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HOLOMORPHIC EXTENSION OF CONTINUOUS, WEAKLY
HOLOMORPHIC FUNCTIONS ON CERTAIN
ANALYTIC VARIETIES

NOZOMU MOCHIZUKI

§ 1. Introduction

Let M, N be connected complex submanifolds of a neighborhood of
the origin 0¢ C?, the space of d complex variables, such that 0 e M N N.
We shall suppose throughout that M ¢ N and N ¢ M in any neighbor-
hood of 0. Let X =M UN. X is an analytic subvariety with the ir-
reducible branches M and N. Let 4 be a neighborhood of 0 in C¢. We
consider the following proposition:

(%) Let f be any complex-valued function defined on X N 4 such that
the restrictions f|M N4 and f|N N4 are holomorphic. Then f
extends to a holomorphic function on 4.

If X is quasi-normal at 0, then (x) holds for a suitable polydisk 4
(for the definition of quasi-normality, see §2).

It is the object of the present paper to deal with a property of
varieties introduced above which implies the quasi-normality. This
problem has been discussed in [2] in a restricted case. Observing ex-
amples such as Theorem 6 in [1] or Corollary 6 in [2], we are led to
infer that a sense of orthogonality of M to N or maximality of the
embedding of X into C¢ at 0 has some connection with the quasi-
normality of X and that such a situation will be well described by
tangent spaces of M and N; so we shall give a sufficient condition by
use of them.,

§2. A lemma

We denote by ,0, the ring of germs of holomorphic functions at 0
in C* and by V@, ---,f,) the germ of the variety defined by the ideal
&, .-, 8. idV{, - --,i,) denotes the ideal of ,0, consisting of germs
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which vanish on the variety V{#,, - --,f,). Let 4 be a polydisk with center
0in C?%; ie, d={(, --,20)eC%|z;|] <7, t=1,---,d} for some r > 0.
Then 4, will stand for the polydisk of the same radiusin C*, 1 <k < d.
The ring of germs of holomorphic functions of an analytic space X at
a point p e X will be denoted by x0,, and the ring of germs of continu-
ous, weakly holomorphic functions will be denoted by x¢,. X is said to
be quasi-normal at p if 30, = x0, ([1]).
The following is a generalization of Theorem 2 in [2].

LEMMA. Let M,N be complex submanifolds of C® of dimension m,
n, respectively, and let 0e M N N. Suppose that there exist a polydisk
4 and a nonsingular holomorphic map a = (f, +++,fs): 4, — C%, a(0) =0,
such that

M=4, x{0}cc*, NNU = a4,

for a netghborhood U of 0 in C¢. Let X =MUN. Then, X is quasi-
normal at 0 if and only if

id V(fm+1, . 'yfd) = (fm+19 . 'yfd) .

Proof. Since « is nonsingular, there exists a nonsingular holomor-
phic map &: 4 — C? such that @|4, X {0} = «. We may suppose that &
is a biholomorphic map of 4 onto U.

Suppose that X is quasi-normal at 0 and let geid V(f,,,, - - -, £y).
There exists a polydisk 4’ C 4 such that the following hold:

1 ad)cUNAJ

(2) There is a holomorphic function g on 4/, inducing the given germ
g; and g = 0 on the subvariety V = {2"e4,|f;z) =0,j=m + 1,...,d}.
Let U’ = @(4’). Then,

a NN U) =4, , aMNNNOCU)=V.
We define a function G on X N U’ by

0, for ze M N U’

G(z2) =
(&) {goa‘l(z) , for ze NNU'.

G is continuous and weakly holomorphic; hence there exist a polydisk
4" cU’N4 and a holomorphic function G on 4” such that G = G on
X N 4”. The power series expansion of G is expressed in the form
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~ r
G(Z) = go(zv trty z'm,) + jZ: gj(zb s Ry Rmpgs * 0 zd)zm+j s
-1

zed’, where r =d — m. Let a(4)) C 4” for a suitable polydisk 4" C 4”.
In the above, we see that g, = 0 on 4. Putting z = a(2’), # e 4/, we
obtain G(2) = g(z’); hence we have

g(z,) = ]Z:_i gj(fl(zl), b "fm(z,)yfm+j(z/)y et ,fd(z,))fm+j(z/)
= iaj(z/)fm+j(z/) ’

where a;,j =1, ---,7, are holomorphic functions on 47’. It follows that
ge (o))

To prove the converse, suppose that id V@&, ., ---, 1) = Epprs -, 12)
and let Ge x@,. There exists a polydisk 4/ < U N 4 such that the germ
G is induced from a continuous function G defined and weakly holomor-
phic on X N 4. We choose a polydisk 4”7 C 4 such that @(4”) C 4. Let
= be the projection: C? — C™ X {0} C C* and define a holomorphic function
Goo — Gomoa on 4). Since « = roa on the subvariety

V={Fed)|f;z)=0,j=m+1,-.--,d},
it follows from the assumption that
Goa — Gormoac(f,,,, - -,f) .

There exist a polydisk 4”7 C 47 N & 4”) and holomorphic functions a;,
j=1,...,7, on 47 such that

Goa(?) = Gomoa@) + 3. 0, fn. /&), 2edl.
=1

Let #’ be the projection: C? — C*. We define a holomorphic function]@
on a polydisk A4, 47" < a(4’), by

G@ = Gon@ + X (@or o& ) @Dny;  zEd™ .
j=1

G is an extension of G|XN4””. In fact, for ze 4/ X {0}, we have
Gz = G(z); on the other hand, if 2ze NN 4””, then z = a(2’) for some
Z e 4, hence we have

G(#) = Gomoal®) + z: 0,() frr &) = GQ2) .

This completes the proof.
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§ 3. Theorems

For a complex submanifold M of C? with 0¢ M, the tangent space
T(M) to M at 0 is defined to be the collection of all derivations of the
ring ,0,. We shall regard T,M) as a vector subspace of C? Let
dim, M = m, dimyN = n. Let Ty(M,N) denote T\(M) + T,N), the sub-
space spanned by T(M) and T\(N). Then, dim T(M,N) = m + n if and
only if T(M) N T,(N) = (0); and m 4 » < d in this case. Also we have
dim T,(M,N) = d if and only if Ty(M) + TW(N) =C?; and d Em + »n in
this case. This means that the embedding map «: 4, — C? is transversal
to M at 0.

THEOREM 1. Let M,N be complexr submanifolds of C® such that
0eM NN and dimyM = m, dimyN =n. Let X =M U N. If dim T\(M, N)
= min (m + n,d), then X is quasi-normal at 0.

Proof. M and N are locally represented as follows in general. There
exist neighborhoods U, U’ of 0 in C¢, a polydisk 4, nonsingular holomor-
phic maps a = (fi, -+, fo): dn — C?% a(0) =0, and B = (gy, -+, 0q): dp —
C?, B(0) = 0, such that

MNOU=ad4,, NNU =pd4,) .

Let J,0) and J,(0) denote the Jacobian matrices at 0 of « and B,
respectively. The column vectors of the matrix J,(0) constitute a basis
of the tangent space T((M); the situation is the same for J,(0) and Ty (N).
Hence, dim T,(M, N) is equal to the rank of the matrix consisting of the
columns of both J,(0) and J,(0). From this follows that dim T,(M, N) is
invariant under any nonsingular change of local coordinates at 0 in C¢.

Now, we shall see that there exist complex submanifolds M’, N’ of
C?, a mneighborhood U” of 0 in C¢% a polydisk 4”7 and a nonsingular
holomorphic map 7: 47 — C?¢ with 7(0) = 0 such that

M =4.x{0}cct, NNU =4,

and that we can find neighborhoods W, W’ of 0 and biholomorphic map
A of W onto W’ for which we have (XN W) =X NW where X’ =
M'UN’. In fact, let & S be nonsingular holomorphic maps: 4 — C¢
such that

aldy, x {0} =a, fld,x{0}=8.
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We may assume that & § are biholomorphic maps of 4 onto U, U,
respectively. Let 4’ be a polydisk such that a(4)cUNU’; let U, =
ad).. Let N =a'(WNU). We define U” = a'f(4”)} for a polydisk
4" C f7(U,). We have then N’ N U” = a'f(4)). Let M’ = 47, x {0} C C¢,
X' =M UN’. Then, we have a (X N U, = X’. Therefore, it suffices
toput W=U,, W =4 and 2=a"! on U,

Consequently, we have only to prove that X’ is quasi-normal at 0
under the assumption that dim 7\(M’,N’) = min (m + n,d). Let 7y =
(fi, -+, fe). We define matrices J and J’ by

J:<,a_Jl(0)), i=1,-m;i=1,--,n,
0z;

7= ©), i=1enrii=1em,
02

where * = d — m. Let A be the following d X (m + n) matrix where [

denotes the m X m identity matrix:

A= (I U ) .
0 J
The condition that dim T,(M’, N’) = min (m + n,d) is equivalent to the
condition that A has the maximal rank, which is easily seen to be
equivalent to maximality of the rank of J’; this means that the map

(fms *++»f2) 18 nonsingular. Thus, as in the proof of Corollary 4 in
[2], we have idV({,,,, ---,f;) = (.1, - -+, ;). This completes the proof.

Since the points where a space is quasi-normal constitute an open
subset, we have the following

COROLLARY. Let M,N be submanifolds satisfying the condition of
Theorem 1. Then there exists a polydisk A such that the proposition
(%) holds.

THEOREM 2. Let dim,(M N N)=0. Then X is quasi-normal at 0
if and only if T(M) N Ty(N) = (0).

Proof. Let X be quasi-normal at 0; let X’ = M’ UN’ and N' N U”
= 7(4) where y = (f,,---,fs) as in the proof of Theorem 1. The as-
sumption implies that dim,V{,,, --,f;) =0, so (f,,,  --,f;) is the
maximal ideal of ,0, and n < d — m. We have
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zie(fm.ny"',fd), i:l,...,n’

go that rank J” = n as in the proof of Proposition 5 in [2]. The result
follows from dim T(M,N) = m + n. This completes the proof.

The converse of Theorem 1 does not hold in general as is seen from
the example after Corollary 4 in [2].

The variety X considered in Theorem 1 has the property that M N N
is a submanifold of a neighborhood of 0. But, we cannot expect any-
thing significant concerning the relation between the variety M N N and
quasi-normality of M U N.

THEOREM 3. Let V be an analytic subvariety of a neighborhood of 0
m C", and let 0eV. Then there exist submanifolds M,N,N’ of C¢,
n <d, such that 0¢e MNNNN, MON=MNN =V X {0} CC%; and
M U N is quasi-normal, yet M U N’ is not quasi-normal, at 0.

Proof. Take a neighborhood U of 0 and holomorphic functions
Ji - fronUsuch that VNU ={'eU|f;(z) =0, j=1,...,7}. First,
let idVv({, .-, f)+ &, ---,f). LetidV{,---,f)=(g, --,g) for g c,0,
1=1,...,s. Then we have

V(gl, "'7gs) == V(fl’ "‘,fr) ’ ldv(gn ""gs) = (gly ""gs) .

Let 4, C U be a suitable polydisk such that VN4, ={z"e4,]|g9,z) =0,
j=1,.--,8} where g, are holomorphic functions on 4, which are repre-
sentatives of germs g,, We define submanifolds M, N, N’ as follows:

M =4, x {0} c C? where d=n+7r+ s,
N ={#,0.(#), -+, 9:2),0, - --,00 € C*|2' e 4,} ,
N ={#, @), -+, [:(2),0, .-, 00 C*Z e 4,} .
We have M NN =MNN =V N4, x{0}cC* MUN is quasi-normal
but M U N’ is not quasi-normal, at 0.
Next, let idV{, ---,£) =, ---,f,). It suffices to find germs £, - -,
f e ,0, such that V(, - - -,f) = V&, .--,f), idV{E, .-, ) =&, .-, ). If
&, -, f)=(®), f£0, we have only to take . If (f,...,f,) is not a
principal ideal, we may assume that there is an integer ¢, 2t < 7,
such that
vd, .-, f) =vVd, - -, ), fed,. - .-,f).

It follows that
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V(E, fz; .t "ft) == V(fn ny R | fr) ’ 1d V(ﬁy fzy e 9‘5) +* (f%’ fz; ] ft) ’

since f, ¢ (|,1,, --.,f,). The proof is completed.
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