an idea of the actual values of b, T and A, compare with
Dirac’s

3 iA
G=—T"T)y — ZA_ZBZ +CHChp + 57 (WTos¥), R

— ihcTHyr , — qA THY + My =0, (5.18)

where 7 is Planck’s constant, c is the speed of light, ¢ is the elementary charge, and
M is the mass of a particle represented by this equation. Comparison with (5.8) gives
2q 2q

%AM, Py = EF’”’ (5.19)
where A, is the electromagnetic four-potential and Fj,, the electromagnetic field
tensor using Lorentz—Heaviside units. Furthermore

K, =

ho0352x107%

A=—
Mc M

(5.20)
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(A in m, M in kg), is the Compton wavelength associated with a particle of mass M.
For example, if M is of the order of the proton mass (10727 kg), then A is of order
1075 m.

Although presumably (5.19) is the correct conversion between our geometric
quantities and electromagnetic intensities, the analogy with Dirac’s (5.18) is largely
formal. For instance, K, here denotes the four-potential of the total electromagnetic
field, including the particle itself, and not merely the potential of the external field.
Similarly, there is no need to regard i as a probability amplitude.

Comparison of (5.16) with Einstein’s gravitational equations for pure electromag-
netic fields, namely

1 87K 1
G;w - Eg;wG = c_4(gchp,uFav - Zgqupona)
gives
T A2
b wh?K

where K ~6.674 x 107"'m3 kg=! s72 is Newton’s constant of gravitation. In
Lorentz—Heaviside units
q2 =dnhca,

where o & 1/137.036 is the fine structure constant. Hence

T _ AN%ac?

b hK

~1.118 x 10%8A2. (5.21)

If A is of order 10~ m for example, then T/b is of order 10°%. The age of the
universe is about 4 x 10'7 s which in absolute units of time Ac~! is of order 10*!.
This suggests that 7 /b may be related to the cosmological epoch.
The value of b depends on the normalization of the spinor field. Compare (5.11)
with Maxwell-Dirac’s
FI = g(yThy), (5.22)

which holds for an particle with elementary charge ¢ if ¥ consists of just one member
of the tetrad and a conventional normalization for v is used. Provided we can describe
the particle field in a stationary coordinate system in which “space” and “time” are
separated, and using (3.12), the requirement is that

/gﬂw%%=fgﬂwmwm%=l (5.23)

where the integral is extended over a 3-space region outside which the metric field of
the particle is flat. Here & * is the 3-space coordinate density. From (5.11), (5.22)

and (5.19) we obtain

1
b=—= ~ 1.363 (5.24)
b4
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which can be regarded as a defining equation for the (local) conventional normalization
of the spinor field tetrad in terms of the fine structure constant «. We shall refer
to (5.23) as the normalization hypothesis which all charged particles (perhaps also
neutral particles) are supposed to satisfy when b is given by (5.24). There is no hope
to “prove” the normalization hypothesis as long as only isolated particle solutions are
considered; any such proof must come from the study of interactions between particles.
With the normalization of v induced by (5.24) we obtain from (5.20) and (5.21)

T — A2 _ Ac?
T 8nhK = 8xMK'

If the unit of length (that is, the metre) is fixed in terms of A, the unit of time (the
second) fixed so that ¢ should have the value ~ 3 x 103 m s_l, and the unit of mass
(kg) fixed so that Planck’s constant should have the value ~ 6.626 x 10734 kg m s,
then (5.25) tells us that the gravitational constant is proportional to 1/7. This is the
precise meaning of the statement that “the gravitational constant is decreasing in time”.
If T has settled down to a practically constant value in the latter stages of the evolution
of the universe, then so did the gravitational constant.

We also note from (5.25) that the gravitational radius v of a particle with mass uM
is given by

(5.25)

K nwA
=M= =" 5.26
VERT 2 T T (5.26)

We now have a complete correspondence between the geometrical objects and the
physical quantities that they represent. Further determinations of the values of these
quantities must come from solutions of the field equations, specifically from particle
solutions with certain symmetries which could be identified with known particles.

6. A cosmological solution
We consider a solution with a simple cosmological line element of the form
A%di* — A2 f(1)*(dx? + dx3 + dx3) (6.1)

and we seek to determine f(¢) in the presence of a global cosmological spinor field.
The factor A2 makes the 7-coordinate independent of the unit of length chosen, and
the unit on the 7-axis corresponds to A /c seconds. The coordinate on the x-axes can
be fixed for example by the condition

Flo)=1 (6.2)

for the current epoch ¢ = #. The simplest orientation of the Vierbein metric field g;,s
generating line element (6.1) is

gmﬂ:lAfamﬂ lim’ /3535 g4t:A T=4.
Assuming v only depends on ¢, from (4.8) we have

Vip=—58mp f OTmayr 1<B<3, Yo=Y (6.3)
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The Einstein—Ricci tensor components are

1 f// f/ 2
—Gaﬂ + EgaﬂG = —8aﬂf2<27 =+ (7) o, ﬂ = 1, 2, 3,

1 / 2
-G + EgrfG = (_> .

Requiring an electrically neutral (K, = H, =0), torsion-free (73,, =0) field,
from (5.7) and (5.11) we have

(Lom¥Los) = (Y lmsy) =0 m=1,2,3,4 (6.5)

and the gravitational equations (5.16) become

(6.4)

1 i A2
— G+ 580G = ’S—Tu/f;ﬂrvw YT — YTty — YT, (6.6)

Allowing for T to be a function of ¢ on the cosmological scale, which we did not allow
for in (5.5), the variation of i in
A2
— L d*
f T ="

adds a cosmological term to the generalized Dirac equation (5.1), that is,

T/
Dy + A" 'Tosy — A*lﬁrwp =0

which gives using (6.3)

I 3f/ 17 I I =0 6.7
041ﬁ,r+(57—§7) 04 + o5y =0. (6.7)

It is convenient here to use a spinor tetrad with components in all four ideals (see
Table 1), that is,

v =AT32TV2 73290 where vy = €€ Z uf,'Z’C)Y,El"’O
n,¢

and where € and the u,, are scale-free constants.
Equations (6.5) and (6.7) are satisfied if

uy=ur=—-u3=—ugs=U#0 Vukzu,((n’g), 6221,

where U is a positive constant. The only surviving term on the right-hand side of (6.6)
is
3

LS Fovn) = 2 (0 Toay) = 2602 £ 6.8
E(l/f;r = rW;t)-ﬁ(w 04¥) =2eU" f (6.8)
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which gives, from (6.4),

f// <f/)2
27 ) =0 6.9
7 + 7 (6.9
and
f/ 2
3<7> =2eU?f73, (6.10)

which forces € = 1.
Equation (6.9) with the scaling condition (6.2) gives

£\ 2/3
ro=(2)"
1o

which is the well known zero-pressure Einstein—de Sitter model. This is a “pure”
model in the sense that all contribution to the energy—momentum tensor comes from
the spinor field, and no account is taken of the effect of local disturbances such as
galaxies or radiation which would require additional matter tensors. These would of
course interact with the cosmological background (spinor) field which thus replaces
Mach’s principle in a concrete form. If Hubble’s constant is about 2 x 10~* per
megaparsec, then 79 ~ 102°A 1.

Equation (6.10) gives
U2 —2;-2
=3

and so we obtain

1 2\ @0 | vO v y@.0)
ﬁW:A / (§> e 2:(Y1 + Y, =y —y, "),
e

Note that neither 7' nor i can be determined from the equation, only (1/ VT Y as
indicated in Section 5.

It is interesting to consider a particle ensemble source for the line element (6.1).
Suppose that the line element is produced on the average by neutral particles of
mass uM. The energy in a region occupied by just one of these particles is
simply puMc?.

However, this equals the integral over that region of the energy density given by the
contracted energy—momentum tensor § z as follows:

=1

—/ < parg(or-tec)a
) Tsxk " =\Ur 2% *

4 74
—/ A Tey) dPx from (6.8)
~— ) lexkr "W M= '

_ A ing (5.23) (6.11)
= 167'[KT assuming 2D). .
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ZA _ 1
167 KTM 2

from (5.25). That is, the normalization hypothesis (5.23) would imply a simple
constraint on the mass of particles in such an ensemble.

I[,L:

7. A neutral spherically symmetric particle solution

There are two types of neutral spherically symmetric solutions of interest: one
representing an elementary particle and the other a massive body. We shall only
consider here a particle-like “pure” solution in which the energy—momentum tensor
is given wholly by the right-hand side of the gravitational equations (5.16). A massive
solution would clearly require an additional matter tensor coming from the averaged-
out field of matter.

Using spherical coordinates, the following standard line element will be assumed:

A2g(r)? di* — A*(f(r)*dr® 4 r*d6” + r” sin® 0d¢°). (7.1)
The simplest orientation of the Vierbein metric field generating this line element is
gir =IiAf, g =iAr, gip=IiArsin0, gi =Ag,

with all other components zero. The indices r, 6, ¢, 7 stand for 1, 2, 3, 4 respectively.
As in (6.1), the A factor has again been introduced to make the coordinates
independent of the unit of length chosen. With this metric, the nonzero components of
the Einstein—Ricci tensor are

1 20 1.,
_Grr+§8rrG=____2(f -1,
r r
f2< 1 ) g// f/g/ 1(8/ f/)
——5 | Goo — 5800G | = — — +-\=—)
r? 2 g fg r\g f

(72)
1 1 .
Gop = 5809G = (Gee - EgeeG) sin® 6,

2 1 2f 1,
_?<Grr_§gtrG)—;7+r_2(f - 1).

A neutral, spinless solution requires a spinor field tetrad with components in at least
two of the minimal left ideals (see Table 1). However, the simplest such solution
is without torsion, again requiring the vanishing of the inner products (6.5), and so
leading to the four-ideal tetrad

1 , .
N3y = it 3 (268,00 y 010,

\/§ UHY
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with

U = n;pe(i/Z)w _ iQe—(i/Z)w’ Uy = _n;pe—(i/Z)CG + iQe(i/Z)CG,
Uy = —n{Pe(i/z)w _ ,-Qe—(i/z)w’ Uy = ngpe—(iﬁ)w + ,-Qea/zw,
where P and Q are real functions of r, and €2 =1. We anticipate € = +1 so that the

solution can merge into the cosmological background field, but do not assume this at
this stage. The only relevant nonzero inner products are, using (3.12) and Appendix D,

(YTosyr) = %A—%Q2 — P? and (7.3)

(YToay) = EA 3(0% + PY). (7.4)

The particular form of the tetrad has also been designed to satisfy the Dirac
equation (5.1), which here takes the simple form

i _
s (d’u - ZNmn,uanw> + A 11_‘05‘,// =0. (75)

Using Appendix C and the nonzero Ny, values, which are

1 1 g
Nizg =—, Nizp=—sinf, Nyzp=cosf, Ny =—i—,
Ty i T
(7.5) is expanded. Equating the coefficients of each of the four ideals, we get four sets
of identical equations each defining P and Q, which are

P’:;(f—l)P—egg—fQ and Q/:—%(f+1)Q+e§P—fP- (7.6)

Finally, the gravitational equations

1
Gup — EgMMG = _A WLy —ulydy) nw=r0,¢,1
give, from (7.2),
2 2 2
28 Lip —1)——f—<6(P2+Q )+ g(0% — )——gPQ),
r g r g r
/ (7.7)
2f efr ,
—7+—(f —1)———(P +0%.

The second-order equation in (7.2), coming from the Ggg and G4, components, can
be shown to be a consequence of the other two (that is, a Bianchi identity).

Equations (7.6) replace the usual equations of state for the matter and pressure
density distribution; they represent, with (7.7), a “pure” or particle-like field in which
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there is no separate matter tensor in Einstein’s equations to account for the averaged-
out distribution of matter.

The right-hand side of the second equation in (7.7) represents a matter density.
Taking the cosmologically determined value of €, namely € = 1, the matter density
will be positive as it should be. That is, the cosmological background spinor field not
only supplies the local inertial frames but also imposes positivity of the mass of the
particle.

At large distances where we can ignore the right-hand sides of (7.7), we can set
fag '~14v/r as in the Schwarzschild solution. For a particle solution, the
gravitational radius v is expected to be extremely small. Indeed if the mass is of
the same order as the elementary mass M, then according to (5.26), vis of order 1/T
in units of A.

Equations (7.6) have a solution as r — oo in which P and Q tend to zero of order
at least 1/r. For small r, but still large relative to v, Q grows like 1/r2 and totally
dominates P. The critical behaviour occurs near the Schwarzschild radius 2v, and it
is convenient to rescale r and Q according to

F=vy., 0= 2 (7.8)
We then have from (7.6) and (7.7) with sufficient approximation
dP 1 f - dQ 1 ~
d—=—(f—1)P——(1+g)Q, —=——(f+1)Q, (7.9)
y dy
ar | f _ dg 8 .o
a'y f 1) =0, dy 2 (f 1)=0. (7.10)

Equations (7.10) are of course satisfied by Schwarzschild’s fl=g=y =

(1 —2/y). The second equation of (7.9) is then solved by

~ 1—

0= 61_0_)/7 qo constant. (7.11)

ylI+y

We may assume gg > 0. As y approaches the critical value 2, 0 approaches ¢qg/2
and P grows like 2¢qg log(1/y). P can therefore be neglected in comparison with Q
provided that g = y is large compared with e~!/”. On the other hand, the right-hand
terms in (7.7) become significant and the equations are replaced by

d 1 1 dg 1 |
Y (U N R L N L |
dy 4 T g% dy 4 T, g%

where we have defined

T d (7.12)
1= .
qu
Assuming that 77 is large, these give
g
= 7.13
! g2T1 +1 ( )
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and
g’T1 — 1 +1og(g’Ty) = 3 T1 (y — 2). (7.14)

In (7.14), the constant of integration has been chosen so that f should reach its
maximum value of /T /2 at y = 2, corresponding to g = 1/4/7}. This maximum is
quite sharp, and f crashes down steeply inside the critical shell of width Ay = 1/T7,
(which replaces the Schwarzschild singular sphere). To see this, note that as we cross
into the interior of the critical shell, but still close to y = 2, f/g becomes very nearly T}
by (7.13), and we get from (7.7)

1df 1

7 dy + - (f =2 Ty

which is solved (to order T7) by
V2 + eT1@072y

Hence when 2 — y > log T7/T;, both f and g become very small. Neglecting f
against 1 and setting

f 1 1
u=v—, Pz_pv QZ_Q7 (715)
8 yv yv
(7.6) and (7.7) can be replaced in the interior by
p'=-uq, q' =up, (7.16)
S 0 ), (7.17)
e u .
y 7 ) P q
u/
v (7.18)
u
Noting that u = vT at y =2, (7.18) implies
w=oTiy. (7.19)
2
Now (7.16) gives pp’ + qq’ = 0 hence p* + g> = constant. However, at y = 2,
T
2., 2 2 2
Lt =20t = (7.20)
p q 27

by (7.8). Equation (7.17) then gives
1 ! 1 T

v/ 2y2+8

pe L [T —ama-ya,
2V 2

which is solved by
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From (7.16) and (7.20) we get

(M a— ), g [ L cos( M — 2 (7.21)
p= o sm( y ) qg= o cos( 7 4= ) )

Finally, from (7.15) and (7.19) we have g =2 f /yT and so

1
§=—==¢

—(T1/4)(1-y*/4)
vy

This shows that in the immediate neighbourhood of the origin, g behaves like co/,/y
for an exceedingly small cg. Nevertheless it indicates a singular behaviour of the
metric tensor at the origin, at least in the coordinates of the line element (7.1). To
check whether this is a true space—time singularity, we need to see if the curvature
scalar remains finite at y = 0. From (5.17) and (7.3)

A*G = 2
From (7.21)
1
—(P —q )——ﬁc S(—(4 y ))

which vanishes, to the order y2, provided that

1
v =k+ =
vIy (—|-2>JT

for an integer k. From (7.12) the condition therefore becomes

) 2vT
= ok e

Thus go can only take certain discrete values, given the Schwarzschild mass v, a
phenomenon not unlike quantization. The lowest value k£ = 0 is distinguished by the
property that the curvature scalar does not change sign (remains negative) throughout
the solution. Accepting this criterion for the solution, gg is uniquely determined by

2v
9 = —T. (7.22)

To determine the mass, we must calculate the normalization integral
b= [ 8 Wl ¢
o0
=4 A? / (YToaw) fredr
0

= 167 / (P* + 0? )f 2dr, using (7.4). (7.23)
0
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Outside the critical shell there is only a negligible contribution of order 1/7, hence
from (7.15) we have

2
Iy = 16n/ (P* 4+ qPHu dy
0

2
= SEquT/ ydy
0
= 8nxvT, wusing (7.12)and (7.19). (7.24)
Suppose the mass is M, and noting that the gravitational radius v is in units of A,

then by (5.26)
Io=p. (7.25)

The mass of the particle is therefore IoM = M if we accept the normalization
hypothesis (5.23). Note that this is twice the value obtained for the cosmological
particle. Asin (6.11), the energy density is given by

S‘[_ C4 —lg G‘E 1 ‘L’G
2= Tgrk s 2\Tr T8V

and from (7.2) we have

—i(Gi - %ggG) = A2§<§f7 + —(f - 1)>r sin 6
=A23£(P2+Q yr2 sin .
Tg

Hence we have

*A
/éz d’x = CK_T / g(P2 + Q*)r? dr

AL

= from (7.23)
167 KT
1

= EMloc2 from (5.25)
1 2

= E//LMC from (7.25).

This shows that the field energy—momentum tensor supplies exactly half of the total
energy of the particle, the other half supplied of course by the energy—momentum
pseudo-tensor.

With the normalization hypothesis /o = 1, the mass of the particle is M, giving
vT = 1/8x from (7.24) and go = 1/2x from (7.22). Using (7.8) and (7.11) hence

qov 1

o 2r2 327‘[2r2 T
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for r & 1. Therefore P and Q reach in this region the intensity of the cosmological
background field which then takes over from both. Hence the effective radius of the
particle is of order A.

In some respect the solution has simpler properties than Schwarzschild space—time,
in particular, it is free from the weird properties associated with the singular sphere.
For example, in contrast to “black hole” solutions, the particle is transparent. The
coordinate time required for a light signal to reach the critical shell from the centre is

2v 2
b4
t1=/ idr:/ udy=vl =—
0o & 0 4
and to cross the shell

A T, T d
t2:/ —lzdr:2v/ —T:4vlog£
»w 1+g°T yn T 4v

as T = g2Ty. That is, the crossing time is negligible and so it requires 7 A /2¢ seconds
to completely traverse the particle.

However the main interest of the solution, irrespective of whether or not it
represents a realistic particle, is that it provides an example of a particle-like solution
with a highly nontrivial and singularity-free internal structure. It is noteworthy and
of no small significance that both the gravitational and spinor fields play a role in
producing this structure.

Appendix A. Matrix representation of the I';

The standard Hermitian matrix representation of the the I'y;, is conveniently given
in terms of the Pauli spin matrices:

_(1 0 (01 (0 —i (1 0
=lo 1) 2=\1 o) 2T\ o) =\o -1)-

The following table lists the standard Hermitian matrix representation of the I'yp;
they establish an isomorphism between ‘W and the algebra of 4 x 4 matrices:

Jor 0 Jo 1 o —ir
Fm—[o —02]’ Foz—[l O]’ F03—|:i1 0},
o1 0 _|—o3 O 10 —io
0 —0o —0o 0 —0 0
i3 = [—02 02] o Tu= |: O3 —03] - Tis= [ O1 —01} ’

|1 0 1 0 iog |10 —io3
F23—[0 —I}’ Fz4—[_ia1 O}’ Fzs—[i63 0],

https://doi.org/10.1017/51446181109000108 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181109000108

174 G. Szekeres and L. Peters [32]

Appendix B. Correspondence of Gamma matrices to I'yp

The standard Gamma matrices (shown below in the covariant Dirac representation)
correspond to the following I'yp:

10 0 0 0 0 01
o |01 0 0 o 0 10|
"=loo -1 o™ Y =10 —1 0 o7
00 0 -1 1 0 00
0 0 0 —i 0 01 0
> o o of . s |0 00 —1| .
'=lo i o0 o7 V=1 9 ¢ o |l
—i 00 0 0 10 0

Appendix C. Multiplication table for I',; Y,i,”“

e Y Y Ys
Co1 =Yy —{Y3 Y, =N
Top | —iYy iYs  —iY, i
Loz {Y3 e Yy =t
Poa | —inY3s —inYs inY inYa
Los —nYi —nY2 nys nYy
Cis | —indYs —ingYs  ingY> ingY
25 nYs —nY3 —nY2 nY
I3s | in¢Ys —incYs —intYy intts
[ys Y3 Yy Y Y;
2 94 —¢Y {Ys =Y
T3 iv,  —ir iY, —iYs
4 n¢Ys n¢Yr —ntYy —niYs
23 —tY, =Y =Yy Y3
[y inY2  —inYy —inYy inYs
34 | —n¢Y n¢Ys n¢Ys —niYy

Appendix D. Inner products

1
(¥ToryTos) = 7 > it(—ufuy — wiur + ujug + ujuz)
ng

1
(¥TooyTos) = 7 > (—ufuz + uiuy + whug — ujusz)
n¢

1 .
(¥ T3y Tos) = 7 D ig(uiur — ujuy — wfus + ujus)
ng
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(YToayTos) = Z n(fur + whuy + wius + wiug)
n¢

(YTosvy) = Z(ulul + sy + whuz + ulus)
n¢

Ny
WTosy) = 3 D iufus + wfur + u3us + wjua)
n¢

(YTi5y) = Z;<u1uz+u2u1+u3u4+u4us)
n¢

1 .
(WTasy) = > i(—utuy + uiuy — wiug + wiuz)
n¢

(YT3s¢) = ZC( ujuy + usuy — ujuz + ujus)
n¢

(YTasyr) = Z in(ufuy + ujuy — ujus — ujus)
n¢

WTay) = 5 Z i¢(ufug + wluy + ulus + ujus)

n¢
1
WTay) = 7 3 (—ufua + ujuy +ulus — wiun)
n¢
I
(WTsay) = o > irius + ujuy — uius — wur)
n¢

(YT139) = Z n(uius + wjuy — uju3 — u3ur)
n¢

(YTay) = Zlﬂi( uiug + uju — uyu3 + uzu)
77(

WTy) = Z ing(Wiuz — ujuy — ulug + wus)
n¢

() = Zln(u1u3 u3u1 +M2M4_u4142)
n¢
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