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GENERATORS AND RELATIONS OF REES MATRIX
SEMIGROUPS

by H. AYIK* and N. RUSKUC
(Received 25th August 1997)

In this paper we consider finite generation and finite presentability of Rees matrix semigroups (with or
without zero) over arbitrary semigroups. The main result states that a Rees matrix semigroup M|S; I, J; P] is
finitely generated (respectively, finitely presented) if and only if S is finitely generated (respectively, finitely
presented), and the sets [, J and S\U are finite, where U is the ideal of S generated by the entries of P.

1991 Mathematics subject classification: 20MO05.

1. Introduction and the main result

Rees matrix semigroups were first introduced by Rees [15], although they were
implicitly present in Suschkewitsch [19)]. Since then, they have become one of the most
important semigroup constructions, with numerous applications, especially to the
structure theory of regular semigroups; for examples see [8, 9, 10, 11, 12, 14], and for a
survey see [13]. In this paper we give necessary and sufficient conditions for a Rees
matrix semigroup to be finitely generated or finitely presented.

Let § be a semigroup, let I and J be two index sets, and let P = (p;),, ., be 2
J x I matrix with entries from S. The set

IxSxJ={(sliel,se€S,jeJ}
with multiplication defined by
(i, s, Yk, 8, D = (i, sput, D)
is a semigroup. This semigroup is called a Rees matrix semigroup, and is denoted by
MI[S; 1, J; P).
If S is a group, then T is a completely simple semigroup, and, conversely, every
completely simple semigroup can be obtained in this way; see [15] or [S]. There is

a similar construction for completely 0-simple semigroups; this is considered in
Section §.
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Let A be an alphabet. By A" we denote the free semigroup on A, consisting of all
non-empty words over A under concatenation. We also let 4* = A" U {¢}, where ¢ is the
empty word. A presentation is an ordered pair (4|R), where R € A* x A" is a set of
pairs of words. S is said to be defined by (A|R) if S = A*/p, where p is the congruence
generated by R. Thus we have a natural epimorphism 7n5: A* — § such that
R C ker(m). For two words w,,w, € A*, we write w, = w, if they are identical words,
and we write w; = w, if they represent the same element of S (i.e. if ng(w,) = ns(w,)). If
S can be defined by (A4|R) with both 4 and R finite then S is said to be finitely
presented. Every finitely presented semigroup is finitely generated, but the converse is
not true.

Now we give the main result of this paper.

Main Theorem. Let S be a semigroup, let I and J be index sets, let P = (p;)c;.1 be
a J x I matrix with entries from S, and let U be the ideal of S generated by the set
{piljeJ,iel} of all entries of P. Then the Rees matrix semigroup M[S; 1, J; P} is
finitely generated (respectively, finitely presented) if and only if the following three

conditions are satisfied:
(i) both I and J are finite;
(ii) S is finitely generated (respectively, finitely presented); and
(iii) the set S\U is finite.

Proof. The result for finite generation follows from Propositions 2.1 and 2.2, and
Corollary 2.4. The result for finite presentability then follows from Corollaries 3.5
and 4.5. O

2. Generators

The purpose of this section is twofold. In it we prove the part of the Main Theorem
concerning finite generation of the Rees matrix semigroup T = M]IS; I, J; P]. In the
process we also construct certain natural generating sets for S and T, thus preparing
the ground for the considerations in Sections 3 and 4.

Proposition 2.1. Let T = M[S; I, J; P] be a Rees matrix semigroup, and let U be the
ideal of S generated by the entries of P. If T is finitely generated then I, J and S\U are
finite sets.

Proof. Observe that, for any (i, s, j),(k,t, ) € T, we have (i,s, j)(k, t,]) = (i, sput, )
and sp,t € U. Therefore every element of the set I x S\U x J is indecomposable (i.e.
not equal to the product of two elements from T), and hence belongs to every
generating set of T. Therefore, if T is finitely generated, each of I, J and S\U must be
finite, as required. O
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Next we describe a generating set for S, given a generating set for T.

Proposition 2.2. If X is a generating set for a Rees matrix semigroup T =
MIS; 1, J; P), then the set

Y={seSI|(s j)€X forsomeicl, jeJyU{p;ljeJ,iel}
generates S.

Proof. Let s € S be arbitrary. By taking arbitrary i € I, j € J, and decomposing
(i7 s, .]) = (il' S|, ]l) e (imv Sm» Jm) = (ih slpjlizs2 s pj,,,_,i,,,smv ]m)

into a product of generators (i;,s,,j;),- -+ (ims Sms jm) € X, We conclude that s=
$1P,i,52 " * * Pj_yinSm € (Y), as required. O

In the next result, we construct a natural generating set for T, assuming that S is a
monoid.

Proposition 2.3. Let S be a monoid and let T = M[S;1,J; P] be a Rees matrix
semigroup. Denote by U the ideal of S generated by the entries of P, and let Z be a set
generating U as a semigroup. Write an arbitrary element z € Z as s(z)pjy»5'(2), with 5(2),
s'(z)e S, j(z)eJd and i(z)el, and let H ={s(z),s'(z)|z€ Z}U({1}. Then the set
X =1 x (H*US\U) x J generates T.

Proof. Take an arbitrary element (i,s,j)e T. If s ¢ U, then (i, s, j) € X. Assume
that se U, say s =z, -- -z, where z,,...,z, € Z. Then we have

s, )=0z"z.,)=C( s(zl)pj(zl)i(zl)s,(zl) o 's(zm)pj(z,,,)i(z,,.)s,(zm)v j))
= (i, s(z)), {(z1)(i(z,), 5'(21)5(22), J(23)) - - - (i(2), ' (2), J) € (X)),

completing the proof. |

Remark. If S is not a monoid, one can still construct a generating set for T along
the same lines, replacing H* by the set {s(z),s'(z) | z € Z} U {s'(2)s(z) | z € Z}. However,
it is the generating set given in Proposition 2.3 which will prove useful in Section 4.
Alternatively, when S is not a monoid one may note that M[S;I,J; P] is a sub-
semigroup of M(S'; I, J; P] (where, as usual, S' denotes the monoid obtained from S
by adjoining an identity element if necessary), and then use the methods from [7] or [1,
2, 18] to obtain a generating set for MJS; I, J; P]. This idea is used in the following:

Corollary 2.4. In the notation of the Main Theorem, if I, J and S\U are all finite and S
is finitely generated, then the Rees matrix semigroup M[S; 1, J; P)is finitely generated.
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Proof. Since S is finitely generated and S\U is finite, it follows by [18, Theorem
1.1] that U is finitely generated as a semigroup. Therefore, by Proposition 2.3,
T = MI[S"; 1,J; P] is also finitely generated. Finally, note that T\T C I x {1} x J is
finite, so that T is finitely generated by [18, Theorem 1.1]. O

3. Presentations (1)

In this section we construct a presentation for a semigroup S, starting from a
presentation for a Rees matrix semigroup T = M[S; I, J; P]. This presentation for § is
finite whenever the starting presentation for T is finite, and so we have a proof of the
direct part of the Main Theorem concerning finite presentability.

Let H = {(i(k), s(k), j(k)) | k € K} be a generating set for T = M[S;I,J; P]. If we
define Y = {s(k) | k € K}, then it is clear that the set X = I x Y x J contains H, and so
generates T. Moreover, by Proposition 2.1, X is finite if and only if H is finite.

Take an alphabet

A={a(i,y,)|iel,ye Y, jeJ}

in one-one correspondence with X. Let (4{R) be a presentation for 7T in terms of X,
and let

nr:A* > T, a(,y, )~ Gy ) ey
be the natural projection. By Proposition 2.2, the set
YU{pljelJ,iel}
generates S. Take a new alphabet
C={cylyeYiuldjnljed,iel},
and let
ns:Ct =S, )y, d ) py 03]

be the natural projection.
Next we define a mapping ¢ : A¥ — C* by

Y(aliy, y1, 1) - - alim, Vs J)) = c(01)d(iys 2)E2) - - - A=t in)C(Ym) 3

where i,,...,i, €1, y,...,y, €Y, and j,, ..., j, € J. (Intuitively, ¥ rewrites a word
we AY into a word from C* which represents the middle component of the element
nr(w)eT.)

For a word w = a(i,, y,, j1)---a(i,,, ¥, j..) € AT define A(w) =i, and p(w) =j,. With
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this notation, the above definition of ¢ has the following immediate consequence
Y(wyw,) = Y(w)d(p(w)), A(w))(w,), @

for all w,, w, € A*.
If we let W = im(y), then we have the following:

Lemma 3.1. Forall y,y €Y, i€l jeJ, there exist words {(y,y),n(j,i) € W such
that the relations

c(y)e(y) =Ly, ¥), (5)

d(j, i) = n(j, 0) (6)
hold in .

Proof. Let we C*, iyel, j,€J be arbitrary, and consider the element
(iy, ms(W), jo) € T. If we write

(o, ms(W), jo) = (i, Y1, J1) * * Gims Yims Jim)s
a product of generators from X, we conclude that
Ts(W) = Y1jY2 " Pipesi V-
For w = c(y)d(j,, i,)e(yy) -+ - d(jmors in)c(yn), We now have w' € W, and the relation

w=w holds in S. By putting in the above argument w = c(y)c(y") and w=d(j,i)
respectively, we complete the proof. a

For the remainder of this section, we consider the words {(y, ¥), n(j, i) to be fixed
in accordance with Lemma 3.1.

Lemma 3.2. There exists a mapping ¢ : C* — W such that the relation w = a(w) is
a consequence of the relations (5) and (6).

Proof. If we W, then define a(w) =w. If w¢g W then first apply (6) to obtain
a word c(y,)w,c(y,) containing no subword of the form d(j,,i,)d(j,,i,), and then
systematically apply (5) to eliminate all the subwords of the form c(y)c(y"). O

Intuitively, o rewrites an arbitrary word from C* into a corresponding word in the
image of . We now use ¢ to define a mapping ¢ : C* — A*, which will act as a kind
of inverse to ¥, as follows:

&(w) = a(iy, y1, j1)a(iy, 2, Jj2) - - @iy Yims Jo)» @)
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where i, € I and j, € J are fixed, and where
o(w) = c(y1)d(jr, )c(y2) - - - A(jmers in)C(Vm)- @®)

Finally, we let u: T — S, (i,s,j) — s be the second projection. In the following
lemma, we establish certain connections between =g, 1, ¢, ¥ and pu.

Lemma 3.3. (i) For any word w € C*, we have un ¢(w) = ng(w).
(ii) For any word w € A", we have un (w) = naf(w).

Proof. (i) If a(w) = c(y))d(ji, i2)c(y2) - - - d(jm-1s in)C(Vm), then

urr@(w) = unr(aliy, y1, j1)ally, Y2, o) -+ - @(im, Yms Jo))  (bY (7))
= (o, Y1, J1)2s Y2, J2) - - * (ims Yim» Jo)) (by (1))
= (o, Y1Pj Y2 * * Pi_yimYmr Jo))
= V1PpiY2"* PimrinYm

= nsa(w) (by (2))
= mg(w). (Lemmas 3.1, 3.2)
The proof of (ii) is similar. O

Now we can state and prove the main result of this section.

Theorem 3.4. Let T = M[S;1,J; P] be a Rees matrix semigroup and let (A|R) be a
presentation for T in terms of a generating set of the form I x Y x J, with Y C S. With
the above notation, S is defined by the presentation

(C 1Y) =yY() (u=v)eR) )
cMc(y) =L y) .y eY) (10
d(j, i) = n(j, i) (jeJ,iel) amn

in terms of the generating set YU {p; |j€ J,i € I}.

Proof. Since the relation u = v holds in T, it follows that 7 (u) = n;(v), and so,
by Lemma 3.3 (ii), we have

nsyp(u) = unr(u) = punr(v) = nsy(v).

Thus, all the relations (9) hold in S. That all the relations (10) and (11) hold in §
follows from Lemma 3.1.

To complete the proof of the theorem, we show that an arbitrary relation w, = w,
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(w,, w, € C*) which holds in S is a consequence of (9), (10) and (11). We do this in
three steps.

Step 1: The relation ¢(w,) = ¢(w,) holds in T. Indeed, by Lemma 3.3 (i), (1) and
(7), we have:

(W) = (ig, urpd(w)), jo) = (i, ms(W1), Jo) = (ig, ms(W2), Jo)
= (ig, urtrp(W,), jo) = mrdp(w,).

Step 2: The relation Yyp(w,) = Yyd(w,) is a consequence of (9). From Step 1, we know
that ¢(w,) can be obtained from ¢(w,) by applying relations from R. Without loss of
generality, we can assume that ¢(w,) can be obtained from ¢(w,) by one application of
one relation (# = v) € R, i.e. that

¢(w)) =ouf and ¢(w,) = avp,

for some «a, B € A*. If both « and B are non-empty, then we have

Yo(w) = Y(aup)
= Y()d(p(a), AW)Y@)d(p(w), A(B)Y(B)  (by (4))
= Y(@)d(p(a), )Y ()d(p(u), AB(B) (relation (9))
= Y(0)d(p(a), AW ()d(p(v), ABIY(B)  (since u = vin T)
= Yo(w)).

The case where at least one of « or § is empty is treated similarly.
Step 3: The relations Yy¢(w,) = w,, k = 1,2, are consequences of (10) and (11). Indeed,
by (3), (7), (8) and Lemma 3.2, we have

yow)=aw)=w, (k=1,2),

a consequence of (10} and (11).
The proof of the theorem is now complete. d

Corollary 3.5. If T = M([S; 1, J; P} is finitely presented, then so is S.

Proof. As explained at the beginning of this section, if T is finitely generated,
then it has a finite generating set of the form I x Y x J. Moreover, if T is finitely
presented, it can be defined by a finite presentation (A|R) in terms of this generating

set. An application of the previous theorem to (A|R) yields a finite presentation
for S. O
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4. Presentations (2)

Now we find a presentation for a Rees matrix semigroup T = M(S; I, J; P], given a
presentation for the ideal U of S generated by the entries of P. We do this in the case
where S is a monoid. Then we use the main result of [18] to extend this presentation
to the case where S is an arbitrary semigroup, and then to complete the proof of the
Main Theorem. The argument in this section is in outline similar to that of Section 3,
and is based on the idea of rewriting the given relations. However, the technical details
are different and slightly more complicated.

So let § be a monoid, let T = M([S; I,J; P] be a Rees matrix semigroup, and let U
be the ideal generated by the set {p; |j € J,i € I} of all entries of P. Let Z C U be any
set generating U as a semigroup. As in Proposition 2.3, write an arbitrary element
ze Z as

Z = 5(2)Pyyin8'(2)
with s(z2), s'(z) € S, i(z) € I, j(z) € J, and let
H ={s(z2),s'(z)| z € Z} U {1}.
Then, clearly, the set
Y ={hp;h' |h,W € H,je J,icl}
contains Z, and hence generates U as a semigroup. Moreover, Y is finite, provided that
Z, I and J are all finite.
Now let
C={cth,j,i,y|h,HeH, jeliel}

be a new alphabet representing elements of Y, and let (C|R) be a presentation for U.
For technical reasons, we also introduce an alphabet

D ={d(s) | s € S\U}

representing elements of S\U. It is obvious that the set Y U S\U generates S, and so
the natural homomorphism

ns: (CUD)" — S, c(h, j,i,h)— hp;l', d(s)—s (12)
is onto. By Proposition 2.3, the set
X =Ix(HUS\U)xJ

generates T. Let
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A={a(i,W.h,))|lieLK,heH jeJ} and
B={b(i,s, j)|liel,seS\U,jelJ}

be two alphabets, and let
nr:(AUB)YY - T, a(i, b, h j)— @, Hhj), bGs,j)r (s, Jj) (13)

be the natural projection.
Next, we define a mapping ¢ : I x Hx C* x Hx J — A" by

¢(lv h’v w, h' ]) = a(ir h,» hlv jl)a(il! h’h h2v ]2) U a(imv h:m hv .’) (14)

where w = c(hy, jy, iy, B - - - (B, jim» ims B) € C*. Intuitively, ¢(i, b, w, h, j) is a word in
A" representing the element (i, K'ng(w)h, j) € T. Immediately from the above definition
of ¢, it follows that

¢(lv h,r W|C(h|, jl! il ’ h’l)w27 h’ J) = d’(l’ h/v Wy, hlv jl)¢(ilv hllv W, h’ ]) (15)

for all i,i,el,j,j€J,h N, h,h € H and all w,w, € C', where we introduce the
convention that ¢(i, ', ¢, h, j) = a(i, i, h, j).

We also need a mapping (AU B)* — (CUD)*, which would rewrite a word
w € (AU B)* into a word representing the middle component of n,(w). To this end, we
let

W={¢(.1,w 1, jlliecl,we A*, je J},

and then establish certain relations allowing us to transform words from (4 U B)* into
words from W.

Lemma 4.1. For arbitraryi,i’,i"€1,j,j',j" € J,h,h' € Hands',s" € S\U, there exist
words{(i,h, h,j)e WU B, n(i',i",j', j", s, s, 00,i,j,j, hW,s),AG i j,j, h K, ,sYeW
such that therelations

a(i, W, h, jy =L@, W, b, j), (16)
b(i’, SI, j,)b(i”, S”,j") — ﬂ(i', i”,j’, jn, sl’ S”), (17)
b(i', s', ja(i, K, h, j) = 6G, i', j, i, h, I, s"), (18)
a(i, W, h, Pb(i’,s', j) = AG, i, j, j, h, W, s") (19)

holdin T.

Proof. Let we (AU B)" be arbitrary, and write n;(w) = (iy, s, jo). If s € S\U then
define w' = b(i,, s, j,). Otherwise, if s € U, then we can write
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s = hip;i B - - ;i P,
a product of generators from Y, and then define
w = a(iy, 1, hy, ja(,, hy, by, jy) - - a(i,, K, 1, jo) € W.
With this choice we have w' € W U B, and the relation w = w' holds in T. The proof
of the lemma is completed by letting w=a(i, 4, h, j), w=b(',s,j)bGi", s",j"),

w=b(',s’, jYa(i, W, h, j) and w=a(i, K, h, j)b(i’, s’, j*) respectively, and noting that in
the last three cases we cannot have w' € B. |

For the remainder of this section, we consider the words {, #, 0 and 4 to be fixed.

Lemma 4.2. There exists a mapping ¢ : (AU B)" — W U B such that the relation
w = a(w) is a consequence of relations (16)—(19) for every word w € (AU B)*.

Proof. Let we (AU B)*. First replace each a(i, h’,h, j) in w by the corresponding
{(i, K, h, j). If the resulting word is b(i’, s’, j) define o(w) = b(i’, s’, j'). Otherwise, use
(17), (18) and (19) to eliminate systematically all symbols b(i’, s’, j'), and define a(w) to
be the resulting word. O

Now we define the required mapping ¥ : (4 U B)* — (CU D)* as follows
dis) if o(w)=b(,s,j)

lp(“’) = C(hlijl’ ilv h,l) e C(hm’ jnn imr h:n) (20)
if O’(W) = a(i' 11 hlv jl)a(ilv h,l ’ hzer) e a(i,,,, h:n’ 1’ .])

We also let, as before, u: T — S, (i, s, j) — s, be the second projection.

Lemma 4.3. (i) For all w € (AU B)*, we have ngy(w) = un(w).
(ii) Forallwe C*,iel, je J, h,h' € H, we have un,¢(i, K', w, h, j) = K'mg(w)h.

Proof. (i) If a(w) = b(i, s, j) then
nsyp(w) = ns(d(s)) = s = u((i, s, )) = un(bQi, s, )) = prro(w) = pnr(w)
by (20), (12), (13), and Lemmas 4.1 and 4.2, while if
o(w) = a(i, 1, by, ji)a(iy, My, by, o) - - - aCip, By 1, j) € W,

then

https://doi.org/10.1017/50013091500020472 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020472

GENERATORS AND RELATIONS OF REES MATRIX SEMIGROUPS 491

ng(w) = ms(c(hy, Ji, i, M) - - (B, fims s H)) (by (20))
= hlp]m hl hmp],,.l,,,h, (by (1 2))
- ”((l |p}|l| o mp],,.l,,, .]))
= [HIT(G(I, 1, hlv Jl)a(lh hl» h2» JZ) Tt a(irm h:m 1, ])) (by (13))
= un(w). (Lemmas 4.1, 4.2)
(ii) is proved similarly. O

Now we state and prove the main result of this section.

Theorem 4.4. Let S be a monoid, let T = M]S; 1, J; P] be a Rees matrix semigroup,
and let U be the ideal of S generated by {p; | j € J,i € I}. If (C|R) is a presentation for U
in terms of a generating set Y = {hp;i |\ h,W € H,je J,i € I} with 1 € H C S, then, with
the above notation, the presentation with generators AU B and relations

@G, B, u, b, j) = ¢(i, K, v, h, j), 21)
ai, W, h, j) = (G, W', h, j), (22)
b(i', 5", jObG", 8", "y = (@', 1", j', j", 8", "), (23)
b(i', ', jati, ', b, jy=0G. 7, j, j' h, k', s"), (24
a(i, W, h, Pb’,s', j'y = AG, i, j, j' b I, s7), (25)

where (u=v)€R, i,i',i"€l, j,j',j"e€J, hW e H, s, s" € S\U, defines T in terms of
the generating set X =1 x (H*U S\U) x J.

Proof. Note that by (13), (14) and Lemma 4.3 (ii), we have

nr @G B u, b, ) = (G, pre @G, B, u, b, ), J) = G, Kas(uh, ) = (@ Brs(o)h, j)
= (l’ unT¢(ir h,v v, h» ])’ ]) = nT¢(i’ hl’ v, hv .])$

and thus all the relations (21) hold in T. That all the other relations (22)-(25) hold in
T we proved in Lemma 4.1.

To complete the proof of the theorem, we show that any relation w, =w,
(w,, w, € (AU B)*) holding in T is a consequence of the relations (21)-(25). Recall that
a(w,), a(w,) € WU B. Note that the words from W represent decomposable elements
of T, while the letters from B represent indecomposable elements of T. Therefore, we
have a(w,) € B if and only if g(w,) € B. Also note that distinct letters from B represents
distinct elements of T by (13). Thus, if o(w,),0(w;) € B, then we must have
o(w)) = o(w,), and then we have w, = a(w,) =a(w,) =w, as a consequence of the
relations (22)-(25), by Lemma 4.2.

For the remainder of this proof, we consider the case where o(w,), o(w,) € W. We
proceed in three steps.
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Step 1: The relation y(w,) = Y(w,) holds in S. Indeed, by Lemma 4.3 (i), we have
Y (w)) = unp(w,) = unr(wy) = ngh(w,).

Step 2: The relation ¢(i, 1, y(w), 1, )= o, 1,¥Ww,), 1,)) is a consequence of the
relations (21). From Step 1, it follows that y(w,) can be obtained from Y(w,) by
applying relations from R. Without loss of generality, we may assume that it can be
obtained by one application of one relation from R, say

Y(w)) = auf and Y(w,) = avf,

where a,feC', (u=v)eR. If both « and B are non-empty we can write
o = o, c(hy, jy, i, M) and B = c(hy, j,, iy, hy)B,, and then we have

@@, 1, y(w), 1, ) = ¢(i, 1, aye(hy, jy, iy, Hiducthy, jo, b, B3)By, 1, )
= @@, 1, ay, by, GG, By, u, by, j2)d(in, By, By, 1, )
= @@, 1, o, hy, 1))@y, v, by, )@, By, By, 1, )
= @@, 1, ac(hy, ji, By, )ve(hy, jo, b, Ky)By, 1,))
= ¢(i, 1, y(wy), 1, )),

by using (15) and (21). The case where at least one of a or f is empty is treated
similarly.

Step 3: The relations w, = ¢(i, 1,¥(w), 1, )), k=1,2, are consequences of (22)-
(25). To prove this, it is enough to note that, by (14) and (20), we have
@3, 1, Y(wp), 1, j) = a(w,), and then apply Lemma 4.2.

The proof of the theorem is now complete. O

Corollary 4.5. Let S be a semigroup, let T = M[S; 1,J; P] be a Rees matrix semi-
group, and let U be the ideal of S generated by {p; | j € J,i e I}. If S is finitely presented
and if all I, J and S\U are finite, then T is finitely presented as well.

Proof. If S is finitely presented then so is U by [18, Theorem 4.1]. As explained at
the beginning of this section, U can be generated (as a semigroup) by a finite set
Y ={hp;h' |h,W eH,jeJ,iel} where le HC S'. Moreover, U can be defined by a
finite presentation (C|R) in terms of Y. From the previous theorem, it follows that
T = M[S'; 1, J; P] is finitely presented. Finally, note that T'\T C I x {1} x J is finite,
and hence T is finitely presented by [18, Theorem 4.1]. O

5. Rees matrix semigroups with zero

One common variant of the Rees matrix construction is as follows. Let S be a
semigroup with zero, and let T' = M(S; I,J; P] be a Rees matrix semigroup. The set
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Ix{0} xJ is an ideal of T'. Hence it is possible to form the Rees quotient
T'/(I x {0} x J) to obtain a new semigroup. This semigroup is called a Rees matrix
semigroup with zero, and is denoted by T = M°[S; I, J; P). It is well known that if
S =G" is a group with a zero adjoined, and if P is regular, then T is a completely
0-simple semigroup, and that all completely O-simple semigroups can be obtained
in this way (see [15] or [5]).

Our main result of this paper remains valid for this new construction.

Main Theorem (for Rees matrix semigroups with zero). Let S be a semigroup with
zero, let I and J be index sets, let P = (p;)e;.; be a J x I matrix with entries from S, and
let U be the ideal of S generated by the set {p;|je J,i€ I} of all entries of P. Then
the Rees matrix semigroup MC[S; I, J; P} is finitely generated (respectively, finitely
presented) if and only if the following three conditions are satisfied:

(1) both I and J are finite;
(2) S is finitely generated (respectively, finitely presented),; and
(3) the set S\U is finite.

Proof. If we let T' = M[S; I, J; P], then we can think of T as being T’ with all the
elements of I x {0} x J being equal (and denoted by 0).

(=) Assume that T is finitely generated. As in Proposition 2.1, we can prove that I
and J are finite. Therefore the ideal I x {0} x J is finite and so T’ is finitely generated
as well. It follows by the Main Theorem that S is finitely generated and that S\U is
finite. Moreover, if T is finitely presented, then so is T’ (as an ideal extension of a
finite semigroup by a finitely presented semigroup). Again the Main Theorem implies
that S is finitely presented.

(«<) If S is finitely generated and all I,J and S\U are finite, then by the Main
Theorem, T’ is finitely generated. Since T is a quotient of T, it follows that T is
finitely generated as well. Moreover, if S is finitely presented then so is T by the Main
Theorem. Since the ideal I x {0} x J is finite, it follows that T = T'/(I x {0} x J) is also
finitely presented. g

6. Final remarks

Finite presentability of Rees matrix semigroups has already been investigated in
certain special cases. Thus, Howie and RusSkuc in [6] proved the converse part of
the main theorem in the case where S is a monoid and P contains at least one
invertible entry. Also, an immediate application of the Reidemeister-Schreier type
rewriting technique developed in [1] proves the direct part of the Main Theorem in
the case of completely (0-)simple semigroups. Finite generation and ranks of Rees
matrix semigroups (in the completely (0-)simple case) have been considered in [4]
and [17).
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This paper is a part of wider research into finite presentability (and other finiteness
conditions) of various semigroup constructions; see [3], [6], [16], [18]. A common
feature in all these results is that of a rewriting mapping (mappings ¥ and ¢ in
Sections 3 and 4). It is interesting to note that, unlike in other constructions
considered so far, no rewriting mapping defined in this paper is a homomorphism.
This is because, in general, S is neither a subsemigroup nor a homomorphic image of
T=MI[S;I1,J; P
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