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Selection response in traits with maternal inheritance 
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Summary 

M a t e r n a l i n h e r i t a n c e is t he n o n - M e n d e l i a n t r a n s m i s s i o n of t r a i t s , f r o m m o t h e r s t o their o f fspr ing . 
D e s p i t e i ts p r e s e n c e in v i r tua l ly all o r g a n i s m s , a c t i n g t h r o u g h a var ie ty of m e c h a n i s m s , t h e 
e v o l u t i o n a r y c o n s e q u e n c e s of m a t e r n a l i n h e r i t a n c e a r e n o t well u n d e r s t o o d . H e r e w e review a n d 
e x t e n d a m o d e l o f t he i n h e r i t a n c e a n d e v o l u t i o n o f m u l t i p l e q u a n t i t a t i v e c h a r a c t e r s wi th c o m p l e x 
p a t h w a y s o f m a t e r n a l effects. E x t e n s i o n s of t he ear l ie r m o d e l i nc lude c o m m o n family 
e n v i r o n m e n t a l effects n o t a s soc i a t ed wi th m a t e r n a l p h e n o t y p e , sexua l d i m o r p h i s m , and p a t e r n a l 
effects ( n o n - M e n d e l i a n inf luence o f t he f a the r o n offspr ing t ra i t s ) . W e find t h a t , in c o n t r a s t t o 
s imple M e n d e l i a n i n h e r i t a n c e , m a t e r n a l i n h e r i t a n c e p r o d u c e s qua l i t a t i ve ly different e v o l u t i o n a r y 
d y n a m i c s for t w o r e a s o n s : (1) the r e s p o n s e t o se lec t ion o n a set of c h a r a c t e r s d e p e n d s n o t o n l y o n 
the i r a d d i t i v e gene t ic va r i ances a n d c o v a r i a n c e s , b u t a l so o n m a t e r n a l c h a r a c t e r s t h a t inf luence 
t h e m , a n d (2) t ime lags in t he r e s p o n s e t o se lec t ion c r e a t e a fo rm of e v o l u t i o n a r y m o m e n t u m . 
T h e s e resu l t s h a v e i m p o r t a n t i m p l i c a t i o n s for e v o l u t i o n in n a t u r a l p o p u l a t i o n s a n d prac t ica l 
a p p l i c a t i o n s in t he e c o n o m i c i m p r o v e m e n t o f d o m e s t i c a t e d species . W e der ive select ion ind ices t h a t 
m a x i m i z e e i the r t he e c o n o m i c i m p r o v e m e n t in a s ingle g e n e r a t i o n o f artificial se lect ion o r t h e 
a s y m p t o t i c r a t e of i m p r o v e m e n t in l o n g - t e r m se lec t ion p r o g r a m m e s , b a s e d o n ind iv idua l m e r i t o r a 
c o m b i n a t i o n o f i nd iv idua l a n d family m e r i t . N u m e r i c a l e x a m p l e s s h o w t h a t a c c o u n t i n g for 
m a t e r n a l i n h e r i t a n c e c a n lead t o c o n s i d e r a b l e inc reases in t he efficiency of art if icial se lect ion. 

1. Introduction 

M a t e r n a l i n h e r i t a n c e is t he n o n - M e n d e l i a n t r a n s ­
miss ion o f p h e n o t y p i c t r a i t s f rom m o t h e r s t o the i r 
offspr ing. T h i s c a n o c c u r t h r o u g h a va r i e ty o f 
m e c h a n i s m s : c y t o p l a s m i c he red i t y (e.g. m i t o c h o n d r i a l 
a n d c h l o r o p l a s t D N A a n d m a t e r n a l R N A t r a n s c r i p t s 
p a c k a g e d in eggs) o r p h y s i o l o g y a n d d e v e l o p m e n t 
(e.g. b o d y size o f t he m o t h e r o r egg o r seed size 
affecting t h e b o d y size of t h e offspr ing) . M a t e r n a l 
effects a r e u sua l l y s t r o n g e s t ear ly in life a n d a r e 
d i lu t ed d u r i n g d e v e l o p m e n t as a n i n d i v i d u a l ' s o w n 
genes a r e exp res sed ( R u t l e d g e et al. 1972 ; C h e v e r u d 
et al. 1 9 8 3 ; S c h a a l , 1984). H o w e v e r , s o m e m a t e r n a l 
effects c a n pers i s t i n t o a d u l t h o o d , as for l i t ter size in 
mice a n d p igs ( F a l c o n e r , 1965 ; V a n d e r S teen , 1985) 
a n d age a t m a t u r i t y in sp r ing ta i l s ( J a n s s e n et al. 1988). 

* Corresponding author. 

D e s p i t e t he w i d e s p r e a d influence o f m a t e r n a l effects in 
m i c r o o r g a n i s m s ( G r u n , 1976), p l a n t s ( R o a c h & Wulff, 
1987) a n d a n i m a l s ( B o y c o t t etal. 1930 ; Cundiff , 1 9 7 2 ; 
B o n d a r i et al. 1978 ; R e s n i c k , 1 9 8 1 ; Pr ice & G r a n t , 
1985), the i r e v o l u t i o n a r y c o n s e q u e n c e s a r e p o o r l y 
u n d e r s t o o d . 

In th i s p a p e r we review a n d e x t e n d a m o d e l 
( K i r k p a t r i c k & L a n d e , 1989) o f t h e i n h e r i t a n c e a n d 
e v o l u t i o n o f m u l t i p l e c h a r a c t e r s w i t h c o m p l e x p a t h ­
w a y s o f m a t e r n a l i n h e r i t a n c e . T h e e x t e n s i o n s i n c l u d e 
c o m m o n family e n v i r o n m e n t a l effects n o t a s s o c i a t e d 
wi th m a t e r n a l p h e n o t y p e , sexual d i m o r p h i s m o r sex-
l im i t a t i on o f s o m e c h a r a c t e r s , a n d p a t e r n a l effects 
( n o n - M e n d e l i a n inf luence o f the f a the r o n of fspr ing 
t ra i t s ) . W e a l so de r ive select ion ind ices t h a t m a x i m i z e 
t he r a t e o f e c o n o m i c i m p r o v e m e n t af ter a s ingle 
g e n e r a t i o n o f artificial se lec t ion, o r in l o n g - t e r m 
se lec t ion p r o g r a m m e s , b a s e d o n i n d i v i d u a l m e r i t o r 
us ing i n f o r m a t i o n f rom re la t ives . 

14 G R H 55 

https://doi.org/10.1017/S0016672300025520 Published online by Cambridge University Press

https://doi.org/10.1017/S0016672300025520


R. Lande and M. Kirpatrick 190 

2 . M o d e l s o f maternal inheritance and select ion 
response 

(i) Basic models 

D i c k e r s o n (1947) a n d W i l l h a m (1963) d e s c r i b e d a 
m o d e l o f m a t e r n a l i n h e r i t a n c e in w h i c h a s ingle 
m a t e r n a l t r a i t , i n h e r i t e d in a p u r e l y M e n d e l i a n 
f a s h i o n , p r o d u c e s a n o n - M e n d e l i a n effect o n a 
s e p a r a t e t r a i t in t h e o f f sp r ing . T h i s m o d e l h a s been 
u s e d in t h e a n i m a l b r e e d i n g l i t e r a t u r e t o de sc r ibe 
g e n e r a l i z e d m a t e r n a l i n f l u e n c e s o n of fspr ing c h a r a c ­
t e r s s u c h a s j u v e n i l e g r o w t h r a t e (Cundiff , 1972). 
F a l c o n e r (1965) d e s c r i b e d a m o d e l in w h i c h a s ingle 
c h a r a c t e r w i t h a p a r t l y M e n d e l i a n b a s i s exe r t s a 
m a t e r n a l effect o n i tself in t h e n e x t g e n e r a t i o n , a n d 
u s e d t h i s t o a n a l y z e r e s u l t s o f b r e e d i n g a n d se lec t ion 
e x p e r i m e n t s o n l i t t e r size in m i c e . H i s m o d e l h a s a l so 
b e e n a p p l i e d t o l i t t e r s ize in p ig s ( V a n d e r S teen , 
1985) . R i s k a et al. ( 1 9 8 5 ) d e s c r i b e d a m o d e l in w h i c h 
a s i n g l e m a t e r n a l t r a i t h a s a n o n - M e n d e l i a n inf luence 
o n b o t h i tself ( in t h e n e x t g e n e r a t i o n ) a n d o n a 
s e p a r a t e o f f sp r ing t r a i t . A l t h o u g h t h e f o r m o f r e s p o n s e 
t o a c o n s t a n t i n t e n s i t y o f s e l e c t i o n is k n o w n for t h e 
m o d e l o f D i c k e r s o n a n d W i l l h a m ( D i c k e r s o n , 1947 ; 
H a n r a h a n , 1 9 7 6 ; V a n V l e c k et al. 1977) a n d for 
F a l c o n e r ' s m o d e l ( V a n d e r S t e e n , 1985), a t h e o r y o f 
s e l e c t i o n r e s p o n s e in m u l t i p l e c h a r a c t e r s w i t h c o m p l e x 
m a t e r n a l i n h e r i t a n c e h a s o n l y r e c e n t l y b e e n de r ived 
b y K i r k p a t r i c k & L a n d e ( 1 9 8 9 ) . 

W e g e n e r a l i z e d p r e v i o u s m o d e l s t o d e s c r i b e t he 
j o i n t M e n d e l i a n a n d m a t e r n a l i n h e r i t a n c e o f a set o f k 
q u a n t i t a t i v e t r a i t s . T h e p h e n o t y p i c v a l u e o f t he ; t h 

t r a i t in a n e w b o r n i n d i v i d u a l in g e n e r a t i o n t +1 is 

z , .(7+ 1) = at(t+ 1 ) + <?,(*+ l ) + c ( ( r + 1 ) + S M y z * ( 7 ) , 

(1) 

w h e r e at is t h e a d d i t i v e g e n e t i c c o m p o n e n t o f t h e t r a i t , 
et is t h e c o m p o n e n t a t t r i b u t a b l e to i n d i v i d u a l en ­
v i r o n m e n t effects a n d g e n e t i c d o m i n a n c e , a n d c, is t he 
effect o f c o m m o n f ami ly e n v i r o n m e n t n o t i n c l u d i n g 
m a t e r n a l i n f luences . F o l l o w i n g s t a n d a r d q u a n t i t a t i v e 
g e n e t i c t h e o r y ( F a l c o n e r , 1 9 8 1 ; B u l m e r , 1985), we 
a s s u m e t h a t t h e c o l u m n v e c t o r s a, e a n d c a r e 
s t a t i s t i c a l l y i n d e p e n d e n t o f e a c h o t h e r a n d a r e 
m u l t i v a r i a t e - n o r m a l l y d i s t r i b u t e d w i t h c o v a r i a n c e 
m a t r i c e s G , E a n d E c r e s p e c t i v e l y ; the m e a n va l u e s o f 
t h e e n v i r o n m e n t a l c o m p o n e n t s a r e z e r o , e = 0 a n d 
c = 0 ; t h e p o p u l a t i o n m a t e s a t r a n d o m a n d ep i s t a s i s is 
a b s e n t . W e a l s o a s s u m e for s imp l i c i t y in th i s sec t ion 
t h a t t h e p o p u l a t i o n is s e x u a l l y m o n o m o r p h i c a n d t h a t 
s e l e c t i o n a c t s in t h e s a m e w a y o n m a l e s a n d females . 
I m p o r t a n t m o d i f i c a t i o n s o f t h e e q u a t i o n s t o de sc r ibe 
s e x u a l l y d i m o r p h i c o r s e x - l i m i t e d t r a i t s , s u c h a s m a n y 
m a t e r n a l c h a r a c t e r s , a r e d e s c r i b e d in t h e nex t s ec t ion . 

T h e s u m m a t i o n in (1) r e p r e s e n t s the c o m p o n e n t o f 
t h e t r a i t a t t r i b u t a b l e t o m a t e r n a l i n h e r i t a n c e : Mtj is 
t h e m a t e r n a l effect coeff ic ient o f t ra i t j in t h e m o t h e r 
o n t r a i t i in h e r o f f sp r ing , a n d z*(t) is t h e p h e n o t y p e 

for t rai t j o f t he m o t h e r ( t h a t is, a f emale w h o 
r e p r o d u c e d in g e n e r a t i o n t). Mtj is def ined a s t he 
regress ion of t he p h e n o t y p i c va lue o f t r a i t / in offspr ing 
o n the p h e n o t y p i c v a l u e o f t ra i t j in the i r m o t h e r s , 
h o l d i n g t h e gene t ic c o m p o n e n t o f t r a i t / a n d t h e 
p h e n o t y p i c va lues of all o t h e r t r a i t s c o n s t a n t . T h i s 
coefficient m e a s u r e s t h e s t r e n g t h a n d sign (s ince M(j 

c a n be nega t i ve ) o f effects t h a t m o t h e r s h a v e o n the i r 
offspring t h r o u g h c y t o p l a s m i c , phys io log ica l , deve l ­
o p m e n t a l , o r o t h e r p a t h w a y s of m a t e r n a l i n h e r i t a n c e . 
A n y n e t w o r k o f such p a t h w a y s b e t w e e n t h e t r a i t s c a n 
b e desc r ibed us ing a p p r o p r i a t e va lues for t h e M^s. 

T h e m o d e l in e q u a t i o n (1) differs f rom t h a t in 
K i r k p a t r i c k & L a n d e (1989) a n d L a n d e & Pr ice (1989) 
o n l y by t h e a d d i t i o n o f t he t e r m c , ( / + l ) a c c o u n t i n g 
for c o m m o n family e n v i r o n m e n t a l effects a p a r t f rom 
m a t e r n a l inf luences . All o f the i r resu l t s c a n b e a p p l i e d 
t o the p r e s e n t m o d e l if E c is a d d e d t o E in v a r i o u s 
e x p r e s s i o n s for t h e p h e n o t y p i c c o v a r i a n c e m a t r i x P in 
t h e fo rmer p a p e r . A s i d e f rom this c h a n g e , all of the i r 
f o r m u l a e , i n c l u d i n g o f f sp r ing -pa ren t p h e n o t y p i c c o -
va r i ances a n d reg ress ions , r e m a i n u n c h a n g e d . (Of 
cou r se t h e c o m m o n family e n v i r o n m e n t a l effect 
c , ( f + l ) c o n t r i b u t e s t o t he r e s e m b l a n c e b e t w e e n full 
s ibl ings.) 

By t a k i n g e x p e c t a t i o n s , we c a n d e d u c e f rom 
e q u a t i o n (1) t h a t the e v o l u t i o n a r y c h a n g e c a u s e d by 
select ion in t he vec to r o f t r a i t m e a n s b e t w e e n 
g e n e r a t i o n s t a n d t + 1 is 

AZ (0 = [ C , , + M P ] p(/) + M A z ( / - 1) - M P p ( / - 1) . (2) 

w h e r e C „ = C o v [a(7), z ( 0 T ] * G ( I - | M T ) - \ a n d the 
supe r sc r i p t T d e n o t e s m a t r i x t r a n s p o s i t i o n ( K i r k ­
pa t r i ck & L a n d e , 1989). P is t he p h e n o t y p i c c o v a r i a n c e 
ma t r i x , M is t h e m a t r i x o f m a t e r n a l effect coefficients, 
a n d I is t h e i den t i t y m a t r i x ; these a r e s q u a r e m a t r i c e s 
o f d i m e n s i o n k. T h e se lec t ion g r a d i e n t v e c t o r 
P(/) = P _ 1 s ( / ) is def ined in t e r m s o f t h e v e c t o r o f 
se lect ion different ia ls in g e n e r a t i o n t, s(t), t h e differ­
e n c e in m e a n p h e n o t y p e b e t w e e n selected a n d u n -
selected i n d i v i d u a l s . T h e e l e m e n t s o f t h e se lec t ion 
g r a d i e n t i n d i c a t e the s t r e n g t h a n d d i r ec t i on o f se lec t ion 
a c t i n g d i rec t ly o n each t ra i t , a n d a r e e q u i v a l e n t t o 
pa r t i a l r eg res s ion coefficients o f re la t ive fi tness o n t h e 
p h e n o t y p i c v a l u e o f e a c h t r a i t ( L a n d e & A r n o l d , 
1983). In t he specia l case t h a t all t he Mt1s a r e z e r o , 
C E = G a n d (2) b e c o m e s the s t a n d a r d e q u a t i o n for 
t h e evo lu t i on o f q u a n t i t a t i v e t r a i t s u n d e r p u r e 
M e n d e l i a n i n h e r i t a n c e , Az(t) = G$(t) ( L a n d e , 1979). 

T h e t h r e e t e r m s o n the r igh t s ide o f e q u a t i o n (2) 
h a v e the fo l lowing i n t e r p r e t a t i o n . T h e first t e r m is t he 
r e s p o n s e t o c u r r e n t se lec t ion p r e s s u r e s , b a s e d o n 
p a r e n t - o f f s p r i n g r e s e m b l a n c e , s ince C a z + M P is t h e 
c o v a r i a n c e b e t w e e n m i d p a r e n t s a n d of fspr ing ( K i r k ­
pa t r i ck & L a n d e , 1989). T h e s e c o n d t e r m r e p r e s e n t s 
t h e de layed effect of e v o l u t i o n in m a t e r n a l t r a i t s o n 
t h e c h a n g e they p r o d u c e in of fspr ing t r a i t s ; t h a t is, a n 
e v o l u t i o n a r y r e s p o n s e in m a t e r n a l t r a i t s p r o d u c e s a 
r e s p o n s e in of fspr ing t r a i t s in the nex t g e n e r a t i o n , 
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M = 0 0 

0 0 Generation 

P-O regression 

4 6 
Generation 

(c) 
Assuming M = 0 

Fig. 1. Numerical example of the evolution of three 
maternally inherited traits. Top left: schematic of 
pathways of maternal inheritance, with its corresponding 
maternal effects matrix. Selection acts only on trait 1 for 
generations 1-4 (heavy horizontal bars), (a) Correct 
evolutionary trajectories of phenotypic means from 
equation (2). (b) Incorrect trajectories predicted using 
offspring-midparent regression to estimate the selection 
response in the first generation and assuming later 

' 1 • 1 1 r 
4 6 8 

Generation 

generations will have the same selection response, (c) 
Incorrect trajectories predicted using the correct genetic 
covariance matrix but ignoring maternal effects. Models 
(b) and (c) incorrectly predict the rank order of the 
characters by generation 9 as well as the per-generation 
rates of change. Parameters for all cases: G = \ I, E = I, 
P = (1 , 0, 0) T . Other parameters in equat ion (2) calculated 
as in Kirkpatrick & Lande (1989). 

even in the a b s e n c e of se lec t ion o n m a t e r n a l o r 
offspr ing t ra i t s in e i the r g e n e r a t i o n . T h e last t e r m in 
(2) r ep re sen t s the d e l a y e d effect o f se lec t ion o n 
m a t e r n a l c h a r a c t e r s o n t he r e s p o n s e of the offspr ing 
c h a r a c t e r s in t he nex t g e n e r a t i o n . 

T w o i m p o r t a n t c o n c l u s i o n s fo l low f rom e q u a t i o n 
(2). T h e first is t h a t t he e v o l u t i o n o f a set o f gene t ica l ly 
c o r r e l a t e d t r a i t s d e p e n d s n o t o n l y o n a d d i t i v e gene t ic 
v a r i a n c e s a n d c o v a r i a n c e s o f t h o s e t r a i t s , b u t a l so 
invo lves the i n h e r i t a n c e a n d m a t e r n a l effect c o ­
efficients of all t r a i t s e x e r t i n g m a t e r n a l effects o n t he 
t r a i t s of in te res t . T h i s c o n t r a s t s w i t h t he case o f p u r e l y 
M e n d e l i a n i n h e r i t a n c e , for w h i c h h e r e d i t a r y infor­
m a t i o n a n d select ive forces o n t h e c h a r a c t e r s o f 
in teres t a r e sufficient t o p r e d i c t t he r e s p o n s e t o 
se lect ion (see F ig . 1). 

T h e second c o n c l u s i o n f rom e q u a t i o n (2) is t h a t t he 
e v o l u t i o n of the t ra i t m e a n s d e p e n d s n o t o n l y o n the 
c u r r e n t force of se lec t ion , P(/), b u t a l so o n the force of 
se lect ion in the p r e v i o u s g e n e r a t i o n , P(/ — 1), a n d the 
e v o l u t i o n a r y c h a n g e in t he p r e v i o u s g e n e r a t i o n , 
Az(f—1) . T h i s a l so c o n t r a s t s w i t h p u r e l y M e n d e l i a n 

i n h e r i t a n c e , w h e r e the e v o l u t i o n a r y r e s p o n s e t o 
se lec t ion d e p e n d s o n l y o n p ( / ) . M a t e r n a l i n h e r i t a n c e 
t he r e fo r e g e n e r a t e s t ime lags in t h e r e s p o n s e t o 
se lec t ion , p r o d u c i n g a fo rm o f e v o l u t i o n a r y m o ­
m e n t u m ( K i r k p a t r i c k & L a n d e , 1989). 

In a n art if icial se lec t ion p r o g r a m m e w h e r e g e n ­
e r a t i o n t is t he last gene ra t ion o f se lec t ion , s o t h a t 
$(t + r) = 0 for T ^ 1, the e v o l u t i o n a r y r e s p o n s e in t h e 
next g e n e r a t i o n will b e 

A z ( / + l ) = M { A z ( 0 - P P ( / ) } , 

a n d t he rea f t e r t h e r e s p o n s e will b e 

A Z ( ; + T) = M ' - ' A z C + l ) . 

T h u s even af ter se lect ion has c e a s e d e v o l u t i o n will 
c o n t i n u e for as m a n y gene ra t i ons a s t h e r e a r e s t e p s in 
u n c l o s e d p a t h w a y s o f m a t e r n a l effects, o r indef in i te ly 
if t he re a r e c losed p a t h w a y s o r cycles o f m a t e r n a l 
effects. F o r e x a m p l e , in D i c k e r s o n ' s (1947) a n d 
W i l l h a m ' s (1963) m o d e l of a m a t e r n a l t r a i t a f fec t ing a 
d i s t inc t of fspr ing t ra i t , t he re is a s ingle u n c l o s e d 
p a t h w a y o f m a t e r n a l effect o f l eng th o n e ; a f t e r 

14-2 
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s e l e c t i o n h a s c e a s e d , e v o l u t i o n o f t he o f f spr ing t r a i t 
wi l l o c c u r in t h e n e x t g e n e r a t i o n a n d t h e r e will b e n o 
f u r t h e r e v o l u t i o n . ( T h e c o m p l e t e d y n a m i c s o f r e s p o n s e 
t o s e l e c t i o n in W i l l h a m ' s m o d e l given in e q u a t i o n (10) 
o f K i r k p a t r i c k & L a n d e (1989) a r e i n c o r r e c t , a l t h o u g h 
t h e i r m o r e g e n e r a l f o r m u l a A 2 6 is va l id . ) If t h e 
p a t h w a y s o f m a t e r n a l effects f o r m cycles , s o t h a t M 
h a s s o m e n o n - z e r o e i g e n v a l u e s , t h e n e v o l u t i o n will 
c o n t i n u e inde f in i t e ly a f t e r se lec t ion h a s c e a s e d , 
a l t h o u g h t h e m a g n i t u d e o f t h e r e s p o n s e will b e d a m p e d 
o u t in p r o p o r t i o n t o AT w h e r e A is t h e l e a d i n g 
e i g e n v a l u e (w i th t h e l a r g e s t m o d u l u s ) o f M , w h i c h 
m u s t h a v e m o d u l u s less t h a n o n e , | A | < 1 ( K i r k p a t r i c k 
& L a n d e , 1989) . T h e s i m p l e s t e x a m p l e o f a cycle o f 
m a t e r n a l effects is F a l c o n e r ' s m o d e l o f a s ingle 
c h a r a c t e r t h a t m a t e r n a l l y affects itself, f o r m i n g a 
c y c l e o f l e n g t h o n e . A n i n t e r e s t i n g c o n s e q u e n c e o f 
t h e t i m e l ags is t h a t it s h o u l d b e pos s ib l e t o o b s e r v e 
a t r a n s i e n t r e s p o n s e t o s e l e c t i o n w i t h i n a n i n b r e d 
l i ne , b a s e d o n m a t e r n a l l y i n h e r i t e d e n v i r o n m e n t a l 
v a r i a t i o n . 

F i g u r e 1 s h o w s t h e e v o l u t i o n o f t h r e e t r a i t s 
c o n n e c t e d t h r o u g h a h y p o t h e t i c a l n e t w o r k o f m a t e r n a l 
effects t h a t m i g h t c o r r e s p o n d t o b o d y size ( t r a i t 1) a n d 
t w o a s p e c t s o f m a t e r n a l p e r f o r m a n c e s u c h a s l a c t a t i o n 
a n d g e s t a t i o n ( t r a i t s 2 a n d 3) . Se lec t ion a c t s o n l y o n 
t r a i t 1, a n d t h e c h a r a c t e r s a r e gene t i ca l ly u n c o r r e l a t e d . 
W e a s s u m e fo r s i m p l i c i t y t h a t t h e p o p u l a t i o n p a r a ­
m e t e r s ( M , C M a n d P ) a n d t h e force o f d i r e c t i o n a l 
s e l e c t i o n (P) r e m a i n c o n s t a n t , a l t h o u g h c h a n g e s in 
t h e s e p a r a m e t e r s c a n b e a c c o m m o d a t e d b y t h e m o d e l . 
T w o c o n s e q u e n c e s o f t h e t i m e l ags a r e e v i d e n t . F i r s t , 
t h e r a t e o f e v o l u t i o n o f t h e t r a i t s is d i f ferent in t h e 
s e c o n d a n d s u b s e q u e n t g e n e r a t i o n s of se l ec t ion t h a n it 
is in t h e first. S e c o n d , a f t e r se lec t ion c e a s e s t h e t r a i t s 
c o n t i n u e e v o l v i n g . I t c a n a l s o b e seen t h a t t h e e v o l u t i o n 
o f a t r a i t u n d e r s e l e c t i o n d e p e n d s n o t o n l y o n t h e 
s t r e n g t h o f s e l e c t i o n a n d g e n e t i c p a r a m e t e r s o f t h a t 
t r a i t , b u t a l s o t h e p a t h w a y s o f m a t e r n a l i n h e r i t a n c e 
c o n n e c t i n g t h a t t r a i t t o m a t e r n a l c h a r a c t e r s n o t u n d e r 
s e l e c t i o n . T h e s e f e a t u r e s d i s t i n g u i s h m a t e r n a l i nhe r i t ­
a n c e f r o m M e n d e l i a n i n h e r i t a n c e . 

T h e t i m e l ags c a n c a u s e t h e ini t ia l a n d final r a t e s o f 
e v o l u t i o n o f t r a i t s t o b e s u b s t a n t i a l l y d i f ferent even 
u n d e r a c o n s t a n t i n t e n s i t y a n d d i r e c t i o n o f se lec t ion , 
p . T h e r e s p o n s e a f t e r a s ing le g e n e r a t i o n o f se lec t ion 
o n a p o p u l a t i o n in i t i a l ly a t e q u i l i b r i u m a t g e n e r a t i o n 
0 is , f r o m e q u a t i o n (2) , 

A z ( 0 ) = ( C „ + M P ) p . (3) 

T h i s c a n b e c o m p a r e d w i t h t h e p o p u l a t i o n ' s final r a t e 
o f e v o l u t i o n , a g a i n a s s u m i n g t h e p a r a m e t e r s r e m a i n 
c o n s t a n t . W e find f r o m (2) t h a t t h e v e c t o r o f 
p h e n o t y p i c m e a n s will a p p r o a c h the a s y m p t o t i c r a t e 
o f e v o l u t i o n 

A z ( c o ) = ( I - M ) - 1 C a z p . (4) 

I f t h e r e a r e n o cyc le s o f m a t e r n a l effects in t h e m a t r i x 
M t h e n u n d e r a c o n s t a n t i n t e n s i t y a n d d i r e c t i o n o f 

select ion the a s y m p t o t i c r a t e of e v o l u t i o n will b e 
achieved af ter a n u m b e r o f g e n e r a t i o n s e q u a l t o o n e 
p lu s the l eng th o f t h e longes t p a t h w a y of m a t e r n a l 
effects. I f t he re a r e cycles of m a t e r n a l effects, t h e n the 
a s y m p t o t i c r a t e o f e v o l u t i o n will be a p p r o a c h e d in 
p r o p o r t i o n t o A( w h e r e A is t h e l ead ing e igenva lue o f 
M . F r o m d a t a o n t he m a g n i t u d e o f m a t e r n a l effect 
coefficients in p a p e r s c i ted in the i n t r o d u c t i o n , we 
expect t h a t t h e a s y m p t o t i c r a t e o f e v o l u t i o n usua l ly 
will be a p p r o a c h e d r ap id ly , w i th in a few g e n e r a t i o n s 
in mos t cases . 

(ii) Sexual dimorphism and sex-limited traits 

Because m a n y m a t e r n a l t r a i t s a r e sexual ly d i m o r p h i c 
o r sex-l imited, it is i m p o r t a n t t o specify h o w t h e 
mode l s c a n b e a l t e r e d t o desc r ibe such t r a i t s . H a n r a -
h a n & Eisen (1973) h a v e e x p e r i m e n t a l l y s t u d i e d t he 
influence of m a t e r n a l effects o n a sexual ly d i m o r p h i c 
t ra i t , b o d y we igh t in mice . F o r a s ingle c h a r a c t e r w i th 
m a t e r n a l i n h e r i t a n c e exp re s sed o n l y in females , such 
a s litter size in mice , C a z s h o u l d be mu l t i p l i ed by \ in 
e q u a t i o n s (2) t h r o u g h (4) a n d the se lec t ion g r a d i e n t s , 
P, then refer t o se lec t ion o n females . T h i s is r ead i ly 
a p p a r e n t f rom the fact t h a t t he c o v a r i a n c e b e t w e e n 
m o t h e r s a n d d a u g h t e r s is j C ^ + M P ( K i r k p a t r i c k & 
L a n d e , 1989). T o d e s c r i b e m u l t i p l e c h a r a c t e r s w i t h 
sexual d i m o r p h i s m o r sex- l imi ted e x p r e s s i o n , t he 
c h a r a c t e r vec to r a n d the se lec t ion g r a d i e n t v e c t o r c a n 
b e en larged b y t r e a t i n g e a c h t ra i t in each sex as a 
s epa ra t e c h a r a c t e r , such a s b o d y size in m a l e s a n d 
females. T h e m a t r i c e s in t h e a b o v e e q u a t i o n s c a n a l so 
b e en larged a c c o r d i n g l y , a l l o w i n g for p a t e r n a l effects 
( t h e n o n - M e n d e l i a n inf luence o f f a the r ' s c h a r a c t e r s o n 
offspring t ra i t s ) as well a s m a t e r n a l effects. D e t a i l s a r e 
given in A p p e n d i x 1. 

3 . Artificial se lect ion 

T h e m a j o r g o a l o f b r e e d i n g p r o g r a m s is t o econ ­
omical ly i m p r o v e d o m e s t i c a t e d species by se lect ing 
ind iv idua l s o n t h e bas i s o f a set of c o r r e l a t e d 
c h a r a c t e r s . T h e c lass ica l a p p r o a c h is t o find t he 
c o m b i n a t i o n of c h a r a c t e r s o n w h i c h se lec t ion will 
m a x i m i z e the r a t e o f e c o n o m i c i m p r o v e m e n t . E q u a ­
t i ons (3) a n d (4) sugges t t w o poss ib le s t r a t e g i e s : t o 
m a x i m i z e the i m m e d i a t e i m p r o v e m e n t fo l lowing o n l y 
a single g e n e r a t i o n of se lec t ion , o r t o m a x i m i z e t h e 
l o n g - t e r m r a t e of i m p r o v e m e n t . W e c o n s i d e r in t u r n 
t h e cases of se lec t ion o n u n r e l a t e d (o r d i s t a n t l y 
re la ted) i nd iv idua l s , a n d t h e use o f i n f o r m a t i o n f rom 
rela t ives . 

(i) Individual selection 

T h e select ion c r i te r ia a r e d e t e r m i n e d by finding t h e 
index we igh t v e c t o r b s u c h t h a t artificial se lec t ion o n 
the l inear c o m b i n a t i o n o f c h a r a c t e r s b T z m a x i m i z e s 
t h e ra te of e c o n o m i c i m p r o v e m e n t . T h e classical 
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Fig. 2. Comparison of economic improvement under 
equal intensities of selection obtained by three different 
methods for calculating the index weight vector, b : (i) 
maximum long-term rate, from equation (6); (ii) 
maximum first-generation rate, from equat ion (7); and 
(iii) the classical solution in equation (5), which ignores 
the maternal effects entirely. The selection gradient vector 
is calculated using P = «b/(bTPb)», where ; is the 
standardized selection differential on the index bTz. Other 
parameters are as in Fig. 1, with / = 1 and economic 
weights d = (1 , 0, 0) T . 

in m i c e t o b e h2 = 0-22, t h e m a t e r n a l effect coefficient 
t o b e m = —0-13, a n d the p r o p o r t i o n o f p h e n o t y p i c 
v a r i a n c e d u e t o c o m m o n family e n v i r o n m e n t n o t 
i n c l u d i n g m a t e r n a l effects t o be a b o u t c 2 = 0 0 1 . T h e 

0 2 1 • ' ' • 1 • I 
0 2 4 6 8 10 

Generation 

Fig. 3. Cumulative response to selection in units of ;'cr2 for 
a single character, z, expressed only in females. i is the 
standardized selection differential on the selection index, 
and <r2 is the phenotypic standard deviation of the 
character. Parameters are those estimated by Falconer 
(1965) for litter size in mice (see text). The response to 
individual selection is given by equation (2) with C u 

multiplied by 5 to account for sex-limitation of the 
character, and responses using an opt imal selection index 
combining individual and family merit (with da ta on 
n = 4 individuals per family) are described in Appendix 3. 
The dashed line gives the response to selection only 
within full sib families, as in Falconer's experiments; note 
the reversed response to selection in the first generation. 

so lu t i on , u n d e r t h e a s s u m p t i o n o f p u r e l y M e n d e l i a n 
i n h e r i t a n c e , is 

b = P - ' G d , (5) 

w h e r e d is a v e c t o r of re la t ive e c o n o m i c va lues o f t h e 
p h e n o t y p i c t r a i t s ( F a l c o n e r , 1 9 8 1 ; B u l m e r , 1985). 
F r o m e q u a t i o n (4), h o w e v e r , we find in A p p e n d i x 2 
t h a t wi th m a t e r n a l effects t h e u l t i m a t e r a t e of e c o n o m i c 
i m p r o v e m e n t is m a x i m i z e d us ing 

b = P - 1 C l z ( I - M T ) - 1 d . (6) 

A n o t h e r a l t e r n a t i v e is t o use t he m a t r i x o f a c t u a l 
p h e n o t y p i c r eg res s ion coefficients of offspr ing o n 
m i d p a r e n t s , C M P 1 + M , in p l ace of t h a t in the c lass ical 
se lect ion index , G P _ 1 , so t h a t 

b = ( P - 1 C L + M T ) d . (7) 

It c a n b e s h o w n f rom e q u a t i o n (3) t h a t th i s i n d e x 
m a x i m i z e s t h e i m p r o v e m e n t in t h e first g e n e r a t i o n , 
b u t in l a t e r g e n e r a t i o n s it d o e s n o t d o as well a s t h a t 
based o n e q u a t i o n (6) . 

T o c o m p a r e t h e r a t e s of e c o n o m i c i m p r o v e m e n t 
u s ing these t h r e e se lec t ion indices o n a p o p u l a t i o n 
wi th m a t e r n a l i n h e r i t a n c e , c o n s i d e r the e x a m p l e f r o m 
F ig . 1 a n d a s s u m e t ra i t 1 is t he on ly c h a r a c t e r o f 
e c o n o m i c v a l u e . W i t h e q u a l in tens i t ies of se lec t ion , 
u s ing e q u a t i o n (6) yields a 28 % inc rease in the final 
r a t e of e c o n o m i c i m p r o v e m e n t ove r t h a t u s i n g p a r e n t -
offspr ing r eg res s ion a n d a 2 7 % increase o v e r t he 
classical s o l u t i o n i g n o r i n g the m a t e r n a l effects, a s 
s h o w n in F ig . 2. I n th is e x a m p l e , u s ing of fspr ing-
m i d p a r e n t r eg res s ion is ini t ia l ly be t t e r b u t u l t i m a t e l y 
w o r s e t h a n is c o m p l e t e l y i g n o r i n g the m a t e r n a l effects. 
S ince these a r e p e r - g e n e r a t i o n differences t h a t a c ­
c u m u l a t e a c r o s s g e n e r a t i o n s , t he benefi ts of a c c o u n t ­
ing for m a t e r n a l i n h e r i t a n c e c a n be s u b s t a n t i a l even 
w h e n the p e r - g e n e r a t i o n a d v a n t a g e is m o d e s t . T h e 
a m o u n t of i m p r o v e m e n t d e p e n d s o n the p a r a m e t e r s 
of gene t ic a n d m a t e r n a l i n h e r i t a n c e ; o t h e r va lues c a n 
p r o d u c e differences l a rge r o r smal le r t h a n t h o s e seen 
here . 

(ii) Information from relatives 

T h e resul t in e q u a t i o n (6) c a n a lso be a p p l i e d t o 
c o n s t r u c t a se lec t ion index t h a t m a x i m i z e s t h e l o n g -
t e r m r a t e o f e c o n o m i c i m p r o v e m e n t us ing i n f o r m a t i o n 
f rom re la t ives . T h u s , in a p o p u l a t i o n cons i s t i ng o f full 
s ib o r p a t e r n a l h a l f s ib famil ies , we c a n d e r i v e a n 
o p t i m a l index for se lec t ion o n a c o m b i n a t i o n of 
i nd iv idua l a n d fami ly m e r i t . By def ining t h e fami ly 
m e a n a n d the i n d i v i d u a l d e v i a t i o n f rom t h e fami ly 
m e a n a s s e p a r a t e t r a i t s all o f t he a b o v e e q u a t i o n s 
c o n t i n u e t o a p p l y , b u t w i t h vec to r s a n d m a t r i c e s 
h a v i n g d i m e n s i o n s twice a s la rge as in t he ca se o f 
i nd iv idua l se lec t ion . T h e specia l s t r u c t u r e o f t h e 
vec to r s a n d m a t r i c e s a r e given in A p p e n d i x 3. C o n s i d e r 
for e x a m p l e t h e case o f a s ingle c h a r a c t e r , l i t ter size. 
F a l c o n e r (1965) e s t i m a t e d t he her i t ab i l i ty of l i t ter size 
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p a r a m e t e r s fo r l i t t e r s ize in p ig s a r e s i m i l a r ( V a n d e r 
S t e e n , 1985) . B e c a u s e o f t h e s u b s t a n t i a l n e g a t i v e 
m a t e r n a l effect a n d t h e l o w h e r i t a b i l i t y . t h e r eg res s ion 
o f d a u g h t e r ' s l i t t e r size o n t h a t o f t he i r m o t h e r s , 
h2/(2 — m) + m, is n e g a t i v e . F a l c o n e r a p p l i e d se lec t ion 
w i t h i n full s ib fami l i es a n d o b s e r v e d a m a r k e d r eve r sed 
r e s p o n s e t o s e l e c t i o n in t h e first g e n e r a t i o n in b o t h t he 
u p w a r d a n d d o w n w a r d se l ec t i on l ines . F i g u r e 3 
c o m p a r e s t h e d y n a m i c s o f r e s p o n s e t o art if icial 
s e l e c t i o n o n th i s t r a i t u n d e r v a r i o u s s c h e m e s o f 
s e l e c t i o n . 

4 . D i scuss ion 

M o s t a p p l i c a t i o n s o f m a t e r n a l i n h e r i t a n c e t h e o r y in 
a n i m a l b r e e d i n g h a v e b e e n b a s e d o n the m o d e l s o f 
W i l l h a m ( 1 9 6 3 , 1972) , in w h i c h m a t e r n a l p e r f o r m a n c e 
is a s s u m e d t o b e u n o b s e r v e d . W i t h o u t d i r e c t o b ­
s e r v a t i o n o f t h e m a t e r n a l t r a i t s it is difficult t o 
e s t i m a t e t h e p a r a m e t e r s o f m a t e r n a l i n h e r i t a n c e , w h i c h 
r e q u i r e s i n f o r m a t i o n o n m a n y t y p e s o f r e l a t ives ( E i s e n , 
1967) . N e i t h e r W i l l h a m ' s m o d e l s n o r V a n V l e c k ' s 
( 1 9 7 0 , 1976) g e n e r a l i z a t i o n s c a n a c c o u n t for c losed 
p a t h w a y s o r cyc les o f m a t e r n a l effects, a s in F a l c o n e r ' s 
( 1 9 6 5 ) m o d e l o f a s ing le c h a r a c t e r w i t h a m a t e r n a l 
effect o n i tself in t h e n e x t g e n e r a t i o n . T h e l i m i t a t i o n s 
o f p r e v i o u s m o d e l s m a k e it difficult o r i m p o s s i b l e t o 
i n c o r p o r a t e a rea l i s t i c n e t w o r k o f m a t e r n a l effects. 
B a s i c d e v e l o p m e n t a l a n d p h y s i o l o g i c a l c o n s i d e r a t i o n s 
s u g g e s t t h e r e a r e m u l t i p l e m a t e r n a l c h a r a c t e r s t h a t 
c a n e x e r t c o m p l e x p a t h w a y s o f n o n - M e n d e l i a n influ­
e n c e o n o f f sp r ing t r a i t s . 

O u r r e su l t s i n d i c a t e t h a t it wil l b e i m p o r t a n t for 
e v o l u t i o n a r y b i o l o g i s t s a n d b r e e d e r s t o ident i fy 
n e t w o r k s o f m a t e r n a l effects in f luenc ing t r a i t s o f 
i n t e r e s t a n d to m e a s u r e t h e r e l e v a n t p a r a m e t e r s , 
i n s t e a d o f t h e c o m m o n p r a c t i c e o f l u m p i n g all n o n -
M e n d e l i a n i n h e r i t a n c e i n t o a s ingle m a t e r n a l effect. 
E q u a t i o n (2) d e m o n s t r a t e s t h a t t o p r e d i c t t h e r e s p o n s e 
t o s e l ec t i on o n a set o f c h a r a c t e r s it is n e c e s s a r y t o 
k n o w n o t o n l y t h e p h e n o t y p i c a n d a d d i t i v e gene t i c 
v a r i a n c e s a n d c o v a r i a n c e s o f t h e c h a r a c t e r s , b u t a l so 
t h e i n h e r i t a n c e a n d m a t e r n a l effect coefficients o f all 
t r a i t s t h a t h a v e m a t e r n a l effects o n t h e c h a r a c t e r s o f 
i n t e r e s t . M e a s u r e m e n t o f m a t e r n a l c h a r a c t e r s a l o n g 
w i t h o t h e r t r a i t s o f i n t e r e s t p e r m i t s b o t h t h e m a t e r n a l 
effect coeff ic ients a n d t h e a d d i t i v e g e n e t i c v a r i a n c e s 
a n d c o v a r i a n c e s o f al l t h e c h a r a c t e r s t o b e e s t i m a t e d 
s i m p l y f r o m o f f s p r i n g - p a r e n t r e g r e s s i o n s ; in s o m e 
c a s e s th i s c a n b e a c c o m p l i s h e d u s i n g o n l y d a u g h t e r -
m o t h e r r e g r e s s i o n if it c a n b e a s s u m e d t h a t m o s t o f t he 
c h a r a c t e r s d o n o t e x e r t m a t e r n a l effects ( L a n d e & 
P r i c e , 1989). 

H a y e s & Hi l l (1981) a n a l y s e d t h e s t a t i s t i ca l p r o p e r ­
t ies o f t h e c lass ica l s e l ec t ion i n d e x for m u l t i p l e 
c h a r a c t e r s [ e q u a t i o n (5)] , a n d r e c o m m e n d e d ' b e n d i n g ' 
t h e a d d i t i v e g e n e t i c v a r i a n c e - c o v a r i a n c e m a t r i x , G, t o 
r e d u c e t h e loss o f efficiency in art if icial se lec t ion 
c a u s e d b y s a m p l i n g e r r o r s in t h e i n d e x coefficients 

( H a r r i s , 1963). B e n d i n g cons i s t s o f f inding the 
e igenva lues o f G a n d c o n t r a c t i n g the i r r a n g e ( o n the 
real line) a r o u n d the i r m e a n va lue unt i l t h e r e a r e n o 
negat ive e igenva lues left, s ince t he se c o r r e s p o n d to 
nega t ive a d d i t i v e gene t i c v a r i a n c e for s o m e c o m ­
b i n a t i o n o f c h a r a c t e r s c a u s e d by s a m p l i n g v a r i a n c e in 
t he e s t ima t ion of G (Hi l l & T h o m p s o n , 1978). A 
' b e n t ' G m a t r i x for use in a se lec t ion index is then 
c o n s t r u c t e d f r o m the c o n t r a c t e d e i g e n v a l u e s a n d the 
or ig ina l e igenvec to r s . A s imi la r p r o c e d u r e a p p l i e d t o 
t h e m a t r i x o f m a t e r n a l effect coefficients, M , m a y 
i m p r o v e t h e efficiency o f se lec t ion ind ices in e q u a t i o n s 
(6) and (7) b a s e d o n e s t i m a t e s o f G a n d M . By 
a n a l o g y , this w o u l d cons i s t o f finding t h e e igenva lues 
o f M a n d c o n t r a c t i n g t he i r r a n g e (in t h e c o m p l e x 
p l ane ) a r o u n d the i r m e a n v a l u e un t i l t h e r e a r e n o 
e igenva lues w i t h m o d u l u s g r e a t e r t h a n o n e , s ince these 
s h o u l d n o t o c c u r excep t for s a m p l i n g e r r o r s ( K i r k ­
pa t r i ck & L a n d e , 1989). A b e n t M m a t r i x c a n t h e n be 
c o n s t r u c t e d f rom the c o n t r a c t e d e i g e n v a l u e s a n d the 
or ig ina l e igenvec to r s . 
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Appendix 1 

Sexual dimorphism and sex-limited traits 

Let t he female a n d m a l e c h a r a c t e r s , w h i c h m a y differ 
in n u m b e r , be r e p r e s e n t e d by t h e v e c t o r s z 2 a n d z. 
respec t ive ly , a n d let t h e c o r r e s p o n d i n g se l ec t ion 
g r a d i e n t v e c t o r s be P 9 a n d p\j. The m o d e l o f i n h e r i t a n c e 
a n a l o g o u s t o e q u a t i o n (1), a l lowing for b o t h m a t e r n a l 
a n d p a t e r n a l ( n o n - M e n d e l i a n ) effects, is 

Z j ( f + 1 ) = a 0 ( r + l ) + e 5 ( r + l ) + c s ( r + l ) 
+ M 2 z * ( 0 + F s z * ( 0 , 

z3(t + 1) = as(t + 1) + e6{t + 1) + c6(t + 1) 
+ M , z * ( 0 + F . z * ( 0 , 

( A 1) 

in w h i c h t h e m a t r i c e s M 9 a n d F 2 c o n t a i n t h e coefficients 
of m a t e r n a l a n d p a t e r n a l effects o n f e m a l e of fspr ing , 
w h e r e a s a n d c o n t a i n the coefficients o f m a t e r n a l 
a n d p a t e r n a l effects on male of fspr ing . A g a i n we 
a s s u m e t h a t t h e p o p u l a t i o n m a t e s a t r a n d o m a n d t h a t 
t he M e n d e l i a n p a r t of t h e i n h e r i t a n c e is a u t o s o m a l 
w i t h n o ep i s t as i s . By t ak ing e x p e c t a t i o n s a n d a c ­
c o u n t i n g for t h e sex- l imi ted exp res s ion o f t he c h a r a c ­
ters t h e fo l l owing d y n a m i c a l e q u a t i o n s c a n b e d e r i v e d 
for t h e v e c t o r of m e a n p h e n o t y p e s z T = ( z j , z j ) in 
r e s p o n s e t o t he select ion g r a d i e n t p T ( r ) = ( P q ( 0 , Pq-(O), 

A z ( 0 = f C ^ p ( 0 + M { A z ( / - 1 ) + P A P ( / - 1)}, (A 2) 

in w h i c h a g a i n C a 2 = C o v [ a ( 0 , z ( / ) T ] « G ( I — £ M T ) _ 1 . 
T h e v a r i a n c e - c o v a r i a n c e ma t r i ce s of t h e p h e n o t y p i c 
v e c t o r a n d t h e v e c t o r of b r e e d i n g v a l u e s , a T = (a l , aT), 
h a v e t h e f o r m s 

P / P 2 2 o 
0 P 

a n d G = (S;» ( A 3) 

in w h i c h P 5 ? a n d P ^ . a r e the p h e n o t y p i c v a r i a n c e -
c o v a r i a n c e m a t r i c e s for females a n d m a l e s , r e spec t ­
ively. G s s a n d G3.0- a r e t he c o r r e s p o n d i n g a d d i t i v e 
gene t i c v a r i a n c e - c o v a r i a n c e m a t r i c e s o f t h e f e m a l e 
a n d m a l e c h a r a c t e r s , a n d the //'th e l e m e n t o f t h e m a t r i x 
G S < J is t he a d d i t i v e gene t ic c o v a r i a n c e b e t w e e n f ema le 
t r a i t / a n d m a l e t ra i t / T h e s q u a r e m a t r i x o f m a t e r n a l 
a n d p a t e r n a l effect coefficients is 

M = 
M 9 

M , F , 
(A 4) 

a n d I is a n iden t i ty m a t r i x of t h e s a m e size. I n t h e 
a b s e n c e o f n o n - M e n d e l i a n i n h e r i t a n c e , w h e n M = 0, 
e q u a t i o n ( A 2 ) is e q u i v a l e n t to t h e u s u a l m o d e l for t he 
e v o l u t i o n o f sexua l ly d i m o r p h i c c h a r a c t e r s ( L a n d e , 
1980). 
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A p p e n d i x 2 

Individual selection index 

G i v e n t h e v e c t o r o f e c o n o m i c w e i g h t s , d , c o r r e ­
s p o n d i n g t o t h e c h a r a c t e r v e c t o r z , we wish t o find t h e 
v e c t o r o f r e l a t ive w e i g h t coeff ic ients b in t h e l i nea r 
se l ec t ion i n d e x / = b T z t h a t m a x i m i z e s t h e r a t e o f 
e c o n o m i c i m p r o v e m e n t , R = d T A z , in a p o p u l a t i o n 
u n d e r a g iven i n t e n s i t y o f ar t i f ic ia l s e l ec t i on o n t h e 
i n d e x . W i t h m a t e r n a l i n h e r i t a n c e , text e q u a t i o n (4) 
s h o w s t h a t t h e r a t e o f e c o n o m i c i m p r o v e m e n t in 
r e s p o n s e t o a c o n s t a n t d i r e c t i o n a n d i n t ens i t y o f 
se l ec t ion a s y m p t o t i c a l l y a p p r o a c h e s 

R = d T A / b / ( b T P b ) " , ( A 5 ) . 

in w h i c h t h e m a t r i x A = ( I — M ) _ 1 C a z is n o n - s y m ­
m e t r i c , / = s,/a, is t h e i n t e n s i t y o f se l ec t ion o n t h e 
i n d e x ( se l ec t ion d i f ferent ia l in u n i t s o f p h e n o t y p i c 
s t a n d a r d d e v i a t i o n s ) , a n d w e h a v e u s e d t h e fact t h a t 
P = z b / ( b T P b ) " ( H a r r i s , 1963) . A p p l y i n g t h e g r a d i e n t 
o p e r a t o r V j = (d/dbv d/db2,... d/dbk) t o (A 5) g ives 

VT

bR = d T A / ( b T P b ) - " - b T P ( b T P b ) - i d T A / b . (A 6) 

W i t h t h e c o n d i t i o n for a n e x t r e m u m , V j / ? = 0, a n d 
a s s u m i n g t h a t P is n o n - s i n g u l a r (pos i t i ve def ini te) 
t h i s y i e lds t h e s o l u t i o n in t ex t e q u a t i o n (6 ) , 

b = p - ' A T d , ( A 7) 

f r o m w h i c h we h a v e o m i t t e d a s ca l a r m u l t i p l i e r . 
S u b s t i t u t i n g t he o p t i m a l s o l u t i o n i n t o ( A 5) g ives t h e 
l o n g - t e r m r a t e o f e c o n o m i c i m p r o v e m e n t 

R != ; ( b T P b ) " . . , (A 8) 

W e c a n s h o w t h a t t h e s o l u t i o n in ( A 7 ) m a x i m i z e s R by 
a p p l y i n g t h e g r a d i e n t o p e r a t o r t o (A 6) t o o b t a i n t h e 
m a t r i x o f s e c o n d p a r t i a l d e r i v a t i v e s , H = V b V j i ? . 

W h e n e v a l u a t e d a t t h e e x t r e m u m , u s i n g A T d = P b , t h i s 
s impl i f i e s t o 

H = { P b b T P - P ( b T P b ) ) / ( b T P b ) i . 

T h e s o l u t i o n m a x i m i z e s R if x T H x ^ 0 for a n a r b i t r a r y 
v e c t o r x , w h i c h imp l i e s 

( x T P b ) 2 < ( x T P x ) ( b T P b ) . 

L e t t i n g Y = P * x a n d V = P * b th i s c o n d i t i o n b e c o m e s 
( Y V ) 2 ^ ( Y T Y ) ( V T V ) , w h i c h is t h e v e c t o r f o r m of 
C a u c h y ' s i n e q u a l i t y , t h e left s ide b e i n g s m a l l e r t h a n 
t h e r i g h t b y a f a c t o r o f c o s 2 0 w h e r e 6 is t h e a n g l e 
b e t w e e n t h e v e c t o r s Y a n d V. 

A p p e n d i x 3 

Information from relatives 

W h e n c h a r a c t e r s o f l o w h e r i t a b i l i t y a r e i n v o l v e d , 
i n f o r m a t i o n f rom re la t ives is o f t en i n c o r p o r a t e d i n t o 
t h e s e l e c t i o n c r i t e r i o n . W e c o n s i d e r t w o cases o f 
s e l e c t i o n o n a c o m b i n a t i o n o f i n d i v i d u a l a n d fami ly 
m e r i t , full s i b famil ies a n d p a t e r n a l h a l f s ib fami l ies in 

which e a c h of fspr ing h a s t h e s a m e fa the r b u t a 
different m o t h e r . A s s u m e t h a t all famil ies a r e of e q u a l 
size «, a n d t h a t t h e r e is n o sexua l d i m o r p h i s m . Def ine 
t h e vec tor of family m e a n p h e n o t y p e s a s zt a n d the 
vec to r o f i nd iv idua l d e v i a t i o n s f rom the family m e a n 
a s zM, wh ich a r e s ta t i s t ica l ly u n c o r r e c t e d c o m p o n e n t s 
t h a t sum t o p r o d u c e t he i n d i v i d u a l p h e n o t y p e ( R o b e r t ­
s o n , 1955). T h e o p t i m a l se lec t ion index , 
/ = b J z / + b J , z K , t h a t m a x i m i z e s t he l o n g - t e r m ra t e o f 
i m p r o v e m e n t in e c o n o m i c v a l u e in the p o p u l a t i o n , 
i n c o r p o r a t i n g i n f o r m a t i o n f r o m re la t ives , h a s t he 
s a m e genera l fo rm as in e q u a t i o n (A 7) w h e r e t he 
vec tor o f we igh t coefficients for t h e 2 fc-dimensional 
t r a i t vec tor z T = ( z j , z j , ) , is d e n o t e d a s b T = ( b } , b ^ ) a n d 
I is the 2 A>dimensional i den t i t y m a t r i x . Because zf 

a n d zw s u m to p r o d u c e t h e i n d i v i d u a l p h e n o t y p e , t hey 
h a v e e q u a l e c o n o m i c v a l u e a n d t h e t r a n s p o s e of 
en l a rged vec to r o f e c o n o m i c va lue is ( d T , d T ) . By 
c o n s i d e r i n g the m a t r i x a n a l o g o f e q u a t i o n s (1) for t he 
en la rged vec to r of c h a r a c t e r s z we c a n d e d u c e t h a t t h e 
en la rged m a t r i x o f m a t e r n a l effect coefficients is 

M M 
0 0 

o r 
0 0 

M Ml' 
(A 9) 

for full s ibs o r h a l f s ibs respec t ive ly . T h e en l a rged 
add i t ive gene t ic c o v a r i a n c e m a t r i x is 

r„G 0 
0 (\-rn)G)' 

.(A 10) 

in which r„ = r + ( l — r)/n is t he a d d i t i v e gene t ic 
c o r r e l a t i o n b e t w e e n s ib l ings in famil ies of size 
w i t h r = I for full s ibs a n d r = \ for ha l f s ibs ( F a l c o n e r , 
1981). T h e e n l a r g e d p h e n o t y p i c c o v a r i a n c e m a t r i x for 
full sibs o r ha l f s ibs is respec t ive ly 

P - ( l • i ) ( £ G + E) 

0 (1 
0 

•1XIG + E). 
o r 

J G + 1 ( P - J G ) 

0 (1 
0 

- i ) ( P - * G > 
( A l l ) 

Single character 

I n the case of art if icial se lec t ion o n a s ingle c h a r a c t e r , 
u s ing i n f o r m a t i o n f rom re la t ives , t he bo ld - f aced 
ma t r i ce s in e q u a t i o n s (A 9 ) - ( A 11) a r e s c a l a r s : 
M = in, G = o-2

a, P = er 2 , E = o-2, E c = o-c

2 a n d the 
en la rged P m a t r i x c a n b e s imp ly exp res sed as 

0 
0 

0 - ' > i 
(A 12) 

in which t„ = t + (\—t)/n is t he p h e n o t y p i c c o r r e l a t i o n 
be tween s ibl ings in famil ies o f size n ( F a l c o n e r , 1981). 
F o r half sibs / = h2/4 a n d for full s ibs 1 = h2/2 + c2 + 
m2 + mh2/( \ —m/2), w h e r e t h e he r i t ab i l i t y h2 = o-2

a/a2 

is t h e p r o p o r t i o n o f the t o t a l p h e n o t y p i c v a r i a n c e d u e 
t o add i t ive gene t i c effects a n d c 2 = o-2/cr22 is t he 
p r o p o r t i o n o f the t o t a l p h e n o t y p i c v a r i a n c e d u e t o 
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c o m m o n family e n v i r o n m e n t a l effects n o t i n c l u d i n g 
m a t e r n a l effects. T h e o p t i m a l se lec t ion i n d e x for full 
s ib famil ies t h e n h a s we igh t coefficients 

h2 [/•„ + ( ! - r n ) l m ] / / „ 

\bj (1 - » ( 1 -m) V(l - 0 ( 1 1 -KV 
(A 13 a ) 

c o r r e s p o n d i n g to a l o n g - t e r m r a t e o f e c o n o m i c 
i m p r o v e m e n t 

12 R_ h2i \yn + (\-rn)\m 

<TZ ( 1 - | W ) ( 1 - W ) 1 tn 

, (\-rn)\\-\mf 

\ - t . 
. (A 136) 

T h e o p t i m a l se lec t ion index for ha l f s ib famil ies h a s 
we igh t coefficients 

rn{\-\m)/tn 

bj (1 -\m){\ -m) \[\ -rn{\ - » ] / ( ! - /„). 

(A 1 4 a ) 

c o r r e s p o n d i n g t o a l ong - t e rm r a t e o f e c o n o m i c 
i m p r o v e m e n t 

R 

a, (\-lm)(\-m) 
hH [rl(\-\m)2

 | [\-rn{\-\m)f\* 
1 —t„ 

( A 146) 

F o r a fami ly size of o n e , n = 1, t he se m e t h o d s 
r e d u c e t o i n d i v i d u a l s e l ec t ion which h a s t h e l o n g - t e r m 
r a t e o f e c o n o m i c i m p r o v e m e n t 

h2i R 
<rt ( l - i m ) ( l - m ) -

( A 15) 

T h e a s y m p t o t i c r a t e s o f r e s p o n s e for a c h a r a c t e r 
exp re s sed a n d se lec ted o n l y in f emales w o u l d b e h a l f 
a s l a rge as in e q u a t i o n s ( A 136), ( A 146) a n d ( A 15). 
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