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UNIQUENESS PROBLEM
WITH TRUNCATED MULTIPLICITIES
IN VALUE DISTRIBUTION THEORY, II

HIROTAKA FUJIMOTO

Abstract. Let Hi, Ho, ..., H,; be hyperplanes in pN (©) in general position.
Previously, the author proved that, in the case where ¢ > 2N + 3, the condition
v(f,H;) = v(g, H;) imply f = g for algebraically nondegenerate meromorphic
maps f,g: C" — PY(C), where v(f, H;) denote the pull-backs of H; through
f considered as divisors. In this connection, it is shown that, for ¢ > 2N + 2,
there is some integer ¢y such that, for any two nondegenerate meromorphic
maps f,g : C* — PY(C) with min(v(f, H;), %) = min(v(g, H;), o) the map
f x g into PY(C) x PY(C) is algebraically degenerate. He also shows that, for
N =2 and g = 7, there is some £y such that the conditions min(v(f, H;), lo) =
min(v(g, Hj), o) imply f = g for any two nondegenerate meromorphic maps
f, g into P?(C) and seven generic hyperplanes H,’s.

§1. Introduction

In [2]-[4], the author gave several types of generalizations of the clas-
sical Nevanlinna’s uniqueness theorem for meromorphic functions to the
case of meromorphic maps of C" into PV (C). He considered two (linearly)
nondegenerate meromorphic maps f and g of C" into PY(C) satisfying
the condition that v(f, H;) = v(g, H;) for ¢ hyperplanes Hy, Hy,---, Hy in
PN(C) located in general position, where we denote by v(f, H) the map
of C" into Z whose values at each point z € C" is given by the intersec-
tion multiplicity of f(C") and a hyperplane H at f(z). He showed that,
if g > 3N + 2 then f = g, and if ¢ = 3N + 1 then there is a projective
linear transformation L of PV (C) onto PV (C) itself such that g = L - f.
Moreover, he proved that, if either f or g is algebraically nondegenerate
and ¢ > 2N 4+ 3, then f = g. In connection with these results, it is an inter-
esting problem to ask whether these results remain valid if the assumption
concerning multiplicity is weaken. In this paper, we will try to get some
partial answers to this problem.
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Take ¢ hyperplanes Hy, Ha, ..., H, in PY(C) located in general posi-
tion, a nondegenerate meromorphic map g : C* — PN (C) and a positive
integer ¢y. We consider the family G(Hj, ..., Hg; g;£o) of all nondegenerate
meromorphic maps f : C* — PN (C) satisfying the condition

(H) min(v(f, Hy), o) = min(v(g, Hy). fo) (1< < q).

Here, for ¢y = 1, the condition (H) means that f~'(H;) = ¢ '(H;)
(1 < j < q). The purpose of this paper is to give some degeneracy and
uniqueness theorems of maps in G(Hj; g;{o) for a sufficiently large £y.

There are some results related to this study which concern the family
F(Hi,...,Hg g;4y) of all maps f in G(Hj;g;4p) satisfying the additional
conditions;

(a) dimUKj fﬁl(HZ‘ N Hj) <n-—2,

(b) f=gon U, g7\ (H,).

For the case £y = 1, the following results were given by L. Smiley and
S. Ji:

THEOREM 1.1. ([10]) If ¢ > 3N + 1, then F(H;;9;1) = {g}.

THEOREM 1.2. ([8]) Assume that ¢ = 3N + 1. Then, for three maps
Y12 3 € F(Hjyg;1), the map F = flx f2x f3 . C" — PN(C)x PN(C) x
PN(C) is algebraically degenerate, namely, {(f'(2), f2(2), f3(2)) ; z € C"}
is included in a proper algebraic subset of PN (C) x PN (C) x PN(C).

In the previous paper ([7]), the author considered the family F(H;; g; 4o)
for the case ¢y > 1 and gave the following results:

THEOREM 1.3.  Suppose that ¢ > 2N +2 and take N +2 maps f1,...,
N2 in F(Hj;9; N(N+1)/24+N). Then, suitably chosen N+1 hyperplanes
among Hj’s, say Hy1,Ho, ..., Hyi1, satisfy the following:

If we take homogeneous coordinates (wy : --- : wy11) on PN (C) with
H; ={w; =0} (1 <j<N-+1) and write f* = (ff : - : fjlf[H) with
nonzero holomorphic functions f]'-“, then
N+2 N+2 N+1 N+2
_Z'l_fi_ f_i2_fi fz' _fi
R A

are linearly dependent over C for 1 <1i¢,7 < N + 1.
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THEOREM 1.4. If ¢ = 3N + 1, then #F(H;;9;2) < 2, where #A
denotes the number of elements of the set A.

In this paper, we prove the following result for the family G(Hj; g;{o):

THEOREM 1.5. Assume that ¢ > 2N + 2. Then, there exists some
positive integer £y depending only on N such that, for any two maps f* and
f?in G(Hy,...,Hy g;4), the map F := fl x f2:C" — PN(C) x PN(C)

1s algebraically degenerate.

For the particular case N = 2, we can show the following uniqueness
theorem:

THEOREM 1.6. Assume that N =2 and g = 7. Then, there exist some
positive integer €y and a proper algebraic set V' in the cartesian product of
seven copies of the space P2(C)* of all hyperplanes in P%(C) such that, for
an arbitrary set (Hy, Ha,...,H7) €V, G(H1,---,Hz;9;4) = {g}-

We have several open problems related to the above results. We have
not got yet any uniqueness theorem for maps in G(Hq, ..., Hy; g; o) in case
N > 2. We do not know the best possible number £;. We cannot answer to
the question whether Theorem 1.6 remains valid under the only assumption
that H;’s are in general position or not.

In §2, we give some combinatorial lemmas which are improvements of
the results given in [2] and, in §3, a representation theorem of meromorphic
mappings as an application of Borel’s method. After these preparations, we
give a proof of Theorem 1.5 in §§4 and 5. Theorem 1.6 is proved in §6.

§2. Combinatorial lemmas

Set 7 := {1,2,...,q}. For 1 < s < ¢ we denote by 7, , the set of all
combinations of s elements in 7, namely,

Tgs :={(i1,02,...,15) ;1 <ip <ig < -+ <ig < g}

Consider a relation & between two elements in 1,5 satisfying the con-
ditions;

(i) I Z T for all elements I in Zy.s,

(i) if 7 £ J, then J £ T.
In the following, we call such a relation a pre-quivalence relation.
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To give some properties of 5, we consider Z-module Z9. With each pair
of I = (i1,...,is) and J = (j1,...,Js) in Z, s we associate the element

R[7J:(5i1+“‘+(5is_((5j1+“‘+5js)€Zq,

-th
where §; := (0,...,0,Z1 ,0,...,0) € Z9 (1 < i < q). By R we denote Z-

submodule of Z? generated by all elements R; ; associated with I and J in

T, with T £ J. In the following, we assume R # {(0,...,0)}.
Every element L = (¢1,4s,...,{;) € R can be represented as

L=miRy 5, + maRp, g, + - +my Ry, g,

where my are integers and I, J; are elements in Z,, with I, 5 Je. This
implies the following:

(2.1) If L = (l1,0g,...,0y) € R, then b1+l +---+ £, =0.

DEFINITION 2.2. For two elements I and J in Z,, by the notation
I ~ J we mean that there is a positive integer m such that mR; ; € R.

We can easily show that

(2.3)
G) if TR T, then T ~ J,

(i) the relation ~ is an equivalence relation.

Now, we prove the following:

PROPOSITION 2.4.  There are q real numbers p1,pa,...,pq satisfying
the following conditions;

(i) for I = (i1,...,is),J = (J1,---,Js) € Zgs» Piy + -+ + i, = Dj, +
<+ pj, if and only if I ~ J,

(ii) for 1 <i < j <4q, pi = pj if and only if there is a nonzero integer
mg such that

i-th j-th
(25) (O,...,O,mo,O,...,0,—m0,0,...,0)ER.

Proof. Take a system of generators L; := (€;1,%2,...,4iq) (1 <1< K)
of R and define a matrix

L:(&],lgng,1§3<q)
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We change L by the following operations:
TO0. Two columns are exchanged for each other.
T1. One row is multiplied by a nonzero integer and
T2. A nonzero integer multiple of one row is added to the another row.
As is easily seen, by repeating these changes suitably, we obtain a new
matrix L of the form

1 . f:lRH e lzlq
U2 lopy1 -+ Ay
L= ;
lrr lrri1 - Ly
0 0

where £; (1 < i < R) are positive integers and R < ¢ — 1 by (2.1). We
denote the first R rows of L by L7, L3, ..., L. Then, after suitable changes
of indices 1,2,...,q, every L € R is represented as

7’TL()L:7’I”01L>{—|——|—’rfLRL>}<pL

for some integers m; (0 < i < R), where mg > 0. Moreover, the vector

(my/mo,...,mgr/mg) of rational numbers are uniquely determined. In fact,

the above-mentioned operations T1 and T2 are invertible up to multiplica-

tions of nonzero integers and so L7, L3, ..., L} give a basis of R over Q.
For each I and J in Z,,, we can write Ry j as

R
I1J 1= 1J 1J
R[H]:Z'rg L£+(0,...’O,TR+1,...,T )

q
(=1
with rational numbers rzl‘]. Here, I ~ J if and only if ré‘il == 7"(5‘] =0.
Now, take real numbers pgy1,pr+2,...,pq Which are linearly indepen-

dent over Q and set

(2.6) pj = —(jrr1PRe1 + Lirsopri2 + -+ Ligpg) /l;; (1< j < R).
Then, the numbers p; (R+ 1 < i < q) satisfy the condition that, for all I
and J with I £ J,
PR+ i pg #0,
and, for 1 <i < j < R, p; = p; if and only if
1 - ~ 1 - ~

?(g’iRJrlu s 7€’iq) = ~_H(€jR+17 o 76]'(1)‘
2 27
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By (L1, L2) we denote the inner product of Ly and Lo, namely, (L1, Ly) =
;1:1 fjf; for L1 = (51,. .. 7£q),L2 = ( ERER g/) € Z4. Since (L}k,
(p1,.--,p¢)) =0 (1 <j < R) by (2.6), we have

Piy + o+ i, — 0+ +pj,) = (Rrg, (p1,---,0q))
= 7”111‘11PR+1 +--- 4+ ?”é‘]pqa

This identity vanishes if and only if I ~ J, which shows that these p;’s
satisfy the condition (i) of Proposition 2.4. On the other hand, if (2.5) holds
for some myg, then mop; —mop; = 0 and so p; = p;. Conversely, assume that
pi=pjfor1 <i<j<gq Then,1<i<R. If1<z<R<j<q,then(25)
holds for mg := {; and, if 1 < i < j < R, then (1/6”)( iR4+Ls- - s Ezq) =
(1/631)( R+, - ..,ﬁjq), which gives also (2.5) for some nonzero integer my.
This completes the proof of Proposition 2.4.

PROPOSITION 2.7.  Take real numbers p1,pa,...,pq satisfying the con-
ditions of Proposition 2.4 and q elements g1, ..., gq in a torsion free abelian
group G. If p; = p; for some i,j with 1 < i < j < q, then there are some
positive integer mo and Iy, Ju, ..., Iy, Jr, € Lqs with Iy B Jr (1 <0< ko)

such that
ko

(9:/9)™ =[] G1./ G,

{=1
where G1 = Gi, Gip -+ gi, for I = (i1,...,is) € Iy s and the number ko is
taken so as to be bounded by a constant depending only on q.

Proof. By Proposition 2.4, there is a nonzero integer mg satisfying
(2.5). Since R is generated by Ry j with I g J, this implies that

ko
(9i/9;)™" = H G1,/Gy,

/=1

for 1y, J, € 1, with I, X Jy, Moreover, the number kg can be taken so as
to be bounded above by a constant depending only on ¢, because there are
only finitely many possible cases in these combinatorial considerations.

DEFINITION 2.8. Let & be a pre-equivalence relation among the ele-

ments in Z, .. For 1 < s < r < g, we say that the relation L have the prop-
erty (P, ) if any chosen r distinct elements ¢(1),¢(2),...,¢(r) in Z satisfy
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the condition that, for any given i1,...,i5 (1 <43 < --- < is < r) there ex-
ist some other ji,...,5s (1 <1 < -+ <js <7, {i1,...,is} # {J1,---+7s})

such that
(i), elin)s- - elis)) 2 (L(r)s e(a)s - - - e(js))-

Now, take a pre-equivalence relation L among the elements in Z, , with
the property (P,s) and choose real numbers pi,ps,...,p, satisfying the

conditions in Proposition 2.4. Changing labels 1,2,...,q, we assume that
(2.9) p1<p2 < - < pg.
PROPOSITION 2.10. (i) ps = pss1 = - - = Psyu for someu > q—r+1.

(ii) Choose r distinct elements in {1,2,...,q} arbitrarily, say 1,2,...,r.
Assume that

PL < Spt1 <Pr=-+ =DPstv < Pstotl < 0 S Dr

for some t and v with 1 <t <s,1 <wv <r—s. If for some iy,...,is with
1<y <---<1s<r

p1+-+ps =pi + 0+ Pigs
then (i1,...,0—1) =(1,...,t =1) and t <i; < s+wv fort < j <s.
Proof. Take the number v with 0 < v < ¢ — s such that

P1 < SPs = = Pstv < Pototl <0 < Py,

and assume that 0 < v < ¢ —r + 1. In Z, we choose r elements ¢(1) := 1,
cuu(s) i =s,u(s+1):=q—r+s+1,...,u(r) := q. By the assumption, for
I=(1,2,...,s) € I, 5, we can take some other J = (j1,...,Js) € Z; s such

that (¢(1),(2),...,u(s)) g (¢(31),t(j2)s- -, t(js)). This gives
PL+ o Ps = Pugh) + oo T Do)

and so
(Pujy) — P1) + (Pu(jo) — P2) + -+ (Pu(jy) — Ps) = 0.

On the other hand, we see easily i < j; and so p,(j,y —p; > 0 for 1 <i <s.
This implies that

P1 = DPu(j1)s P2 = Pu(j§2)s -+ +» Ps = Pu(js)-
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By the assumption, p; < p,) for any i,i’ with 1 <i <s, s+1 <4 <r. We
have necessarily j; = ¢ for 1 <+¢ < s. This is a contradiction. We conclude
v > q —r + 1. This completes the proof of Proposition 2.10 (i).

The proof of (ii) is similar to the above. Under the assumption of Propo-
sition 2.10 (ii), we have

P1 = Pu(i1)s P2 = DPu(ia)s - -+ s Ps = Pu(is)s

whence we get (i1,...,%-1) =(1,...,t—=1)and t <i; < s4vfort <j<s.
The proof of Proposition 2.10 is completed.

§3. An application of Borel’s method

Let f be a nonzero meromorphic function on a domain in C”. For a set
a = (ai,...,q,) of nonnegative integers, we set |a| := a3 +- -+, and de-
fine Df := (9l°1f) /(0™ 21 --- 0% 2,). Consider a vector-valued meromor-
phic function F' = (f1,..., fp) on C". For each a € C", we denote by M, the
set of all germs of meromorphic functions at a and, for each k > 0, by F* the
M-submodule of M7 generated by {D*F := (Dfy,...,Dfp) ; || < k}.
Set ¢p(k) := rankg, F".

DEFINITION 3.1.  Assume that meromorphic functions fi,..., f, are
linearly independent over C. For p vectors o' := (a1, .., i) (1 <i < p)
composed of nonnegative integers «;j, we call a set a = (al,a?,...,aP) an
admissible set for F' = (fi,..., f,) if {D*'F,... , D" F} is a basis of F*
for each k = 1,2,..., ko := min{x’ ; {p(K') = p}.

By definition, for an admissible set (al,a?,..., o) we have

det(DY'F,..., DY F) #£0.
As was shown in [5], we have the following:

PROPOSITION 3.2. ([5, Proposition 4.5]) For arbitrarily given linearly

independent meromorphic functions fi,...,f, on C", there exists an ad-
missible set a = (al,...,aP) with |of| < £—1.

PROPOSITION 3.3. ([5, Proposition 4.9]) Let a = (at,...,aP) be an
admissible set for F' = (fi1,..., fp) and let h be a holomorphic function.
Then,

det(D (hF),..., D (hF)) = WP det(D*'F,..., D" F).
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We say that a polynomial Q(. .. X .) in variables ... , X', where
j=12,...and a = (a,...,q,) with nonnegative integers ay, is of weight
d if
Qltr,ta,...) = Q... t,..)
is of degree d as a polynomial in t1,%9,..., where a polynomial of weight 0
means a constant function.

Let hy, ha, ... be finitely many nonzero meromorphic functions on C™.
By a rational function of weight < d in logarithmic derivatives of h;’s we
mean a nonzero meromorphic function ¢ on C” which is represented as

P(...,D%h;/h;,...)
Q(...,D%hj/h;,...)
with polynomials P(. .. S XT Jand Q... S XT .) in variables . ..  XT

of weight < d. Particularly, if we can take () = 1 in the above representation,
¢ is called a polynomial of weight < d in logarithmic derivatives of h;’s.

PropoSITION 3.4.  Let hi,ha,...,hy and ai,a2,...,a, be nonzero
meromorphic functions on C™ such that each a; (1 < i < p) is a ratio-
nal function of weight < d in logarithmic derivatives of hj’s. Assume that

a1h1+a2h2—|—"'+aphp:0
for some p > 2. Then, the set {1,2,...,p} of indices has a partition
{L,2,...,p} = hUJLU---Udy, #Jo>2 forall a, J,NJz =10 for a #

such that, for each

(1) 2 ie,, aihi =0,

(i) hy/hi (i, € Jy) are rational functions in logarithmic derivatives
of hj’s with weights bounded by a constant D(d,p) depending only on d
and p.

For the proof, we first give the following:

LEMMA 3.5. If a nonzero meromorphic function a on C™ can be writ-
ten as a polynomial in logarithmic derivatives of h;’s with weight d, then
D%a is also written as a polynomial in logarithmic derivatives of h;’s with
weight < d + |af.
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Proof. 1t suffices to show Lemma 3.5 for the case m := |a| = 1, because
general cases are shown by induction on m. Assume that a is written as

a-P(...,D hj,...)
h;
with a polynomial P(...,X¢,...) with weight d. Then, for D; = 9/0z

(1 <i<n)we get
oP D%h;
pa =3 gen(51)
Ja J

On the other hand, it is easily seen that 0P/0X ;' is a polynomial of weight
< d—|a| and D;(D%“h;/h;) is represented as a polynomial of weight < |a|+1
in logarithmic derivatives of h;. These give Lemma 3.5.

Proof of Proposition 3.4. This is proved by induction on p. For the case

p = 2, we have nothing to prove, because hi/hs = —az/a;. Assume that
p > 3.
We first show that there are some indices i := 1, 72,...,4p,, Where

po > 2, such that h;,/h1 (2 < £ < pg) can be written as a rational func-
tion of logarithmic derivatives of h;’s whose weight is bounded by a con-
stant depending only on d and pg. To this end, we take a subset J of
7, :={1,2,...,p} such that #J takes the minimum among all subsets J’
of 7, satisfying the condition that 1 € J" and ), cia;h; = 0 for some
nonzero constants ¢; € C. Changing indices if necessary, we assume that
J=A{1,2,...,po}, where py > 2 because of a;h; # 0 for each i. By defini-
tion of pg, there are some nonzero constants ¢; such that

(3.6) crarhy + caaghg + - -+ + cpgapyhyy = 0.
Moreover, aihi,azho,...,ap,—1hp,—1 are linearly independent over C. In
fact, if there is a nonzero vector (d,...,d,,—1) with

diarhy + daaghg + -+ - + dpy—1apy—1hpe—1 = 0,

we can easily construct the identity of the form (3.6) with less than po
terms, which contradicts the property of J. We set ¢; := c;a;h; for 1 <
1 < po. By the use of Proposition 3.2, we can choose an admissible set
a= (al,...,aP7 ) with |af = [a!| 4+ - + [aP7| < (po — 2)(po — 1)/2

https://doi.org/10.1017/50027763000007030 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007030

VALUE DISTRIBUTION THEORY 171

for the functions o1, 2, ..., ¥p,—1, where o = (0,...,0). We differentiate
both sides of (3.6) and get

ot

D D~
Dae(p1_|_..._|_D0‘Z(pp0:7%}”4_...4_ (‘Dpohpoz()

hy P
for £ =1,2,...,pg — 1. We regard these identities as a simultaneous system
of linear equations with unknowns hy, ..., hy,, and obtain
. . . _ . . . -1
(hithg - thyy) = (A1 =Ag -t (=1)PPTTA,),
where
L1 . Pi-1 Pitl . Pro
h1 hi_1 hit1 hpg
2 2 2 2
D> o1, DY pia D pit1 D% opg
A = hy hi—1 hit1 hpq
;=
_ 1 -1 —1
DOy, D ey D iy DOy
h1 hi—1 hit1 hpo

On the other hand, as is easily seen, DO‘L}(pZ- /hi can be represented as a
polynomial in functions D%a; and DPh; /h; with |8 < |af|. Therefore, by the
use of Lemma 3.5, each A; can be represented as a polynomial in logarithmic
derivatives of h;’s with uniformly bounded weight. These conclude that
each h;/hy (2 <1i < pg) is represented as a rational function of logarithmic
derivatives of h;’s with uniformly bounded weight. For the case p = pg, we
have Proposition 3.4. In fact, we may take k = 1, J; = 1 in Proposition 3.4.
In the following, we assume pg < p.
Now, we set

<Y

h h
::al—i—agh—i—f—---—i—apohilo.

As was shown above, a is a rational function of logarithmic derivatives of
h;’s with uniformly bounded weight. On the other hand, the assumption
implies that

ahy + apgt1hpgr1 + -+ + aphp = 0.

If a = 0, then we easily obtain the desired conclusion by applying the
induction hypothesis for the case < p — 1. On the other hand, for the
case a # 0, we can also apply the induction assumption to get the desired
conclusion, because 1 + (p — pp) < p. Since there are only finitely many
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possible cases where the indices 1,2, ..., pg are chosen, all weights appearing
in the above discussion are bounded by a constant depending only on d
and p. The proof of Proposition 3.4 is completed.

64. Relations among the pull-backs of hyperplanes

Let f and g be nondegenerate meromorphic maps of C" into P™V(C)

with reduced representations f = (f1 : ---: fn+1), 9 = (g1 ¢ -+ gN+1)

respectively. Here, a reduced representation f = (f1 : ---: fy4+1) means that

[fj are holomorphic functions on C" with dim{f; = --- = fy41 =0} <n-2.
Let

Hj:ajyw +-+ajnpi1wny1 =0 (1<j<q)

be hyperplanes in general position, where ¢ > 2N + 2. We define meromor-
phic functions h; (1 < j < ¢) on C" by

aj191 + -+ ajN+19N+1
ajrfi+- - +ajNy1fny

(41) hj =

Consider the set Z := {1,2,...,q} as in §2 and Z, y41 of all combina-
tions of N 4 1 elements in 7.

DEFINITION 4.2.  Two combinations I = (i1,...,iny4+1) and J =

(J1s---iN+1) € ZgN+1 are said to be R-related and indicated as I £ J
if we have a representation

hichiy =+ hisy  Qa(...D%hy/hy,..)
hjlhj2~~~th+1 QQ(...,Dahj/hj,...)

with polynomials Q. .. X7 ) and Qaf. .. s XT .) with weights bound-
ed from above by the constant D(0,p) given in Proposition 3.4, where p :=

(2N+2)
N+1 /'
Obviously, the relation Lisa pre-equivalence relation.

In this situation, we can prove the following:

PROPOSITION 4.3.  The relation & have the property (Panyo,n+1)-
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Proof. Choose arbitrary 2N +2 distinct indices ¢(¢) among {1,2, ..., ¢},
say ¢(1) = 1,0(2) = 2,...,4(2N +2) = 2N + 2. By the definition of h;’s, we
have

a;191 + -+ aint19n+1 — hiain fr — - — hiain1 41 =0
(1<i<2N+2)

From these 2N + 2 identities eliminating 2N + 2 functions fi,..., fN+1,91,
-+ gN+1, We get

(44) V.= det(aﬂ, . ,CLZ‘N+17hiail, .. .7hiaiN+1 ; 1 < 7 < 2N + 2) =0.

With each combination I = (i1,i2,...,in+1) (1 < i3 < -+ < iyg1 <
2N +2) we associate J = (j1,jo,...,jn+1) (1 <ji1 < -+ < jnt1 < 2N +2)
such that

{il,ig,. .. ,iN+1,j1,j2,. .. 7jN+1} = {1,2,. .. ,2N+ 2},
and set

Ap = (=) Nt (VDN /2 Gt (g, 31 <78 < N 4 1)
x det(aj.s ;1 <r,s < N+1),

where A; # 0 because H;’s are assumed to be in general position. Then, by
the Laplace expansion formula,

U= > Ay =0,

I€elony2,N+1

where hy := hj hi, - -~ by, for I = (i1,i2,...,in11). We now apply Propo-
sition 3.4 to show that Zon 1o v41 is divided as

IQN+2’N+1:J1UJ2U"'UJ]€, #J, > 2 for all a, JaﬂJg:(bforoz;éﬁ

such that, for each «, > ;c; Arh; = 0 and each hy/hp (I,I' € J,) is
a rational function in the logarithmic derivatives of h;’s whose weight is
bounded above by D(0,p). This concludes that, for any given i1,...,in11
(1 <43 < -+ < inyy1 < 2N + 2) there exists some other ji,...,JN+1
(1 <g1 <o <jn4+1 < 2N + 2 {il,. .. ,iN+1} + {jl,. .. ,jNJrl}) such that
(11,72, ...y iN+1) B (j1,J2,---,JN+1), because each J, contains at least two
elements. This completes the proof of Proposition 4.3.
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PROPOSITION 4.5.  In the above situation, assume that ¢ = 2N + 2.
Then, one of the following two cases occurs;

(i) There is some positive integer m such that, for 1 <i <i <2N+2,
(hir/hi)™ are rational functions in logarithmic derivatives of h;’s whose
weights divided by m are bounded by a constant depending only on N.

(ii) 2N + 1 functions among hi, ..., hanyo are algebraically dependent.

Proof. We take real numbers py, pa, . .., pan+2 satisfying the conditions
in Proposition 2.4. Changing indices, we assume that

p1 <p2 <o < pango.

If p1 = --- = pan+2, then we can apply Proposition 2.7 to the torsion-free
abelian group G of all nonzero meromorphic functions on C" and g; := h; €
G (1 <j<2N+2) to get the case (i) of Proposition 4.5.

Assume that p;, < pj,4+1 for some ig, where i9 # N + 1 by Propo-
sition 2.10. Replacing each p; by —p; if necessary, we may assume that
1 <ig < N. We now observe a combination (ji,...,jn+1) € ZaN+2,N+1
such that

P1+p2+ - +DPN+1 =DPj T Pjp T F Pingg-

Proposition 2.10 implies that
(4.6)  Ji=1,...,7i, =90, to+1<Jigy1 < - <jnt1 <2N +2.
Therefore, the set

J ={J € Lonyont+1; (1,2,..., N+1)~ J}

consists of combinations satisfying the above condition (4.6), where ~
means the eqivalence relation defined by Definition 2.2 associated with the

. R . .
relation ~. As a consequence of Proposition 3.4, we have a nontrivial rela-
tion

Z Aghjy

J=(J1,--»iN+1)ET
:hl"'hio< Z Athioﬂ"'thﬂ) =0
J=(1,..i0,Jig+15-IN+1)ET

for the nonzero constants A ;. This shows that there is a nontrivial algebraic
relation among hio+17 hi0+2, ey h2N+2.
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For a nonzero meromorphic function F' on C™ and a € C, we define the
divisor v : C" — Z of F' by setting

v%(z) := the vanishing order of F' — a at each point z € C".

We also define v = V?/F, vp = V% — v® and 7 := min(y,1). For a
hyperplane
H:aijwy + - +anvp1wni1 =0

and a nondegenerate meromorphic map f : C* — PM(C) with a reduced

representation f = (f1:---: fyny1), wedefine v(f, H) 1= Vo, fi 4 vanir fysn -

Choose an admissible set a = (a,...,aN*!) for (f1,..., fy+1) and define

the generalized Wronskian WJ%“ by
W = det(Daefl,Daefg,... DY fair 1< 0< N+ 1).

Although W]?‘ depends on a choice of reduced representations, the divisor
1/8‘/? depends only on f.

PROPOSITION 4.7.  For a nondegenerate meromorphic map f : C" —
PY(C) and hyperplanes Hy, Ha, ..., H, in general position,

(4.8) (v(f. Hj) = N)* < viye

- f
1

q
J=

outside a set of dimension < n — 2, where vt = max(v,0).

Proof. Let A:={f1 = fo=--= fyy1 =0}. Since dim A <n —2, it
suffices to show (4.8) at every point a € C" — A. Since H;’s are in general
position, we have #S < N for the set S := {j ; v(f,Hj)(a) > N}. We
may assume S # (). For, otherwise, (4.8) is obvious. Changing indices and

homogeneous coordinates (wy : - - - : wy41) on PY(C), we may assume that
S={1,2,...,k}, where 1 <k <N and H; := {w; =0} for 1 < j <k. For
an admissible set a = (a!,...,a¥*1), we have

. 1 .- N+1
Wy = > Sgn<4 )

o i1 IN+1
(11, iN+1)ESNT1

i i k1 IN41
xD*' fy - D" LD frpq - DO g,
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where Sn41 denotes all permutations of {1,2,..., N + 1}. Since we may
assume that |af| < N by Proposition 3.2, V%aifi(a) > (V% (a) — N)* outside
the union of all singularities of the analytic sets {f; = 0}, and so we have

k

va(a) > (v, (a) = > - N)*

i=1 j=1

outside an analytic set of dimension < n—2 for each G := Dalt fi--- Do fr-
This yields the desired conclusion.

Now, we assume that
min(v(f, Hj), bo) = min(v(g, Hj), o) (1<j<q)

for a positive number £j.
Take admissible sets o and § for the maps f and g respectively. Then,
we have the following:

PROPOSITION 4.9.
q

(1) D (b = Ny < D (w(f, Hj) = N)* < v

=1 j=1
q q
(ii) E (lo — N)wy, < g (V(g,Hj)—N)+§V€V5.
g
Jj=1 Jj=1

Proof. By the assumption, {z ; V(f, )(z) > b} ={z;v(g,Hj)(2) >
{p}, which we denote by A. We have I/h (2) = Vi 7°(z) = 0 for each point
z & A, because v(f, Hj)(z) = v(g,Hj)(z ) Take a pole a of h;. Then, we
have a € A. Therefore, (EO—N)ﬂgj(a) < (v(f,Hj)(a)-N)T, Wthh gives the
first inequality of (i). The second inequality of (1) is due to Proposition 4.7.
The proof of the assertion (ii) is similar to the proof of (i).

§5. A degeneracy theorem for two meromorphic maps

In this section, we give the following degeneracy theorem for two mero-
morphic maps into PV (C), which is a restatement of Theorem 1.5.

THEOREM 5.1.  Let f,g : C* — PN(C) be nondegenerate meromor-
phic maps and let Hy, ..., Hanyo be hyperplanes in general position. For a
sufficiently large integer £y depending only on N, if

(5.2) min(v(f, H;), o) = min(v(g, H;), ) (1 <j <2N+2),
then the map f x g : C* — PN (C) x PN(C) is algebraically degenerate.
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For the proof of Theorem 5.1, we recall some results from value distri-
bution theory for meromorphic maps into PV (C).

As usual, we set ||z := (Z?Zl |Zj|2)1/2 for z = (z1,...,2,) € C",
B(r):=={z; |zl <r}, S(r) :=={z; ||z =r} and

c —1 = C n—
&= Y= (0-0), vi= (=),

o = d°log ||z[|* A (dd*log ||2[[*)" .

For a meromorphic map f : C* — P¥(C) with a reduced representation

f =01 fng), set ||f] = (Z;V:”Lll ]fj\Q)l/z. We define the order
function of f by

T(rf) = /S el - /S | eelsle

and the counting function of a divisor v : C" — Z by
T
t
N(r,v) :—/ ?dt (1 <r<+00),
1

where n(t) ;= t2=2" f|u\mB(t) vv for n > 2 and n(t) := 3|, v(2) for n =1.
We have the following Jensen’s formula:

PROPOSITION 5.3.  Let ¢ be a nonzero meromorphic function on C".
Then,

N(r,u@—/ log\cp]a—/ log |plo.
S(r) S(1)

For the proof, see [11, p. 248].

Let f : C® — PM(C) be a meromorphic map, H a hyperplane with
f(C™) ¢ H and m a positive integer or +o0o0. The (truncated) counting
function of H for f by

Ny (r,H) = Nﬂ;(r, H) := N(r,min(v(f, H),m)).

For brevity, we set N(r,H) := NJJ:OO(T, H).

Let ¢ be a nonzero meromorphic function on C”, which are occationally
regarded as a meromorphic map into P!(C). The proximity function of ¢
is defined by

m(r; ) = /S( )log max(|g|,1)o.
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Take two distinct hyperplanes Hy = {Zj\zl ap;w; = 0} with f(C") &
Hj, (k =1,2) and consider a meromorphic function
N+1
HiHy | Doje1 Q155

- N+1 :
D=1 a2 f

We can easily prove

T(h w?l’HQ) = N(n V;%l,m) + m(r; @f“HQ) +0(1)
f

<T(r,f)+ O(1).

(5.4)

As usual, by the notation “|| P” we mean the assertion P holds for all
r € [0,+00) excluding a Borel subset E of the interval [0, +-00) with [ dr <
+00. The following so-called logarithmic derivative lemma acts essential
roles in Nevanlinna theory.

THEOREM 5.5.  For any a = (av, ..., ), we have

Do QOHI’HQ
H %%) = o(T(r, f)).
f

For the proof, refer to [5] and [9, Lemma 3.11].

PROPOSITION 5.6.  Let f : C* — PN(C) be a nondegenerate mero-
morphic map which is represented as f = (p1 : -+ : pN41) with nonzero
meromorphic functions p; on C". Take a nonzero holomorphic function h
on C™ such that hy; are holomorphic for 1 <i < N 4+ 1. Then,

N+1
T(r,f) < N(r,vp) + Y m(r; ;) +O(1).
j=1
Proof. 1If we take a reduced representation f~ = (fi - thl),

then we can find a nonzero holomorphic function A such that hy; = hf;
(1 <i< N +1). By the use of Proposition 5.3, we have

T(r, ) < T(r f) + N(r,10) = / log(Al | £])o + O(1)

(r)
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N+1

1/2
:/ log|h|a—|—/ log(z |gpj|2> o+ 0(1)
S(r) S(r) j=1

N+1

< N(rvp) + Y m(r;e) +O(1).
j=1

This gives Proposition 5.6.

COROLLARY 5.7. ([12]) Let f : C* — PY(C) be a meromorphic map
with a reduced representation f = (fi1 : --- : fni1), where we assume

fny1 #0. Then, for p;:= fi/fny1 (1 <i < N),

N
i=1
Proof. For every zero zy of fyi1 outside {f; = --- = fn41 = 0}, there
is some jo with f;,(20) # 0, whence 1/%\”rl <N, vge outside an analytic
set of dimension < n — 2. It follows from Proposition 5.6 and (5.4) that

N
T(r,f) < N(rj, )+ Zm(r, @)+ O(1)
N = N
<D (N vZ) +m(rie:) +0(1) = Y _T(r,¢) + O(1).
=1 =1

For our purpose, we need another algebraic lemma. Let
H; : appwy + ajpwa + -+ ajnp1wny+1 =0 (1 <i <2N +2)

be hyperplanes in general position. Choose arbitrary 2N + 1 indices among
1,2,...,2N + 2, say, 1,2,...,2N + 1, and consider the rational map P :
PN (C) x PN(C) — P?N(C) defined as follows:
For v = (vy:-:ong1),w = (wy:-:wny1) € PY(C), we define the
value ®(w,v) = (u1 :ug : -+ : ugny1) € P2V(C) by
A w1 + -+ GNFIWN41

(5.8) u; = (1<i<2N+1).
ai1v1 + -+ G NF1UN+1

PROPOSITION 5.9.  The map ® is a birational map of PV (C) x PN (C)
onto P2V (C).
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Proof. By (5.8), we have the identities
a1 uiv1 + -+ 4N UUNF1 = awr + - Fainpiwngr (1< <2N +1).

We regard these identities as a simultaneous system of linear equations in
unknown variables vy,...,Un41,w1,. .., wN+1 Whose coefficients are func-
tions in wuq, ..., usn+1. Since we have

rank(ail, e QENHT, WiQl s - -, UsaiN+1 3 1 <8 < 2N + 1) =2N +1,

we can solve these equations and obtain the rational map ¥ : P?N(C) —
PY(C) x PY(C) such that ¥-® and ®- ¥ are the identity maps. Therefore,
® is a birational map.

Now, we go back to the proof of Theorem 5.1. The assumption of The-
orem 5.1 enable us to apply the results given in §4. We have one of the
cases (i) and (ii) as in Proposition 4.5. If the case (ii) occurs, then the map
fxg:C" — PN(C) x PN(C) is obviously algebraically degenerate by
virtue of Proposition 5.9. Therefore, after suitable changes of indices, we
may assume the following;:

(5.10) There is some positive integer m such that, for 1 < i < i’ <
q:=2N + 2, (h;/hy)™ are rational functions in logarithmic derivatives of
hi’s whose weights divided by m are bounded by a constant depending only
on N.

We now choose homogeneous coordinates (wy : --- : wy1) on PV (C)
such that the given hyperplanes are written as

H;:apwy+- +ainpiwny =0 (N+2<0<q),

where any minor of the matrix (a;; ; N +2 <1< ¢, 1 <j < N+1)of
order < N + 1 does not vanish because H,’s are in general position. In this
representation, for a matrix

Q = (ai1(h1 —hi), aia(ha —hy), ... ainy1(hyyr —hg) s N+2 <0 < 2N +2),

the identity (4.4) is rewritten as ¥ := det Q = 0. Set r := rank@, where
r < N. Assume that r < N. Then, any minor of ) of order N van-
ishes identically. Therefore, there is a nontrivial algebraic relation among
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hl,hg, . 7h2N+1. By substituting hl = Zj aijgj/zj aijfj (1 < ) < q) into
this relation, we have non-trivial algebraic relations among the functions
fi, fo, - s fN+1,91,92, ..., gn+1 by virtue of Proposition 5.9. This shows
that the map f x g : C* — PM(C) x PN(C) is algebraically degenerate in
this case.

It remains to study the case r = N. To complete the proof for this case,
it suffices to show the following:

PRrROPOSITION 5.11.  There is some £y depending only on N such that,
for the maps f,g satisfying the condition (5.2), the case

rank (a;;(h; —hj);1<i<N+1, N+2<j<2N+1)=N
s impossible.

Proof. We regard the identities

N+1

Zaij(hi_hj)szo (N+2§i§2N+1)

j=1
as a simultaneous system of equations in unknown variables fi,..., fn+1
and solve these to obtain the identity

=i fug) = (@1 Qi : Oyga)
outside the set of all poles of ®; (1 < i < N + 1), where each ®; is a
homogeneous polynomial of degree N in variables hy, ha, ..., hoy+1. We
set ®; = P, /héVN 41, Which are polynomials of degree < N in variables

;= hj/hont1 (1 < j < 2N). Using (5.4), we easily have

2N
T(r,®) <NY T(re)+0(1) (1<i<N+1).
Jj=1

Then, by Corollary 5.7, we have

N+1 2N
T(r,f) <Y T(r, &)+ 0(1) < NN + 1)) T(r,¢;) + O(1).
i=1 j=1

On the other hand, by (5.10), there are some positive integer m and
polynomials @}, Q% of logarithmic derivatives of h; (1 < j < 2N + 2) such
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that ¢}" = Q' /Q%, where the weights of Q}; divided by m are bounded by
a constant dj(N) depending only on N. We easily show that T'(r, ;) =
(1/m)T(r, ;") + O(1) and

T(r, ") <T(r, Q1) + T(r,Q3) + O(1)
2
< (N(rwg) +m(r; Q) +0(1).
k=1

Moreover, by the use of Theorem 5.5 and the fact that all poles of Q}; are
zeros or poles of some h; and of order at most md;(N), we can find a
constant da(N) depending only on N such that

2N+1
| T(ror) < do(N) 3 (N(r, 7)) + N(r,577) +O(ZT (r, )
j=1
2N+1
<dy(N) > (N(r,7,) + N, 522) + o(T(r, f) + T(r, 9))-
j=1

From these facts, we can conclude that there exists a positive constant
d3(N) depending only on N such that

2N+1

I T(r, f) < ds(N) Y (N(r, 7)) + N(r5)) + o(T(r, f) + T(r,9))-

j=1
On the other hand, by Proposition 4.9 we have

2N+1
Z} (bo = NY(N (r.73) + N(r,73)) < N(r,vjye) + N(r, ywﬂ)
=

for some admissible sets « and 3. Moreover, since WJ%“ is represented as
N+1

with a polynomial x of logarithmic derivatives of the functions ¢; := f;/fi
(2<j<N+1), we have

| Nrde) = [ tog Wl +0()
T Jsm)

<(N+1) /S ol o+ mir) < (N 170 ) +o(T(r, )
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by the use of Proposition 5.3 and Theorem 5.5. Similarly, we have
| N() < (N -+ 1DT(r,9) +0(T(r,0)).

Consequently, we obtain

2N+1
70, < 12005 o= NN + NG
j=1
< BEDEED (0, 1) 4+ Tr,9)) + o7, £) + T(r,9)).
0

By adding this to the similar inequality for g, we get

2d3(N)(N + 1)

| T P+ Tirg) < 20

(T(r, f)+T(r,9))+o(T(r, /)+T(r,9))-

Divide both sides of this by T'(r, f) + T'(r,g) and let r tend to +oo outside
a set of finite measure. Then, we have necessarily

by <2d3(N)(N +1)+ N.
If the number £y were chosen so as to satisfy the condition
by >2d3(N)(N+1)+ N

from the beginning, this is a contradiction. This shows that the case r = N
is impossible. The proof of Proposition 5.11 is completed.

§6. A uniqueness theorem for meromorphic maps into P?(C)

In this section, we shall give a proof for the following theorem which is
stated in §1:

THEOREM 6.1. There are a positive integer £y and a proper algebraic
subset V' of (P?(C)*)7 with the following properties:

For nondegenerate meromorphic maps f,g : C* — P2?(C) and seven
hyperplanes H;’s in general position with (Hy,...,H7) €V, if

min(v(f, H;), %) = min(v(g, H;), {o),

then f = g.
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Proof. As in §4, we consider the meromorphic functions h; (1 < j < 7)
defined by (4.1) for the given hyperplanes H;’s in general position and maps
f and g. Let L be the pre-equivalence relation defined by Definition 4.2,
where ¢ = 7and N = 2, and take real numbers p1, . .., p7 with the properties
of Proposition 2.4.

We first study the case where all numbers p;’s except one coincide
with others. Changing indices, we assume that p; = ps = --- = pg. In
this case, there is some positive integer m such that (h;/h;)™ are rational
functions in logarithmic derivatives of h;’s with uniformly bounded weights
for 1 <14 < i’ <6. Since H;’s are assumed to be in general position, we can
choose homogeneous coordinates (wy : ws : w3) on P?(C) such that

Hjtw]’:O (]:1,2,3),
Hy : wi + awy + bws = 0,
Hs : wy + cwy + dws = 0,
Hg : wy +wy + w3 =0,

b

1 a
where every minor of the matrix | 1 ¢ d | of order < 3 does not vanish.
1 1 1

As in the previous section, we set
h1 — h4 a(hg — h4) b(h3 — h4)
r := rank h1 — h5 C(hg — h5) d(h3 - h5)
hl—hﬁ h2—h6 h3_h6

Here, the case » = 2 is impossible for a sufficiently large £y because of
Proposition 5.11. Assume that r < 2.

Set kj :==h; —hg (j = 1,2,...,5). We may assume that (ki, k2, k3) #
(0,0,0). For, otherwise, hy = hy = hs = hg, whence we have f = g. By
assumption, there are meromorphic functions ¢ and 1 such that

ki — kg = k1, a(ky —ky) = pka, blks — ka) = pks,
ki — ks = ¢k, c(ke —ks) = ¢ka,  d(ks — ks) = Yks.

These implies that

((p— 1)k1 + k4 =0, (cp—a)k2+ak4 =0, ((p—b)k3+bk4 =0,
(¢ — 1)1{31 + ks =0, (¢ — C)kig + cks = 0, (¢ — d)kﬁg + dks = 0.

https://doi.org/10.1017/50027763000007030 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007030

VALUE DISTRIBUTION THEORY 185

If p =1, then kg4 = k3 = k3 = 0 and hence hy = hg = hy = hg, which gives
f =g. For the case p = a,p = b,1) = 1,9 = c or ¥ = d, we have also the
same conclusion f = g similarly. Otherwise, we have

ke _p=1_pfa—1 _¢/b-1
ks -1 ¢fc—=1 o/d-1

and hence

These give

and we can conclude that ¢ =1 or

1 1+1 1+1 170
X'_ad bc ¢ d b a

Therefore, if the given hyperplanes H;’s satisfy the condition x # 0, then
@ = 1 and hence ky = k3 = k4 = ks, which gives f = g. This shows that
Theorem 6.1 is true in this case.

To see the remaining cases, we may assume that

p1 < pr <o < pr.

Then, by Proposition 2.10 (i) we have p3 = py = ps.
Assume that

P1 < p2 <p3=Dps=Dps <P < Pr.
Take two indices ¢, j with 3 <4 < j <5 and choose
v(1):=1, 1(2):=2, ¢(3):=1, t(4):=4, ¢(b):=6, 1(6):=T7,
and consider combinations J := (i1,42,13) € Zg 3 with

De(1) T Pu2) T Du(3) = Puliy) T Pu(iz) T Puis)-
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By Proposition 2.10 (ii), J = (1,2,3) or J = (1,2,4). Applying Proposi-
tion 3.4 to the products of three functions among h,(y), ..., k), we get

> Aivigishu(inyPu(in) Pugiy) = Cilihahi + Cjhihshj = 0,
(i17i27i3)’\’(17273)

where C; := Aj23(# 0) and C; := Aj94 (# 0) are the constants given in
the proof of Proposition 4.3. Since Proposition 2.10 remains valid if we
replace p;’s by —pj, we can apply the same arguments to combinations
J := (i1,142,13) € Zg3 With p,(4) + Py(5) + Pu(6) = Pu(i) T Pulin) T Pu(is)- SO, We
have

Clhihghy + C]’-hjhﬁh7 =0

for C := Asss and C]’- := Ays6. These conclude that
Cih; + thj = C{hz‘ + C]/'hj =0,

whence we have h; = h; except the case where CZ-C’]’- = C/C}. Since we can
choose i, j with 3 < ¢ < j < 5 arbitrarily, we can conclude that hs = hy = hs
and hence f = g for ‘generically’ given hyperplanes. Theorem 6.1 is valid
in this case. Therefore, we may assume py = p3 or ps = ps. Replacing p; by
—pj if necessary, we assume that

P1 < p2 < p3=ps=ps =ps < Ppr.

Next, we study the case

P1 < p2 < p3 =ps=Dp5=ps < Pr.

Choose i, j, k with 3 < i < j < k < 6 and choose

By the same arguments as the above, for combinations J := (j1, j2, j3) with
Pu1) T Pu2) T Pu3) = Pu(ir) T Pu(jo) T Pu(js), We have J = (1,2,3), J = (1,2,4)
or J = (1,2,5). It then follows that there are some nonzero polynomials
D;,Dj, Dy, in the coefficients of the defining equations for H;’s such that
D1h;+ Dahj+ D3hy, = 0. Moreover, observing combinations J := (ji, j2, j3)
with Pu(a) + 6 + Pu6) = Pu(hr) + Po(j2) + Pujs)s W€ have J = (37476)7
J =(4,5,6) or J = (3,5,6) and so we have D h;hj+ D5h;hi, + D5hih; =0
for nonzero D}. This concludes that h;/hy and hj;/h; are constants for
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‘generically’ given hyperplanes H;’s. Since we can choose i, j, k arbitrarily,
all h;i/he (3 < i < 6) are constants, whence f = g. Theorem 6.1 is true in
this case too.

It remains to study the following two cases;

(a) pr <p2 =p3 =ps=p5 =ps <pr,

(b) p1 <p2 <p3=ps=ps=ps=pr.

We first study the case (a). For our purpose, take four indices i, j, k, £
with 2 <4 < j < k < ¢ <6 arbitrarily, and we choose

(1)=1, «(2)=1, t(3)=y, t(4) =k, t(5)=1¢, 1(6)=T.
Consider (i1,12,13) and (j1, j2, j3) in Zg 3 with

Du(1) T Pu2) T Pu3) = Pu(in) t Pu(iz) T Puiy)>
Pu(a) +Pus) F Pu6) = Pu(jn) T Pulja) + Puli)-

By the same argument as the above, we have two homogeneous linear rela-
tions among ten functions Ay, := hphyy (2 < m < m’ < 6). Since there
are five possible choices of indices 1, j, k,¢ among 2,...,6, we obtain ten
linear homogeneous relations among ten functions hy,,,/’s. In this situation,
it is not difficult to show that these linear relations are linearly independent
for ‘generically’ chosen hyperplanes Hj;’s. This shows that the case (a) is
impossible for ‘generically’ chosen hyperplanes H;’s, because each h;’s is
nonzero. Theorem 6.1 is true in this case too.

Lastly, we study the case (b). In this case, choosing four indices among
3,4,...,7, say 3,4,5,6, we choose «(j) = j (j = 1,2,...,6) and consider
(i1,12,143) with

P1 + P2 + P3 = piy + Pip + Dis-

Then, we can see easily i1 = 1,179 = 2 and i3 is equal to 3,4,5 or 6, whence
we have a homogeneous linear relation among hs, hy, hs, hg. In this way,
we have five homogeneous linear relations among five functions hs, ..., h7.
In this case too, we can easily show that these linear relations are linearly
independent for ‘generically’ chosen hyperplanes H;’s. The case (b) is also
impossible for such hyperplanes. The proof of Theorem 6.1 is completed.
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