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Abstract. In this paper, we prove that if M2 is a complete maximal spacelike
surface of an anti-de Sitter space H4

2�c� with constant scalar curvature, then S � 0,
S � ÿ10c11 , S � ÿ4c3 or S � ÿ2c, where S is the squared norm of the second funda-
mental form of M2. Also

(1) S � 0 if and only if M2 is the totally geodesic surface H2�c�;
(2) S � ÿ4c3 if and only if M2 is the hyperbolic Veronese surface;
(3) S � ÿ2c if and only if M2 is the hyperbolic cylinder of the totally geodesic

surface H3
1�c� of H4

2�c�.
1991 Mathematics Subject Classi®cation. 53C40, 53C42

1. Introduction. Let Mn�p
p �c� be an (n� p)-dimensional connected semi-

Riemannian manifold of index p and of constant curvature c, which is called as an
inde®nite space form of index p. The standard models of inde®nite space forms are
given as follows. In an �n� p�-dimensional real vector space Rn�p with the standard
basis, the scalar product h; i is given by

hx; yi �
Xn
i�1

xiyi ÿ
Xn�p
j�n�1

xjyj;

where x � �x1; x2; � � � ; xn�p� and y � �y1; y2; � � � ; yn�p�. Then �Rn�p; h; i� is an inde®-
nite Euclidean space, which is denoted by Rn�p

p .
Let Sn�p

p �c� for c > 0 be the hypersurface in Rn�p�1
p given as

hx; xi � 1

c
�: r20:

Then we know that the Sn�p
p �c� inherits an inde®nite Riemannian metric induced

through Rn�p�1
p and has constant curvature c. This is called a de Sitter space of

constant curvature c with index p.
On the other hand, let Hn�p

p �c� for c < 0 be the hypersurface in R
n�p�1
p�1 given as

hx; xi � 1

c
�: ÿr20:
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Then we also know that the Hn�p
p �c� inherits an inde®nite Riemannian metric

induced through R
n�p�1
p�1 and has constant curvature c. This is called an anti-de Sitter

space of constant curvature c with index p.
Let Mn be an n-dimensional Riemannian manifold immersed in Mn�p

p �c�. A
submanifold Mn of Mn�p

p �c� is said to be spacelike if the induced metric on Mn from
that of the ambient space is positive de®nite.

E. Calabi [1] ®rst studied the Bernstein problem for a maximal spacelike entire
graph in the Minkowski space Rn�1

1 and proved that it has to be hyperplane, when
n � 4. S. Y. Cheng and S. T. Yau [6] proved that the conclusion remains true for all
n. As a generalization of the Bernstein type problem, T. Ishihara [8] proved that a
complete spacelike maximal submanifold Mn of Mn�p

p �c� �c � 0� is totally geodesic.
On the other hand, there exist many examples of complete maximal spacelike

submanifolds in the anti-de Sitter space Hn�p
p �c�, which are not totally geodesic. For

examples, we consider the following examples.

Example 1. We consider the mapping de®ned by

u1 � 1���������ÿ3cp yz; u2 � 1���������ÿ3cp zx; u3 � 1���������ÿ3cp xy;

u4 � 1

2
���������ÿ3cp �x2 ÿ y2�; u5 � 1

6
������ÿcp �x2 � y2 � 2z2�;

where �x; y; z� is the natural coordinate system in R3
1 and �u1; u2; u3; u4; u5� is the

natural coordinate system R5
3. This de®nes a complete maximal spacelike isometric

immersion of H2�c3� into H4
2�c�, where Hni �ci� is an ni-dimensional hyperbolic space of

constant curvature ci, which is called the hyperbolic Veronese surface.

Example 2. Let n1; � � � ; np�1 be positive integers and n � n1 � � � � � np�1. Let xi
be a point of Hni�ncni �. Then x � �x1; � � � ; xp�1� is a vector in R

n�p�1
p�1 with hx; xi � 1

c.
This also de®nes a complete maximal spacelike isometric immersion of
Hn1 �ncn1� � � � � �Hnp�1 � ncnp�1

� into Hn�p
p �c�.

Hence this case of complete maximal spacelike submanifolds in the anti-de Sit-
ter Hn�p

p �c� is very di�erent from the ones in the inde®nite Euclidean space Rn�p
p and

the de Sitter space Sn�p
p �c�. Hence, the investigation of complete maximal spacelike

submanifolds in Hn�p
p �c� would be very interesting.

T. Ishihara [8] characterized the complete maximal spacelike submanifolds

Hn1 �ncn1� � � � � �Hnp�1 � ncnp�1
� of Hn�p

p �c�, that is, he proved that let Mn be an n-dimen-

sional complete maximal spacelike submanifold in Hn�p
p �c�, then S � ÿnpc and

S � ÿnpc if and only if Mn � Hn1 �ncn1� � � � � �Hnp�1 � ncnp�1
�, where S is the squared norm

of the second fundamental form of Mn. When p � 1, the Bernstein type properties of
complete maximal spacelike hypersurfaces in Hn�1

1 �c� are also studied in [3] and [4].
In particular, if n � 2, we know that the well known examples of complete

maximal spacelike surfaces in the anti-de Sitter space H4
2�c� are the totally geodesic

surface H2�c� with S � 0 and the hyperbolic Veronese surface with S � ÿ4c3 . There-
fore, it is natural to ask whether there exist the other complete maximal spacelike
surfaces with S � constant in H4

2�c�, which are di�erent from the above ones. If
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there exist such surfaces, can we determine all of the value of S? In this paper we
shall answer these problems.

Main Theorem. Let M2 be a complete maximal spacelike surface of an anti-de
Sitter space H4

2�c� with constant scalar curvature, then S � 0, S � ÿ10c11 , S � ÿ4c3 or
S � ÿ2c, where S is the squared norm of the second fundamental form of M2. And

(1) S � 0 if and only if M2 is the totally geodesic surface H2�c�;
(2) S � ÿ4c3 if and only if M2 is the hyperbolic Veronese surface;
(3) S � ÿ2c if and only if M2 is the hyperbolic cylinder of the totally geodesic

surface H3
1�c� of H4

2�c�.

Remark 1. It is still open for the author whether there exist complete maximal
spacelike surfaces of the anti-de Sitter space H4

2�c� with S � ÿ10c11 .

2. Preliminaries. Let Mn be an n-dimensional spacelike submanifold of an anti-
de Sitter space Hn�p

p �c� of dimension n� p and with index p. We choose a local
orthonormal frame ®eld e1; � � � ; en; en�1; � � � ; en�p in Hn�p

p �c�, restricted to Mn, so
that e1; � � � ; en are tangent to Mn. With respect to the above frame ®eld of Hn�p

p �c�,
let !1, � � �, !n�p denote the dual coframe ®eld. Then

!� � 0 for any � � n� 1; � � � ; n� p: �2:1�

It follows from Cartan's Lemma that

!�i �
X
j

h�ij!j; h�ij � h�ji: �2:2�

The structure equations of Mn are given by

d!i �
P

j !ij ^ !j � 0; wij � !ji � 0;

d!ij �
P

k !ik ^ !kj � 
ij;


ij � 1

2

P
k;l Rijkl!k ^ !l;

8>>><>>>: �2:3�

Rijkl � c��ik�jl ÿ �il�jk� ÿ
X
�

�h�ikh�jl ÿ h�ilh
�
jk�; �2:4�

where 
ij (resp. Rijkl) denotes the curvature form (resp. the components of the cur-
vature tensor) of Mn.

We have also the structure equations of the normal bundle of Mn.

d!�� �
P


 !�
 ^ !
� � 
��;


�� � 1

2

P
k;l R��kl!k ^ !l;

8<: �2:5�
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R��kl � ÿ
X
t

�h�tkh�tl ÿ h�tlh
�
tk�: �2:6�

The second fundamental form h of Mn is given by

h �
X
i;j;�

h�ijwiwje�

We recall 1n
P

��
P

i h
�
ii�e� the mean curvature vector. If

P
i h
�
ii � 0 for all �, then Mn is

said to be maximal. The Codazzi equation and Ricci formulas for the second fun-
damental form and its covariant derivatives are given by

h�ijk � h�ikj � h�jik; �2:7�

h�ijkl ÿ h�ijlk �
X
m

h�imRmjkl �
X
m

h�mjRmikl ÿ
X
�

h�ijR��kl; �2:8�

h�ijklm ÿ h�ijkml �
X
r

h�rjkRrilm �
X
r

h�irkRrjlm �
X
r

h�ijrRrklm ÿ
X
�

h�ijkR��lm; �2:9�

where h�ijk, h
�
ijkl and h�ijklm are the coe�cients of the ®rst, the second and the third

covariant derivatives of the second fundamental form of Mn, respectively. If Mn is
maximal, the scalar curvature is given by

R � n�nÿ 1�c�
X
i;j;�

�h�ij�2: �2:10�

Hence the scalar curvature is constant if and only if S �Pi;j;��h�ij�2 is constant.
The following Generalized Maximum Principle due to Omori [9] and Yau [12]

will be used in this paper.

GeneralizedMaximum Principle (cf. Omori [9] and Yau [12]). Let Mn be an
n-dimensional complete Riemannian manifold whose Ricci curvature is bounded from
below. Let F be a C2-function bounded from above on Mn, then there exists a sequence
fpmg of points in Mn such that

lim
m!1F�pm� � supF; lim

m!1 jrFj�pm� � 0; lim
m!1 sup �F�pm� � 0:

3. Proof of main theorem. In this section, we assume n � p � 2. We ®rst com-
pute some local formulas in order to prove Main Theorem. Let S3 :�Pij�h3ij�2 and
S4 :�Pij�h4ij�2. We know that S3S4 is a function de®ned globally on M2. For arbi-
trary ®xed point p in M2 we can choose e1 and e2 such that

h3ij � �i�ij: �3:1�

Since M is maximal we get �1 � ÿ�2 �: �. Let

S�� �
X
i;j

h�ijh
�
ij:
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We know that the �2� 2�-matrix �S��� is symmetric. Hence we can assume that it is
diagonal for a suitable choice of e3 and e4. Thus setting � :� h411 � ÿh422 and
�1 � h412, we have X

i;j

h3ijh
4
ij � 2�� � 0: �3:2�

Theorem 3.1. For � � 3; 4, we have

�h�ij � �S� 2c�h�ij ÿ 2
X

l;t;� 6��
h�lth

�
tjh
�
il �

X
l;t;� 6��

h�tlh
�
tlh
�
ij; �3:3�

1

2
�S �

X
i;j;k;�

�h�ijk�2 � �S� 2c�S� 2S3S4; �3:4�

1

2
�S3 �

X
i;j;k

�h3ijk�2 � �S� 2c�S3 � S3S4; �3:5�

where S � S3 � S4 �
P

i;j;��h�ij�2 is the squared norm of the second fundamental form

of M2 and S3 �
P

i;j�h3ij�2 and S4 �
P

i;j�h4ij�2.

Proof. For any �,

�h�ij �
X
l

h�ijll �
X
l

h�lijl

�
X
l

h�lilj �
X
l;t

h�tiRtljl �
X
l;t

h�ltRtijl ÿ
X
l;�

h�liR��jl

�
X
l;t

h�ti�c��tj�ll ÿ �tl�lj� ÿ
X
�

�h�tjh�ll ÿ h�tlh
�
lj��

�
X
l;t

h�tl�c��tj�il ÿ �tl�ij� ÿ
X
�

�h�tjh�il ÿ h�tlh
�
ij��

�
X
t;l;�

h�li�h�tjh�tl ÿ h�tlh
�
tj�

� �2c� S�h�ij ÿ 2
X

l;t;� 6��
h�lth

�
tjh
�
il �

X
l;t;� 6��

h�tlh
�
tlh
�
ij;

1

2
�S �

X
i;j;k;�

�h�ijk�2 �
X
i;j;�

h�ij�h�ij

�
X
i;j;k;�

�h�ijk�2 � �2c� S�S� 2S3S4;

1

2
�S3 �

X
i;j;k

�h3ijk�2 �
X
i;j

h3ij�h3ij

�
X
i;j;k

�h3ijk�2 � �2c� S�S3 � S3S4:
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This ®nishes the Proof of Theorem 3.1.

Theorem 3.2.

1

2
�
X
i;j;k;�

�h�ijk�2

�
X

i;j;k;l;�

�h�ijkl�2 � �
9

2
S� 7c�

X
i;j;k;�

�h�ijk�2

� 3jrSj2 ÿ 5
X
�

S�
X
i;j;k

�h�ijk�2:

�3:6�

Since M2 is maximal, for any �, we have

h�11 � h�22 � 0:

Hence

h�11l � ÿh�22l; h�11lk � ÿh�22lk for any l; k: �3:7�

In the sequel, we will often use the formula (3.7).

Proof. X
i;j;k;�

h�ijk�h�ijk �
X

i;j;k;l;�

h�ijkh
�
ijkll

�
X

i;j;k;l;�

h�ijk�h�ijlkl � rl�
X
t

h�tjRtikl

�
X
t

h�tiRtjkl ÿ
X
�

h�ijR��kl��

�
X

i;j;k;l;�

h�ijk�h�ijllk �
X
t

h�tjlRtikl

�
X
t

h�tilRtjkl �
X
t

h�ijtRtlkl ÿ
X
�

h�ijlR��kl�

�
X

i;j;k;l;�

h�ijk�
X
t

h�tjlRtikl �
X
t

h�tilRtjkl ÿ
X
�

h�ijlR��kl�

�
X

i;j;k;l;�

h�ijk�
X
t

h�tjrlRtikl �
X
t

h�tirlRtjkl ÿ
X
�

h�ijrlR��kl�

�
X
i;j;k;�

h�ijkfrk��S� 2c�h�ij

ÿ 2
X

l;t;� 6��
h�lth

�
tjh

�
il �

X
l;t;� 6��

h�tlh
�
tlh
�
ij�g

� 2
X

i;j;k;l;t;�

h�ijkh
�
tjlRtikl � 2

X
i;j;k;l;t;�

h�ijkh
�
tilRtjkl

�
X

i;j;k;l;t;�

h�ijkh
�
ijtRtlkl ÿ 2

X
i;j;k;l;�;�

h�ijkh
�
ijlR��kl

�
X

i;j;k;l;�

h�ijk�
X
t

h�tjrlRtikl �
X
t

h�tirlRtjkl ÿ
X
�

h�ijrlR��kl�:

�3:8�
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X
i;j;k;�

h�ijkfrk��S� 2c�h�ij ÿ 2
X

l;t;� 6��
h�lth

�
tjh
�
il �

X
l;t;� 6��

h�tlh
�
tlh
�
ij�g

� �S� 2c�
X
i;j;k;�

�h�ijk�2 �
X
i;j;k;�

h�ijh
�
ijkrkS

ÿ 2
X

i;j;k;t;l;�;� 6��
h�ijkh

�
tlkh

�
tjh
�
il ÿ 2

X
i;j;k;t;l;�;� 6��

h�ijkh
�
tlh

�
tjkh

�
il

ÿ 2
X

i;j;k;t;l;�;� 6��
h�ijkh

�
tlh

�
tjh
�
ilk �

X
i;j;k;t;l;�;� 6��

h�ijkh
�
tlkh

�
tlh

�
ij

�
X

i;j;k;t;l;�;� 6��
h�ijkh

�
tlh
�
tlkh

�
ij �

X
i;j;k;t;l;�;� 6��

h�ijkh
�
ijkh

�
tlh
�
tl

� �S� 2c�
X
i;j;k;�

�h�ijk�2 �
1

2
jrSj2 ÿ 2

X
i;j;k;l;t

h3ijkh
3
tlkh

4
tjh

4
il

ÿ 4
X
i;j;k;t

h4ijkh
3
tjkh

4
tih

3
ii ÿ 4

X
i;j;k;t

h4ijkh
3
tikh

4
tjh

3
jj �

X
i;j;k;l;t

h3ijkh
3
tlkh

4
tlh

4
ij

� S3

2

X
i;j;k

�h4ijk�2 � 4�
X
i;j;k

h411kh
4
ijh

3
ijk �by �3:2��

� �S� 2c�
X
i;j;k;�

�h�ijk�2 �
1

2
jrSj2 � S3

2

X
i;j;k

�h4ijk�2

ÿ 2
X
i;j;k;l;t

h3ijkh
3
tlkh

4
tjh

4
il ÿ 8

X
i;j;k;t

h4ijkh
3
tjkh

4
tih

3
ii

�
X
k

�
X
i; j

h3ijkh
4
ij�2 � 4�

X
i;j;k

h411kh
4
ijh

3
ijk:

�3:9�

X
i;j;k;l;t;�

h�ijkh
�
ijtRtlkl

�
X

i;j;k;l;t;�

h�ijkh
�
ijt�c��tk�ll ÿ �tl�lk� ÿ

X
�

�h�tkh�ll ÿ h�tlh
�
lk��

� �S
2
c�
X
i;j;k;�

�h�ijk�2:

�3:10�

ÿ 2
X

i;j;k;l;�;�

h�ijkh
�
ijlR��kl

� 2
X

i;j;k;l;�;�

h�ijkh
�
ijl

X
t

�h�tkh�tl ÿ h�tlh
�
tk�

� ÿ4
X
i;j;k;l

h3ijkh
4
ijlh

4
lk�h3ll ÿ h3kk�:

�3:11�
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2
X

i;j;k;l;t;�

h�ijkh
�
tjlRtikl � 2

X
i;j;k;l;t;�

h�ijkh
�
tilRtjkl

� 2
X

i;j;k;l;t;�

h�ijkh
�
tjl�c��tk�il ÿ �tl�ik� ÿ

X
�

�h�tkh�il ÿ h�tlh
�
ik��

� 2
X

i;j;k;l;t;�

h�ijkh
�
itl�c��tk�jl ÿ �tl�jk� ÿ

X
�

�h�tkh�jl ÿ h�tlh
�
jk��

� 4c
X
i;j;k;�

�h�ijk�2 ÿ 4
X

i;j;k;l;t;�;�

h�ijkh
�
tjlh

�
tkh

�
il

� 4
X

i;j;k;l;t;�;�

h�ijkh
�
tjlh

�
tlh
�
ik

� 4c
X
i;j;k;�

�h�ijk�2 � 2S3

X
i;j;k;�

�h�ijk�2

ÿ 4
X
i;j;k;t;l

h3ijkh
3
tjl�h4tkh4il ÿ h4tlh

4
ik�

ÿ 4
X
i;j;k;t;l

h4ijkh
4
tjl�h4tkh4il ÿ h4tlh

4
ik�:

�3:12�

X
i;j;k;l;�

h�ijk�
X
t

h�tjrlRtikl �
X
t

h�tirlRtjkl

ÿ
X
�

h�ijrlR��kl�

� ÿ
X

i;j;k;t;l;�;�

h�ijkh
�
tjrl�h�tkh�il ÿ h�tlh

�
ik�

ÿ
X

i;j;k;t;l;�;�

h�ijkh
�
tirl�h�tkh�jl ÿ h�tlh

�
jk�

�
X

i;j;k;t;l;�;�

h�ijkh
�
ijrl�h�tkh�tl ÿ h�tlh

�
tk�

� ÿ2
X

i;j;k;t;l;�;�

h�ijkh
�
tj�h�tklh�il ÿ h�tlh

�
ikl�

�
X

i;j;k;t;l;�;�

h�ijkh
�
ij�h�tklh�tl ÿ h�tlh

�
tkl�

� S3

X
i;j;k

�h3ijk�2 �
S3

2

X
i;j;k

�h4ijk�2

�
X
k

�
X
i; j

h4ijh
3
ijk�2 ÿ 4�

X
i;j;k

h411kh
4
ijh

3
ijk

ÿ 2
X
i;j;k;t;l

h4ijkh
4
tklh

4
ilh

4
tj � 2

X
i;j;k;t;l

h4ijkh
4
iklh

4
tlh

4
tj

ÿ 4
X
i;j;k;t;l

h3ijkh
4
iklh

4
jl�h3ii ÿ h3jj�:

�3:13�

Hence, (3.8)�(3.13) yield
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X
i;j;k;�

h�ijk�h�ijk

� �3
2
S� 7c�

X
i;j;k;�

�h�ijk�2 �
1

2
jrSj2 � 3S3

X
i;j;k;�

�h�ijk�2

ÿ 4
X
i;j;k;l

h3ijkh
4
ijlh

4
lk�h3ll ÿ h3kk�

ÿ 4
X
i;j;k;l

h3ijkh
4
iklh

4
jl�h3ii ÿ h3jj�

ÿ 2
X
i;j;k;l;t

h3ijkh
3
tlkh

4
tjh

4
il ÿ 8

X
i;j;k;t

h4ijkh
3
tjkh

4
tih

3
ii

ÿ 4
X
i;j;k;t;l

h3ijkh
3
tjl�h4tkh4il ÿ h4tlh

4
ik�

ÿ 4
X
i;j;k;t;l

h4ijkh
4
tjl�h4tkh4il ÿ h4tlh

4
ik�

ÿ 2
X
i;j;k;t;l

h4ijkh
4
tklh

4
ilh

4
tj � 2

X
i;j;k;t;l

h4ijkh
4
iklh

4
tlh

4
tj

� 2
X
k

�
X
i;j

h3ijkh
4
ij�2:

�3:14�

8
X
i;j;k;t

h4ijkh
3
tjkh

4
tih

3
ii

� 8�
X
j;k;t

�h41jkh3tjkh4t1 ÿ h42jkh
3
tjkh

4
t2�

� 8�
X
j;k

�h31jkh41jk�� h32jkh
4
1jk�1

ÿ h42jkh
3
1jk�1 � h42jkh

3
2jk��

� 8��1�h41jkh32jk ÿ h42jkh
3
1jk� �by �3:2��

� 32��1�h4222h3111 ÿ h4111h
3
222�:

�3:15�

4
X
i;j;k;l

h3ijkh
4
ijlh

4
lk�h3ll ÿ h3kk�

� 4
X
i;j

h3ij1h
4
ij2h

4
12�h322 ÿ h311�

� 4
X
i; j

h3ij2h
4
ij1h

4
12�h311 ÿ h322�

� ÿ8��1

X
ij

�h31ijh42ij ÿ h41ijh
3
2ij� �by �3:2��

� 32��1�h4222h3111 ÿ h4111h
3
222�:

�3:16�
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4
X
i;j;k;l

h3ijkh
4
iklh

4
lj�h3ii ÿ h3jj�

� 4
X
i;j;

h312kh
4
1klh

4
l2�h311 ÿ h322�

� 4
X
i;j;

h321kh
4
2klh

4
1l�h322 ÿ h311�

� 8�
X
k;l

�h312kh41klh4l2 ÿ h312kh
4
2klh

4
1l�

� 16��1�h4222h3111 ÿ h4111h
3
222� �by �3:2��:

�3:17�

4
X

i;j;k;t;l;�

h�ijkh
�
tjl�h4tkh4il ÿ h4tlh

4
ik�

� 4
X

i;j;k;t;�

h�ijkh
�
tj1�h4tkh4i1 ÿ h4t1h

4
ik�

� 4
X

i;j;k;t;�

h�ijkh
�
tj2�h4tkh4i2 ÿ h4t2h

4
ik�

� 4
X
i;j;k;�

h�ijkh
�
1j1�h41kh4i1 ÿ h411h

4
ik�

� 4
X

i;j;k;t;�

h�ijkh
�
1j2�h41kh4i2 ÿ h412h

4
ik�

� 4
X
i;j;k;�

h�ijkh
�
2j1�h42kh4i1 ÿ h421h

4
ik�

� 4
X
i;j;k;�

h�ijkh
�
2j2�h42kh4i2 ÿ h422h

4
ik�

� ÿ8
X
i;j;k;�

h�ijkh
�
11jh

4
ikh

4
11

� 4
X
i;j;k;�

h�ijkh
�
1j1�h41kh4i1 ÿ h42kh

4
2i�

ÿ 8
X
i;j;k;�

h�ijkh
�
12jh

4
ikh

4
12 � 8

X
i;j;k;�

h�ijkh
�
12jh

4
1ih

4
2k

� ÿ2S4

X
i;j;k;�

�h�ijk�2:

�3:18�

For any �,

2
X
i;j;k;l;t

h�ijkh
�
tlkh

4
tjh

4
il

� 2
X
i;j;k;l

h�ijkh
�
1lkh

4
1jh

4
il � 2

X
i;j;k;l;t

h�ijkh
�
2lkh

4
2jh

4
il

� 2�
X
i;k;l

�h�1ikh�1lk ÿ h�2ikh
�
2lk�h4il � 4�1

X
i;k;l

h�1ikh
�
2lkh

4
il

� 0:

�3:19�
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2
X
�
X
i;j

h3ijkh
4
ij�2

� 2
X
k

�
X
ij

h4ijh
3
ijk�2 � S4

X
i;j;k

�h3ijk�2:
�3:20�

2
X
i;j;k;t;l

h4ijkh
4
iklh

4
tlh

4
tj

� 2
X
i;j;k;t

h4ijkh
4
ik1h

4
t1h

4
tj � 2

X
i;j;k;t

h4ijkh
4
ik2h

4
t2h

4
tj

� S4

X
i;j;k

�h4ijk�2:

�3:21�

According to �3:14� � �3:21�, we getX
i;j;k;�

h�ijk�h�ijk

� �9
2
S� 7c�

X
i;j;k;�

�h�ijk�2 �
1

2
jrSj2

ÿ 80��1�h3111h4222 ÿ h4111h
3
222�:

�3:22�

Since, for any �, X
i;j;k

�h�ijk�2 � 4f�h�111�2 � �h�222�2g

and
jrSj2 �

X
l

�rlS�2

�
X
l

�2
X
i;j;�

h�ijh
�
ijl�2

� 16
X
l

��h311l � �h411l � �1h
4
12l�2

� 2
X
i;j;k;�

S��h�ijk�2 ÿ 32��1�h3111h4222 ÿ h4111h
3
222�;

we obtain

ÿ8��1�h3111h4222 ÿ h4111h
3
222� �

1

4
jrSj2 ÿ 1

2

X
i;j;k;�

S��h�ijk�2: �3:23�

From

1

2
�
X
i;j;k;�

�h�ijk�2 �
X
i;j;k;�

h�ijk�h�ijk �
X

i;j;k;l;�

�h�ijkl�2;

(3.22) and (3.23) yields the Theorem 3.2.
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Lemma 1. X
i;j;k;l;�

�h�ijkl�2 �
X
i 6�j;�
�h�iijj ÿ h�jjii�2 �

X
i 6�j;�
�h�iijj � h�jjii�2

�
X
i 6�j;�
�h�iiij ÿ h�iiji�2 �

X
i 6�j;�
�h�iiij � h�iiji�2:

Proof. X
i;j;k;l;�

�h�ijkl�2 �
X
i;�

�h�iiii�2 � 3
X
i 6�j;�
�h�iijj�2 �

X
i6�j;�
�h�iiij�2 � 3

X
i6�j;�
�h�iiji�2:

Since

h�iiii � ÿh�jjii for any � and j 6� i

and

h�iiij � ÿh�jjij for any � and j 6� i;

we know that Lemma 1 holds.

Lemma 2.

h31122 ÿ h32211 � ��2c� S� S4�;

h31112 ÿ h31121 � 0;

h41122 ÿ h42211 � �2c� S��;

h41112 ÿ h41121 � ÿ�2c� S� S3��1:

Proof. From the Ricci formula (2.8), we have

h�iijj ÿ h�jjii � h�ijij ÿ h�ijji

�
X
t

h�tjRtiij �
X
t

h�itRtjij ÿ
X
t

h�ijR��ij

� �h�ii ÿ h�jj�cÿ
S

2
�h�jj ÿ h�ii�

ÿ
X
t;� 6��

h�tjh
�
tih
�
ij �

X
t;� 6��

h�ith
�
tjh
�
ij:

Hence

h31122 ÿ h32211 � ��2c� S� S4�;

h41122 ÿ h42211 � �2c� S��:
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By the same proof, we can obtain

h31112 ÿ h31121 � 2���1 � 0 �by �3:2��;

h41112 ÿ h41121 � ÿ�2c� S� S3��1:

Thus we complete the proof of Lemma 2.

Next, we shall prove the Main Theorem. Since the scalar curvature is constant if
and only if S is constant, in the sequel, we assume that S is constant.

Proof of Main Theorem. If S � 0, then M is totally geodesic because S is con-
stant. Next we assume S 6� 0. Since S is constant, we have

rlS � 0; for l � 1; 2;

namely,

2�h311l � 2�h411l � 2�1h
4
12l � 0:

2�h3111 � 2�h4111 ÿ 2�1h
4
222 � 0;

2�h3222 � 2�h4222 � 2�1h
4
111 � 0:

8><>: �3:24�

Hence we obtain

S3

X
i;j;k

�h3ijk�2 � S4

X
i;j;k

�h4ijk�2; �3:25�

from X
i;j;k

�h�ijk�2 � 4��h�111�2 � �h�222�2�: �3:26�

We know that S3S4 are function de®ned globally on M. Because S is constant, from
Gauss equation, we infer that the sectional curvature is bounded from below and
that function S3S4 is bounded because 0 � S3S4 � S2. Since M is complete, from the
Generalized Maximum Principle due to Omori and Yau, we know that there exists a
sequence fpmg �M2 of points such that

lim
m!1�S3S4��pm� � inf�S3S4�; �3:27�

lim
m!1 jr�S3S4�j�pm� � 0; �3:28�

lim
m!1 inf ��S3S4��pm� � 0: �3:29�

From Theorem 3.1, we haveX
i;j;k;�

�h�ijk�2 � ÿS�S� 2c� ÿ 2S3S4: �3:30�
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because S is constant. Hence
P

i;j;k;��h�ijk�2 is bounded and

lim
m!1

X
i;j;k;�

�h�ijk�2�pm� � sup
X
i;j;k;�

�h�ijk�2; �3:31�

lim
m!1 jr

X
i;j;k;�

�h�ijk�2j�pm� � ÿ2 lim
m!1 jr�S3S4�j�pm� � 0: �3:32�

From

�
X
i;j;k;�

�h�ijk�2 � ÿ2S3�S4 ÿ 4rS3 � rS4 ÿ 2S4�S3 �3:33�

and Theorem 3.1 and Theorem 3.2, we obtain that
P

i;j;k;l;��h�ijkl�2 is bounded. Thus,
we can assume limm!1 S3�pm� � ~S3, limm!1 S4�pm� � ~S4, limm!1 ��pm� � ~�,
limm!1 ��pm�� ~�, limm!1 �1�pm�� ~�1, limm!1 h�ijk�pm� � ~h�ijk and limm!1 h�ijkl�pm�
� ~h�ijkl, by taking a subsequence if necessary. Since

lim
m!1 jr�S3S4�j�pm� � 0

and

rl�S3S4� � S3rlS4 � S4rlS3;

we have

lim
m!1�S3rlS4 � S4rlS3��pm� � 0:

From S � S3 � S4, we get

rlS3 � ÿrlS4:

Therefore,

lim
m!1�S3 ÿ S4��rlS4��pm� � lim

m!1�S4 ÿ S3��rlS3��pm� � 0: �3:34�

Hence,

~S3 � ~S4 or lim
m!1�rlS4��pm� � lim

m!1�rlS3��pm� � 0: �3:35�

(1). In the case where ~S3 � ~S4. From Theorem 3.1, we have

0 � lim
m!1f

X
i;j;k;�

�h�ijk�2 � �S� 2c�S� 2S3S4g�pm� � sup
X
i;j;k;�

�h�ijk�2 � �
3

2
S� 2c�S:

Hence,
sup

X
i;j;k;�

�h�ijk�2 � ÿ�
3

2
S� 2c�S:
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From Theorem 3.1, we have

X
i;j;k;�

�h�ijk�2 � ÿ�S� 2c�Sÿ 2S3S4

� ÿ�3
2
S� 2c�S� 1

2
�S3 ÿ S4�2

� ÿ�3
2
S� 2c�S:

Hence, we have

inf
X
i;j;k;�

�h�ijk�2 � ÿ�
3

2
S� 2c�S � sup

X
i;j;k;�

�h�ijk�2;

that is, X
i;j;k;�

�h�ijk�2 � ÿ�
3

2
S� 2c�S �3:36�

is constant. Therefore, S3 � S4 on M2 and they are constant. Hence, on M2,

rlS3 � rlS4 � 0:

From (3.25), we have
P

i;j;k;��h�ijk�2 � 0 on M2. According to (3.36), we have S � ÿ4c3 .

(2). In the case where ~S3 6� ~S4. We have, for l � 1; 2,

lim
m!1rlS3�pm� � lim

m!1rlS4�pm� � 0:

From jrS�j2 � 4S�
P

i;j;k�h�ijk�2, we have

lim
m!1S3

X
i;j;k

�h3ijk�2�pm� � lim
m!1S4

X
i;j;k

�h4ijk�2�pm� � 0;

that is

~S3 lim
m!1

X
i;j;k

�h3ijk�2�pm� � ~S4 lim
m!1

X
i;j;k

�h4ijk�2�pm� � 0: �3:37�

If

lim
m!1

X
i;j;k

�h3ijk�2�pm� � lim
m!1

X
i;j;k

�h4ijk�2�pm� � 0;

we have

sup
X
i;j;k;�

�h�ijk�2 � 0:

Hence, from Theorem 3.1, we have
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0 � S�S� 2c� � 2S3S4 � S�3
2
S� 2c� ÿ 1

2
�S3 ÿ S4�2:

Hence S > ÿ4c3 and S3S4 is constant. Hence S3 and S4 are constant because
S � S3 � S4 and S3S4 are constant. Since S > 0, we can assume S3 > 0. From the
proof of Theorem 3.1, we have, for � � 3; 4,

0 � 1

2
�S� �

X
i;j;k

�h�ijk�2 � �S� 2c�S� � S3S4:

Hence,

�S� 2c�S� � S3S4 � 0:

Therefore, S � ÿ2c and M2 is the hyperbolic cylinder of the totally geodesic hyper-
surface H3

1�c� from the Theorem due to Ishihara [8].
Next we can assume limm!1

P
i;j;k�h4ijk�2�pm� 6� 0 without loss of the generality.

We have ~S4 � 0. Because S � S3 � S4 > 0 is constant, we have ~S3 6� 0. Hence,

lim
m!1

X
i;j;k

�h3ijk�2�pm� � 0:

We shall prove S � ÿ10c11 in this case. Since ~S4 � 0, we have

lim
m!1

X
i;j;k;�

�h�ijk�2�pm� � �2c� S�S � 0:

Hence,

sup
X
i;j;k;�

�h�ijk�2 � ÿ�S� 2c�S:

From (3.31) and (3.32), we know that limm!1 jr
P

i;j;k;��h�ijk�2j � 0. Hence,

lim
m!1

X
i;j;k

h4ijkh
4
ijkl�pm� � 0 for l � 1; 2;

because of limm!1
P

i;j;k�h3ijk�2�pm� � 0: Thus we conclude

~h4111
~h42211 � ÿ ~h4222

~h41121;
~h4111

~h41112 � ~h4222
~h41122:

According to Lemma 2 we have

~h41122 � ~h42211;
~h41112 � ~h41121:

Hence

� ~h4111�2 ~h42211 � � ~h4222�2 ~h42211 � 0:

154 QING-MING CHENG

https://doi.org/10.1017/S0017089500010168 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089500010168


Since
P

i;j;k� ~h4ijk�2 6� 0, then ~h42211 � ~h41122 � ~h41121 � ~h41112 � 0. On the other hand,
since S is constant we haveX

i;j;�

h�ijh
�
ijlk �

X
i;j;�

h�ijkh
�
ijl � 0 for any l; k:

Hence

2 ~� ~h31112 � 0;

2 ~� ~h31121 � 0;

2 ~� ~h31122 � ÿ
1

2

X
i;j;k;�

� ~h�ijk�2;

2 ~� ~h32211 �
1

2

X
i;j;k;�

� ~h�ijk�2:

We infer

� ~h31122 � ~h32211�2 � � ~h31112 � ~h31121�2 � 0:

Therefore, from Lemma 2 we haveX
i;j;k;l;�

� ~h�ijkl�2 � �S� 2c�2S: �3:38�

From Theorem 3.1, we have

1

2
�
X
i;j;k;�

�h�ijk�2

� ÿ��S3S4�
� ÿS3�S4 ÿ 2rS3 � rS4 ÿ S4�S3:

Hence

lim
m!1

1

2
�
X
i;j;k;�

�h�ijk�2�pm� � ÿ lim
m!1�S3�S4��pm� � 2S�S� 2c�S �3:39�

because of ~S4 � 0 and limm!1
P

i;j;k�h3ijk�2�pm� � 0. From (3.37), (3.38), (3.39) and
Theorem 3.2, we have

2�S� 2c�S2 � 1

2
lim
m!1�

X
i;j;k;�

�h�ijk�2�pm� � �S� 2c�2Sÿ �9
2
S� 7c��S� 2c�S:

Thus S � ÿ 10c
11 . From the above proof, we know that S � ÿ4c3 if and only if S3 � S4

is constant on M2 and
P

i;j;k;��h�ijk�2 � 0. By making use of the similar method to one
which was used in [7] by Chern, do Carmo and Kobayashi, we can prove that M2 is
isometric to the hyperbolic Veronese surface.We complete the proof ofMain Theorem.
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