ON RIGID UNDIRECTED GRAPHS
Z. HEDRLIN AND A, PULTR

By an undirected graph we mean a couple (X, R), where X is a set and R
is a subset of X X X such that (x,y) € R implies (y, x) € R. The cardinal of
X, denoted by |X|, will be called the cardinal of the graph.

A mapping f:X — X is called an endomorphism of (X,R) if (x,y) € R
implies that (f(x),f(y)) € R for all x,y € R.

An undirected graph (X, R) is called rigid if there is only one endomorphism
of (X, R), namely the identity mapping of X.

P. Erdés communicated orally that, using probability methods, it is possible
to prove that almost all finite undirected graphs are rigid.

The aim of this note is to prove the following statement: Let # be a natural
number, # > 2. There exists a rigid undirected graph with the cardinality »
ifand only ifn > 7.

We remark that there exist rigid undirected graphs with any infinite cardinal,
as follows from (1 and 3). Undirected graphs rigid under automorphisms were
studied in (2).

The proof of the statement will be done in two sections. First, we prove that
there is no rigid undirected graph (X, R) with 2 < |X| < 7. In the second
part we construct a rigid undirected graph with any prescribed cardinality
greater than 7.

Proof of the necessity. As there are only finitely many non-isomorphic graphs
(X, R) such that 2 < |X| < 7, the proof of the necessity can be given by
checking all possible cases. Actually, we did not find any other proof. The only
improvement is that we can give an approach which makes the checking simple
enough.

Further, we shall always assume that all graphs under consideration are
undirected. We shall use the following notation and conventions:

If (X, R) is a graph, put

R(x) = {y[(x,y) € R}, N(x) = (R(x), RN (R(x) X R(x))),
i(x) = |R(x)|, 1(X) = max {i(x)|x € X}.

The expression f = {x1—¥1,...,%n — ¥m} denotes that ;i X —>X is a
mapping defined by f(x;) =y, ¢ =1,2,...,m), f(x) = x otherwise. The
symbol {x — ¥y, ¥y — x, . ..} is usually abbreviated by {x < vy, . ..}. We usually

say that x is joined with v if (x,y) € R.
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LemMA 1. Let (X, R) be a rigid graph ,|X| = n > 1. Then

@) (x,x) ¢ Randi(x) £ 0 forall x € X,

(b) if i(xo) = n — 1, then N(x,) is rigid,

(c) 1(x) #n — 2 forall x € X,

d) 7(x) # 1forallx € X,

(e) 1(X) = 2,

(f) < (X, R) is k-colourable, i.e. it is possible to colour (X, R) by k colours,
then it does not contain a complete k-vertex subgraph.

The proof is simple. We prove, for example, assertion (c). Let ¢(xo) = n — 2.
Then there is only one vertex y 5 x, such that (xq, y) ¢ R. Bearing in mind
that (y,y) ¢ R and (xo, x0) ¢ R, by (a), we readily see that f = {y — x,} is
an endomorphism of the graph, which yields a contradiction.

From Lemma 1 we obtain immediately:
LEMMA 2. If 2 < |X| < 5, then (X, R) is not rigid.
LemMMA 3. There is no rigid graph (X, R) such that | X| = 6.

Proof. Let | X| = 6, (X, R) being rigid. By Lemma 1, 4(X) = 3. Let xy € X
be such that i(x;) = 3. We shall consider N(x;). There are only four non-
isomorphic graphs with three vertices, namely the graphs of Figure 1. We may
designate the vertices of R(x,) by #, v, w in such a way thar N(x,) is one of
the graphs I-IV. Let {y, 2} = X\(R(x0)\J {xo}). Evidently, (v,2) € R;
otherwise {y — x,} is an endomorphism.

u u
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FiGure 1

In Case IV, {y <> 2} is an endomorphism, as 1(X) = 3. In Case I1I, (X, R)
is evidently 3-colourable and contains a three-vertex complete graph. The
same holds in Case II. In Case I, it is easy to show that we may redesignate
the vertices in R (x,) in such a way that {# — 2} is an endomorphism.

Lemma 4. If |X| = 7, 4(X) = 4, then (X, R) is never rigid.

Proof. Let |X| =7, (X,R) being rigid, i(X) = 4. Let (xy) = 4. The
elements in R (x,) are denoted by ¢, u, v, w; the elements in X\ (R (xo) U {xo})
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by v, 2. We may denote the vertices in R (x,) in such a way that N (x,) is one

RIGID UNDIRECTED GRAPHS

of the graphs I-XI of Figure 2.
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Similarly, as in the proof of Lemma 3, (v,2) € R. Cases I and XI cannot
occur (see Cases I and IV in the previous lemma). Considering colouring in
the cases V, IX, and X we easily obtain a contradiction to Lemma 1 (f).

Case II. Evidently (X, R) is 4-colourable; hence, the vertices ¢, u, v, 2
cannot form a complete graph. Thus, we may assume that (y,u) ¢ R. We
define a function x on X by x(xo) = x(2) =1, x(u) = x(v) =2, x(x) =3
otherwise; x is a colouring and we obtain a contradiction to Lemma 1 (f).

In Case VII, » cannot be joined to both y and z, as (#) < 4. Then we use
the same idea as in the previous case. We dispose of Case II1 similarly.

Case VIII. The graph cannot be 3-colourable by Lemma 1(f). Therefore
clearly (y) > 3 and 2(2) > 3. Since (X ) = 4, it follows that 7(y) = i(z) = 3
and hence that each of the vertices ¢, u, v, w is joined to exactly one of the
vertices ¥, z. It is now easy to see that the graph admits a non-identical
automorphism.

Case VI is the most complicated. It is easy to show (considering colouring
and symmetries) that we may designate the vertices in such a way that
(y,8) € R and (y,u) € R. Further, considering colouring, it is possible to
show that (2, w) € R—using now the same designation—and that either
(v,2) € Ror (¢ 2) € R.

First, assume that (v,3) € R. If the graph has only the edges described
so far, {y <> 2, ¢ <> w, u <> v} is an automorphism. Hence, R must contain at
least one other edge. Considering 7(%) and 72(v), we see that there are only two

https://doi.org/10.4153/CJM-1966-121-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1966-121-7

1240 Z. HEDRLIN AND A. PULTR

possible edges, namely (¢, z) and (y, w). If both of them belong to R, then the
described mapping remains an automorphism. By symmetry, we may assume
that (¢, 2) € R. Then {x¢ <> %, <> v, w <>y} is an automorphism.

If (v,2) ¢ R, it is easy to exclude all possibilities in a similar way.

It remains to investigate Case IV. First, considering colouring, we can show
that either (¢, y) € R, (%,y) € Ror (v,5) € R, (w,y) € R. The same must
hold if y is replaced by z. We may assume that (¢, y) € R, (u,y) € R. If
(t,2) € R and (u,2) € R, i1(t) = 4 and N(¢) is isomorphic to IX. Hence,
(v,2) € R, (w,2) € R. If no other edges are present, the graph is not rigid.
Thus, we may assume that (4,2) € R and (%, 3) ¢ R. Then 7(¢) = 4 and
N (¢) is isomorphic to VI. The proof is complete.

LeEMMA 5. If | X| = 7, 1(X) = 3, then (X, R) s not rigid.

Proof. If 1(X) = 3, then there exists a vertex x, € X such that 7(x,) < 2.
By Lemma 1, i(xo) = 2.

The proof will be divided into sections according to the minimal length of a
cycle containing xo (if such a cycle exists).

Let (xo,v) € R, (x0,2) € R, z ## y. First, let (y,2) € R. Considering 7(y)
and {xo <>y}, we see that there is exactly one ¢, ¢ 3 x,, ¢ # 2z such that
(y,t) € R. Similarly, we find a vertex u for z. If u = ¢, then {y < 3} is an
automorphism. If u 5% ¢, (u,t) ¢ R, the graph is 3-colourable. If (u,?) € R,
the graph is evidently not rigid.

If (xo,y,t, 2) is the minimal cycle containing xo, {xo — £} is an endomor-
phism.

Let (xo, ¥, t, #, 2) be a minimal cycle containing x,, the remaining vertices
being v, w. If (v, w) € R, then one of the previous cases occurs, where v or w
plays the role of xo. Hence, (v, w) € R. Now, we can easily investigate all the
remaining possibilities. (Note that the minimality of (xo, ¥, ¢, %, 2) implies that
(v, #), (9,2), (¢ 2) cannot belong to R, that (v, ), (v, 2) cannot belong to R,
and that (w, v), (w, 2) cannot both belong to R.)

Let the minimal cycle containing x, consist of six vertices. Let w be the
remaining vertex. Evidently, the graph is 3-colourable. Hence, w cannot be
joined with two joined vertices. Consequently, 7(w) = 2. Replacing x, by w,
we obtain one of the previous cases.

If either the minimal cycle is of length seven or if there is no cycle containing
%o, then the graph (X, R) is evidently not rigid. The proof is complete.

The preceding lemmas imply:
THEOREM 1. There is no rigid undirected graph (X, R) such that 2 < |X| < 7.
Proof of the sufficiency.

THEOREM 2. If n is @ natural number, n > 8, then there exists a rigid undirected
graph (X, R) such that | X| = n.
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Proof. The proof will be based on properties of endomorphisms of cycles in
undirected graphs without loops (1).

Letp = 3(n — 4)if niseven and let p = 3(n — 5) if n is odd; thus p > 2.
Put C = {0,1,2,...,2p}. The elements of C will be considered as representa-
tives of residue classes (mod 2p + 1). The symbols 7 + j, —4, etc., should be
understood in this sense. Put X = C U {a, b, ¢} if » is even and

X =C\VY{a,bcd}

if n is odd, where a, b, ¢, d are different elements, which are not contained in
C. Let R be a symmetric relation generated by: (7,7 + 1) € R, (¢,17) € R for
alli € C, (a,0) € R, (@,2) € R, (a,3) € R, (a¢,b) € R, (b,0) € R, (b,1) € R
(moreover, (d,a) € R, (d,b) € R, (d,2) € Rif nisodd); see Figure 3.

FIGURE 3

We are going to prove that (X, R) is rigid. Let f be an endomorphism of
(X, R). Thus f(R(x)) C R(f(x)) for all x € X. There is only one x € X such
that R(x) contains the set of vertices of a proper cycle of odd length, namely
x = ¢. We have R(c) = C and C is the set of vertices of a proper cycle of odd
length. Moreover, no proper subset of C has this property. As the length is odd
(1)and f(R(c)) C R(f(c)), we obtain f(c) = ¢, f(C) = C,and thereisa k € C
such that either f(i) =k + i foralls€ Cor f(4) =k —1 foralls € C If
f(@) € C (f(d) € C), we have f({a, 2, 3}) C C (f({0,1, 8}) C C), which is not
possible owing to the length of the cycles. Consequently, f(a) = ¢, f(b) # c.
If f(@) = b (or f(a) = d if n is odd), we have

f({0,2,3}) = f(R(@) N C) CR®) N C = {0,1}
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(or... CR(@) M C=1{2}). As f is 1-1 on C, we obtain a contradiction.
Similarly, we can show that f(8) # d. Hence, f(¢) = a. As (a, b) € R, we have
f(b) # a and, hence, f(b) = b.

Further, f(0) = 0 because R(a) N\ R(b) N C = {0}. Thus, either f(z) =1
or f(z) = —t¢foralli € C. f(z) = —i implies that f(1) = 2p, but (1,5) € R,
and (2p, b) ¢ R. We infer that f(¢z) = ¢ forall< € C.

If #n is odd, {d} = R(a) N\ R(b) N\ R(2) and we obtain f(d) = d. Hence,
(X, R) is rigid. If n is even, |X| = 2p + 1 4+ 3 = » and, if # is odd,

X|=2p+1+4=n.

COROLLARY Let X be a set. The following assertions are equivalent:
(1) there exists a symmetric relation R on X such that (X, R) is rigid,
(2) euther | X| = 1or |X| > 8.

Proof. 1f |X| is finite, the statement is an immediate consequence of the
preceding theorems. By (1 and 3), the statement holds for any infinite |X|.
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