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Multimarginal Optimal Transport Maps for
One-dimensional Repulsive Costs

Maria Colombo, Luigi De Pascale, and Simone Di Marino

Abstract. 'We study a multimarginal optimal transportation problem in one dimension. For a sym-
metric, repulsive cost function, we show that, given a minimizing transport plan, its symmetrization
is induced by a cyclical map, and that the symmetric optimal plan is unique. The class of costs that we
consider includes, in particular, the Coulomb cost, whose optimal transport problem is strictly related
to the strong interaction limit of Density Functional Theory. In this last setting, our result justifies
some qualitative properties of the potentials observed in numerical experiments.

1 Introduction

In some recent papers the authors considered a mathematical model for the strong
interaction limit of the density functional theory (DFT). In particular, in [3], But-
tazzo, De Pascale, and Gori-Giorgi showed that the model for the minimal interac-
tion of N electrons can be formulated in terms of a multimarginal Monge transport
problem. At the same time, in [6], Cotar, Friesecke, and Kliippelberg showed that an
analogous optimal transportation problem describes the semiclassical limit of DFT
in the case of two electrons and provides estimates from below in the general case.
Let c: (RHN — IR be the Coulomb cost function

1

(L.1) c(xr, .. xn) = >0 o Gayex) € RDY,

1<i<j<N |x; — xj\

let p € P(R?) be a given probability measure on R, and let T(p) be the set of trans-
port maps
T(p) = {T: R? — R? Borel : Typ = p},

where Tjp represents the pushforward measure of the measure p through the Borel
map T. We consider the Monge multimarginal problem

(1.2) (M):inf{/ c(x,Tz(x),...,TN(x))du(x):Tz,...,TNE‘T(p)}.
R4

Following the standard theory of optimal transport, we introduce the set of trans-
port plans

I(p) = {~ € ‘P(IR{dN):Wé'y =p,i=1,...,N},
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where 7': (RY)N — R are the projections on the i-th component fori = 1,..., N,
and the Kantorovich multimarginal problem

(1.3) (K):min{/( ) c(xl,...,xN)d'y(xl,...mN):'yel_[(p)},
RN

where, in contrast with (M), we allow the splitting of mass. With every N — 1-
tuple of transport maps T5,..., Ty € T(p) we associate the transport plan v =
(Id, Ty, ..., Tn):p € II(p). We remark that the existence of an optimal transport
plan, namely a minimizer of (K), follows from the lower semicontinuity of the cost,
from the linearity of the cost of a plan ~ with respect to -, and from the fact that the
admissible plans form a tight subset of the set of measures on (RHN . Moreover, since
c: (RN — [0, 00] is continuous, one can deduce from the analogous 2-marginal
result obtained by Pratelli [18, Theorem B] that (K) = (M). Indeed, given an optimal
plan v € TI(p) it is enough to apply the 2-marginal result to X = R? and Y =
(RHN=1 with p and (7%, ..., 7);v as marginals to obtain the nontrivial inequality
(M) < (K).
Since the cost function is symmetric, namely

c(xr, ... xN) = c(Xo(1), - - - s X)), fOrxi € R%, o € Sy,

it is natural to introduce a “symmetric” version (Ksy,) of the Kantorovich problem
(K) and a “cyclical” version (M) of the Monge problem (M). From the physical
point of view, this new formulation includes in the model the fact that the N elec-
trons are indistinguishable. To this end, we denote by Sy the set of permutations of
{1,...,N}, and we let

To (X1, .oy XN) = (Xo(1)s -« s Xo(N)) forx € (RHN, o € Sy.

We introduce the set of symmetric transport plans

Ham(p) = {7y € I(p) : (75)5y =7 Vo € Sx}

and the problems
(Kgym) = min { / c(xyy . xN)dy(xy, ..., xN) iy € Hsym(p)} .
(RN

(Meyat) = inf{ / c(x, T(), ..., TN V(x)) du(x) : T € T(p), TV = 1d }
R4

where T® stands for the i-th composition of T with itself.

Thanks to the symmetry of the cost and to the linearity of the cost of transport
plans, we have easily that (K) = (Kym). Indeed, it is enough to associate with every
v € II(p) the symmetric transport plan

1

V= D 0w
N! cESN

which has the same cost as . The analogous remark for the Monge problem is not
obvious; however, as proved in [5], in the sharp assumption that p is non-atomic we
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have that (K) = (Mq). Summarizing the last observations, if p is a non-atomic
probability measure, we have that

(14) (K) =M) = (Ksym) = (Mcycl)-

We remark that, seeing the nontrivial equality between (M) and (M), it is natural
to expect as a general principle that an optimal map for (M) exhibits a cyclical struc-
ture when it exists. We also remark that the class of transport plans Il (p) is the
natural one in which to hope for uniqueness results, as described later.

The problem of existence of optimal transport maps and the description of their
properties is the main aim of optimal transport theory. As regards existence, in the
case of two marginals, it holds under the so called “twist condition” (see [4,9,21]).
In particular for the Coulomb cost (1.1) with N = 2 in any dimension, we have
existence of optimal maps. In the multimarginal case, existence has been proved un-
der some local assumptions of the cost in [16], but these assumptions are far from
being satisfied by our cost. Indeed we will see that the optimal transport plans are
absolutely not unique due to the symmetry of the cost, whereas in [16] uniqueness is
a natural consequence of the assumptions on the cost and of the method. In [12]
N. Ghoussoub and A. Moameni provide existence of optimal transport maps for
some particular costs generated by vector fields (see also [11]). In this case, optimal
maps are not unique and show a cyclical structure like the one presented in (Myq).
However the structure of the cost function is different from the Coulomb cost, and
correspondingly the strategy of the proofs is different.

In this paper we show the existence of optimal transport maps in the problem
(1.2) in dimension d = 1, providing an explicit construction of the optimal map.
The result was conjectured in [19] by M. Seidl from the physical point of view and
recalled in [3]. Kohn-Sham DFT is used to reduce the computational cost in the
many electrons Schroedinger equation, and it requires us to compute a term called
the exchange-correlation functional. The multimarginal optimal transportation cost
we consider in this paper is an approximation from below of the exchange-correlation
functional in Kohn—Sham DFT. The main result of this paper reduces an optimiza-
tion problem over measures on RN to a problem over measures on RN and is useful
in deriving numerical methods to evaluate the mentioned approximation. The one-
dimensional result is related to the so called quantum wires. The generalization of
this result to higher dimensions is open. In dimension d = 1, we also show that the
optimal map is unique in the class of symmetric optimal transport plans; this is not
the case in higher dimension, as shown in [17] with a radial probability measure p as
marginal.

We state our result in the natural class of repulsive cost functions of the form

N N

(1.5) clxr,oxn) =30 3 flx—x)),
1=1 j=i+1

with

(1.6) f: R — [0, +00] even.

In particular, when f(x) = |x| ™!, we obtain the Coulomb cost (1.1). The main result

is the following theorem.
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Theorem 1.1 Let f: R — [0, +00] be a function that satisfies (1.6) and let ¢ be the
cost (1.5). Let p be a non-atomic probability measure on R such that (K) < oco. Let
—o00 =dy < d; <--- <dy = 400 be such that

(1.7) p(di,din]) =1/N,  i=0,...,N—1.

Let T: R — R be the unique (up to p-null sets) function increasing on each interval
d;,di;1],i=0,...,N — 1, and such that

(1.8) T:(1d,4.1P) = Vs Py 1=10,...,N =2,
Ti(Lay_1.dv1P) = Lido.di) -

Then T is an admissible map for (Myq) and

(1.9) (K) = / c(x, T(x), TP (), ..., TNV (x)) dp.
R

Moreover, the only symmetric optimal transport plan is the symmetrization of the
plan induced by the map T.

In [3, Section VII C] the particular case when the probability density is uniform
on some interval in R is studied. In this case, indeed, an explicit concave potential
can be built.

The result is based on a careful analysis of the structure of c-cyclically mono-
tone sets (see Definition 2.1). Indeed, the analytic property of minimizing the Kan-
torovich problem (K) implies, through standard results in [15, Lemma 2] (based on
the two marginal theory in [20] and recalled in Proposition 2.2), that the support
of the optimal plan is a c-monotone set. In turn, the c-monotonicity can be read in
terms of a geometric property of the support (see Definition 2.3 and Corollary 2.5). It
follows from the structure of c-cyclically monotone sets that any optimal symmetric
plan induces a splitting of R in N parts (—oo, d], [dy,dz], . .., [dy, 00) with equal
mass. If we look the restriction of the optimal plan to the set {x; < x,--- < x,},
the marginals are exactly the restriction of p to the segments, and the plan here is
obtained by mapping each piece in the following one through a monotone map T
according to (1.8).

Remark 1.2 One might wonder if it is possible to give a detailed description of any
optimal plan or any optimal map. Apart from the special case N = 2, we can con-
struct a wild class of optimal cyclical maps. For simplicity, we build our example with
N = 3 and for a uniform density p in [0, 1], and the Coulomb cost (the construction
is similar for a generic N, p, and a cost of the form (1.5)). Let Ay be any measur-
able subset of [0,1/3) and let By = [0,1/3) \ Ap; then we define A} = Ay + 1/3,
A, = Ap +2/3, and B; and B, in a similar way. Then we consider the map

x+1/3 ifxe€AyUA,
x—2/3 ifx €A,
x+2/3 ifx € B,
x—1/3 ifx € B UB,.

T(x) =
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It is easy to see that the pushforward of £|,, through T is L4,,,, and the pushforward
of L, is L|p,_, fori = 0, 1,2 (where the subscripts are considered modulo 3). So it is
clear that Typ = p, T®® = Id, and that the associated cost is the minimum possible,
15/2 (see computations in [3, Section VII C]). In conclusion the best uniqueness
result can be obtained in the class of symmetric plans.

Remark 1.3 In arecent paper [7], the authors showed that, given a single particle
distribution p, as the number of particles goes to 0o, the optimal symmetric plan with
all marginals p converges to the solution of a suitable optimal transport problem.
In turn, the solution can be explicitly computed, and it is the independent product
measure all of whose factors are given by p.

This result can be easily deduced from Theorem 1.1 in our one dimensional set-
ting. Indeed, in our case the optimal symmetric plan -, is obtained by splitting the
support of p in n parts of equal mass and sending each part onto the other n — 1.
As n — 00, the plans ~, weakly converge to the product measure with infinity many
marginals all equal to p.

Theorem 1.1 provides an explanation of the numerical results presented, for ex-
ample, in [14, fig. 2] or [13]. More precisely, the qualitative behavior of the Kan-
torovich potential (or of the Kohn—Sham potential which is sometimes very close)
numerically observed in the papers above may be explained. These potentials are im-
portant elements of the theory. A Kantorovich potential is a maximizer for the dual
problem of (1.3) given by

(D) = max{ / u(x)dp(x) : u: R — Ris continuous, and for every
R

N 1
Xiy- oy XN EIR{d, u(x)) + - +ulxy) < 227}
=i = xj

The optimality conditions (complementary slackness) read as follows:

N=1 x — TW(x)

= x = TOM)
In the following example we consider an atom similar to Beryllium with one nucleus
(located in the origin) and 3 electrons. As electron density we consider

r
P*ﬁe

which has the right qualitative behavior. We will show that a Kantorovich po-
tential is concave near the peak of the density (the nucleus) and convex in a re-
gion distant from the nucleus. This is apparently the opposite of the numerical
results in the papers above, but the discrepancy is explained by the fact that in
those papers the authors compute —u (see [14, equation (2.5)]). Consider a € R
such that p((—oo0, —a]) = p([—a,a]l) = p(la,+0)) = 1/3 and b € R such
that p((—oo, —b]) = p([b, +00)) = 1/6 and let u be a Kantorovich potential. Let

2
*dx,
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x) < X € [—a,a], for both points
(1.10)
x;i — T(x;) X; — T® (x;) 1 1

"(x: = — - — — .
() Ixi — T(x)>  |x = TP | — TP |x — TO(x)]?

By the structure of T and p, we have that
x2—x1 < T(x)—T(x) and x —x < TP (x) — T®(x)

and therefore, since
X1 = T(x1)| = T(x1) — %2+ X% —x1 < T(x1) — 20 + T(xz) — T(x1) = |T(x2) — X2,
we obtain
|x1 — T(x1)] < |x2 — T(xp)| and |x; — Tm(xl)\ > |x; — T(z)(x2)|.
Summarizing the inequalities above we obtain from (1.10),
1 1 < 1 1
% =T | —TP))?  |Ja—TE)P?  |x— T?x)]?

=u'(x),

' (x) =

which proves that u is concave in [—a, a].
We now prove that u is convex in [b, +00) and then also in (—oo, —b]. Let x; <
X € [b, +00), for both points

,( ) Xi — T(x,-) Xi — T(z) (x,‘) 1 1

u'(x;) = — - =— - .
i — TGP i — T ()P lxi = TGe)* i — T () ]2

As before, by the structure of T and p, we have that

X —x > Tlg) — T(x) and x —x; > T (x) — T (xy),

and therefore
|x1 — T(x1)] < |2 — T(x2)| and |x; — T(z)(xl)\ > |x; — T(z)(x2)|.

Summarizing the inequalities above we conclude that u/(x;) < u/(x;), namely the
convexity of u in [b, 00).

2 A Necessary Condition for Optimality
Let v € II(p) be a transport plan.

Definition 2.1 Letc: RN — [0, +00] be a cost function. We say that a set I' ¢ RN
is c-monotone with respectto p C {1,...,N}if
(2.1) c(x) +c(y) < c(X(x,y,p)) +c(Y(x,5,p))  Vx,y €l

where X(x, y, p),Y(x,y, p) € RN are obtained from x and y by exchanging their
coordinates on the complement of p, namely, fori € {1,...,N},

x; ifie ps Vi ifi € P>
Xi D 4] = . Yi s Vs = o
. p) {)/i ifi ¢ p, (. .p) {xi ifi ¢ p.

We say that I' C RN is c-monotone if (2.1) holds true for every p C {1,...,N}.
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The following Proposition ([15, Lemma 2] based on the two marginal theory in
[20]; see also [10]) contains a necessary condition for optimality.

Proposition 2.2 Letc: RN — [0, +00] be a continuous cost and let p be a probability
measure on R. Lety € II(p) be an optimal transport plan for problem (1.3) and assume
(K) < o0. Then sptry is c-monotone.

The idea of the previous proposition is that, if c-monotonicity fails for x and y, it
is possible to rearrange the mass of the optimal plan v close to x and y constructing
a new plan with inferior cost.

The rest of this section is dedicated to the study of c-monotone sets that exhibit
a particular geometric structure related to our choice of repulsive costs ¢. It is ex-
pressed in terms of the following definition. Given x € RY there exists (at least) a
permutation o € Sy such that

Xo(1) S Xo2) S 0 < Xo(N)-

We denote by x* = (x,(1), X5(2), - - - , Xo(v))> and x* will be called the increasing re-
arrangement of x.

Definition 2.3 We say that two points x, y € RN are well ordered if considering
the increasing rearrangements x* of x and y* of y, either

XSy <<y <-e<SxySyy or ypSay <y S < < yp S

We remark that, since the cost ¢ is symmetric, we have that c(x) = c(x*) for
every x € RYN. The following proposition relates c-monotonicity to the well ordering
property of couples of points. In particular, it provides a geometric characterization
of c—monotonicity peculiar to the repulsive cost functions.

Proposition 2.4 Let f and c be defined as in Theorem 1.1. Let x, y € RN.
If x, y are well ordered, then

(22) @) +cly) < c(X(x,y,p)) +c(Yix, y,p)) VpC{1,...,N}.
Moreover, if c(x) + c(y) < oo, then x and y are well ordered if and only if
(2.3) cx)+cly) = min{c(X(x, y,p)) + C(Y(x, y,p)) pCA{1,... ,N}}.

Proposition 2.4 has two interesting consequences. First, putting together Propo-
sitions 2.2 and 2.4 we obtain a necessary geometric condition on the support of an
optimal plan for problem (K). Then we deduce that the support of an optimal plan
is disjoint from the diagonals. We state and prove these corollaries here, postponing
the proof of Proposition 2.4 to Section 3.

Corollary 2.5 Let f, ¢ be defined as in Theorem 1.1. Let p be a probability measure

on R such that (K) < 400 and let y be an optimal plan for problem (K).
Then every x, y € spty is well ordered.
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Proof By Proposition 2.2 we have that

cx)+c(y) = min{ c(X(x, y,p)) + C(Y(x, y,p)) :p CAL, ... ,N}} X,y € spty.
By Proposition 2.4 we obtain that
(2.4) x, y are well ordered x,y € spty N {c < oo}.

Now we want to prove the same for every x, ¥ € spty. To this end, we remark that
the property of being well ordered is a closed condition. Indeed, setting

gle,y) = [ =y 4+ G =y [OF =)+ % =20
we have that g is continuous thanks to the fact that (x, y) — (x*, y*) is continuous
and g(x,y) = 0 if and only if x and y are well ordered. By (2.4), every couple of
points in the closure of spty N {¢ < oo} is well ordered, so we are left to prove
that the closure of spty N {¢ < oo} is spty. This is in turn true, because spty is
closed and spty N {¢ < oo} is a concentration set for -, since (K) < +oc. Then
Y{c=o0}) =0. [ |

Corollary 2.6 Let f, ¢, and p be defined as in Theorem 1.1. Let v be an optimal
transport plan for the problem (K) with (K) < oco. Then

sptyN{x; = x;} =@ foralli,jc {1,... N} withi # j.

Proof Let us assume by contradiction that there exists x € spt(vy) such that x; =
xj = t for some i # j; this means that there exists k € {1,..., N} such that x} =
xj,; = t. Now take another point y € spt(v); by Corollary 2.5 we know that x and y
are well ordered, in particular, either x; < y{ < x,, orx; <y, < xj,,. In both
cases we have that a coordinate of y is equal to ¢, so we have that

spty C {x; =t} U{xx =t} U--- U{xy =t}
Since, by assumption, p has no atoms and by the condition on the marginals, we have

that y({x; = t}) = p({t}) = 0. Since the support of a probability measure ~ cannot
be contained in a finite union of «y-null sets, we obtain a contradiction. [ ]

3 A Geometric Characterization of c-monotonicity

We now focus on the proof of Proposition 2.4. In the following inequalities, the
analysis of equality cases will play a crucial role in understanding c-monotonicity.
We point out that this analysis can be written in a simplified way if one assumes that
all the components of x and y in Proposition 2.4 (and in the following lemmas) are
different real numbers. In the general case, to fully describe equality cases we need a
notion of equality of discrete sets that counts the elements with multiplicity. To this
aim, we give the following definition.

Definition 3.1 Given a vector x = (x1,...,xy) € (R™)N we define the measure
N
e = D Ox,
i=1
which represents the set {xi, . .., xy} with elements counted with multiplicity.
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Given x = (x1,...,xn),y = (y1,...,¥n) € (R™N, we say that two sets
{x1,...,xn} and {y1,...,yn} counted with multiplicities are equal if the corre-
sponding measures are equal, namely u, = u,. With this notation it is clear that

Hx,y) = Hx T fhy, x,y € R™MN
and that

(3.1) for every x, x' € RN we have y1, = pi,v if and only if x* = x/*.

The next lemma can be read as a description of optimal transport plans between
purely atomic measures on R, following the spirit of [2, Proposition 4.5]. Since the
assumptions on our function ¢ are different from the ones in [2], we prove the lemma
for the sake of completeness.

Lemma 3.2 Let p: R — [0, 00] be a convex function, which is strictly convex in its
finiteness domain. Let N € N, and letx; < -+ < xyand y; < --- < yn be two
N-uples of real numbers.

Then

N N
(3.2) ; olxi —yi) < Z:l o(xXi — Yoii)) Vo € 8y.

Moreover, if the left-hand side in (3.2) is finite, we have equality in (3.2) for some
o € 8, if and only if we have the equality of measures

N N
(3.3) Zl 5(xi-,yl) = Zl 5()6:'%(:‘))'
i= i=

Proof Step one. If i, j € {1,...,N} are such that
(3.4) x <x; and  yoj) < Yoii),
then we have that

(3.5) DX — Yo(i)) + P(xj — Yoi) < d(xi — yoiy) + O(Xj — Yo(j))-
Moreover, if both the inequalities in (3.4) are strict and the left-hand side in (3.5) is
finite, then the inequality in (3.5) is also strict.

In fact we have that x; — y,) < % — yo(j) < Xj — Yo(j) (with strict inequalities if
Vo(iy < Yo(j) and x; < x;), and so there exists t € [0, 1] (t € (0, 1) if the inequalities
are strict) such that

Xi — Yoj) = t(xi — Yo) + (1 = 1)(xj — yo(j)-

A brief computation shows that

Xi — Yoiy = (1 = )(xi — yo(i)) + t(xj — Yo(j)-
Applying Jensen’s inequality to these points and summing, we get (3.5) (with strict
inequalities if ¢ € (0, 1) and the values in the left-hand side are finite, thanks to the
strict convexity of ¢).
Step two. We prove (3.2) and we characterize the equality cases.
We notice that if (3.3) holds true, we have equality in (3.2). Without loss of gen-
erality we can assume that the right-hand side in (3.2) is finite. Let us set A, =
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Zi‘\; @(xi — ¥(iy).- We prove by induction on N that Alg < A, for every o € Sy with
A, < 00, where Id is the identical permutation, and that if equality holds in (3.2),
then (3.3) holds. For N = 1 there is nothing to prove. Let 1 < N. If o(1) = 1, we
can eliminate the first term in both sides of the inequality and then use the inductive
hypothesis. Hence,

(3.6) Ay <A, forall 7 € Sy such that 7(1) = 1 and A, < o0,
with equality if and only if
N N
(3.7) ; 5()@',}/;) = ; 6(xi-,)'r(1'))'
Suppose that o(1) # 1, and consider k such that (k) = 1. From Step 1 applied to
i = land j = k, noticing that (3.4) is satisfied because x1, . .., xy and y1, ..., yy are
ordered, we have that
(3.8) o1 = y1) + bk — yor) < O(x1 = yo)) + @k — y1).
There is equality in (3.8) if and only if x; = x or y,1) = y1, or, in other words, if
and only if
(39) { (xla )/0(1))3 (xkv )’1)} = { (xka )’0(1)), (Xl,h)} .

If we consider 7 € Sy defined by 7(1) = 1, 7(k) = o(1), and 7(j) = o(j) for
every j # 1,k then (3.8) yields that A, > A, but since 7(1) = 1 by (3.6), we get that

AId < A(r'
Regarding the equality cases, if equality holds true in (3.2) for some o € Sy, then
we have that both (3.7) and (3.9) hold true, which together prove (3.3). [ |

To prove Proposition 2.4 we rewrite the cost function as a sum on I-neighbors and
prove an inequality for fixed I, which is the main core of the proof (Lemma 3.4).
In this way, when exchanging the coordinates to obtain a decreasing variation of
the cost, one has to track the effect on fewer terms. Before stating the results, we
introduce this notation (see Figure 3.1 for two examples with N = 3).

Definition 3.3 Letx € RY and let x{ < xj -+ < x}; be the coordinates of x*.
We define the N — I-tuple V'(x) € (R)N~! of couples (x/,x},;) € R* withi €
{1,...,N — I}, and we associate with V(x) the measure

N-—I
Bvig = 2 O x),
i=1

which represents the set of I-neighbors counted with multiplicity. We also define
V(x) as the (I;] ) -tuple of V!(x) neighbors as [ varies, and we associate with V' (x) the

measure
N—1N-I

N-1
My = D0 v = 2o 2. 0ran) = D O
=1 =1 i=1 1<i<j<N
We remark that, given f satisfying (1.6) and ¢ defined as (1.5), we have that

c(x) = c(x") = . flz = 2) dpyy(2,2).
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X1 y1 Y2 X2 Y3 X3 X1 Y1 X2 Y2 X3 V3
e e e ®
1-neighbors 1-neighbors
c o — o
—e ——o
——o — o
———o ——o

2-neighbors 2-neighbors

P Py P Py
@ 9 @ 4

Figure 3.1: The figure shows the coordinates of x, y € R’ in two different situations; in partic-
ular, in the second case the coordinates of x and y are chosen to make x and y well ordered. In
both cases, the sets of 1-neighbors V' (x) U V'(y) and 2-neighbors V2(x) U Vz(y) are repre-
sented, drawing a segment between the endpoints of each couple of neighboring coordinates.

Given a couple of points (x, y) € RY x RN, let x} < x} --- < x}; be the coordinates
of x* ,and y < y5 < ... < y{ be the coordinates of y*; we consider the set of
I-neighbors of x and of y, namely

N-I N-I
I Vi) = Bvie) + Bvig) = D2 Ot + 20 Oty
i=1 1=1

In the same way we have that

N—1
V.V () = IZ Vi), Vi)
=1

and
(3.10) cx)+c(y) =cx)+c(y") = | flz—2)dpvwviyy(z2)
R
N—1
= flz— Z) dM(V’(x),V’(y))(Z7 Z).
=1 Jre

The following lemma represents our fundamental estimate on /-neighbors for
fixed I.

Lemma 3.4 Let f be defined as in Theorem 1.1. Let m, M be positive integers such
that m < M. Let I be a subset of {1,..., M} with m elements and s: I — {1,... , M}
be an injective map such that i < s(i) foralli. Letz;y <z, < --- < zp.

Then we have that

m
(3.11) > f@iemem — zi) < flzgi) — zi).

i=1 i€l
Moreover, if the left-hand side in (3.11) is finite, equality holds in (3.11) for some s
if and only if the sets {(zi, Zivsr—m) Yie,...my and {(zi, ) }ieq1,...m} coincide with
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multiplicity, namely

m
(3.12) Z Oz zinn—m) = Z 5(Zi,zs(i))'

i=1 i€l
Proof It is clear that (3.12) implies equality in (3.11). We assume in the following
that the right-hand side in (3.11) is finite; otherwise, there is nothing to prove.

Step one: from s to its monotone rearrangement. Let us call s(I) the image of I through
sand let s*: I — s(I) be the strictly monotone function that maps I onto s(I), which
exists and is unique thanks to the fact that I and s(I) have the same number of ele-
ments. Then we have that
(3.13) > flzeiy — zi) <) flai) — 2i)-
il il
Let ¢: R — [0, 0o] be defined as

) Hoo ifx € (—00,0),
ox) = { fx) ifx € [0,00).

Thanks to Lemma 3.2 applied with N = m, to the ordered m-uples of elements of
(zi)ier and (z¢+(j) i1, we obtain

(3.14) S dlzeiy —2zi) <D dlzsiy — zi) =Y, fz) — i),
i€l i€l i€l

where the last equality follows from the assumption i < s(i) for every i € I and the
monotonicity of zj, . . ., zy. As a consequence, since the right-hand side in (3.14) is
finite we also obtain that z; < z.(;) for every i € I. We can then rewrite (3.14) as
(3.13). Moreover, we have equality in (3.14) if and only if

(3.15) Z 6(21725*(1)) = Z 6(21 i) *
i€l i€l

Step two: conclusion. Denote by i1 < i; < - -+ < i,, the elements of I. Then
(3.16) 1<, sS*G) <M —m+1Lforle {1,... m}

Indeed thanks to the fact that i; < iy, are positive integers for everyl = 1,...,m,
it follows easily by induction that ] < 7; for every I = 1, ..., m. In the same way from
s*(i1) < s*(iy1) foreveryl = 1,. .., m it follows, by induction, thati; < I+ M — m
foreveryl=1,...,m.

From (3.16) and (3.13), since z; < z(;) for every i € I and by the monotonicity
of f in [0, +00), it follows that

m m
(3.17) > flzum—m —21) < 3 flzeiy — 2i) = D fzeeiy — 2) < D2 flz) — zi)-
=1 =1 i€l i€l
In particular, since f is strictly decreasing in [0, c0) because it is strictly convex, if
equality holds in (3.17), then we have that z,\—,, = z~(j;,) and z; = z;, for every
I=1,...,m. If equality holds, then we have that

m m
(3.18) ZZI Ozrzions—m) = ; Oz 20 ip) = EE:I O(zi 2 )
=3 = 1
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From (3.15) and (3.18) we obtain that the equality cases in (3.11) are described by
(3.12). |

In the following lemma we prove that the set of neighbors V(x) U V(y) of some
x,y € RN determines uniquely (x, y), in the sense that if the set of neighbors of two
couples of points (x, y) and (x', y’) coincide, then the two couples coincide up to the
order. Since the statement is of purely combinatorial nature, the reader can skip the
proof of the lemma at a first reading.

Lemma 3.5 Let(x,y),(x',y") € RN, whose sets of coordinates counted with multi-
plicities are equal, i.e.,

(3.19) Hixy) = My’ = M-

Let us assume that the set of neighbors (counted with multiplicities) is the same for both
the couples, that is,

(3.20) BV (x),V () = V),V
Then we have that

(3.21) {x*,y*} = {«", ¥}

Proof We first observe that the relation iy y) = pi(x,,) can be written as
N N
Z 6’%* + 5;,}_* = Z 6’5,{* + (5),{*,
i=1 i=1

and it also gives us that

N N
(3.22) 2 0t ) 0 ) = 200 0 -
i= i=
Writing (3.20) and then exchanging the coordinates of IR? we also obtain
(3.23) 22 Oz ) + Oty ) = 20 Ot ey Oy g,
i<j i<j
(3.24) 22 0 ) F 00y ) = 20 O ) + Oy o)
j<i J<1

Now, summing up (3.22), (3.23), and (3.24) we obtain

N N
22 Oy F 0y = D2 Oxe ey + 000 ),
i,j=1 1,j=1
that can be seen as
(3.25) Hx @ fhx + [y @ fhy = [y @ flxr + [yt @ [y,

where ® represents the tensor product between measures on R. Let ¢ € C.(R) and
let us consider the function f: R* — R given by f(x, y) = ¢(x)P(y). We test it with
the measure equality (3.25) to infer

(3.26) (/Rqsdux)ﬁ (/Rsbduy)zz (/Rsbdux/)er (/Rqsduy/)z.
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From (3.26) and

L/¢dm&> pdp, = ¢muwh/¢dmm
R R R

R

which in turn follows from (3.19), we obtain with some computations' that

( R¢dux— R(btﬂ/iw) ( Rq&dux— ¢5d/¢y/) —o.

R

As a consequence we get that for every ¢ € C.(R) either

(327) [odui= [ odus or [ odn= [ oduy.
R R R R

We claim that either the first equality or the second equality in (3.27) is true for every
¢ € C.(R), which allows us to conclude by duality that either ji, = j1, or p1x = 1.
Namely by (3.1) either x* = x™* or x* = y'*. Thus (3.21) follows thanks to (3.19). To
prove the claim, we notice that if the first equality in (3.27) fails for some ¢ € C.(R),
and the second equality in (3.27) fails for ¢ € C.(R), we obtain a contradiction
because the function ¢ + 1 does not satisfy any of the two conditions in (3.27). ®

Proof of Proposition 2.4 Let x, y be a couple of well ordered points in RN; we de-
note by z; < z, < --- < zy the cumulative coordinates, so fori = 1,...,N, we

have either
* *
Xi = 22i+1 Vi = 22+1
’* or i
Vi = 22 X = 22i

because they are well ordered. By (3.10), inequality (2.2) is equivalent to

N—1 N—1
> i flz—2) dpwig vy (z,2) < 30 i fz =2 dpgro viery (2, 2).
i=1 Jr -1 Jr

This last inequality is true, because we claim that Lemma 3.4 implies that, for every
I=1,...,N—1,

(328) / f(Z — Z/) d/J/(VI(x),VI(y))(Z7 Z/) S / f(Z — Z/) dﬂ(vl(x),vl(y))(z7 Z/),
R? R?

and so, adding up over I, we get the conclusion. To prove the claim, we rewrite (3.28)
in terms of the z; and we see in fact that the left-hand side is simply

2l
flz =2 dpi vy (2,2) = 3 fzi — zan—ai),
o =

while the right-hand side can be described as

(3.29) / flz—2) dpio viery(2.2) = 3 fzi — z4),
e

iel

Yfroma® +b* = o>+ B2 anda+b = o+ B we obtain ab = af. Thena(a+b —a — B8) = 0,
developing this equality and replacing ab by a3 one gets (a — a)(a — ) = 0.
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where I C {1,...,2N} is a set with 2] elements and s: I — {1,...,2N} is an
injective function with s(i) > i (s may not be unique).?

Now we can apply Lemma 3.4 to z;,...,zy with M = 2N and m = 2, I and s
asin (3.29), and we get (3.28). Tracing back the equality cases under the assumption
that the left-hand side in (2.2) is finite, we have equality in (2.2) if and only if we have
equality in (3.28) for every I. In particular, if equality holds in (2.2) by Lemma 3.4,
we have (v vi(y)) = Ivix,vir) for every land, summing over [,

V.V = vV )
Therefore we apply Lemma 3.5 because clearly /i) = fi(x,y), and we get {x*, y*} =
{X*,Y*} in case of equality in (2.2).

With this we proved the first part, that is if (x, y) are well ordered then c(x) + c(y)
is a minimizer among the values of ¢(X) + ¢(Y) varying the partition. However the
description of equality cases also lets us conclude the second part. Let us take a couple
x, y that is a minimizer among all partitions, namely satisfies (2.3); we know that
there exists a partition such that X,Y are well ordered, and by the first part, this
couple is also a minimizer. In particular we get c(x) + c¢(y) = ¢(X) + ¢(Y) and, by the
characterization of equality cases, we conclude that {x*, y*} = {X*,Y*},and so x, y
are also well ordered. ]

4 Proof of the Main Theorem: Existence, Uniqueness, and
Description

We now enter into the proof of Theorem 1.1; the existence part of the proof also
holds under slightly weaker assumptions on f, as stated in the next remark.

Remark 4.1 1f we drop the strict convexity assumption for f on [0, 00), assuming
only convexity, we still have that the minimum in (M) and (K) is realized by the map
described in Theorem 1.1, with a completely analogous proof. In this case, however,
there is no longer uniqueness in the class Il (p); the lack of uniqueness happens
also, for instance, in the classical 2-marginal case.

We recall here a standard result in optimal transport theory that will be useful in
the last part of the proof of the main theorem.

Lemma 4.2 Let p; and p, be two non-atomic probability measures on R. Let
c(x,y): R? — [0,00] be a lower semicontinuous convex function of x — y, strictly
convex on its finiteness domain, and let us assume that

(4.1) min{ / c(x, y) dy(x,y) : wy = pi, 77?7 = pz} < +00.
RxR

Then there exists a unique minimizer -y for problem (4.1); moreover, v = (Id, T)zp1,
where T is the unique (up to p-null sets) increasing function such that p, = Typ:.

2 For example, if X = z,;) and Y;* = z;) for some strictly increasing functions ,¢: {1,...,N} —
{1,...,2N} whose ranges are disjoint, we can take I = {r(1),¢(1),...,r(N — I),t(N — )} and define
s: T — {1,...,2N} by s(i) := r(r~1(i) + ) fori € {r(1),...,r(N — D} and s(i) := t(t (i) + ) for
ie{t(l),....,.t(N=D}
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Proof Despite quite different assumptions on the cost, the proof goes exactly as in
[1, Theorem 3.1]. For a complete proof, see [8, Theorem 1.4] (in italian). [ |

Proof of Theorem 1.1 Let us consider an optimal plan v € II(p); we can assume
without loss of generality that v is symmetric thanks to (1.4). Let O C RN be the
subset of ordered N-uples

O={(x1,...,2N) 1 %1 <X < -+ < xNJ,

and let v* = ~y|o. From Corollary 2.6 the optimal plan y is concentrated outside the
union of all diagonals D = J,,;{x; = x;}. Since y is symmetric, we obtain that

42) =1l = 2 Vno = X Tnlo = X ()"

oc€ES8N o€ES8N oESN
Let I' be the support of v and I'* = I' N O, so that I'* is also the support of v*. Let
us define

di =maxxi df =minx,  pi=ply- g

We show some properties of dii, namely that
(i) df <dj foralli=1,...,N—1;

(i) I'™ CTLld4 .4

(iii) p([d: d*)—l/Nforallizl,...,N;

107

(iv) (N — D)Iv" is a transport plan whose marginals are exactly p;, namely
(N =Dl )yy* =piforalli=1,...,N— 1.
We start with assertion (i). Let us fix an indexi € {1,...,N — 1}. We know from

Corollary 2.5 that every x,x’ € I'* are well ordered, but, since they are already or-
dered, we have that either x; < x! < x4 < %0, orx} < x; < x/,; < x541. In
both cases we have that x; < x/,,. We let x,x’ vary in I‘* take the infimum on the
right-hand side and the supremum on the left hand side and we obtain (i).

Assertion (ii) follows directly from the definition of d™.

To prove (iii) we assume to fix the ideas that i = 1, the general case is completely
analogous. First we remark that 1 = v(RY) = Nly*(RN) and that it follows from
(ii) that

P4

(4.3) spt((75)47") = 7, (') C [11d, ) ,d:; | foro € 8.

i=1

Since p is non-atomic and (7!)yy = p, we have that for every o € Sy,

()" ({dif} x RV7Y) < y({df} x RN7Y) = p({di’}) = 0.
Therefore by (4.2) we know that

(4.4) p(ldy.d])
=y(ldy,di] xRN = 3 (7): ([dy,df] x RN ™)

oESN

> Ty (ldy, diT xRN + 3 (7o) ((dy, df) x RN

o(1)=1 o(1)#1
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Recalling (4.3) we have two cases: if (1) # 1 the set (d;,df) x RN~! does not
intersect spt((7,)yy*), if o(1) = 1, we have spt((7,);7*) C [d] ,d[] x RN-! and so
[d,d}] x RN~ has full (7,)37* measure. In particular, we get

— * * 1
pldy . di) = 3 (1)y"(RY) = (N = DI y*(RY) = —
o(1)=1 N
from (4.4), which proves (iii).

Since p is a non-atomic probability measure, by (i) and (iii) it follows that the
sets [d] ,d{],....,[d, ,d;] are a partition of R up to sets of p-measure 0. In order to
fulfill (1.7), we can take d; = df fori = 1,...,N — 1, so that p; = 1y4,_, 41p and

To prove (iv) we note that

N N o
Spi=p=y= 3 @) = 3wy =N -DIY 7y
i=1 oESN oESN i=1

Since the measures Wé’)/* have essentially disjoint supports (in fact we have sptwé’y* C

1 1
We turn now to the proof of (1.9). We introduce the plan associated with T, which
is given by yr = (Id, T, ..., TN=V), p, and we rewrite its cost using that the cost c is

symmetric, [T'~V];p, = p;, and TN = 1d:

(4.5) / cdyr = / c(x, T(x),..., TN Vx) dp
R R

[d;, d}], we obtain exactly that (N — 1)!7Té’}/* = p;, which proves (iv).

:i c(x, T(x), ..., TNV (x)) dp;

i=1JR
N . . .

=3 [ (T V), TO(x), ..., THN=D) dp,
i=1JR

=N [ c(x, T(x),..., TN V(x) dp,.

R
Let us define
vij = (N = D(mi, m)ey", 1<i<j<N,

which is a transport plan between p; and p; by (iv). If we consider

- ) flx—y) ifx>y,

fooy) = {+oo otherwise,
we have that c(x1,...,xy) = ZK]. f_(xj,xi) if (x1,...,x,) € O. Now we can write
that

1 _
(4.6) N/ cdy= (N — 1)!/cd7* = E/(N— D!f(xj, ) dy*(xi1, ..., xN)
RY o i<jJo
= [ fdu,.
i<jJO

Since f(x, ) is a strictly convex function of x— y on its finiteness domain, Lemma 4.2
gives us that for every i, j € {1,..., N} there is a unique optimal plan relative to the
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cost f(x, y), given by the unique monotone increasing map that maps p; to p;. We
claim that this monotone map is TU=9 with T defined as in (1.8). In fact T, by
definition, is an increasing map restricted to the support of every p; and maps p; into
pir1 cyclically. From this we can deduce that T'/~? is also monotone restricted to the
support of every p; and maps p; into p;. So we get that for every i, j € {1,...,N},

4.7) /fUQT@Mm=/fmTWWMMm§/ﬂ&ﬁMW

Summing up (4.7) for 1 < j < i < N and thanks to (4.5) and (4.6), we obtain

(4.8) %/MW:/MJMJWAWJW“mMmg%/w%

Now, (4.8) shows (1.9); moreover, since -y is optimal, we have equality in (4.7) for ev-
ery j > 1, and so, thanks to the uniqueness in the classical case, we get that ~y, ; is con-
centrated on the graph of (Id, TU~Y) for every j > 1, namely on {y = TU=D(x)}.
Hence v* is concentrated on {x; = TU=V(x;)} for every j = 2,...,N, and so it is
concentrated on the intersection of these sets, that is, the graph of (T, T2, ..., TN =D)
over x;. Following [1, Proposition 2.1], we get that v* is determined by T

(N=DWy =d, T,7%,..., TN"V).py,

and thus « is also determined (using (4.2)) and is therefore unique. [ |

References

[1] L. Ambrosio, Lecture notes on optimal transport problems. In: Mathematical aspects of evolving
interfaces (Funchal, 2000), Lecture Notes in Math., 1812, Springer, Berlin, 2003, pp. 1-52.
[2] L. Ambrosio, B. Kirchheim, and A. Pratelli, Existence of optimal transport maps for crystalline norms.
Duke Math. J. 125(2004), no. 2, 207-241.  http://dx.doi.org/10.1215/50012-7094-04-12521-7
[3] G. Buttazzo, L. De Pascale, and P. Gori-Giorgi, Optimal transport formulation of electronic
density-functional theory. Phys. Rev. A 85 (2012), 062502.
[4] T. Champion and L. De Pascale, On the twist condition and c-monotone transport plans. Discrete
Contin. Dyn. Sys. 34(2014), no. 4, 1339-1353.  http://dx.doi.org/10.3934/dcds.2014.34.1339
[5] M. Colombo, S. Di Marino, Equality between Monge and Kantorovich multimarginal problems with
Coulomb cost. Ann. Mat. Pura Appl., to appear. http:/dx.doi.org/10.1007/s10231-013-0376-0
C. Cotar, G. Friesecke, C. Kliippelberg, Density functional theory and optimal transportation with
Coulomb cost. Comm. Pure Appl. Math. 66(2013), no. 4, 548-599.
http://dx.doi.org/10.1002/cpa.21437
C. Cotar, G. Friesecke, B. Pass, Infinite-body optimal transport with Coulomb Cost. arxiv:1307.6540
S. Di Marino, Trasporto ottimo e problemi di evoluzione per sistemi di particelle.
http://cvgmt.sns.it/paper/1862/
A. Fathi and A. Figalli, Optimal transportation on non-compact manifolds. Israel J. Math. 175(2010),
1-59.  http://dx.doi.org/10.1007/511856-010-0001-5
[10] W. Gangbo and R. J. McCann, The geometry of optimal transportation. Acta Math. 177(1996), no. 2,
113-161.
http://dx.doi.org/10.1007/BF02392620
[11] N. Ghoussoub and B. Maurey, Remarks on multidimensional symmetric Monge-Kantorovich
problems. Discrete Contin. Dyn. Syst. 34(2014), no. 4, 1465-1480.
[12] N. Ghoussoub and A. Moameni, Symmetric Monge-Kantorovich problems and polar decompositions
of vector fields. arxiv:1302.2886
[13] E Malet, A. Mirtschink, J. C. Cremon, S. M. Reimann, and P. Gori-Giorgi, Kohn-Sham density
functional theory for quantum wires in arbitrary correlation regimes. Phys. Rev. B 87(2013), 115146.
[14] C.B.Mendland L. Lin, Towards the Kantorovich dual solution for strictly correlated electrons in atoms
and molecules. arxiv:1210.7117

)

S

[9

https://doi.org/10.4153/CJM-2014-011-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-011-x

368 M. Colombo, L. De Pascale, and S. Di Marino

[15] B. Pass, On the local structure of optimal measures in the multi-marginal optimal transportation
problem. Calc. Var. Partial Differential Equations 43(2012), no. 3—4, 529-536.
http://dx.doi.org/10.1007/s00526-011-0421-z

[16] , Uniqueness and Monge solutions in the multimarginal optimal transportation problem. SIAM
J. Math. Anal. 43(2011), no. 6, 2758-2775.  http://dx.doi.org/10.1137/100804917
[17] , Remarks on the semi-classical Hohenberg-Kohn functional. Nonlinearity 26(2013), no. 9.

2731-2744. http://dx.doi.org/10.1088/0951-7715/26/9/2731

[18] A. Pratelli, On the equality between Monge’s infimum and Kantorovich’s minimum in optimal mass
transportation. Ann. Inst. H. Poincaré Probab. Statist. 43(2007), no. 1, 1-13.
http://dx.doi.org/10.1016/j.anihpb.2005.12.001

[19] M. Seidl, Strong-interaction limit of density-functional theory. Phys. Rev. A 60(1999), 4387.

[20] C. Smith and M. Knott, On Hoeffding-Fréchet bounds and cyclic monotone relations. J. Multivariate
Anal. 40(1992), no. 2, 328-334.  http://dx.doi.org/10.1016/0047-259X(92)90029-F

[21] C. Villani, Optimal transport. Old and new. Grundlehren der Mathematischen Wissenschaften, 338,
Springer-Verlag, Berlin, 2009.

Scuola Normale Superiore, 56126 Pisa, Italy
e-mail: maria.colombo@sns.it simone.dimarino@sns.it

Dipartimento di Matematica, Universita di Pisa, Pisa, Italy
e-mail: depascal@dm.unipi.it

https://doi.org/10.4153/CJM-2014-011-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-011-x

