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L.et H = (H- •) (1 <_ i , j <_ n) be an nk x nk m a t r i x with c o m -i , j — __ 
p lex coef f ic ien ts , w h e r e each H; ; i s i t se l f a k x k m a t r i x 

i i ^ 

(n, k > 2). Let | H | denote the d e t e r m i n a n t of H and let 
llHll = |( l H i , j 1)1 ( 1 S i ' J < n ) - T h e Pu rpose of th i s note i s to 
p rove the following t h e o r e m . 

THEOREM. If H i s pos i t ive definite H e r m i t i a n then 
| H | ^ | | H | | . M o r e o v e r , | H | = | | H | | if and only if H i f j = 0 
w h e n e v e r i ^ j . 

The c a s e n = 2 of t h i s t h e o r e m i s conta ined in [ l ] . 

Be fo re p r o c e e d i n g to the proof, we in t roduce some nota t ion . 
Suppose 2 < p <. m and l e t z^ = (z^ ^, z^ 2» • • •» z i m) n a v e 

c o m p l e x coeff ic ients for 1 < i < p . Then define 
(z^ , Z£) = S r ^ z ^ r Z£j r and define z^ A Z2 A . . . A z p to be a 
v e c t o r with m C p c o o r d i n a t e s a s fol lows: the c o o r d i n a t e s of 
Z | A Z2 A . . . A Zp a r e the p x p m i n o r s of the m a t r i x Z = ( z ^ j ) 
(1 <. i <L p , 1 <„ j <. m) w h e r e the o r d e r i n g of the c o o r d i n a t e s i s 
l e x i c o g r a p h i c b a s e d upon the c o l u m n s of Z. F o r e x a m p l e , if 
p = 2 and m = 3, 

Z 1 A Z 2 

Z Z 
1.4 1,2 

Z 2 , l Z 2 , 2 

Z Z 
1,1 1,3 

Z Z 
2 , 1 2 , 3 

Z Z 
1.2 1,3 

Z Z 

2,2 2,3 

The proof of o u r t h e o r e m r e s t s on the known fact [2] tha t if a l s o 

y i = (y i , l> Yi,2> • • •» Y i ,m) f o r 14 i=iP' t h e n 

(z A z A . . . A z , y A y . A . . . A y ) = | ( z . , y . ) | , 1 < i , j < p. 
1 2 p 1 2 p 1 j — — 
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We now turn to the proof of our theorem. If 
W = diag(W|, W->, . . . , W ) is the direct sum of n non-singular 
k x k ma t r i ces W t , W£, . . . , WR then | WHW* | = | WW*| | H | , 
and ||WHW*|| = | ( | W.Hif j Wjf | ) | = || W || || H || || W* || = | WW*| | | H | | . 
(W* is the conjugate t ranspose of W. ) Thus, if 
|WHW*| < || WHW*|| then | H | < | | H | | , and if | H | = || H || then 
j WHW*j ~ ]j WHW*|J. 

Since H is positive definite, H = VV* for some t r iangular 
V. We write V = (Vi *) (1 < i, j < n) where each V i : is k x k 
and V if j =0 if i > j . ' Let W{ = (V i > i ) - l for 1 < i < n. Then 
WHW* = (WV)(WV)* = XX* where 

/ 

wv = x = 

V 

x , x „ 

1,2 1,3 

\ X2,3 

1, n 

2, n 

Here each X^ i is k x k and 1^ denotes the k ^ k identity ma t 
rix. Since | XX* | = 1, to prove that | H | £ | | H | | it suffices to 
prove that || XX* |j > 1. Moreover, if | H | = [ | H | | , then ||XX*|| = 1. 
If we can show that this implies that X = I nk then V = W~ * and 
hence H = VV* satisfies H ^ j ^ O for all i i j . 

Let x 4 , x?, . 
Then 

x ^ be the row vec tors of the ma t r i x X. 

{ X < i - l ) k + l A X ( i - l ) k + 2 A - - - A X i k ' V l ) W A X ( j - D W A - A V 

- I'Vi ( i - l ) k i s ' ^ j - l j k + t * ' ' 1 < s, t < k, 

so that 
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I XX* I = || (x. , x . ) | j , 1 < i, j < nk, 
i J — — 

(i - l ) k + 1 
A x , x, , A 

ik' (j - i ) k + 1 
• • A X ) , 

1 < i. j < n, 

where 

= (x, x) 

( X 1 A X 2 A A x k ) M x k + l A X k + 2 A • A X2k> 

A . . . A ( x A . . . A X ) . 
(n - l )k + 1 nk 

Then || XX* || i s of the form E j u ^ where the u^ are the c o 
ordinates of the vec tor x and are polynomials in the e l ements of 
the matr ix X. We complete the proof by showing that among 
the u^ we find 1 and all of the non-zero off-diagonal coeff ic ients 
of X. Let X = ( x i j ) . 

A x^ i s 1, and the 
A x«k i s zero for 2 < j < n 

The f irst coordinate of x , A x^ A 
f irst coordinate of x#. _ ^ ^ + ^ A , 
s ince each such coordinate i s the determinant of a matr ix of 
z e r o s . S imi lar ly , the coordinate of x#. _ * \^ + A A • • • A x ^ 
constructed from columns (i - l )k + 1 , (i - l )k + 2, . . . , ik of 
the m a t r i x 

/ : 

A. = 
1 

(i - l ) k + 1 

C(i - l ) k + 2 

\ 

ik / 
whose rows are the v e c t o r s xi^ _ ^\j,. + ^, XQ _ jjj^ + £, 
i s 1; and for a l l j > i this coordinate in X/J _ jv^ + ^ A 

• 'Hk' 
A x j k 

i s the determinant of the zero matr ix . This m e a n s that if we 
form the m a t r i x A whose rows are the v e c t o r s 
x ( i - l ) k + 1 A • . A x£j^ for 1 <* i Ĉ n, then 
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is one of the minors of A. (Here, the asterisk indicates 
elements whose precise values do not matter. ) Thus one û  is 
i. 

For fixed i (1 <̂  i <C n - 1) let s, t be integers such that 
1 <: s <c k and ik <C t <. nk. The minor of the matrix Â  con
structed from columns (i - l)k + 1 , . . . , (i - l)k + s - 1, 
(i - l)k + s + 1, . . . , ik, t has value +_ x/̂  _ ^\^ + s t . Hence 
one of the coordinates of x/j _ ^ \^ + ^ A . . . A x ^ is 

± x(i - l)k + s, r ** *(j - l)k + 1 A • • • A xjk for j > i this 
same coordinate is a determinant with at least k - 1 columns 
of zeros and hence is zero. Consequently, one of the minors oi 
A is (after, possibly, a permutation of its columns) 

f 

i - 1 

n - i 

1 

i x ( i - l)k+ s, t 

Thus it follows that +_ X/̂  _ ^ \^ + s t 

of x. 
is one of the coordinates 

It is now clear that 

IIXX* || = 1 + S k . ,„ | 2 + s |u. |2 

i, s,t l (i - i)k + s,t ! ! i1 

where the last sum is over the remaining u^. Hence || XX* || > 1 
and || XX* || = 1 implies that all x/̂  _ ^ \^ + s t v a n i s n s o that 
X = I^ . 

The proof of the theorem is now complete. 
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Everitt* s proof of the case n = 2 depended on the fact that 
if A and B are positive definite k x k Hermitian mat r i ces then 
| A + B | > | A | + | B | . We are now able to reverse the logic and 
deduce this inequality from our theorem. For let 

A + B A2 

\ 
T l 2 

where A is He rmitian and satisfies (A ) = A. Let 

T = 

I 

\ 

Then TCT* = diag(B,Ik) is positive definite so that C is also. 
Moreover, JCJ = | B | . Applying our theorem to C, we find 
|CJ < | A + B | - JAJ or |A + B | > | A | + | B | . We cannot have 

1 
equality here since A 4 0. 

As another application of the case n = 2 we deduce an 
inequality due to F i scher [3]. .Let 

H = 

be an (m + n) x (m + n) positive definite He rmitian ma t r ix where 
A is m X m and D is n x n. Suppose m :> n and let 
H± =d iag (H, I m _ n ) . ( H r - H i f m = n . ) Write H± = (H.^.) 
for 1 < i, j < 2 where Hj^ 1 = A and H2 2 = diag(D, ^m - nV 
Applying our theorem we find that 

l » l - l » 1 I S l H 1 . 1 l | H 2 j 2 | - | H i i I | | H 2 i l | S | A | | D | 

with equality if and only if B = 0. 

Since Fischer 1 s inequality implies Hadamard 's inequality, 
it follows that the case n = 2 of our theorem also implies 
Hadamard ' s inequality. 

61 

https://doi.org/10.4153/CMB-1961-010-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1961-010-9


By a standard continuity argument, we may extend our 
result to non-negative Hermitian m a t r i c e s . 

COROLLARY. If H is non-negative Hermitian then 
| H | < | |H| | . 
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