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RELATIVE CHARACTER CORRESPONDENCES 
IN FINITE GROUPS 

MARIA JOSE FELIPE AND GABRIEL NAVARRO 

ABSTRACT. In a coprime action, we study character correspondences between the 
invariant characters of the group and those of subgroups containing the fixed points 
subgroup. Some character degree consequences are obtained. 

1. Introduction. The relationship between different Glauberman-Isaacs correspon
dents, when considering subgroups of the operator group or subgroups of the group acted 
on, is not an easy one. 

If A acts coprimely on G, *:Irr^(G) —» I IT(CG(^)) is the Glauberman-Isaacs cor
respondence and B Ç A, it has not been possible to show, for instance, that the A-
correspondent of \ G Irr^(G) lies under its ^-correspondent (even when G is a solvable 
group, [13]). 

Here we do not vary the operator group but consider A -invariant subgroups containing 
the fixed points subgroup: if CG(A) Ç H Ç G is an ,4-invariant subgroup of G, then the 
equation 

* /* 
X =X 

where \ G Irr^(G) and x' £ hT4(//), defines a natural (relative) character correspon
dence between Irr^(G) and \nA{H). 

This correspondence was already studied by T. Wolf when H had a very particular 
form, i.e., when// = LCG(A) for some normal A -invariant subgroup/, of G. In this case, 
and when A was solvable, it was proven in [13] that \f is an irreducible constituent of 

XH. 

The general fact is our Theorem A below announced in [10]. 

THEOREM A. Suppose that A acts coprimely on G. IfCc{A) Ç H Ç G is an A-
invariant subgroup of G and x £ Irr^G), then \' is an irreducible constituent of\H-

Although there are several reasons to study relative character correspondences (as 
happened in [13]), we have a very particular one here. 

In [8], it was shown that there is a rich connection between the set cd^(G) = {x(l) | 
X G Irr^(G)} and the ,4-invariant group theoretical structure of G (as happens in the 
well known case A = 1). Concretely, we proved that if a prime p does not divide any 
member of the set cd^(G) is because an ^4-invariant Sylow/7-subgroup PofG satisfies 
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some normal-abelian condition (as happens in the celebrated Ito-Michler Theorem). This 
normal condition was the most natural one: P is normalized by the fixed points subgroup 
CG(A). This result suggests that some kind of ̂ 4-invariant Clifford theory is going on be
tween G and A -invariants subgroups H of G normalized by CG(A). Since the ^-invariant 
character theory between H and HCG(A) is so tight, the problem reduces to study the 
connections between Irr^(G) and lrrA(H) for A -stabilized subgroups H of G containing 
CG(A). 

Perhaps the following result is surprising. 

THEOREM B. Suppose that A acts coprimely on a solvable group G and assume that 
H is an A-invariant odd order subgroup of G containing CG(A). If x ^ hr^(G), then 
x'(l) divides x(l). Moreover, ̂ r divides \G : H\. 

It should be remarked that it is not even obvious that \H has some irreducible con
stituent of degree dividing x(l)- Theorem B, thus, can be used as a key tool for obtaining 
^-information on G from cd^(G), at least, as we see, for groups of odd order. 

The obvious question at this point is: what happens if we only assume the subgroup H 
to contain the fixed points subgroup? When dealing with character correspondences and 
degrees, we have to make the safe hypothesis of assuming the group G to be solvable 
(one of the deepest problems in character theory is to show that x*(l) divides x(l))- So, 
assuming solvability, is Theorem B again true if we no longer assume H to have odd 
order? 

Once we know that Theorem B is true with the odd order hypothesis (that is to say, 
for the Isaacs correspondence) it is perhaps more surprising to find out that it is false if 
this hypothesis is removed (that is to say, for the Glauberman correspondence). It is the 
first time, that we are aware of, that some result is true for just one half of the character 
bijection. 

We will provide with an example (that we learned from M. Isaacs and for which we 
thank him) of a solvable group G of order 2353 acted by a group A of order 3 with an 
,4-invariant subgroup H of order 235 satisfying the hypotheses but not the conclusions of 
Theorem B. 

We will prove Theorem B in two steps: first when the group G is (solvable) of odd 
order and then, as an application of Isaacs B^-characters, in the more general case. 

Theorem C below will be the key for doing this. 

We recall that in a 7r-separable group G there exists a canonical subset B7r(G) of Irr(G) 
which lifts bijectively I^G), the set of Isaacs 7r-Brauer characters of G (for the reader 
not familiar with 7r-theory, we stress that when IT is the complement of a single prime p, 
I^G) is just the set IBr(G) of irreducible Brauer characters of G). 

If x £ B7r(G) and H is a Hall 7r-subgroup of G, the irreducible constituents a of 
minimal degree in \H are called the Fong characters of H associated with x. It turns out 
that a(l) = X(1)TT, and, therefore, that *£ji divides \G : H\. 
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THEOREM C. Suppose that A acts coprimely on a it-separable group G and assume 
that CG(A) is a it-group. Then I I T ^ G ) Ç B7r(G). Also, if H is an A-invariant Hall ir-
subgroup of G containing CG(A) and \ G \nA(G), then \' G \nA{H) is the unique 
A-invariant Fong character associated with \ G B^G). 

As we see from this introduction, still one problem continues to be open: if// is an 
A-invariant subgroup of G, what is the right definition for H to be 'normal' in G from 
the A -point of view? 

2. Proof of Theorems A and B. We begin with two easy lemmas. Recall that if 
A acts coprimely on G, it is a well known fact that A fixes some Sylow p-subgroup 
of G, that all of them are CG(A)-conjugate and that ,4-invariant p-subgroups of G are 
contained in A-invariant Sylow p-subgroups. Also, if G is 7r-separable the same happens 
for A-invariant 7r-subgroups and A-invariant Hall 7r-subgroups. 

These first lemmas are immediate consequences of these facts. 
Throughout this paper we will assume that A acts coprimely on G, and we will write 

C = CG(A), for the fixed points subgroup and T — GA, for the semidirect product. 

LEMMA 2.1. Let H be an A-invariant subgroup of G containing C.IfP is an A-
invariant Sylow p-subgroup ofG, then PDH is a Sylow p-subgroup ofH. 

PROOF. Let PQ be an A-invariant Sylow p-subgroup of H containing PHH. Then, 
A) Q P\9 where Pi is an A-invariant Sylow p-subgroup of G. We know (this is an easy 
consequence of Glauberman's Lemma (13.8) and (13.9) of [2]), that P\ = P°, for some 
c eC. Now 

pnHcp0cplnH = pcnH = (PnH)c 

and the result follows by order considerations. • 

LEMMA 2.2. Let H be an A-invariant subgroup of G containing C and let T be any 
A-invariant subgroup of G. Then \H : HH T\ divides \G : T\. 

PROOF. It suffices to show that \H : HD T\p divides | G : T\p, for all primes p. Let P\ 

be an A-invariant Sylow p-subgroup of T and let P be an A-invariant Sylow p-subgroup 
of G containing Px. Therefore, Pi = PHT. By Lemma 2.1, we have that PHH G Syy/f) 
and by the same reason P R / / H T G Syl^Z/n T). Now, \H : H H T\p = ^ p = \PHH: 

PHHn T\ and \G : T\p = & = \P : PD T\. However, by elementary group theory, we 

know that \PHH: PnHD T\ < \P : P R T\9 and the lemma is proved. • 

When studying characters of solvable groups, the character theory associated with a 
fully ramified section is of fundamental importance. Recall that if L is a normal subgroup 
of G and ip G Irr(L) and 9 G Irr(G), ip (or 0) is said to be fully ramified with respect to 
G/Lif6L = e<p withe2 = \G/L\. 

The deep properties of the character theory of fully ramified sections are contained in 
the following result of M. Isaacs. 
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We recall that (G,K,L,9, <p) is a character five if Z, K are normal subgroups of G 
with K/L abelian, and 0 G ln(K) and </? G Irr(L) are G-invariant with 0i = e<p and 

THEOREM 2.3. Suppose that (G,K,L,0,(p) is a character five and assume that 
\G : K\ or \K : L\ is odd. Then there exists a character ty G Char(G/K) and a sub
group U Ç G satisfying: 

(a) tf{x) = ±\CK/L(x)\forallx G G 
(b) G=UKandUr\K = L. 

(c) For x G Irr(G|0), \u = i>uXofor a unique xo G kr(U\<p). 
(d) The equation xu = *PuXo defines a bijection between x G hr(G\ô) and xo G 

Irr(t%). 
(e) If\G : L\ is odd and \ G Irr(G|^) and a G Irr(L0, then xu — ̂ uoc if and only if 

[Xu, a] is odd. 
(f) IfK ÇWÇG, then W satisfies (c), (d), (e) with respect to the character ^w and 

the subgroup UHW. 

PROOF. Parts (a) to (e) are Theorem (9.1) of [1]. Observe that this theorem assures 
the existence of some complement U to K/L in G satisfying some 'good' conditions. 
However, it is not true that any complement to K/L in G satisfies these 'good' conditions. 
This is why part (f) is not completely obvious and needs some work (which was done in 
[ii]). 

If U satisfies conditions (a) to (f) in Theorem 2.3, we will say that U is a good com
plement with respect to (G,K,L, 0, tp). Observe that if K Ç W Ç G, then Un W is also 
a good complement with respect to (W,K,L, 0, (p). 

The exact values of the character \j) are well known (see p. 619 of [ 1 ]) and are uniquely 
determined by (G,K,L, 0, <p). So if a is any automorphism of G fixing componentwise 
(G, K, L, 0, (p) it follows that ip is fixed by a. 

The following is a key result for proving our main theorems. 

THEOREM 2.4. Suppose that A acts coprimely on G, a group of odd order, and let 
(G,K,L,0, (p) be an A-invariant character five. Assume that U is an A-invariant good 
complement oj (G,K,L, 9, <p) containing CG(A). Ifx G Irr^(G|0) andxu = V>£/Xo, as in 
Theorem 2.3, then Xo — X*-

PROOF. We argue by induction on |G|. We observe first that, by comments above, 
V> is ^-invariant. Also, since x a n d Xo determine uniquely one each other, xo is also 
^-invariant. 

Suppose first that |[G,^]| Ç K. In this case, since K/L is abelian, we have that 
[G,A]'C ÇUÇG, and, since \G\ is odd, that xo is the unique irreducible constituent of 
Xu w i t r i °dd multiplicity (by Theorem 2.3(e)). Therefore, in the notation of Section 4 of 
[12], xo = X^iGi U,A). Now, by Theorem (4.6) of [12], we have that Xo — X* anc* in 
this case we are done. 
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So we may assume that 1 < [G/K, A]. Since G is solvable, we have that [G/K, A]1 < 
[G/K, A] and by general properties of coprime action, we have that the subgroup W/K = 
[G/K,A]'CK/K is proper in G/K. Therefore, we have produced an ,4-invariant proper 
subgroup W of G containing K and, at the same time, containing [G,A]'C. 

By Corollary (4.3) of [12], we may write 

Xw — a + 2À + 0 

where a G lrrA(W), each irreducible constituent of À is ^-invariant (or A is zero) and 
each irreducible constituent of 0 is not ̂ -invariant (if 0 is not zero). Also, a* = x*> by 
Theorem (4.6) of [12]. By the same reasons, we may write 

( X o W = £ + 2H + 0 

where f3 G lrrA(Wr\ U), each irreducible constituent of S is ^-invariant (or E is zero) 
and each irreducible constituent of <3> is not ̂ -invariant (if <D is not zero). Also, (3* = Xo-

Now, by parts (f) and (e) of Theorem 2.3, we may write 

ocwnu = «o + 2Y 

and by induction we have that a j = a*. Notice that to prove the theorem it suffices to 
show that a0 = (3. By Theorem 2.3, we may write 

Xu = Xo + 2Q 

and hence, we have that 

Xunw = (Xuhnw = f3 + 2A + <D. 

Also 

Xunw = (Xw)unw = oc0 + 2*F + Sunw-

Suppose now that £ is an irreducible constituent of 0 . Then £ is not ,4-invariant, and by 
Theorem 2.3(e)(f), we may write iunw = £o + 2A^, where £o is not ̂ -invariant (because 
£ is not). Since (5 is ̂ -invariant, it follows that 

[0in»sj3] = Omod2. 

Now 

1 = [Xunw,P] = [<*0,/3]mod2 

and consequently, OCQ = (3, as wanted. • 

Before proceeding to prove Theorems A and B, for the reader's convenience, we state 
a useful technical lemma proved by M. Isaacs in [6] and some of the main results of [5] 
and [9]. 

First the technical result. 
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LEMMA 2.5. Let G bep-solvable and suppose thatM/N is a p-chieffactor ofG. Let 
C = CG(M/N) and suppose that <p G lrr(N) is G-invariant. Then one of the following 
occurs. 

(a) C acts transitively on the set Irr(M| (p). 
(b) Some member 9 G Irr(M|</?) is G-invariant. 
Furthermore, ifC<G and situation (b) occurs, then 9 is unique. 

PROOF. See Lemma (6.1) of [6]. • 

The following is the main result of [5]. 

THEOREM 2.6. Suppose that A acts coprimely on G and let H be an A-invariant 
subgroup ofG. Let \ G \nA(G) and 9 G \TYA(H). 

(a) If9G = x , then (9*f = x*. 

(b) IfxH = 9,thenX*Hnc = 0*-

PROOF. See Theorem A of [5]. • 

Notice that when A is solvable, Theorem 2.6 is a consequence of the following result. 

THEOREM 2.7. Suppose that a solvable group A acts coprimely on G and let H Ç 
G be an A-stabilized subgroup ofG.Ifx G Irr^(G) and 9 G Irr^(//), then [XH,9] > 

PROOF. See [9]. • 

At this point, we observe that if C Ç H Ç G and x* = (x')*> f o r X € krA(G) 
and x' € Irr^(//), we will have that [x//,x']| > 1 when ,4 is solvable. Then, to prove 
Theorem A and Theorem B (in the case | G\ odd) it suffices to show the following result. 

THEOREM 2.8. Suppose that A acts coprimely on a group G of odd order and let 
C Ç H Ç G be an A-invariant subgroup ofG. Let x £ Irr^(G) and x' £ Irr^(//) be such 
that x* = ix'T- Then \f is an irreducible constituent of XH, X ' O ) divides x(l) and *$Q 
divides \G : H\. 

PROOF. We argue by double induction, first on \G\ and second on \G : H\. 
Suppose first that H < J < G where J is an ^-invariant subgroup of G and let 

r] G Irr^(J) be such that rf = x* • By induction on | G : H\, we have that r/ is an irreducible 
constituent of XJ, that 77(1) divides x(l) and that 4 ^ divides |G : J\. Now, observe that 
by definition, x' = l' (relative to / /) , and therefore, by induction on \G\, we have that x' 
is an irreducible constituent of r/y, that x'U) divides r/(l) and that - ^ divides \J : H\. 
In this case, we see that the theorem is proved. 

So we may assume that His A -maximal (i.e., that G is the unique^-invariant subgroup 
containing properly H). 

If H is normal in G, by Lemma (2.5) of [13], we have that x' is a n irreducible con
stituent of XH- But in this case, x'(l) divides x(l), by Clifford's Theorem and ^ ^ divides 
|G:// |by(11.29)of[2]. 

So we assume that H is not normal in G. Let L = corec H and let K/L be a chief 
factor of T contained in G. By a general group theoretical argument, we know that H is 
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a complement of K/L in G, that CG(K/L) = K and that all ̂ -invariant complements of 
K/L in G are C-conjugate to H, and therefore, equal to H. 

By Theorem (13.27) of [2], we may choose (p G Irr^(Z) under x- Now, let T = 
IG((/?) be the stabilizer in G of <p> (an A -invariant subgroup) and let \i G \nA(T\<p) be the 
Clifford correspondent of x over (p (/x is A -invariant by the uniqueness of the Clifford 
correspondence). 

Suppose first that T is proper in G. Since TnCCTHHCT^we let \s! G I r r ^ m / / ) 
be such that /i* = (//)*• By induction, we have that / / is an irreducible constituent of /i 
that (since L Ç TP\H) necessarily lies over <p. Hence, /x' G \n{T D H\ (p) and thus, by 
the Clifford correspondence, (fi'Y* G Irr(//). 

By Lemma (2.5) of [13] (or Theorem 2.6(a), if we wish), we have that 

(M*)C = X* 

and 

(o*y)* = ((M')*)C = ooc = x*. 
Thus, 

(n'f = x' 

and since yJ is an irreducible constituent of XTHH, it follows that \' = (p'Y* is a n ùre-
ducible constituent of x//. So in the case that T is proper in G we just have to check the 
divisibility conditions. 

By the inductive hypothesis, we have that / / ( l ) divides ^(1) and that -*fâ divides 
| T : T H i/|. By Lemma 2.2, we know that \H : 7 Pi / / | divides | G : T|. Now, we have 
that ii'{\)\H : m / / | divides /i(l)|G : T| and thus x'(l) divides x(l), as wanted. Also, 

X(l) = \G:T\ /i(l) 

x;(i) |//:rn//|^(i) 
divides 

,J G : ^ ,lr:7n//| = |G://| 
|//:rn//|' ' ' ' 

and this proves the theorem in the case that T is proper in G. 
So we may assume that (p is T-invariant. Now we want to apply Lemma 2.5 and we 

check its hypotheses. First of all, since His ^-maximal, observe that K/L is a chief factor 
of T and since G is solvable, it is an abelian/?-group for some prime/? dividing \G\ (and 
hence not dividing \A\). Then Y is/7-solvable. Now, since CT(K/L) is a normal subgroup 
of F with normal Hall subgroup K = CG(K/L), by the Schur-Zassenhaus Theorem, 
we have that CT{K/L) C KA < F. By Theorem (11.27) of [2], let 9 G lrrA(K) under 
X which necessarily lies over (p (and, therefore, observe that 6 is Cr(^/L)-invariant). 
Since CD K Ç HHK = L, by Lemma (1.5) of [13], 6 is the unique A -invariant member 
of ]rr(K\(p). Therefore, by Lemma 2.5, in both cases (a) and (b), we have that 0 is T-
invariant. 
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Now, since K/L is an abelian chief factor of T, by the Going Down Theorem (6.18) 
of [2], we have two possibilities: 6i = <p or Oi = eip, with e2 = \K : L\. 

In the first case, by Lemma (10.5) of [1], we have that XH £ ^A{H). By Theo
rem 2.6(b), (XHT — X* a nd hence \H = x'- In this case, everything follows. 

So suppose that Oi = etp, with e2 = \K/L\. Since |AT/L| is odd and (F,K,L,9,(p) 
is a character five, we may choose X to be a good complement for this character five 
and, since conjugates of good complements are good complements, there is no loss if we 
assume, by the Schur-Zassenhaus Theorem, that X contains A. In this case, XH G is an 
,4-invariant good complement of (G,K,L, 9, ip) and by comments above we deduce that 
H is an ̂ -invariant good complement for (G, K, L, 9, <p). In the notation of Theorem 2.3, 
we may write \H — ipHXo> Since G has odd order, we know that xo is an irreducible con
stituent of XH and also that x(l) = ^(l)xo(l) = ^Xo(l). Therefore, xoO) divides x(l) 
and ^ r = e divides \G : H\. Since xo = x'> by Theorem 2.4, the proof is complete. • 

3. An example. Let K be an extraspecial group of order 53 with exponent 5 and 
write L = Z(K). If we consider SL(2,5), it is well known that SL(2,5) acts on K as auto
morphisms centralizing L and acting in the natural way on the 2-dimensional Z5-vectorial 
space K/L. It is well known that S = SL(2,3) lives in SL(2,5) and acts Frobenius on 
K/L. We write T — KS, for the semidirect product. 

Now, let Q be the quaternion Sylow 2-subgroup of S and let A be a Sylow 3-subgroup 
of S. If G = KQ, A acts coprimely on G. We let H = LQ, an ^-invariant subgroup of 
G. Since CK/L(A) = 1, by Lemma (3.5) of [7], we have that C = CG(A) Ç H. Also, if 
Z = Z ( 0 , we have that LZÇCÇH. Since CQ/Z(A) = 1, it follows that CH/LZ(A) = 1 
and hence C = LZ. 

Now, let (p G Irr(Z/) be a faithful linear character of L and write <pK = 56, where 
0 £ Irr(K) has degree 5. Then, 0 is T-invariant (because (p is) and since (\K\, \T : K\) = 1, 
8 extends to some character \ £ Irr(r). 

Now let x = XG € Irr^(G). To know how x restricts to H we use Theorem 2.3 and 
the values of the character xj) given in p. 619 of [1]. By Theorem 2.3, since \K : L\ is odd, 
we have that XH = Vwco, where xo € \nA(H\(p). 

Since CK/L(x) = 1 for all 1 ^ x G Q, the values of ^ G Char(0 are ip(x) = - 1 if 
o(x) = 4, t/)(z) = 1 if o(z) = 2 and V>(1) = 5. That is to say 

1/, = p + A2 + A3 + A4 

where /? is the unique character of Q of degree 2 (and therefore ^-invariant) and 
^{Q/Q') = {l05A2, A3, A4}. Since CQJQ,(A) = 1, \Q is the unique ̂ -invariant charac
ter of Q/Q'. Also, observe that xo(l) = 1- Now 

XH = /Sxo + A2X0 + A3X0 + A4Xo-

By Gallagher's Theorem (6.17) of [2], it follows that (3xo is the unique A -invariant 
constituent of XH which necessarily (by Theorem A) has to be x'• Since x'O) = 2 and 
X(l) = 5, this example shows that Theorem B is not true for solvable groups if// is of 
even order. 
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4. Proof of Theorem C. The proof of Theorem C requires the main results of [7]. If 
X is a character of a group G, we denote by x° the restriction of x to the set of 7r-elements 
ofG. 

THEOREM 4.1. Suppose that A acts coprimely on a it-separable group G. Write C = 
Cc(A)andletx € B^G) be A-invariant. Then(\*)° G l^Q. Also, if His an A-invariant 
Hall it-subgroup of G, then \H has an A-invariant Fong constituent. If a is any such 
constituent, then a* is a Fong character belonging to (x*)°-

PROOF. See Theorem (4.4) of [14], and Theorems A and (4.1) of [7]. • 

Now we are ready to give the proof of Theorem C. 

THEOREM 4.2. Suppose that A acts coprimely on a inseparable group G and assume 
that CG(A) is a it-group. Then Irr^(G) Ç B7r(G). Also, if H is an A-invariant Hall ir-
subgroup of G containing CQ{A) and \ € Inu(G), then \' £ ^A(H) is the unique 
A-invariant Fong character associated with \ G B7r(G). 

PROOF. We prove that Irr^(G) Ç B^G) by induction on |G|. Let \ € Irr^G) and 
let TV be a maximal normal A -invariant subgroup of G. By ( 11.27) of [2], we may choose 
6 G Irr^TV) under x and by induction we know that 0 G B^TV). Since G is 7r-separable, 
it follows that G/N is a 7r-group or a it1-group. 

If G/N is a 7r-group, by Corollary (7.6) of [3], x £ B7r(G) and we are done in this 
case. So we may assume that G/N is a it'-group. In this case, observe that C Q N and, 
therefore, by Lemma (1.5) of [13], we know that \ *s m e unique member of the set 
Irr^(G|0). Now, by Theorem (6.2.b) of [3], we know that Bn(G\6) = {£}. Since 6 is 
^-invariant, by uniqueness £ is ̂ 4-invariant and hence \ = £ € B7r(G), as wanted. 

Now, let C Ç H Ç G be an A -invariant Hall 7r-subgroup of G (in fact, H is the only 
one) and let \ £ Irr^(G). Since \ G B7r(G), by Theorem 4.1, we may find a G \nA{H) 
an v4-invariant Fong character belonging to x°- Then, by Theorem 4.1, we have that a* 
is a Fong character belonging to (x*)°- Since C Ç H, what we have is that x* = a* = 
(X7)*- Hence, a = \' by the Glauberman-Isaacs bijection. Therefore, \' is the unique 
^-invariant Fong character oîH associated with \ G B^G). m 

As it was observed by the referee the following is also true. (We take this opportunity 
for thanking him for many useful comments). 

THEOREM 4.3. Suppose that A acts coprimely on a it-separable group G. If\rtA (G) Ç 
B^G), then CG(A) is a it-group. 

PROOF. We prove that C = CG(A) is a 7r-group by induction on |G|. If TV is a 
nontrivial normal ^-invariant proper subgroup of G, since Irr^G/AO and lrrA(N) are 
B^-characters (because any ,4-invariant irreducible character of N lies under some A-
invariant irreducible character of G, by Theorem (13.31) of [2] and its preceding com
ments, and because normal irreducible constituents of B^-characters are B^-characters 
[3]), by induction, we have that CC\N and CG/N(A) = CN/N are 7r-groups. So we may 
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assume that G has no normal ^-invariant subgroups. Since G is 7r-separable, by consid
ering OTTCG) and O^iG), it follows that G is a 7r-group or a 7r'-group. In the first case, we 
are done. In the second, since, by definition, B^-characters are induced from 7r-special 
characters and the unique 7r-special character in a 7r'-group is the trivial character, it fol
lows that lrrA(G) = {1G}- Hence, CG(A) = 1 (by the Glauberman-Isaacs bijection) and 
the result follows. • 

Finally, we prove Theorem B of the introduction. 

THEOREM 4.4. Suppose that A acts coprimely on a solvable group G and assume 
that H is an A-invariant odd order subgroup of G containing CG(A). If\ G IrrA(G), then 
x'(l) divides x(l). Moreover, -44 divides \G : H\. 

PROOF. Since G is solvable, we may find M an ̂ -invariant 2-complement of G con
taining H. By applying Theorem C, we have that \ £ B2'(G). Now, let a G Irr^(A/) be 
such that a* = x*> a n d w e know that a is a Fong character associated with x a n d hence 
that a(\) divides x(l) and that ^ divides \G : M\. Now, observe that od = \r and since 
M is of odd order, by Theorem 2.8, it follows that xx(l) divides a(l) and -^U divides 
\M : H\. Now the result is proved. • 
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