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Abstract

In this paper we first consider the expectation of the total discounted claim costs up to the
time of ruin, and then, more generally, we study the expectation of the total discounted
operating costs up to the time of default, which is the first passage time of a surplus process
downcrossing a given level. These two quantities include the expected discounted penalty
function at ruin or the Gerber—Shiu function, the expected total discounted dividends up
to ruin, and other interesting quantities as special cases among a class of risk processes.
As an illustration, we consider a piecewise-deterministic compound Poisson risk model.
This model recovers many risk models appearing in the literature such as the compound
Poisson risk models with interest, absolute ruin, dividends, multiple thresholds, and their
dual models. We derive and solve the integro-differential equation for the expected present
value of the total discounted operating costs up to default. The solutions to the expected
present value of the total discounted operating costs up to default can be used as a unified
approach to solving many ruin-related quantities. As applications, we derive explicit
solutions for the expected accumulated utility up to ruin, the absolute ruin probability
with varying borrowing rates, the expected total discounted claim costs up to ruin, the
Gerber—Shiu function with two-sided jumps, and the price for a perpetual American put
option with two-sided jumps.
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1. Introduction

Let {X;, t > 0} be a surplus process for an insurance company with initial surplus Xg = x
under measure P*, let T = inf{t: X; < 0} be the time of ruin, and let § > 0 be a constant
representing the force of interest. Recently, the following two functions have attracted a lot
of interest in the literature. One is the expected discounted penalty at ruin, also called the
Gerber—Shiu function, denoted by

m(x) = E*[e " w(X;—, |X:]) 1t < 00)],
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where the expectation is taken under the measure P*, w(x, y) is a function defined on [0, co) x
(0, oo) representing penalty at ruin, and 1(A) is the indicator of an event A, namely, 1(4) = 1
if A is true and 1(A) = 0 if A is false. The other function is the expected total discounted
dividends up to ruin defined by

V(x) = E* [/r e % dD(t)], (1.1
0

where D(t) denotes the accumulated dividend paid up to time ¢. Details on applications of
these two quantities can be found in many papers, among which are Gerber and Shiu (1998a),
Gerber and Shiu (2006), and the references therein.

In practice, every single insurance claim is usually accompanied by a certain amount of
business cost resulting from claim appraisal, investigation, settlement negotiation, and so on.
The actual cost of a claim to an insurer may be different from the size of the claim.

WeletT;, i = 1,2,..., be the time of the ith claim in the surplus process, and we denote
the cost of individual claim i by @ (X7,_, X7;), which depends on the surplus just before the
claim and the surplus at the claim. Thus, the expected present value of total claim costs up to
the time of ruin is given by

N
C(x) :Ex[Zexp{—(STi}w(XTi_,XTi)}, (1.2)

i=1

where N = max{n: T, < t} is the number of claims up to ruin and @ (x, y) is a function
defined on [0, 00) x (—o00, 00) representing the cost at claim.

It is easy to see that the Gerber—Shiu function m is a special case of the function C if ruin
in the surplus process occurs only at claim times. In fact, let the function @ in (1.2) be of the

form
0 fory > 0,
@ (x,y) = Y (1.3)
w(x,—y) fory <0.
Thus, if ruin occurs or T < oo, then N < 0o, Ty =7, X7; > Oforalli =1,..., N — 1, and

X7y < 0. Hence,

N
Y exp(—8Ti)w (X1, X1;) = exp{—8Tw}w (X1~ X1,,) = ¢ *Tw (X, | X<).

i=1

Furthermore, if ruin does not occur or T = oo, then X7; > O foralli = 1,2,... and
ZIN=1 exp{—dT;}w (X1,—, X1;) = 0. Hence,

N
> exp{—8Ti)w (X7,—. X1,) = e *Tw(X+. | X)) 1(x < 00),
i=1

which means that the Gerber—Shiu function m is a special form of the function C with the
special cost function in (1.3). Indeed, the Gerber—Shiu function only takes into account the
cost or penalty at the time of ruin.

In most work in ruin theory, researchers are interested in the quantities pertaining to the
time of ruin, which is the first passage time of a surplus process downcrossing 0. However, in
practice, we may also pay attention to the first passage time of a surplus process downcrossing
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any given level. In particular, such a given level is associated to the probability of default in
credit risk analysis. Thus, more generally, we study the first passage time of a surplus process
downcrossing a given level d, which is called the time of default and defined by

Ty = inf{t: X(t) < d}, d € (—00, 00),

with the convention that inf{@} = oco.

Clearly, t9p = 7 is the time of ruin and 7_., is the time of absolute ruin in the compound
Poisson risk model with premium rate ¢ > 0 and borrowing rate r > 0. References to absolute
ruin can be found in Gerber (1979) and Asmussen (2000).

Besides the costs at claim times, we are also interested in the operating costs associated with
a surplus process at any time throughout the life of the business. Such a cost is used in a general
sense and may represent any monetary amount such as claims, penalties, dividends, utilities,
and so on. We denote the operating cost at time ¢ by /(X;) and, thus, the expectation of the
total discounted operating costs up to default is expressed as

H(x) = E* [/m e YI(X,) dt:|, (1.4)
0

where [ defined on (—o0, 00) is called the cost function.

It is easy to see that the function H in (1.4) includes the expected total discounted dividends
up to ruin as a special case. In fact, if 4 = 0 and /(X;) is taken to be the dividend rate paid
at time 7, then the function H in (1.4) reduces to V in (1.1), the expected total discounted
dividends up to ruin. For instance, with the dividend threshold » and dividend rate «, the cost

function [ is expressed as
if x > b,
I(x) = {a ifx >

0 if0<x<b.

Furthermore, if / is chosen to be a utility function then the function H is the expectation of
the total discounted utility up to default, which has been used by Hipp and Plum (2003) as an
optimization investment criterion for insurance companies.

The functions C in (1.2) and H in (1.4) appear to be of a different form. However, we
shall prove that the function C is a special case of the function H in a general class of surplus
processes. Therefore, it suffices to study the function H. As illustrated in the paper, the solution
for the function H will serve as a unifying tool to find solutions for many ruin-related quantities.

In this paper we will study the properties of the function H and consider its applications in
risk theory. As an illustration, we will focus on a piecewise-deterministic compound Poisson
risk process. This risk model includes many well-known risk models in the literature such as
compound Poisson risk models with dividends, interest, absolute ruin, multiple thresholds, two-
sided jumps, and their dual models. More general piecewise-deterministic Markov processes
and their applications in ruin theory can be found in Davis (1984), (1993), Rolski et al. (1999),
Dassios and Embrechts (1989), Embrechts and Schmidli (1994), Wang et al. (2003a), (2003b),
and the references therein.

The rest of this paper is organized as follows. We introduce in Section 2 the piecewise-
deterministic compound Poisson process. In Section 3, the relationship of the functions C in
(1.2) and H in (1.4) is discussed and an integro-differential equation for H is derived with the
underlying piecewise-deterministic compound Poisson process. We give a general solution to
H in the classical compound Poisson process in Section 4. In the following sections, we shall
investigate various applications of the total discounted operating costs up to default, namely,
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the accumulated utility up to ruin in Section 5, the total discounted claim costs up to ruin in
Section 6, the probability of absolute ruin with varying borrowing rates in Section 7, and the
Gerber—Shiu function with two-sided jumps, which yields the pricing formula for a perpetual
American put option with two-sided jumps, is studied in Section 8. In Appendix A we provide
the proofs of the results in Section 3, and the definition of the Dickson—Hipp operator and its
properties used for this paper.

2. Piecewise-deterministic compound Poisson process

In the classical compound Poisson model, the dynamics of a surplus process X, is given by
dX; =cdr —dZ;, t >0,

where ¢ > 0 is the premium income rate and the aggregate claim Z, = ZlN:‘] Y; is arandom sum
of insurance claims defined as follows. The occurrence of insurance claims follows a Poisson
process N; with intensity rate A. All claim sizes Yi, Y», ... are independent and identically
distributed nonnegative random variables with common distribution Q. Note that the surplus
between any two consecutive claims satisfies the differential equation dX,; = cdt.

Various modified compound Poisson risk models have appeared in the literature. Many of
them are characterized by their sample paths between any two consecutive claims. We list the
following few.

e If the positive surplus earns interest at rate p > 0 (see Sundt and Teugels (1995)) then
the surplus between any two consecutive claims satisfies the differential equation dX; =
(pX; +c)dr.

o If the dividend is paid at rate 0 < o < c over a threshold level b (see Gerber and Shiu
(2006)) then the surplus between any two consecutive claims satisfies the differential
equation

dXt ==

(c—a)dt, X;>b,
cdt, 0<X;<b.

e In the dual model of the compound Poisson risk model (see Avanzi et al. (2007)), the
surplus between any two consecutive claims satisfies the differential equation dX; =
—cdt.

All these models and many other risk models modified from the compound Poisson risk
model belong to the following class of piecewise-deterministic compound Poisson processes.

Definition 2.1. A piecewise-deterministic compound Poisson (PDCP) process is a real-valued
random process {X;, 0 < ¢t < oo}, defined on a probability space (2, ¥, P), satisfying the
following properties.

1. Xo=x.

2. LetTy = 0and Ty, T», T3, . . . denote the sequence of jump points of the process X;. Then
the adapted counting process defined by N (1) = > oo, 1(7; < t) follows a homogeneous
Poisson process with intensity rate A.

3. The jump sizes AX7, = X7, — X1,— fork =1, 2,3, ... are independent and ide_ntically
distributed random variables with common distribution function Q(y) = 1 — Q(y) =
P{AX7 <y}, —c0 <y < o0.
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4. The process between any two consecutive jumps is deterministic and given by
{Xi = x5, (1), Te <t < Ti1}, k=0,1,2,...,
where ¢, () is determined by

do. (1) = g(¢. (1)) dr, 1 >0,

satisfying ¢,(0) = z and lim;_, oo ¢,(t) = L € R = [—o00, oc], the function g(x),
x € B, is locally Lipschitz continuous on each subinterval on a finite partition of its
domain B.

Note that jumps in the PDCP process may be downward, upward, or two sided. The class of
PDCP processes includes many interesting risk models appearing in the literature such as the
compound Poisson risk models with interest, absolute ruin, dividend, multiple threshold, and
their dual models. The corresponding expressions for g(x) and ¢, (¢) for these specific models
are as follows.

e In the classical compound Poisson model, the deterministic piece between any two
consecutive claims is given by g(x) = ¢, x > 0. Hence, ¢x(t) = x +ct, x > 0,
and L = oo.

e In the modification of the compound Poisson model where all positive surplus earns
interest at rate p > 0, the corresponding function g(x) = px + ¢, x > 0. Hence,
¢x (1) = xef +c57, = (x+c/p)e? —c/p, t > 0,and L = oo, where sz, = (e’ —1)/p.

e In the dividend threshold model, the corresponding function

c—o, x>Db,
g(x)={c

0<x<b,
which yields
b+ (c—a), t>(0b-—x)/c,
bu(t) = /
X + ct, t<(b—x)/c,
with the limit L = oo.
e In the dual model, it is characterized by g(x) = —c, x > 0,and ¢ () = x —ct, x >0,

with L = —o0.

e Furthermore, in the compound Poisson risk model where the positive surplus earns
interest at rate » > 0 and an insurer would borrow money at a borrowing rate p > 0 for
the negative surplus (see Zhu and Yang (2008)), the surplus follows the PDCP process

with
pox+c, x>0,
gx) =
rx+c, —c/r<x<0.
Correspondingly, we have, for x > 0,

C C
dx (1) = xe” 4 c57, = <x+—>e"’——, t>0,
o o
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and, for —c¢/r <x <0,

_ Cc c
CS e = —exp{p(t —1t0)} — —, t>1,
P P
¢x(t) = c c
xert+c§ﬂr= <x_|__>ert__7 0<1 <t
r r

where t9 = (1/r)log(c/(rx + ¢)). In this model, we have L = oo.

e In the compound Poisson risk model with multiple threshold levels 0 < b; < --- <
b, < oo and dividend rates 0 < «q, ..., a, < c for corresponding thresholds respec-
tively (see Lin and Pavlova (2006) and Lin and Sendova (2008)), it can be easily shown
that the corresponding function g(x) satisfies g(x) = ¢ — «; for bj_1 < x < b;,
i =1,....,n4+1, withby = 0, 9 = 0, and b,;1 = oo. The corresponding
¢x(t) = bi—1 + ajt for bi_1 < ¢, (¢t) < b;, and it is easy to verify that L = oo.

e It is worthwhile pointing out that a commonly used model under the category of a
piecewise-deterministic compound Poisson process with a finite limit L is the modified
compound Poisson model with dividend barrier b where

@) 0, x=0b,
X) =
& ¢, 0<x<b.

Correspondingly, when 0 < x < b,

b, t>(b—x)/c,

¢x(0) = {x Yer, 0<t<(b—x)e

with the limit L = b.

3. Relationship between the functions C and H and the integro-differential equation
for H

We shall first demonstrate that the total discounted claim costs C are a special case of the
total discounted operating costs H.

Proposition 3.1. If the surplus process X; is a PDCP process then the function C in (1.2) can
be expressed in the form of the function H in (1.4) with d = 0 and the following special cost
function:
o
l(x)=?»/ w(x,x +y)dOK), (3.1
—00
namely,
70 0
C(x) =E* U e_‘”)»/ o (X, X; +y)dO») dti|.
0 —00

Proof. See Appendix A.

Since the function C is a special case of the function H, it suffices to study the function H.
We first derive the integro-differential equation for the function H, then solve the integro-
differential equation and consider its applications, which show that the function A and its
solution can be used as a unified approach to solving many ruin-related quantities in risk
theory.
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Theorem 3.1. Suppose that the surplus process {X;, t > 0} is a PDCP process and that the
cost function | satisfies

L2
E* |:/ e MI(X))| dtj| <00 foranyx >d. (3.2)
0
Then the function H is absolutely continuous and satisfies the integro-differential equation
o
g H (x) = (A +8)H (x) + A Hx+y)dQ(y) +I(x)=0, x¢&D,xeB, (3.3)
d—x

where D is the set of all discontinuities of | and g, and B is the domain of the function g.
Proof. See Appendix A.

Remark 3.1. In the following frequently used cases in the literature we can simplify the
expression of the integral fdofx H(x +y)dQ(y) in (3.3). Let Q" and Q~ be distributions
supported on [0, 0o) representing sizes of upward jumps and downward jumps, respectively.

1. When the process X, has only downward jumps suchthat Q(y) = 1— Q07 (—y) 1(y < 0),

then
o0

x—d
H(x+y)dQ(y) = fo H(x —y)d0™ (7). (3.4)

d—x
2. When the process X; has only upward jumps such that Q(y) = Q7 (y) 1(y > 0), then

[e¢]

H(x+y)dQ(y) = /O H(x+y)do*(y). (3.5)

d—x

3. When the process X; has two-sided jumps such that

0 =70 M1 =0+ (1 —m)1 -0 (—y)1(y <0))

with 0 < 7 < 1, then

o0

g H(x +y)dQ(y)

oo x—d
=7T/O H(x+y)doT(y»+ —ﬂ)fo Hx —y)do~ (). (3.6)

Since many ruin-related quantities can be expressed in the form of the function H by choosing
specific cost functions / and by identifying the function g in a PDMP risk model, we can
immediately obtain integro-differential equations for these ruin-related quantities in a unified
approach provided by Theorem 3.1. We shall illustrate the applications of the function H
together with Theorem 3.1 to consider a number of ruin-related quantities.

4. Solution to the function H in the classical compound Poisson model

Note that in the classical compound Poisson model, the claim size distribution Q represents
the downward jump distribution Q™ in Remark 3.1. For brevity, we shall slightly abuse the
notation and regard Q as Q~ in the classical compound Poisson model. In this case we shall
denote g(s) = fooo e YdQ(y) and u = fooo ydQ(y) as the Laplace transform and the mean
of the claim size distribution, respectively.

https://doi.org/10.1239/aap/1246886621 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1246886621

502 J. CAI ET AL

Assume that a unique nonnegative root y satisfies the Lundberg equation
cy —(A+8)+Arq(y)=0. 4.1)
Define
— Sy —
m=7,00) = / e 7 Q(y)dy
0
and

1
T

_ 1 °
Qs(x) = T, Q(x) = —e’”‘/ e "0y dy,

where the Dickson—Hipp operator 7 is defined in Appendix A, and Q(x) = 1 — Q(x) and
63 (x) = 1 — Qs(x) are the survival functions of the distribution functions Q(x) and Qs(x),
respectively.

Note that y > 0. Thus,0 <7 < pu = fooo Q(y) dy. Furthermore, if ¢ > Am, we define the
compound geometric distribution with underlying distribution Qs(y) by

> AT A\
Gs(x) = 2(1 — —) (—) 03" (), (4.2)
c c
k=0
where Qf;k (x) is the k-fold convolution of Qs(x) with itself.

Theorem 4.1. Suppose that the surplus process {X;, t > 0} is the classical compound Poisson
process, for which the unique root y of (4.1) exists and ¢ > Aw, and that the cost function [
satisfies (3.2). The function H with d = 0 satisfies the defective renewal equation

AT 1
H(x) = —H % Qs(x) + =T, 1(x), x>0,
c c
and H has the solution

H(x) =

X
/Tyl(x—y)dGs(y), x> 0.
c—Am Jy

Proof. In view of (3.4) and the fact that g(x) # O for all x, and noting that in this case the
constant t; = oo and ¢, () = x + ct in (A.3), we obtain, from (A.3),

o0 t
H(x) = f re M / e I(x +cs)ds dr
0 0
) (x+ct)
+ f e / H(x +ct —y)dQ(y)dt
0 0

00 [e9) (x+ct)
= / e A (x 4 crydr + [ A~ Ao / H(x +ct —y)dO(y) dr.
0 0 0

Substituting u = x + ct gives

1 *© —(A+8)(u—x)/c A * —(A+8)(u—x)/c !
H((x) = - e l(u)du-i—; e H(u —y)dQO(y)du,
X X 0

which can be represented in terms of the Dickson—Hipp operator:

A 1
H(x) = E?V(AJF&)/C{H * 0+ Zl}(x)-
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It follows from Lemma A.1 that

A 1 A4S A 1
A 1 A4S

= —Ty{H « 0+ —l}(x) - <— - y)TyH(x). 4.3)
c c c

Note that the first term can be expressed by Lemma A.3 as

o>

1 AT 1 A
TV{H * Q + ;l}(x) = TH * Qs(x) + ETyl(x) + ;q(y)’TyH(x). “4.4)

Recall from (4.1) that
A _A+S

—qiy)=——-v.
C C

Together with (4.3) and (4.4) we obtain a defective renewal equation

A 1
H(x) = TH * Qs(x) + ;'J‘yl(x).

Thus, the solution expression of H follows immediately from Theorem 2.1 of Lin and Will-
mot (1999).

5. The accumulated utility of an insurer

When a risk process is used to model and assess a line of insurance business, an insurer
might be interested in a quantitative measure of the overall performance in maintaining its
surplus reserve. The accumulated utility up to default provides such a tool to quantify an
insurer’s satisfaction gained from surplus at each moment throughout the life of the business.
The expectation of the accumulated utility up to the time of default is defined by

U(x) =Ex|:/rdu(Xt)dti|,
0

where d is a predetermined level of default for a particular line of business and u(-) is the utility
function representing the insurer’s attitude towards the current surplus.

As an illustration, we consider the classical compound Poisson risk model with d = 0
and exponential utility function u(x) = —e~%*"/a, where @ > 0 is a constant. In fact, the
solutions in this section can be generalized to investigate a variety of other utility functions.
More utility functions in the context of application in actuarial science can be found in Gerber
and Pafumi (1998).

To study the expected accumulated utility up to ruin, it suffices to consider the function W
defined as

70
W(x)=E" [/ exp{—aX,}dt].
0
Since U (x) = —W(x)/a, we shall now seek solutions to W.
When § = 0, y = 0 is the unique nonnegative root of the Lundberg equation (4.1). Hence,

@ = 7 in the assumption of Theorem 4.1, which means that the safety loading condition ¢ > Ap
holds. It only remains to verify whether [ satisfies condition (3.2).
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Lemma 5.1. Inthe classical compound Poisson model with ¢ > A, the function W is bounded.

Proof. Recall that

N(t)

E*[exp{—aX;}] = E* |:exp{ —a (x—l—ct— Z Yz) }i| — e—ax—act g—[1-G(-a)] _ efaxef(*a)t,
i=1
where f(s) = c¢s — A + Ag(s) is the left-hand side of the Lundberg equation (4.1). Note that
¢ > M. Thus, f/(0) > 0. Now that f(0) = 0, it is easy to show by the continuity of f'(s)
that there must exist a number » < 0 arbitrarily close to 0 such that f(y) < 0 and f'(y) > 0
when r < y < 0. Therefore, for any a > 0, we can always find r > —a such that f(r) < 0
and f(—a) < f(r). Hence, for any a > 0, we have
—ax

o0 o0 o0
/ E*[exp{—aX,}]dt = / e el qp < / e el g — , x>0
0 0 0 —f()

Thus, by the fact that exp{—a X;} is nonnegative and Fubini’s theorem, we obtain, for x > 0,

E* [/m exp{—aX;} dt:| <E* [/wexp{—axt} dt:|
0 0

= / E*[exp{—aX,}]dr
0

—ax

S
<
T —f)
1
< .
—f(r)

Therefore, W (x) is bounded for all x > 0.

Corollary 5.1. In the classical compound Poisson model with ¢ > Au, the solution to W is

given by
e—ax X
W = ——— [ 6o, xzo0, (5.1
a(c—aw) Jo
where G is the compound geometric distribution defined by
o n
A\ [ Ap
G — 1 _ - *n
0(x) ;)( : )( . ) 05" (x)

and Qq is defined by Qo(x) = (1/p) [5 Q(y)dy, x = 0.

Proof. Since W is bounded, then condition (3.2) is satisfied. Since § = 0, we have y = 0.
Applying Theorem 4.1, we obtain

1 X
W(x) = m/o Tol(x — y)dGo(y), x > 0.

Since W (x) is a special case of H (x) with the cost function /(x) = e~**, we have

P > —ax 1 —ay
Tol(y) = e “dx = —-e Y,
y a

which leads to the desired solution, (5.1), upon substitution.
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When the claim size distribution is exponentially distributed, we can derive an explicit
solution for the expected accumulated utility up to ruin, which is presented in the following
result.

Corollary 5.2. In the classical compound Poisson model with ¢ > A, if the claim size
distribution Q is exponential with mean 1/8 then W admits an explicit solution given by

A e~ (B—2/0)x + a-p —al x> 0. 5.2)
ac’(a— B+ \/c) acla — B+ r/c)
Proof. 1f the claim size distribution Q is exponential with mean 1/ then the equilibrium
distribution Qo is exponential with the same mean. It is well known that G is an exponential
function given by

Wx) =

A’ VA
Go(y) =1— (E)e—(ﬂ—*/m, y > 0. (5.3)

Note that G has a probability mass point at 0 with Go(0) = 1 — A/(Bc¢). Substituting (5.3)
into (5.1) yields (5.2).
6. Total discounted claim costs up to ruin

As shown in Section 3, the total discounted claim costs up to ruin is a special case of the
total discounted operating costs up to default. We are now able to derive explicit solutions for
the function C, the total discounted claim costs up to ruin, in the classical compound Poisson
model by using the solution for the function H.

Corollary 6.1. Under the assumptions of Theorem 4.1, the solution to C is given by

1
c— AT

Clx) = /0 {(x —y)dGs(y),  x =0, (6.1)

where

{(2) = )‘eVZ/oo e /000 w(x,x —y)dQ(y)dx.

Proof. As aresult of Theorem 4.1 and Theorem 3.1, the solution follows immediately upon
substitution of I(x) = A fooo o (x,x —y)dQ(y)dx.

The expected total discounted claim cost C(x) includes many interesting ruin-related quan-
tities. In particular, it includes the expected discounted aggregate claims up to ruin and the
expected number of claims up to ruin as special cases, which are discussed in the following
two examples.

Example 6.1. (Expected discounted aggregate claims up to ruin.) To investigate the present
value of future obligations for claim payments, an insurer would be interested in the discounted
aggregate claims up to ruin, defined by

N
K(x) =E* [Z exp{—cST,-}Y,-:|, x>0,
i=1

where § > 0 and N = max{n: T, < tp}. It is obviously a special case of C with the cost at
claim w (x, y) = x — y and, hence, @ (x,x —y) = y.
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By Corollary 6.1, we easily obtain an explicit expression for the expected total discounted
claims up to ruin with exponential claims.

Corollary 6.2. In the classical compound Poisson model, for which the nonnegative root y
exists for the Lundberg equation and ¢ > A, the solution to K is given by

K()C) = mGg(x), X = 0. (62)

Proof. In this case, it follows from (3.1) that

o
l(x) = ?»/0 ydO(y) = Anu,
which satisfies (3.2) since K is bounded by A /8. Furthermore, the expression for ¢ (x) in (6.1)
reduces to £(x) = Au/y and, hence, the desired result is obtained.

Corollary 6.3. If Q(y) is exponentially distributed with mean 1/8, the expected total dis-
counted claims up to ruin K is given by

K(x):%(l— p;ﬂep)‘) x>0, (6.3)

where

(A +8—Bo) — /(L +8 — Be)? +48Bc
p= 2c '
Proof. In the case where Q(y) = 1 — e Y, we can easily show that G5 defined in (4.2)

reduces to
G(x)—l—Lex {—(,B—L> }
T B TP B+ne) |

where y is the positive root to the Lundberg equation (4.1), which reduces to

cs’+ (Bc—Ar—8)s —88=0. (6.4)

‘We shall denote the negative root of (6.4) by p. Hence, it follows by substitution of G in (6.2)
that

AB+7) A 1B
K (c(ﬁ+y)—k)ﬂy< Bt )e exp{ (ﬁ (/3+V)C)y}>’ =

Since y is a root of (6.4), then

_ B+ =1y
B+y '

8

Note that py = §8/c. Hence,

LB _ Bt =B _ M
cv T cBry) By

Therefore, we obtain (6.3) by substitution of parameters.

B.
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We point out that the moments of the total discounted claims until a given time in a renewal
risk process are studied in Léveillé and Garrido (2001a), (2001b). However, their results do
not apply to the expectation of the total discounted claims up to ruin.

Example 6.2. (Expected number of claims up to ruin.) Another special case of the expected
total discounted claim costs is the expected number of claims up to ruin defined by

N(x) = E*[N], (6.5)

which is a special case of the function C in (1.2), letting § = 0 and @ (x, y) = 1.
It follows immediately from (3.1) that /(x) = A. By Proposition 3.1 we see that

N(x) = E*[A10] = AE*[10].

Note that if ¢ > Au then P*{rg < oo} < 1 or, equivalently, P*{tg = oo} > 0. Thus,
E*[19] = oo, which in turn leads to N (x) = oco. Therefore, in order to find an explicit solution
to the function N, we consider the ¢ < Au case, under which condition (3.2) can be verified.

Lemma 6.1. In the classical compound Poisson model for which ¢ < Au, the function N(x),
the expected number of claims up to ruin, satisfies, for x > 0,

N(x) < Me** foralla > 0 and some constant M,
and, hence, condition (3.2) is satisfied.

Proof. By definition we have, for any a > 0,

N(1)

E*[exp{aX;}] = exp{a<x +ct — Z Y,')} — eaxef(a)z’

i=1

where f(s) =cs — A+ Ag(s).
Note that f(0) = 0 and f'(0) < O since ¢ < Au. Thus, we can find an arbitrarily small
a > O such that f(a) < 0. Thus, A < Ae?* for any such a > 0. Therefore,

70 70
EX[/ |l(X,)|dt] =EX|:f Adti|
0 0
< E* [/ ’ Aexp{aX,}dt]
0

=AE"* [/Oo eXp{aX,}dt]
0

= A/ E*[exp{a X,}] dt
0

S
0

— Meax
< 00, (6.6)

where M = —X1/ f(a).
Note that e** is increasing in a for x > 0. Hence, (6.6) holds for all @ > 0 and, thus, the
desired result is obtained.
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Not only does Lemma 6.1 verify condition (3.2), which enables us to apply Theorem 3.1,
but it also leads to the result that

e “*N(x) < constant for all x > 0. 6.7)

Corollary 6.4. In the classical compound Poisson model, if the safety loading factor 6 =
(Bc — X)/A < O then the expected number of claims up to ruin N (x) in (6.5) is given by
A8 A

N(x)z)»—,ch_F)»—ﬁc'

Proof. Applying Theorem 3.1, we obtain, by letting @ (x, y) = 1 and § = 0 in (3.3),
X
cN’(x)—kN(x)—l—k,B/ N(x—y)e_ﬂydy—l—)L:O, x >0. (6.8)
0
By taking derivatives on both sides of (6.8), we obtain

¢N"(x) + (Bc — MN'(x) + A8 = 0. (6.9)

By inspection we see that N (x) = Ax is a particular solution, where A is a constant satisfying
(Bc — M)A + AB = 0, which shows that A = A8/(A — Bc¢). Thus, the general solution to (6.9)
is given by

A
N(x) = - x+ Ay + Ay cPx x>0, (6.10)

—,BC

sinces = Oands = A/c— f are the two roots of the characteristic equation cs>+ (Bc—1)s = 0.
Inserting the expression for N (x) in (6.10) into (6.8) gives

ABc
A — Bc

x A .
+ )‘.8/ ( B y+ A+ Aze()»/bﬂ)y>eﬂ(xy) dy + A
0
=0,

A
+ Ay(A — ,BC)eWC_ﬂ)" — X(A

x4+ A+ Aze()‘/c_ﬁ)x>
— pcC

A — Bc

which implies that
A2B

MBc
Ar(h — Qfe=Bx _ _ZF 3 A AA,ePM B _
A — Bc +Aa( peye k—ﬂcx ! 2¢ +A—ﬁcx A — Bc

2

PRy e PY 4 AA —AAe P+ c,BAze()‘/”*’B))C - cﬂAgefﬁx + A
— Bc

=0.
Upon rearrangement and cancellation, the above equation is simplified to

)\2

—Bx —Bx —Bx _
e —AAje — cBAze =0.
» = pe 1 BA

Hence, the undetermined coefficients A; and A, must satisfy

)»2
A — Bc

—AA] —cfA =0. (6.11)
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Recall from (6.7) that there exists a number a € (0, A/c — ) such that

AB
A — Bc

e “N(kx) = xe Y 4+ Aje™ 4 Are®/TB=0X _ constant  for all x > 0.
Hence, we must have A, = 0. It follows from (6.11) that

A=

A —Bc’

Therefore, the desired result is obtained.

7. Absolute ruin with varying borrowing rates

In a modification of the classical compound Poisson risk model, we may allow a certain
line of insurance business to continue even when the surplus falls below 0. When it does fall
below 0, an insurer borrows loans from external sources at a prescribed borrowing rate.

In the classical absolute ruin models, it is often assumed that an insurer loans at a constant
borrowing rate r as soon as the surplus becomes negative, X (r) < 0. In this case, the absolute
ruin occurs when the negative surplus reaches the level —c/r. In other words, if X () < —c/r
orr X (t)+c < 0, the premium collected at rate c is no longer able to even cover the interest due
at rate —r X (¢). Absolute ruin problems with constant borrowing rate have been well studied in
the literature. See, for example, Asmussen (2000), Cai (2007), Gerber and Yang (2007), Wang
and Yin (2009), Yang et al. (2008), Yuan and Hu (2008), Zhang and Wu (1999), Zhu and Yang
(2008), and the references therein.

In a more general case, we assume that the borrowing rate r(y), y < 0, is a piecewise
locally Lipschitz continuous function in the negative surplus level y. It is important to note that
absolute ruin occurs at the new level d, which is the largest root of the equation

r(y+c=0, y < 0. (7.1)

We call d the level of absolute ruin because the premium income is no longer able to cover the
borrowing interest when X; < d. Therefore, the surplus between any two consecutive claims
satisfies

t =

cdt, if X, > 0,
r(X)X; +co)dt, ifd <X, <0,

where d < 0 is the largest root of (7.1). Hence, as an example of the PDCP process, we can
express the growth of surplus by

c ifx >0,

§0x) = :r(x)x +c¢ ifd <x<0O.

Accordingly, the time of absolute ruin is defined by 7; = inf{¢: X; < d}. The expected
discounted penalty at absolute ruin or the Gerber—Shiu function at absolute ruin is defined by

Mabs (x) = E*[exp{—8tq}w(Xr,—, [ X7, ) 1(ta < 00)],

where w(x, y) is a nonnegative function defined on [d, 00) x (|d|, 00) representing the penalty
at absolute ruin. If condition (3.2) is satisfied, it follows from Theorem 3.1 that the Gerber—Shiu
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function m,pg satisfies

o0

. w(x,y —x)dQ(y)

=0, x>0, (7.2)

x—d
eml, (x) — On + 8)maps (x) + 1 /0 Mass(x — 1) dO() + 4 /

xX—

and

x—d
(r(x)x 4 )myp (x) — (A + 8)maps(x) + )»/0 Maps(x — y)dQ(y)

+)»f w(x,y—x)dO(y)

—d
=0, d<x<O. (7.3)

To simplify our analysis, we investigate a special case of the Gerber—Shiu function mps
where § = 0, denoted by

Pabs (X) = E*[w(Xr,—, [ X, ) 1(ta < 00)],

where w is assumed to be bounded, implying that (3.2) is satisfied.

The special function ggps still includes many interesting quantities such as the absolute ruin
probability, the distribution functions of the surplus before absolute ruin, the surplus at absolute
ruin, the surplus causing absolute ruin, and many more.

If the claim size distribution Q follows an exponential distribution, we can solve the integro-
differential equations (7.2) and (7.3) for an explicit solution as follows.

Corollary 7.1. If Q is exponentially distributed with mean 1/ B, @ans admits an explicit solution

given by
X y
Pabs(x) = C1 + / e S (Cz + / eSO £(1) dt) dy, x>0, (7.4)
0 0
X y
Pabs(x) = C3 +/ e W <C4 +/ e“DOh(r) dt) dy, d<x<0, (7.5)
d d
where

y
S :/0 (ﬂ—%)dt: (ﬁ—%)y,

fo = -BED W

£(x) = /\ﬂ/ P w(x, y — ) dy.
x—d

Gy = / g(t)dt,
d

) = F(x)x +r(x) + Br(x)x + Bc— A
g0 = r(x)x+c ’
L) @)

r(x)x +c

h(x) =
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and the coefficients are determined by

00 y
C = _/ e SW <C2 +/ eS“)f(z)dt) dy,
0 0

0
C,=e 90Cy 4700 / e“On(r)dr,
d

Cs = ¢(d),
o0 y 0 y

Ci = —({(d)Jr / eSO / eSO £(1) dr dy + / =G0 / eCOn(r) dr dy
0 0 d d

d o0
+ e—G(O) / e_G(t)h(t) dr / e—S(y) dy)
0 0

0 00 —1
" </ oGO dy—l—e_G(O)/ ) dy) .
d 0

Proof. Differentiating both sides of (7.2) and (7.3), and making substitutions yields

A
Plins () + <ﬂ - ;)so;bs(x) =f(x), x>0,x¢D,
O + 8P () =h(x), d<x<0,x¢D,

where D is the set of points of x, at which r(x) is not differentiable.

The general solution to @aps(x) is given by (7.4) and (7.5). In order to determine those
coefficients, we search for four boundary conditions, each of which gives a linear equation
involving the coefficients.

Since ¢ > Au and w is bounded, we have

lim @aps(x) = 0. (7.6)
X—>00

Letting x — d in (7.3) yields
Pabs(d+) = £(d). (1.7)

By the continuity of ¢aps at O we have

®abs(0—) = @abs(0+). (7.8)

Letting x = 0in (7.2) and x — 0 in (7.3), and in view of (7.8) we obtain

Dips (0—) = @l (0+). (7.9)

Hence, inserting (7.4) and (7.5) into (7.6), (7.7), (7.8), and (7.9) yields the desired solutions.

8. The Gerber-Shiu function with two-sided jumps

In the classical compound Poisson model jumps are downward only whereas in its dual model
jumps are upward only. However, it is also interesting to consider the compound Poisson model
with two-sided jumps. For instance, Gerber and Shiu (1996) used such a two-sided jump model
in asset pricing. With two-sided jumps, we assume that random events arrive according to the
Poisson process N;. For each event, it brings either a random insurance claim with common
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distribution O~ or a random investment income (cash injection) with common distribution Q.
The probability of the event being an insurance claim is assumed to be 7 and, thus, the event
happens to be an investment income with the chance 1 — . Therefore, the jump size distribution
is given by (3.5).

In view of (3.3) and (3.6), the integro-differential equation for H in the compound Poisson
risk model with two-sided jumps would be

cH' (x) — (A +8H () + A / H(x +y)dot(y)
0

+2( —ﬂ)/o H(x —y)dQ~(y) +1(x)
=0. 8.1)

It is difficult to solve the integro-differential equation (8.1). However, we can derive explicit
solutions to (8.1) for the double exponential jumps, where the distribution function of the jump
size is given by

Oy) =n(l —exp{=BiyH1(y = 0) + A —m)[1 — (A —exp{-L2yD 1y < 0)], (B.2)

where 81 > 0,8, >0,and 0 <7 < 1.

Readers are referred to Kou and Wang (2003) for related topics in a more general jump
diffusion process with two-sided exponential jumps.

With the double exponential distribution (8.2), the integro-differential equation (8.1)
becomes

cH'(x) — (. + 8)H (x) + Anp) exp{ﬁm}/ H(y)exp{—p1y}dy

+ Al —m)p2 eXP{—ﬁzx}/O H(y)exp{pay}dy +1(x)
=0. (8.3)

As an illustration, we solve the following special case of the Gerber—Shiu function, denoted
by ¥s:
Vs(x) = E*[exp{—810} f (|1 X |) 1(70 < 00)],

where f is a bounded function defined on (0, c0).

The special function 15 includes the absolute ruin probability, the Laplace transform of the
absolute ruin time, the distribution function of the surplus at absolute ruin, the moments of the
surplus at absolute ruin, and so on.

Corollary 8.1. For § > 0, if Q is the double exponential distribution (8.2), Vs admits an
explicit solution given by

s(x) = ((ﬂz ) fo £ eXp{—,Bzz}dz)e_p", >0,

where p is the unique negative root of the Lundberg fundamental equation

B B2 .
cs+)\(nﬁl_s+(l—n)ﬂz+s—1>_8. (8.4)
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Proof. Taking derivatives with respect to x and making a substitution in (8.3) gives

cH"(x) = (A + &) H'(x) = cp1H'(x) + B1(A + ) H (x)

— Bial —m)pr GXP{—ﬂzx}/O H(y)exp{fay}dy — p1l(x) — Amp1H (x)

+ cPoH'(x) — Bo(h + 8)H (x) + Bar i eXP{ﬁUC}/ H(y)exp{—pB1y}dy

+ B2l (x) +A(1 = ) o H (x) +1'(x)
=0.

Taking derivatives with respect to x again and substituting the integral terms yields

cH" (x) + (cBr — cpr — 1 — §)H" (x)
+ A1 =m)p2 — AmBr — Ba(h +8) + 1 (A +8) — cB1B2]H (x)
+8B1B2H (x) +1"(x) + (B2 — B! (x) — B1Bal (x)

=0. (8.5)

Note that w(x, y —x) = f(y — x). Then
I(x) =1(1 — n)ﬂzf f(y —x)exp{—pBa2y}dy

— A(1 = 1) exp(—fax) fo F(2) exp(—faz) dz.

It is easy to verify that in this case I”(x) + (B2 — B1)I'(x) — B1B21(x) = 0. Thus, (8.1) and
(8.5) reduce to

() — (4 §)ys(x) +An/0 Ys(x +y)doT (y) + 2 —ﬂ)/o Ys(x —y)dQ™(y)

421 = )2 expl—ax) /0 F(2) expl—paz) dz
-0 (8.6)

and
e’ (x) + (cB2 — cBr — » — )Y (x)
+ A1 =) B2 — AmtBi — Bo(A 4 8) + Bi1 (A + 8) — cB1B2]Yrs(x) + 8B1 Bavprs (x)
=0.

We know that the fundamental solution to /s can be written as
Cie”" + Crexp{yix} + C3exp{yax},
where p <0, y1 > 0, and y» > y; are the three real roots of the characteristic function

es® + (cBy—cBy — 1 — 8)s?
+ Al —=m)B2 — A1 — B2 (A + 8) + B1(A + 8) — cP1B2ls + 5B1B2
= 0’

which is equivalent to the Lundberg fundamental equation (8.4).
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We denote the left-hand side of (8.4) by k(s). Note that § > 0. It is obvious from (8.4) that
k(0) = 0 and k(—B>+) = 40o0; hence, there must be one solution p € (—pf7, 0) for k(s) = §.
We also have a solution y; € (0, 81) as k(81—) = +o0, and a solution y, € (B, +00) as
k(B1+) = —oo and k(+00) = +00.

Since lim,— o Y5(u) = 0, we must have C, = C3 = 0, i.e.

Vs(x) = Cref.

Substituting this into (8.6) gives
o0
¢pC1eP* — (b + 8)C1e?* + AmBy explBix) f C1exp(—(B1 — p)y} dy
X

X
+amprexpl—fax) [ Crexpl(a+ p)y)dy + (1 = m) expl—fax)
0
=0.
Rearranging terms yields,

Ampy Al —m)pa ML =m)B2Cy
— (A b C px _ ~ TreTo
[Cp @+ )+ﬂ1—,0+ B2+ p ] e B+ p

+ (m Y fo £ eXp{—ﬂzz}dZ) exp(—fax)
=0.

exp{—px}

Note that the algebraic expression in square brackets is Lundberg’s equation and, hence,
vanishes. Therefore,

Cr=(B+ p)/o f(2) exp{—pB2z}dz.

When § = 0, {5 reduces to the case

¥ (x) = E'[f (1 X)) 1(zo < 00)].
Corollary 8.2. If Q is the double exponential distribution (8.2), W admits an explicit solution
given by
(B2 +0) [5° f (@) exp{=paz} d2)e”™ if 6 > 0,
V= 5 £ @) exp(—paz) dz
B2
where the safety loading factor 6 = (¢ — Ap)/(Ap), w = A1 — )/ — w/B1], and

A —=chr+cp) — A
p:
2c

ifo <0,

with

A =0 =B+ cP1)? — 4clr(l — m)By — A1 — Bak + Bik — cBifal.

Proof. Ttis not hard to see that the Lundberg equation reduces to

cs” 4 (ca — cP1 — k= 8)s* + [M(1 — 1) By — A1 — Pk + Bi1) — cBifals = 0. (8.7)
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It is obvious that s = 0 is a solution and the other two roots are given by

(A=cBr+cB1)+ A A—cBr+cB1)— A
y = and p = .
2c 2c

We can show thatif ¢ > Au = A[(1 — m)/Br — w/B1] then p < 0 and y > 0. Otherwise,
y > p > 0. If the negative root p to the Lundberg equation exists, the result follows from
Corollary 8.1.

When the Lundberg equation does not have a negative solution, we must have ¥ (x) = Cy,
where C; is determined from the integro-differential equation

CW(X)—M/f(X)JrM/O Y(x +y)dOT () + A1 —71)/0 Yix —y)dQ(y)

+ (Ml - ﬂ)ﬁz/o f(2) exp{—paz} dZ) exp{—pBax}
=0.

We find out that in this case
1 o0
C=— f S (2) exp{—pBaz}dz.
B2 Jo

Since ) 1
'O =c+rn— — 11 —m)—,
Bi B2

and recall that | )
c=04+6)E[Y]=( +9)<A7t— — (1 —n)—),
Bi B2

whether (8.7) has a negative or zero solution depends solely on 6.

Note that when 6 < 0, the safety loading condition is violated and the surplus process has
a negative drift; hence, ruin is deemed to occur ultimately. If we take f(y) = 1 in ¢ then
¥ (x) =E*[1(rp < 00)] = 1.

8.1. A perpetual American put option with two-sided jumps

In Gerber and Shiu (1996), (1998b), it was successfully demonstrated that the Gerber—Shiu
discounted penalty function can be applied to price a perpetual American put option. The
underlying stock price is driven by an exponential of a shifted compound Poisson process. It
turns out that the price of a perpetual American option is the discounted expected value of a
payoff function, which can be regarded as a penalty function, evaluated at an optimal hitting
time. In the same line of logic, we shall derive the price of a perpetual American put option
based on a underlying stock price driven by an exponential of a compound Poisson process with
two-sided jumps. To obtain explicit solutions, we need as given the assumption of two-sided
exponential jumps.

Assume that the stock price process is given by

N@)
S(t) = eX® = exp{x +ct + Z Yi},

i=1

where c is the expected yield rate, the counting process {N (t), ¢ > 0} is Poisson process with
intensity A, and the sequence of random movements {Y;, i = 1, 2, ...} are mutually independent
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and follow the common distribution
0y =n(l —exp{—B1yD1(y = 0) + (I — 7)[1 — (1 —exp{—p2y) 1(y < 0)].
It is known in mathematical finance that the price of an American put option is given by
P(x) = supE*[exp{—87,}T1(S(4))] = sup E* [exp{—37, }TT(exp{X (z.) D], (8.3)
a a
where the payoff function
I(s) = (K —5)+,
K is the exercise price, and
1, = inf{r: S(t) < e’} =inf{t: X(¢) < a}
witha < In K < x. Now we are able to derive an analogous result with the perpetual American
put option with only negative jumps obtained in Gerber and Shiu (1998).
Corollary 8.3. When § > 0, the solution to F(x) in (8.8) is given by
_ B+ pK <Kp(/32 + 1))_’)6,),(,
Bo(I—p) \' Pa(p—1)
where p is the unique negative solution to (8.4).
When § = 0, the solution to F(x) is given by
(B2+ p)K <K p(B2+1)
Bl —p) \ f2(p—1)
K

P(x)

—p

> e’ ifo >0,
P(x) =

— ifo <0.

5

Proof. If we define a new process ¥ = {Y;, t > 0} such that ¥; = X; — a and its

corresponding time of default r(}/ = inf{r: Y(¢) < d}, then it is easy to see that ‘L'g = 1,.
We have to keep in mind that Y (0) = x — a. Therefore, the discounted payoff function upon
which the supremum is taken can be written as a special case of 5 (x):

E*[exp{—37a}T1(exp{X (ta))] = E*~“[exp{~d7¢ }[T(exp(Y (7)) + a})].
When § > 0, it follows immediately from Corollary 8.1 that

_ ,82 ea) :32 + pep(x—a)
B2+ 1 B2 ’

. =1n<KM>_
Ba(p—1)

Since p € (—pf3, 0), we can show that a < In K.
When § = 0, a similar result follows from Corollary 8.2. When 6 < 0,

E*[exp{—d74}TT(exp{X (t) )] = (K

which is maximized at

. _K e
E*[exp{—d7,} TT(exp{X (t,)})] = 2 R

which is maximized at @ = —o0. This completes the proof.

The last part of the corollary makes sense because the investor is better off delaying exercising
the option as late as possible, as the safety loading condition 6 > 0 is violated and the stock
price process will eventually drift towards O.
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Appendix A

Proof of Proposition 3.1. First, we define a counting process associated with X; by

o0
N(t A) =Y UT; <)Xy, — Xg,— € A), 120,

i=1
where A is a subset of (—o0, 00). Obviously, N(¢, A) is a Poisson process from the definition of
the PDCP process. Hence, its compensator process denoted by N (7, A) is given by N (¢, A) =
LQ(A), t > 0.

Then, in terms of the associated counting process measure N (d¢, dy), the expectation in

(1.2) can also be written as

C(x) = B [/m /OO e ¥ (X,—, X, + y)N(dt, dy)i|. (A.1)
0 —00

By similar arguments used in Section 2 of Chapter II of Brémaud (1981), we know that the
expectation in (A.1) can be expressed as the expectation in terms of the compensator process
measure, namely,

B 70 o0
C(x) =E" / f e 'w (X, X, + )N, dy)}
LJ0 —00
B 70 o0 _
=E* / / e o (X,—, X,— + y)N(dt, dy):|
LJO —0o0
- 7

=E"/ e_‘”k/ ZZT(XI—»X[——F)’)dQ(Y)df]
0

—00

=E* /TO e % /OO @ (X¢, X +y)dQ(y)dti|-
LJ/0 -

The last equality can be explained as follows. Since the process X; can only have countable
discontinuities, then, for each w € @, {r: X;_(w) # X;(w)} is a countable set. Hence, almost
surely,

/ OC_&A/ @ (X (@), Xi(w) + y)dQ(y) dt
0

—00
T0 s 00
= / e ’)»f @ (X;—(0), X;—(w) + y)dQ(y) dr.
0 —o0
Proof of Theorem 3.1. LetT = Ty Atg, wherety = inf{t | ¢, (t) < d}, with the convention
that inf{@} = oco. Note that T is a stopping time with respect to {¥;}. Then,

T T
H(x):Ex|:/ e‘“l(xs)ds]JrEX[/ de‘ssl(Xs)ds] (A2)
0 T

Note that when 77 > 4, we have ty = t; = T. While T1 < t;, we have T = Tj. Thus,

Td B Td
E* U e_‘ssl(Xs)ds} =E*| (T} > rd)/ e %1(X,) ds
T L T

+E [1(T1 < t2) / K e—swxs)ds]
T

_ iy -
=E°| 1Ty <1) | e %1(X,)ds |,
L T n
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7|

For any given constant M > 0, it follows from the strong Markov property that

where

E* [I(Tl < ld)/ ’ e I(Xy) ds} =F* |:Ex [/ ’ (T} < tg)e % 1(X,)ds
T, T

1

Td

E* [Ex[{l(Tl <) | e %Xy ds} AM ‘ }‘TIH

T

t—T
= E* [EXTI Hl(n < td)/ eI (X 7, 44) ds} A Mﬂ
0

Let Y(s) = X(s + T1), s > 0, and define t} = inf{r | Y(r) < d, t > 0}. Note that
1) =15 — T when T < t4. Thus,

‘L’d*T]
E* [EXTI |:{1(T1 <ty) / exp{—=8(T1 + )} (XT1,+5) ds} A M]:|
0
T
=E* |:EXT1 |:{1(T1 < tg)exp{—38T1} / C_B‘YZ(YA-) dS} A M:|:| .
0
In view of (3.2), we obtain, by the dominated convergence theorem,

E* [1(T1 <1y / “ e % I1(Xy) ds]
T

! .
= lim E* Ex[{l(Tl <1y e‘ssl(Xs)ds} AM
M—o00 L T

]

e % 1(Xy) ds} A MH

wa—T

= lim E* EXTIHI(Tl Std)exp{—STl}/
L 0

M—o00

- .[Y
=E* [EXTl 1(T; <ty) exp{—STl}/ ‘ e‘ssl(YS)dsH
0

= E'[I(Th = tq) exp{=8T1}H (X1)].

Once again by the dominated convergence theorem we have

E*[I(Ty < 1q) exp{—8T1}H (X7,)]
= Jim E*[I(Th < 1) exp{—8T1}H (X1,) A M]

Jim E[E[L(T) < tg) exp(—8T1} H(X1)) A M | X,-1]
—00

= A}i_ljiooEx[{l(ﬂ = ta’)exp{_(STl}/ H(Xr, - +y)dQ(y)} A M]

=E* [I(Tl = fd)exp{_ng}[] H(Xr-+Y) dQ(y)},

—X7,-

where the last equality follows from the fact that H (x) = 0 when x < d.
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Recall from property 4 of Definition 2.1 that X7, _ is solely determined by the continuous
piece {¢. (1), 0 <t < T1}. Returning to (A.2), we now have

T
H(x) = E* [/ e (g (5)) ds]
0

o]

+E* [I(Tl < tq) exp{—8T1} H(¢:(T1—) + ) dQ(y)]-

d—¢x(T1—)

Recall from property 2 of Definition 2.1 that 77 is exponentially distributed with mean 1/A.
Hence,

17 t 17 o0
H(x) = f e / e O (py(s)) dsdr + / * e f H(py(¢) +y)dQ(y) dt
0 0 0 d—¢x (1)

17
+ exp{—Atq} f de““l(qu(s))ds- (A.3)
0

We now discuss the two cases in which g(x) = 0 and g(x) # 0.
In the case where g(x) = 0, itis easy to see that ¢, (r) = x, t > 0. Hence, f; = inf{@} = oo
since d < x. Thus, (A.3) reduces to

o t o0 o
H(x)zf ,\e—“/ e_asl(x)dsdt~|—/ ae”OH [ H(x + y)dQ(y) dr
0 0 0 d—x
oo

1 A
= ml(x) + re ), H(x+y)d0o(®y),

which is a special case of (3.3) when g(x) = 0.

In the case where g(x) # 0, recall from property 3 of Definition 2.1 that ¢, (¢) is uniquely
determined by

do. (1) = g« (1)) dt, 0<t<ty,
with ¢, (0) = x. Furthermore, ¢y (tg5) = L if t; = oo and ¢, (t5) = d if t; < o0, which
holds since ¢, (¢) is continuous in . However, since neither L or d depends on x, we can

denote ¢, (t;) = m, which is a constant. Thus, if we let z = ¢ (¢) then dr = dz/g(z) and
ta = [" dz/g(z), and, thus, (A.3) becomes

H(x)—/mkex {—A/ZLd }/Zex {—S/L[Ld }MduLd
=L TP o0 L TP w0 P e e

m Z 00
+/ Aexp{—(k—i-(?) —dy} H(z+y)dQ(y)Ldz
x x &) d—z g(2)

+ ex {—)\‘/‘de }/mex {—S/ZLd }@d (A4)
U7 o @ P10 ) e P '

which implies that H is absolutely continuous.
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We denote the three terms on the right-hand side of (A.4) by I, I>, and I3, respectively.
Thus, by taking derivatives on the both sides of (A.4), we have, for x ¢ D,

A4S l m 1 1 A4S
H'(x) = + I ) Xexp{—k/ —dy}—dz-i— * I
X

g g Jy oG g(x)
A [ A48 1(x) /m 1 }
-~ | H d L——expl-2| —d
() Jo e aem+ b= exp{ TS e
A48 1(x) A [
=——W+hb+h)————— H(x+y)do(®)
g(x) gx)  g(x) Ja—x
A48 1(x) A [
= 2() H(X)—@—% d_xH(X‘Fy)dQ(y),

which implies (3.3).

Definition A.1. For any integrable function f defined on [0, c0) and a real number s > 0, the
Dickson—Hipp transform of f is given by

o0
7w =t [Ce o xzo
X
The transform T is called the Dickson—Hipp operator, which was introduced in Dickson and
Hipp (2001).

Note that the Laplace transform of f is indeed a special case of the Dickson—Hipp operator

T, £ (0) = /0 e () dy.

Definition A.2. For any integrable functions f and Q defined on [0, c0), the convolution of f
and Q is given by

X
f*Q(X)Z/ fx=y)do), x>0.
0
For convenience, however, in the derivation of the following lemmas we shall introduce

another definition of convolution. Readers may directly refer to Lemma A.3 for the major
conclusion of the appendix.

Definition A.3. For any integrable functions f and g defined on [0, 00), the convolution of f
and g is given by

f*q(x)=/o F—yamdy, x>0

The following properties of the Dickson—Hipp operator are used in this paper. The proofs
and references to the following two lemmas can be found in Li and Garrido (2004) and Gerber
and Shiu (2006).

LemmaA.l. Ifs; >0, so > 0, and s| # 53, then

?‘z'zf(x) - T&]f(x)

S1— 82

«7:?1 «ri}zf(-x) =

The lemma shows that the Dickson—Hipp operators are commutable with each other. Hence,
they are also commutable with Laplace transforms.
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Lemma A.2. Ifs > 0 then

TAf *a}(x) = T5qO)Ts f (xX) + f * Tsq (x).

Lemma A.3. If Q is a distribution function and s > 0, then

TAf % Q}(x) = g()Ts f(x) + f * B(x),
where G(s) = [;° e dQ(y) and B(x) = T30 (x).

Proof. For simplicity, we assume that ¢ = Q’. Hence, f * ¢ = f * Q and the results
follow by Lemma A.2 and the fact that T7,T;q (x) = T3T0q(x) = T30 (x). The proof can be
generalized to a more general distribution Q.
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