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Periodic Solutions of Second Order
Degenerate Differential Equations with
Delay in Banach Spaces

Shangquan Bu and Gang Cai

Abstract. We give necessary and sufficient conditions of the LP-well-posedness (resp. By, g-well-
posedness) for the second order degenerate differential equation with finite delays

(Mu)"(t) + Bu'(t) + Au(t) = Guy + Fus + f(t), (te[0,2m])
with periodic boundary conditions (Mu)(0) = (Mu)(27), (Mu)’'(0) = (Mu)’(2r), where A, B,
and M are closed linear operators on a complex Banach space X satisfying D(A) n D(B) c D(M),
F and G are bounded linear operators from L? ([~27,0]; X) (resp. B, ,([-27,0]; X)) into X.

1 Introduction

A great number of partial differential equations with delays arising in physics and
applied sciences have been extensively studied in recent years; see e.g., [6,7,9-17] and
the references therein. For example, Lizama [12] considered the first order differential
equations with finite delay:

(L1) u'(t) = Au(t) + Fu, + f(t), teT:=[0,2n],

with periodic condition u(0) = u(2m), where A is a closed linear operator on a com-
plex Banach X, u;(-) = u(t + -) is defined in [-27,0] for t € T, f € LP(T; X), and
F:LP([-2m,0]; X) — X is a bounded linear operator. He gave necessary and suffi-
cient condition for (1.1) to be L?-well-posed by using Fourier multiplier theorems on
L?(T; X). Moreover, Bu and Fang [6] obtained necessary and sufficient conditions
for (11) to be well-posed in Besov spaces B, ,(T;X) and Triebel-Lizorkin spaces
F, ,(T; X) under suitable assumptions on the Fourier transform of the delay oper-
ator F. Recently, Fu and Li [9] characterized the existence and uniqueness of periodic
solutions of second-order differential equations with infinite delay

(1.2) u”(t) + Bu'(t) + Au(t) = Gu, + Fu, + f(t), (teT),
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where A and B are closed linear operators on a complex Banach space X, u(t) is the
state function with values in X, u;: (-00,0] — X, defined by u(s) = u(t +s) for
s<0and t € T, belongs to some abstract phase space B, F and G are bounded linear
operators from B into X. Under suitable assumptions on the space B, they are able to
characterize the well-posedness of (1.2) in Lebesgue-Bochner spaces L? (T; X ), Besov
spaces B}, ,(T; X) and Triebel-Lizorkin spaces F, ,(T; X).

On the other hand, Lizama and Ponce [13] characterized the well-posedness of the
first order degenerate differential equation

(1.3) (Mu)'(t) = Au(t) + f(t), (teT),

with periodic boundary condition (Mu)(0) = (Mu)(27) in Lebesgue-Bochner
spaces L?(T; X), Besov spaces By, ,(T; X) and Triebel-Lizorkin spaces F, ,(T;X)
under suitable assumptions on the modified resolvent operator determined by (1.3),
where A and M are closed linear operators on a complex Banach space X satisfying
D(A) c D(M).

Bu [4] considered the second order degenerate equations

(1.4) (Mu')'(t) = Au(t) + f(1), (teT),

with periodic boundary conditions u(0) = u(2r), (Mu’)(0) = (Mu')(27), where A
and M are closed linear operators on a complex Banach space X satisfying D(A) c
D(M), f is an X-valued function. Necessary or sufficient conditions for (1.4) to be
L?-well-posed (resp. By, ,-well-posed and F} ,-well-posed) are obtained using suit-
able assumptions on the growth of the modified resolvent operator determined by
(1.4). See the monographs by Favini and Yagi [8] and by Sviridyuk and Fedorov [18]
for detailed discussions of abstract degenerate differential equations.

In this paper, we study the well-posedness of the second order degenerate differ-
ential equations with finite delays
) (Mu)"(t) + Bu'(t) + Au(t) = Gu} + Fu; + f(t) (teT),

(Mu)(0) = (Mu)(2m),  (Mu)'(0) = (Mu)'(27),
where A, B, M are closed linear operators on a complex Banach space X satisfying
D(A)nD(B) c D(M), F and G are bounded linear operators from L?([-27,0]; X)
(resp. By, ,([-27,0]; X)) into X, and u; and u; are defined on [-27,0] by u,(s) =
u(t+s),uy(s)=u'(t+s)whenteT.

The main results in this paper are necessary and sufficient conditions for (P, ) to be
L?-well-posed (resp. By, ,-well-posed). Precisely, we show that when the underlying
Banach space X isa UMD Banach space and 1 < p < oo, assume that the set {k(Gy41—
Gyg) : k € Z} is R-bounded, where Gy € £(X) is defined by Gxx = G(exx), ex(t) =
e'*(t e T), (P,) is L?-well-posed if and only if p,(P,) = Z and the sets {~k*MNj, :
keZ}, {kNi : k € Z},and {kBNy : k € Z} are Rademacher bounded (see Theorem
2.6), where Ny = (=k*M + ikB + A — ikGy — F¢) ™" and p,(P,) is the resolvent set
associated with (P,) in the L?-well-posedness case (see the precise definition in the
next section). We also consider the well-posedness of (P,) in periodic Besov spaces
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By, ,(T;X), and a similar necessary and sufficient condition for (P;) to be B, ,-well-
posed is also obtained. Let 1 < p, g < oo, and s > 0; we assume that the sets

{k(GkH - Gk) 1 ke Z},
{k*(Gryz — 2Gi1 + Gi) t k€ Z},
{k(Fk+2 - 2Fk+1 + Fk) tke Z}

are norm bounded. Then (P,) is B}, ,-well-posed if and only if p,,q,s(P;) = Z and
the sets {~k*MNy : k € Z}, {kNy : k € Z}, and {kBNy, : k € Z} are norm bounded
(see Theorem 3.7), where Ny = (=k*M + ikB+ A - ikGy — Fy) ™' and p 4 (P, ) is the
resolvent set associated with (P, ) in the Bj, ,-well-posedness case (see the definition
in the third section). Our results can be regarded as generalizations of the previous
known results in the simpler case when B = alx for some scalar « € Cand G = 0
obtained in [5].

The main tools that we will use are operator-valued Fourier multipliers theorems
obtained by Arendt and Bu [2,3] in L (T; X) and Bj, ,(T; X). In fact, we will trans-
form the well-posedness of (P;) to an operator-valued Fourier multiplier problem in
the corresponding vector-valued function spaces. In general, a second order Marcin-
kiewicz type condition is needed for an operator-valued sequence to be a B;, -Fourier
multiplier [3]. When the underlying Banach space is B-convex, then a first order
Marcinkiewicz type condition is already sufficient for an operator-valued sequence
to be a B;) o-Fourier multiplier [3]. This implies that when X is B-convex, the char-
acterization of the B}, ,-well-posedness of (P,) remains valid under weaker condi-
tions on F and G. Assume that X is B-convex and the set {k(Gy4; — G¢):k € Z} is
norm bounded; then (P;) is B}, ,-well-posed if and only if p, 4,s(P2) = Z and the
sets {~k?MNy:k € Z}, {kNy:k € Z}, and {kBNy:k € Z} are norm bounded (see
Corollary 3.8).

At the end of the paper, we give concrete examples showing that our abstract results
can be applied: let M be the operator of multiplication by a non-negative bounded
measurable function m on the Hilbert space H™!(Q), where Q is a bounded domain
of R" with smooth boundary, if B is a bounded linear operator on H™!(Q) and A is the
Laplacian A on H!(Q) with Dirichlet boundary condition satisfying D(A) ¢ D(M),
then we obtain the L?-well-posedness of the corresponding second order degenerate
differential equations with finite delays under suitable assumption on F and G.

The results obtained in this paper recover the known results presented in Bu and
Fang [7] in the non-degenerate case when M = Ix and B = 0. Thus, our results may be
regarded as generalizations of the previous known results for the L?-well-posedness
and the B),  -well-posedness when M = Ix and B = F = G = 0 obtained in Arendt
and Bu [2,3].

This work is organized as follows. In Section 2, we study the well-posedness of
(P;) in LP(T; X). In Section 3, we consider the well-posedness of (P,) in periodic
Besov spaces B, , (T; X). In the last section, we give some examples that our abstract
results can be applied.
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2 Well-Posedness in Lebesgue-Bochner Spaces

Let X and Y be two Banach spaces; we denote by £ (X, Y) the set of all bounded lin-
ear operators from X to Y. It is denoted simply by £(X) if X = Y. Let 1 < p < oo;
LP(T; X) is the space of all equivalent class of X-valued measurable functions f de-

fined on T such that
27 dt 1/p
. P
I, = (1o £) 7 <.

When f € L'(T; X), we denote by

OE i foh e_c () f(t)dt

the k-th Fourier coefficient of f, here k € Z and ey (t) := e'** for t € T.
Let X and Y be Banach spaces. A set T ¢ L£(X,Y) is Rademacher bounded
(R-bounded), if there exists C > 0 satisfying

n n
> Z%‘zjj” <C ) H ZejxjH

€j=x1" j=1 €j=%1 " j=1
forall Ty,..., T, € T, x1,..., %X, € Xand n € N.

It is easy to see from the definition that if S, T ¢ £(X) are R-bounded, then the
product ST := {ST:S€S, TeT}andthesum S+ T := {S+T:S€S,TeT} are
still R-bounded. The main tool for the study of L?-well-posedness for (P,) is the
operator-valued L?-Fourier multipliers.

Let X, Y be Banach space and 1 < p < oo. The sequence (My )iz € £(X,Y) is
an L?-Fourier multiplier, if for each f € L?(T; X), there exists a unique u € L?(T; Y)
such that (k) = M f(k) for all k € Z.

The following results are very useful in the proof of this section’s main result.

Proposition 2.1 ([2, Proposition 1.11]) Let X be a Banach space and let (My)kez C
L(X,Y) be an LP-Fourier multiplier; then the set { My : k € Z} is R-bounded.

Theorem 2.2 ([2, Theorem 1.3]) Let X, Y be UMD Banach spaces and let (My ) kez ©
L(X,Y). Ifthe sets {My. : k € Z} and {k(My4; — My) : k € Z} are R-bounded, then
(My)kez defines an LP-Fourier multiplier whenever 1 < p < oo.

In this section, we consider the L?-well-posedness of the second order degenerate
differential equation with finite delays

) {(Mu)"(t) +Bu/(t) + Au(t) = Gul + Fu, + (1), (teT),
(Mu)(0) = (Mu)(2m), (Mu)'(0) = (Mu)'(27),

where A, B, M are closed linear operators on a Banach space X satisfying D(A) N
D(B) c D(M) and F,G:LP([-2m,0]; X) — X are fixed bounded linear operators.
Furthermore, for fixed t € T, u; and u} are elements of L?([-27,0]; X) defined by
ui(s) =u(t+s), u(s) =u'(t +s) for —2m < s < 0, where we identify a function u on
T with its natural 27-periodic extension on R.
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Let F,G € L(LP(-2m,0); X), X) and k € Z. We define the linear operators F, G
on X by

(2.) Fix:=F(exx), Grx:=G(exx), (xeX).

It can be seen easily that Fy, Gx € £(X), [ Fi| < ||F|,and |Gk [ < |G|, since [ ek, = 1.
Furthermore, if u € LP(T; X), then

(2.2) Fu (k) = F(k), Gu.(k) = Gyu(k), (keZ),
which implies that (Fy )kez and (Gy ) ez are LP-Fourier multipliers, as
[Fuc <[[Elllullp = |F[lulp, (teT),

and thus Fu , Gu_ ¢ LP(T; X).
Now we define the resolvent set of (P,) in the L?-well-posedness setting by

pp(P2) = {k €Z : ~k*M + ikB + A — ikGy, — Fy is invertible from
D(A)nD(B) onto X and (-k*M + ikB+A—ikGy— F) ' € L(X)}.
Ifk € pp(P>), then M(~k*M+ikB+A-ikGy—Fy)™', A(-k*M+ikB+A-ikGy—Fy) ™,
and B(-k*M + ikB + A — ikGy — Fy)™! make sense, as D(A) n D(B) ¢ D(M) by
assumption, and they belong to £(X) by the closedness of A, B, and M.
For 1< p < oo, the periodic “Sobolev” space of order 1 is defined by
W;’efr’(']T;X) i={ueL’(T;X) : thereexists v € L (T; X)
such that (k) = iku(k) for all k € Z}.
Let u € LP(T;X); then u ¢ W},I;I;(']I‘;X ) if and only if u is differentiable almost ev-
erywhere on T and u’ € L?(T; X). Thus, u is actually continuous and u(0) = u(27)
[2, Lemma 2.1].
Let 1< p < oo; the solution space of the L?-well-posedness for (P, ) is defined by
Sp(A,B,M) = {ueLP(T;D(A)) n Woik (T;X) : u' € LP(T; D(B)),
Mu € Wpik (T5 X), (Mu)' € Wyl (T X))}

Here we consider D(A) and D(B) as Banach spaces equipped with their graph norms.
IfueS,(A, B, M), then Fu , Gu' € LP(T; X) as

[Fucl < IEWulp  |Fuel < [Fllu],
when t € T. Moreover, S, (A, B, M) is a Banach space equipped with the norm
[, aomary 2= sl + '], + [Aul, + Bl + | Mul, + | (M), + | (M),
By virtue of [2, Lemma 2.1], if u € S, (A, B, M), then u and Mu' have continuous
representatives, and u(0) = u(27), (Mu)'(0) = (Mu)'(27).

Definition 2.3 Let1< p < ocoand f € LP(T;X). Then u € S,(A, B, M) is called a
strong LP-solution of (P,), if (P,) is satisfied almost everywhere on T. We say (P,)
is L?-well-posed, if for each f € L?(T; X), there exists a unique strong L?-solution of

(P2).
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If (P,) is LP-well-posed and u € S,(A, B, M) is the unique strong L?-solution of
(P;), then there exists a constant C > 0 such that for each f ¢ L?(T; X),

(2.3) ltlls, camary < ClISlio -

This is an easy consequence of the Closed Graph Theorem by the closedness of A, B,
and M.

In order to prove the main result of this section, we need the following preparation.

Proposition 2.4  Let A, B, and M be closed linear operators defined on a UMD Banach
space X satisfying D(A)nD(B) c D(M), andlet F, G € L(LP([-27,0]; X), X), where
1< p < oo. Assume that p,(P;) = Z and the sets {k> MNy, : k € Z}, {kNy : k € Z},
{kBNy : k € Z}, and {k(Gs, — Gi) : k € Z} are R-bounded, where Nj = (=k*M +
ikB+A—ikGy—Fy)™\, Fy, and Gy are defined by (2.1) when k € Z. Then (k* MNy ) ez,
(Nx)kez> (kBNy)kez> and (kNy)kez are LP -Fourier multipliers.

Proof Put My = k2MNy, Sk = kBN, and Ty = kNi when k € Z. It follows from
[12, Proposition 3.2] that the sets {Gy : k € Z} and {Fy : k € Z} are R-bounded. By the
R-boundedness of the set {Ix/k : k € Z ~ {0}}, the set {Nj : k € Z} is R-bounded,
as the product of R-bounded sets is still R-bounded. Moreover, we observe that

(24) Ny — Ny
= Niert (N = Niga)Ni
= N[ —K*M + ikB + A - ikGy - Fy + (k+1)°’M - i(k +1)B - A
+i(k +1) G + Fis1 | Ni
= Niwa[(2k + 1)M = iB + iGyyy + ik(Gryy — Gi) + (Frs1 — Fx) [Nk
= (2k + 1)Ngs1MNy = iNg 1 BN + iNjiy Grar Nk
+ ikN41(Gr1 = Ge )Nk + Nipa (Frn — Fx) Ny
It follows that
Myt — Mg = (k +1)>MNg,y — kK2MNy
= K*M(Niyy — Ni) + (2k + 1) MNjyy
= k*(2k + 1) MNy ., MNy. — ik* MNj,; BN}
+ ik? MNj1Gis1 Nic + ik> MNj1 (G — G ) Ni
+ k*MNj 41 (Frsq — Fo)Ni + (2k +1) M Ny,
Sk+1 = Sk = kB(Ni41 — Ni) + BNy
= k(2k +1)BNy,; MNy — ikBNj,1BN;
+ ikBNj1Ggs1 Nk + ik* BNs1 (Grsn — G )N
+ kBNj41(Fis1 — Fx)Ni + BNgy1,
and
Tie1 — Tk = k(2k + 1) Ny, MNy — ikNg o BN + ikNjy1 Gy N
+ ik®Nis1(Gisr — Gk )Nk + kNiy1 (Fiq1 — F) N + N
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This implies that the sets

{k(Ngs1-Ng):keZ}, {k(My41 — My) : ke Z},

{(k(Sks1 - Sk) 1 ke Z}, {(K(Tiar - Te) - k€ Z)
are R-bounded by the R-boundedness of the sets {k*M Ny, : k € Z}, {kNy : k € Z},
{kBNy : k€ Z},{k(Gy11— Gi) : ke Z},{Fx:keZ}, and {Gy : k € Z}. We obtain

that (N)ez> (Mk) wez (Sk) ke @nd (T )., are LP-Fourier multipliers by Theorem
2.2. This completes the proof. u

First, we give a necessary condition for the L?-well-posedness of (P).

Theorem 2.5 Let X be a Banach space, 1 < p < oo and let A, B, M be closed linear
operators on X satisfying D(A) n D(B) c D(M). Let F,G € L(L?([-2m,0]; X), X).
Assume that (P,) is LP-well-posed. Then p,(P,) = Z and the sets {kzMNk ke Z},
{kNy : k € Z}, and {kBNy : k € Z} are R-bounded, where

Ny = (-k*M + ikB + A — ikGy — F) ™"

Proof LetkeZandye X. Let f(t) = e*y (t € T). Then f € LP(T; X), f(k) = y
and f(n) = 0 when n # k. Since (P,) is L?-well-posed, there exists u € S,(A, B, M)
such that

(2.5) (Mu)"(t) + Bu'(t) + Au(t) = Gu} + Fu, + f(t) a.e.on T.

We have #5(n) € D(A) n D(B) when n € Z by [2, Lemma 3.1], as u € L?(T; D(A))
and u’ € LP(T; D(B)). Taking Fourier transforms on both sides of (2.5), we have
(2.6) (~k*M + ikB + A~ ikGy - Fy)u(k) = y

and (-n*M + inB + A — inG,, — F,)u(n) = 0 when n # k. Thus, we obtain that
~k*M + ikB + A — ikGy — Fy is surjective. Next, we show that it is also injective. Let
x € D(A) n D(B) be such that

(~k*M + ikB + A - ikGy — Fx)x = 0,

and let u(t) = e’*x when t € T. Then it is clear that u € S,(A, B, M) and (P,)
holds almost everywhere on T when taking f = 0. Therefore u is a strong L?-solution
of (P,) when f = 0. We obtain u = 0 by the uniqueness assumption, hence x = 0.
We have shown that —k*M + ikB + A — ikGy — Fy is also injective. Consequently
~k*M + ikB + A - ikGy - Fy is a bijection from D(A) n D(B) onto X.

Now we prove (=k>M + ikB + A — ikGy — F;)™! € £(X). For f(t) = e'*ty, let
u € S,(A, B, M) be the unique strong L?-solution of (P,). Then

_ 0, n#k,
u(n) =9, 5 . TP i
( k*M+ikB+ A lka Fk) 2 I’I—k,

by (2.6). This implies that u(t) = e***(~k*M + ikB + A — ikGy — Fx)'y. By (2.3),
there exists a constant C > 0, independent from y and k, such that

Jull, + '], + |Aul, + |Bu’|, + [ Mu], + | (Mu)'], + | (Mu)"],, < C|f]], -
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In particular, we have |u, < C| f|,. This implies that
|(—=k*M + ikB + A - ikGy - Fx) 'y < C|y|
for all y € X. Hence,
|(=k*M + ikB + A - ikGy - F) ™' < C.

We have shown that k € p,(P,). Therefore, p,(P;) = Z.
Let

My = —k*M(=k*M + ikB + A - ikGy — F) ™%,
Sk = kB(~=k*M + ikB + A — ikG - F)™",
Ty = k(=k*M + ikB + A — ikGy — F) ™"
for k € 7. We are going to show that (M) 7> (Sk) kez»> and (T ) oy, are LP-Fourier
multipliers. Indeed, let f € L?(T; X) be fixed. Then there exists a unique strong L?-
solution of (P,) by assumption, which we denote by u € S, (A, B, M). Taking Fourier

transforms on both sides of (P, ), we get that (k) € D(A) n D(B) by [2, Lemma 3.1],
and

(-k>M + ikB + A — ikGy, — F)u(k) = f(k)
when k € Z. Since —k®>M + ikB + A — ikGj. — Fy is invertible, we obtain
(k) = (=k>M + ikB + A — ikGy — F) ' f (k)
when k € Z. We have
W' (k) = ikii(k), Bu'(k)=ikBu(k), and (Mu)"(k)=-k*Mi(k)
by [2, Lemmas 2.1 and 3.1]. Therefore,
w(k)=iTef(k), Bu'(k)=iSif(k), (Mu)"(k)=Mf(k)

when k € Z. This implies that (My),., and (Sk) ., are LP-Fourier multipliers, as
u', Bu’, (Mu)" e LP(T; X) by the assumption that u € S,(A, B, M). It follows from
Proposition 2.1 that the sets {My : k € Z}, {Sx : k € Z},and {Ty : k € Z} are R-boun-
ded. This finishes the proof. ]

The next result gives a necessary and sufficient condition for the L? -well-posedness
of (P,) when X is a UMD Banach space and 1 < p < oo.

Theorem 2.6 Let X be a UMD Banach space, and let A, B, M be closed linear opera-

tors on X satisfying D(A) n D(B) ¢ D(M). Let F,G € L(LP([-27,0]; X), X), where

1< p < oo. We assume that {k(Gy41 — G ) : k € Z} is R-bounded, where Gy, is defined

by (2.1). Then the following assertions are equivalent.

(i) (Py) is LP-well-posed.

(i) pp(P,) =Z, andthesets{—-k* MNy : k € Z}, {kBNy : k € Z}, and {kNy : k € Z}
are R-bounded, where Ny = (—k*M + ikB + A — ikGy — F) ™.
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Proof The implication (i)=>(ii) is just Theorem 2.5. We only need to show that the
implication (ii)=(i) remains true. Assume that p,(P;) = Z and the sets { —k*MN; :
k € Z}, {kBNy : k € Z} and {kNy, : k € Z} are R-bounded, where Ny = (-k*M +
ikB+ A - ikGy — Fk)_l. Let M = —kzMNk, Si = kBN and Ty = kN when k € Z.
It follows from Proposition 2.4 that (My),..z> (Ni)kez> (Sk) gez> and (T ) ooy, are LP-
Fourier multipliers. Then for all f € L?(T; X), there exists u, v, w, x € L?(T;X)

satisfying

.7) (k) = Mf(k), V(k)=iSkf(k), W(k)=Nif(k), %(k)=iTif(k)
when k € Z. Consequently, X(k) = ikw(k) when k € Z. This implies that w €
W;;,‘;(T;X) and w’ = x by [2, Lemma 2.1]. Now by (2.7), we have ¥(k) = ikBw(k) =
Bw'(k) when k € Z. This implies that w’ € L?(T; D(B)) [2, Lemma 3.1]. We note
that (Gy ) kez and (Fy ) kez are L? -Fourier multipliers by (2.2). Thus, (ikGy Ny ) kez and

(Fx Ny )kez are LP-Fourier multipliers as the product of L?-Fourier multipliers is still
an L?-Fourier multiplier. We observe

ANk =1Ix —Mk - iSk + ikaNk +Fka,

when k € Z. It follows that (AN ), is also an L?-Fourier multiplier as the sum of
LP-Fourier multipliers is still an L?-Fourier multiplier. Then there exists y € L (T; X)
such that

y(k) = AN f (k) = Aw(k),

when k € Z. This implies that w € L?(T; D(A)) [2, Lemma 3.1].

It is easy to see that the sequence (Ix)kez is an LP-Fourier multiplier by The-
orem 2.2, then (ik MNy )iz is L?-Fourier multiplier as the product of L?-Fourier
multipliers is still an L?-Fourier multiplier. Therefore, there exists h € L? (T; X) such
that

h(k) = ikMN f(k) = ikMw(k),
when k € Z. Consequently, Mw € Wpl’ef(T;X) by [2, Lemma 2.1]. By (2.7),
(k) = —-k*MN f(k) = ik(Mw)' (k)

when k € Z. Thus, (Mw)' € Wplgf(']I‘;X) by [2, Lemma 2.1]. We have shown that
w € S,(A, B, M). Again by (2.7), we have
(Mw)" (k) + ikBw(k) + Aw(k) = ikGiw (k) + Fxiw (k) + f(k)

when k € Z. This together with the facts Fw_(k) = F;w(k) and Gw’ (k) = ikGw (k)
implies that
(Mw)"(t) + BW'(t) + Aw(t) = Gw, + Fw, + f(t)

almost everywhere on T by the uniqueness of Fourier coefficients [2, p. 314]. We have
shown that w is a strong L?-solution of (P,). This shows the existence.
To show the uniqueness, we let u € S, (A, B, M) satisfying

(Mu)"(t) + Bu'(t) + Au(t) = Gu} + Fu, a.e. on T.
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Taking the Fourier transforms on both sides, we have
(=k*M + ikB + A — ikGy — F;)u(k) = 0

when k € Z. Since p,(P;) = Z, we deduce that %(k) = 0 for all k € Z, and thus u = 0.
We have shown that (P,) is L?-well-posed. This completes the proof. ]

Remark 2.7 When M = Ix, we have k* MNy = k*Nj. Check the proof of Propo-
sition 2.4, the condition that the set {k(Gyy; — Gi) : k € Z} is R-bounded can be
removed. Thus, Theorem 2.5 and Theorem 2.6 recover the known results presented in
Fuand Li[9] in the non degenerate case when M = Ix. Theorems 2.5 and 2.6 together
also recover the previous known results for the L?-well-posedness when M = Ix and
B = F = G = 0 obtained in Arendt and Bu[2].

3 Well-posedness in Periodic Besov Spaces

In this section, we study the Bj,  -well-posedness of (P,). Now we briefly recall the
definition of periodic Besov spaces in the vector-valued case introduced in [3]. Let
8(R) be the Schwartz space of all rapidly decreasing smooth functions on R and let
D(T) be the space of all infinitely differentiable functions on T equipped with the
locally convex topology given by the seminorms

Ifla = sup 1 ()
for « € Ny := Nu {0}. Let D'(T, X) := L(D(T), X) be the space of all continuous
linear operators from D(T) to X. We consider the dyadic-like subsets of R,
Ly={teR:|t| <2}, I = {teR:2"" < |t| < 2"} fork e N.

Let ¢(R) be the set of all systems ¢ = (¢p)ken, © S(R) such that supp(¢x) c I for
each k € Ny, and

Y ¢r(x) =1, (x€eR),

keNg

sup 25 (/S,((“)(x)‘ <o, (aeNy).
Let ¢ = (¢ )ken, € ¢(R) be fixed. For1< p, g < oo, and s € R, the X-valued periodic
Besov space is defined by

B} (T X) = {f e D'(T,X): |

B, = ( Zzsjq“ k%ek ® ¢j(k)f(k)“;)l/q c OO}
j20 <

with the usual modification if g = co.

The space Bj, ,(T; X) is independent of the choice of ¢, and different choices of
¢ lead to equivalent norms | - HB;’q on B;, .(T;X). Then Bj, ,(T; X) equipped with
the norm |- |, is a Banach space. See [3, Section 2] for more information about

psq
the space B;, ,(T; X). We know that if s, < sy, then B ,(T; X) c By ,(T; X) and
the embedding is continuous [3]. When s > 0, it was shown in [3] that B, . (T; X) <

LP(T;X), f € B;:;(T; X) if and only if f is differentiable almost everywhere on T
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and f" € By, (T;X). This implies that if u € Bj, ,(T;X) is such that there exists
v e By, ,(T; X) satisfying V(k) = ikui(k) when k € Z, then u € B;,f;(T;X) andu’ =v
[3, Lemma 2.1].

Let1< p,g < oo,s > 0 be fixed. We study the second order degenerate differential
equation with finite delays

) {(Mu)”(t) +Bu'(t) + Au(t) = Gul + Fu, + f(t)  (teT),
’ (Mu)(0) = (Mu)(2m), (Mu)'(0) = (Mu)'(2n).

Here A, B, M are closed linear operators on a Banach space X such that D(A)nD(B) c
D(M), and F,G : By, ,([-27,0];X) — X are bounded linear operators. Further-
more, for fixed ¢ € T, u; and u; are elements of B, , ([-27,0]; X) defined by u,(s) =
u(t+s), uy(s) =u'(t+s) for —2m < s < 0 and ¢ € T. Here we identify a function u
on T with its natural 277-periodic extension on R.

Let F,G € L(Bj, ,(-2m,0);X), X) and k € Z. Let the linear operators Fy, Gy €
L(X) be defined by Fyx := F(ex ® x), Grx := G(er ® x) for all x € X. It is clear that
there exists a constant C > 0 satisfying | ex ® xHB;q < C| x| for all k € Z. Thus,

3.1 |Ecl < CIF|, Gkl <ClGl, (keZ).
We can verify that if u € B;’q(T;X), then
Fu (k) = Fai(k) and  Gu (k) = Geu(k),
k € Z. In contrast with the L?-well-posedness case, we remark that the functions Fu.

and Gu! are only uniformly bounded on T, and they are not necessarily in B}, ,(T; X),

even when u ¢ W}};I;(']I‘;X). The resolvent set of (P,) in the By, ,-well-posedness
setting is defined by

Pp.gs(P2) = {k € Z: —k*M+ikB+A-ikGy —Fy is a bijection from D(A)nD(B)
onto X, and (-k*M + ikB+ A — ikGy — Fy) ™ € £(X)}.
When k € p, 4. s(P,), the operators M(~k*M + ikB + A — ikGy — F) ™, A(-k*M +

ikB+ A - ikGy — Fy)™!, and B(=k*M + ikB + A — ikGy — F;,) ™! are well defined, as
D(A) n D(B) c D(M), and they belong to £(X) by the closedness of A, B, M and

the Closed Graph Theorem.
Let1< p,q < 00,5 > 0. The solution space of the B, ,-well-posedness for (P;) is
defined by
Sp.q.s(A,B,M) = {ueB; (T;D(A))nBy (T;X): u' eB;, (T;D(B)),

Mu € By'2(T;X) and Fu,,Gu' € B} (T;X)}.

Here again we consider D(A) and D(B) as Banach spaces equipped with their graph
norms.
Then S, 4,:(A, B, M) is a Banach space with the norm

il camny = Dy, + 1 s+ [Aulye o+ [Bu g+ [ Ml

(M) |+ )"y 5 [Fu e+ [GH L,
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By [2, Lemma 2.1],if u € S, 4,:(A, B, M), then u and (Mu)" are X-valued contin-
uous functions on T, and u(0) = u(27), (Mu)'(0) = (Mu)'(27).

Definition 3.1 Let1<p,q<oo,s>0andf € B, (T;X). Thenu €S, (A, B, M)
is called a strong Bj, -solution of (P,), if (P;) is satisfied almost everywhere on T.
We say that (P,) is Bj, ,-well-posed if for each f € Bj, . (T; X), there exists a unique
strong B, ,-solution of (P,).

If (P,) is By, ,-well-posed and u € S 4,s(A, B, M) is the unique strong Bj, ,-solu-
tion of (P;), there exists a constant C > 0 such that for each f € Bj,  (T; X),

(2) Juls, . cam < Clf Ly, -
This can be obtained by the closedness of the operators A, B, M and the Closed Graph
Theorem.

The main tool in the investigation of By, ,-well-posedness of (P,) is the operator-

valued B;, o~ Fourier multiplier theory established in [3].

Definition 3.2 Let X,Y be Banach spaces, 1< p,q < co,s € R and let (M )ez C
L(X,Y). Then (M) ez is called a By, ,-Fourier multiplier, if for each f € B}, , (T; X),

there exists a unique u € B}, ,(T;Y), such that #(k) = My f (k) for all k € Z.

It is easy to see that when (M )kez is a By, ,-Fourier multiplier, then the set { M, :
k € Z} must be bounded. The following result gives a sufficient condition for an
operator-valued sequence to be a Bj, ,-Fourier multiplier [3].

Theorem 3.3 Let X, Y be Banach spaces and let (M )kez ¢ L(X,Y). We assume

that
(33) sup ([ M + [k(Misr = Mi)|) < oo,
keZ
(3.4) sup || k% (Mysz — 2Mjeir + My)|| < o0.
keZ

Then for1 < p,q < oo ands € R, (M )kez is a By, ,-Fourier multiplier. If X is B-convex,
then the first order condition (3.3) is already sufficient for (My ) ez to be a B;, q-Fourier
multiplier.

Recall that a Banach space X is B-convex if it does not contain [{" uniformly. This
is equivalent to saying that X has Fourier type 1 < p < 2, i.e., the Fourier transform is
a bounded linear operator from L?(T; X) to 19(Z; X), where 1/p + 1/q = 1. Tt is well
known that when 1 < p < oo, L () has Fourier type min{p, ﬁ}

Remark 3.4 (i) If (My)kez and (Ng)iez are By, ,-Fourier multipliers, then the
product sequence (MNy)kez and the sum sequence (My + Ni)kez are also By .-
Fourier multipliers.

(i) If ¢, = % when k # 0 and ¢y = 1, then (cxIx)kez satisfies conditions (3.3) and
(3.4). Thus, (cxIx)kez isa By, ,-Fourier multiplier by Theorem 3.3.
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We need the following result for proving the main results of this section.

Proposition 3.5 Let A, B, and M be closed linear operators defined on a Banach space
X satisfying D(A) n D(B) « D(M), and let F, G € L(B,, ,([-2m,0]; X), X). Assume
that pp q.s(P2) = Z, and that the sets

{k(Fk+2—2Fk+1+Fk) ZkEZ}, {k(Gk+1—Gk) :kEZ},
{k*(Grs2 = 2G1 + Gi) 1k e Z}, {-K*MNy:keZ},
{kalkGZ}, {kBNkkEZ}

are norm bounded, where Ny = (=k*M + ikB + A — ikGy — Fy) ™ when k € Z. Then
(=k*MNy)kez> (Ni)kezo (kNi)kezo (kBN )kez> (FiNk)kez, and (kGgN)kez are
By, ,-Fourier multipliers whenever 1< p,q < oo,s € R.

Proof Let My = —kzMNk, Sk = kBNy, Ty = kN, P, = FxNy, and Qi = kG Ny
when k € Z. We have that (G )., and (Fg ), are norm bounded by (3.1). This im-
plies that the sequences (Mg )kez, (Nk)kez> (Sk)kez> (Pk)kez> and (Qg ) kez are norm
bounded by assumption. Using the same argument used in the proof of Proposi-
tion 2.4, we obtain

sup | k(M1 — My)| < oo, sup ||k(Nks1 — Ni)|| < oo,
keZ keZ
sup ||k (Sks1 = Sk)| < o0, sup ||k(Trs1 — Tx)| < oo.
keZ keZ

Moreover, it is easy to see that we have the stronger estimations
(3.5) sup ||k2(Nk+1—Nk)H < oo, sup ||k3M(Nk+1 —Nk)” < 00,
keZ keZ

sup szB(NkH - Nk)” < oo,
keZ

by using the norm boundedness of {k(Gy, — Gi) : k € Z}. For Py and Qy, we have

Pis1 = P = Fiia(Niy1 — Ni) + (Fisr — Fi) Nk,
Qi+1 = Qk = Gi1Ngs1 + k(Gry1 — Gi)Ni + kG (Njeyq — Ni)

when k € Z. This implies that

sup [k(Pis1 = Pi)|| < 00, sup [k(Qus1 = Qi) < o0
keZ keZ

by (3.5) and the boundedness of (Fx)ez, (Gk)kez> and (k(Ggs1 — Gk) ) kez-
By (2.4), we have

Nis1— Ni = (2k + 1) Ny MNj — iNg 1 BN + iNg1 Gisn Ny
+ikNis1(Gra1 — G )Nk + Nii1 (Fre — Fi )Ny

o7 42 403 g(4) |, 4(5)
_.Ik +Ik +Ik +Ik +Ik .
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We have
10— 1 = (2K + 3) Ny, MNy — (2k + 1) Ny MN,
= 2Ny 2 M Ny + (2k + 1)(Nk+2 - Nk+1)MNk+1
+(2k +1) N M (Ngsq = Ni).
This implies that
1 1
sup [ (1), = 1V) | < 00, sup [ k*M(I, - 1) | < oo,
keZ keZ
1 1
sup [ B, - 1) | < oo
keZ
using (3.5). A similar argument shows that
skug ”ks(ll((;)1 - I,(('))” < oo, skug Hk4M(II(<I+)1 - I]E'))H < oo,

sup Hk3B(I,(<?1
keZ

when i = 2,3,4,5, using (3.5) and the norm boundedness of {k(Fj. — 2F41 + Fy) :
k e Z}, {k(Gis1— Gy : k € Z}, and {k*(Gy42 —2Giy1 + Gy ) : k € Z}. We have shown

- I,((i))H < 00,

that

(3.6) sup |&° (Nks2 = 2Njsq + Nio) | < o0,
(37) sup |k*M(Nis2 = 2Ny + Ni) || < oo,
(3.8) sup | k* B(Nik+2 — 2Ngy1 + Ni) || < oo.

keZ

In particular,

sup sz(Nkﬂ - 2Ng + Nk)H < oo,
keZ

By using an argument similar to that used in the proof of (3.6), we show that

sup ”kz(Mk+2 —2Mjei + Mk)H < oo, sup ||k2(Sk+2 - 28k + Sk)H < oo,
keZ keZ

sup [ K*(Tisz = 2Thsr + To) || < 00, sup [K*(Peyz = 2P + Po)| < o0,
keZ keZ

sup ||k*(Qis2 = 2Qes1 + Qi) < o0.

keZ

Therefore, (N ) kez, (Mx)kez> (Sk)kez> (Tk)kez> (Pk)kez, and (Qx )kez are B, ,-Fou-
rier multipliers, by Theorem 3.3. ]

Now we give a necessary condition for the B,  -well-posedness of (P,).

Theorem 3.6 Let X be a Banach space, 1 < p,q < oo, s > 0 and let A, B, M be closed
linear operators on X satisfying D(A) n D(B) c D(M). Let

F,G e L(B; ,([-27,0];X),X).
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Assume that (P,) is By, ,-well-posed; then pp 4.s(P2) = Z, and the sets
{-k*MNy:keZ}, {kBNy:keZ}, and {kNi:keZ}

are norm bounded, where Ny = (=k*M + ikB + A — ikGy — F) ™! when k € Z.

Proof LetkeZand y € X. Define f(t) = e’*'y (t € T). Then

feByo(TX), F(k)=y, and F(n)=0
when n # k. Since (P,) is By, ,-well-posed, there exists u € S, 4,s(A, B, M) such that

(Mu)"(t) + Bu'(t) + Au(t) = Gu} + Fu, + f(t)

almost everywhere on T. We have i(n) € D(A) n D(B) when n € Z by [2, Lemmas
2.1and3.1],asu € B}, ,(T; D(A))and v’ € B, ,(T; D(B)). Taking Fourier transforms
on both sides, we get

(3.9) (-k*M + ikB + A - ikGy, - F)u(k) = y

and (-n*M + inB+ A - inG,, — F,)u(n) = 0 when n # k. Thus, —k*M + ikB + A -
ikGy. — Fy is surjective. To show that it is also injective, we let x € D(A) n D(B) be
such that

(=k*M + ikB + A - ikGy — Fx)x = 0

and let u(t) = e'*'x for t € T. Then u € S, (A, B, M) and (P,) holds almost
everywhere on T when taking f = 0. Therefore, u is a strong L? -solution of (P, ) when
f = 0. We obtain u = 0 by the uniqueness assumption, hence x = 0. We have shown
that —k?M + ikB + A — ikGy, — Fy is also injective. Thus, —k*>M + ikB + A — ikGy, — Fy,
is a bijection from D(A) onto X.

Next we show that (~k>M+ikB+A-ikGy—Fi) ™ € £L(X). For f(t) = e'*'y,letu e
Sp.q.s(A; B, M) be the strong B, _-solution of (P, ). Then, taking Fourier transforms
on both sides of (P,), we have

~ 0 n#k,
u(”) = 12 . . _ -1 _
(-k*M + ikB+ A-ikGy - F)'y n=k,

by (3.9). This implies that u(t) = e’**(~k?M + ikB+ A — ikGy — F;) "'y when t € T.
By (3.2), there exists a constant C > 0 independent from y and k such that

[l 1615, + 1) |5, < Clflp, -
We deduce that HuHB;,q <C HfHB;’q. This implies that
|(-k*M + ikB+ A - ikG - Fe) 'y < Cly|
for all y € X. Therefore,
|(~K*M + ikB + A - ikGy - Fx)™'| < C.
We have shown that k € p, 4 <(P2). Therefore, p,(P,) = Z.
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Let
My = —k*M(=k*M + ikB + A — ikGy — F) ™%,
Sk = kB(~k*M + ikB + A — ikGy — F)7",
Ty = k(=k*M + ikB + A — ikGy — F)™"
when k € Z. We are going to show that (M) .z, (Sk) gez> and (Tk ) x5, are By, ,-Four-
ier multipliers. Indeed, let f € Bj, ,(T; X) be fixed. There exists u € S,4,5(A, B, M), a
strong Bj, .-solution of (P;) by assumption. Taking Fourier transforms on both sides
of (P,), we get that 7i(k) € D(A) n D(B) by [2, Lemmas 2.1 and 3.1] and
(~k*M + ikB + A — ikGy — F)u(k) = f(k)
when k € Z. Since —k*>M + ikB + A — ikGy — Fy is invertible, we obtain
(k) = (~k*M + ikB + A — ikGy — F) " f(k)
when k € Z. We have
W (k) = ikii(k), Bu'(k) = ikBu(k), and (Mu)"(k)=-k>Mi(k)
by [2, Lemmas 2.1 and 3.1]. Therefore,
W (k) = iTif(k), Bu' (k) = iSi f(k), (Mu)” (k) = My f(k)

when k € Z. This implies that (M ).z, (Sk)gez> and (Ti)yy are By, ,-Fourier
multipliers as u’, Bu’, (Mu)" € Bj, ,(T; X) by assumption. It follows that the sets
{My:keZ}, {Sk:keZ},and {Ty : k € Z} are norm bounded. This completes the
proof. ]

The following result gives a necessary and sufficient condition for (P,) to be the
Bj, g-well-posed.

Theorem 3.7 Let X be a Banach space and1< p,q < oo,s >0, let A, B, M be closed
linear operators on X satisfying D(A) n D(B) c D(M). Let

F,G e L(B; ,([-27,0];X),X).

Assume that the sets {k(Gyy1 — Gi) : k € Z}, {k*(Giy2 — 2Gr + Gy) 1 k € Z}, and

{k(Fs2 — 2Fy41 + Fi) : k € Z} are norm bounded. Then the following assertions are

equivalent.

(i)  (Pp) is By, ,-well-posed;

(i) pp.q,s(P2) = Z and the sets {~k*MNy. : k € Z}, {kBNy : k € Z}, {kNy : k € Z}
are norm bounded, where Ny = (=k*M + ikB + A — ikGy — Fx)™".

Proof It follows from Theorem 3.6 that the implication (i)=-(ii) is valid. To show
that the implication (ii)= (i) remains true, we assume that p,, ;4 s(P;) = Z. Let Mj =
—kzMNk, Sk = kBNk, Tk = ka, Pk = Fka, and Qk = kaNk when k € Z. It follows
from Proposition 3.5 that (M) ;7> (Nk) kezo (Sk) ez (T kezr (Pie) kez» and (Qk) ez,
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are B}, ,-Fourier multipliers. Then for all f € Bj,  (T;X), there exists u, v, w,x €
By, ,(T; X) satistying
(3.10) @(k) = Mcf(k), (k) = iSef(k), W(k) = Nf(k), F(k)=iTif (k)
when k € Z. This implies that (k) = ikw(k) forall k € Z. Hence, w € B;,f;(T; X)and
w'=xasx € B, ,(T; X) by [2, Lemma 2.1]. Again by (3.10), we have v(k) = ikBw (k)
when k € Z. This implies that w’ € B;, ,(T; D(B)) [2, Lemmas 2.1 and 3.1]. Since
(Pt )kez and (Qx )kez are B,  -Fourier multipliers, then Fw, Gw' € B,  (T; X) as Fw
and Gw’

Fw(k) = Fiew(k) = Pef(k),  Gw'(k) = Gew' (k) = ikGyiw (k) = iQi f (k)
when k € Z. We observe that

ANg = Iy — Mg — iS + iQ + Py

when k € Z. It follows that (AN); is also a B}, ,-Fourier multiplier, as the sum

of By, ,-Fourier multipliers is still a B}, ,-Fourier multiplier. Then there exists g €
By, ,(T; X) such that

g(k) = AN f(k) = Aw(k),
when k € Z. We deduce that w € B}, . (T; D(A)) [2, Lemma 3.1].

By Remark 3.4, the sequence (%I X)kez is a Bj, ,-Fourier multiplier, hence
(ikMNy)kez is a By, ,-Fourier multiplier, since (K>MN)kez isa Bj, ,-Fourier multi-
plier. Therefore, there exists h € B}, , (T; X) such that

h(k) = ikMNf(k) = ikMw(k),

when k € Z. Thus, Mw € Bgfl(T; X) by [2, Lemmas 2.1 and 3.1]. By (3.10), we have

(k) = -k>MN, f(k) = ik(Mw)' (k)

when k € Z. Thus, we obtain (Mw)’ € B}'s(T; X) by [2, Lemmas 2.1 and 3.1]. We

have shown that w € S, ; (A, B, M). Again by (3.10), we have
(m’(k) +ikBw(k) + Aw(k) = ikGew (k) + Few(k) + f(k)
when k € Z. It follows that
(Mw)"(t) + BW'(t) + Aw(t) = Gw} + Fw, + f(t)

almost everywhere on T by the uniqueness of Fourier coefficients [2, p. 314]. Thus, w
is a strong By, . -solution of (P;). This shows the existence.
To show the uniqueness, we let u € S, ; (A, B, M) be such that

(Mu)" (t) + Bu'(t) + Au(t) = Gu} + Fu,
almost everywhere on T. Taking the Fourier transforms on both sides, we have
(-k*M + ikB + A — ikGy, — Fy)u(k) = 0

when k € Z. Since p,, (P,) = Z, this implies that 7(k) = 0 for all k € Z and thus u = 0.
We have shown that (P,) is By, ;-well-posed. This completes the proof. ]
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When the underlying Banach space X is B-convex, condition (3.3) is already suffi-
cient for a sequence to be a B}, ,-Fourier multiplier. This, together with the proofs of
Theorems 2.6 and 3.7, gives the following corollary.

Corollary 3.8 Let X be a B-convex Banach space and 1 < p,q < oco,s > 0, let

A, B, M be closed linear operators on X satisfying D(A) n D(B) ¢ D(M). Let F,G ¢

L(By, 4([-27,0]; X), X). We assume that the sets {k(Gk.1 — Gk) : k € Z} is norm

bounded. Then the following assertions are equivalent.

(i) (Py)is By, ,-well-posed;

(i) pp.g,s(P2) = Z and the sets {~k*MNy. : k € Z}, {kBNy : k € Z}, {kNy : k € Z}
are norm bounded, where Ny = (—k*M + ikB + A — ikGy — F,) ™ when k € Z.

4 Applications

In this section, we give examples to which our abstract results (Theorems 2.6 and 3.7)
can be applied.

Example 4.1 Let Q) be abounded domain in R” with smooth boundary 0Q, and m
be a non-negative bounded measurable function defined on Q. Let f be a given func-
tion on [0,27]x Q and X = H'(Q). We consider the periodic degenerate differential
equations with finite delay

aa—;(m(x)u(t,x)) + B%u(t,x) + Au
= Fu; + Guj + f(t,x), (t,x) €[0,27] x Q,
(P) u(t,x) =0, (t,x) € [0,27] x 09,
u(0,x) = u(2m, x), x€Q,
%(O,x) = %(27‘[,36), xeQ,
where B is a bounded linear operator on X, u;(s,x) := u(t + s,x), uj(s,x) :=

3u’(t+s,x) whens € [-2m,0] and x € Q, the delay operators F, G: L? ([-27,0]; X) —
X are bounded linear operators for some fixed 1 < p < oo.

Let M be the operator of multiplication by m on H™(Q) with domain D(M).
Then it follows from [8, Section 3.7] that if we consider the Laplacian A on X with
Dirichlet boundary condition, then there exists a constant C > 0 such that

C
1+|z

(e - 8) <

when Re(z) > —B(1 + |Im(z)|) for some positive constant  depending only on m,
which implies that

C
1+ |k|?

(4.1) MM - A)7 <

when k € Z. If we assume that m is regular enough so that the operator of multiplica-
tion by the function m ™" is bounded on H™'(Q), then there exists a constant C; such
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that
G
1+ k|
when k € Z. Assume that D(A) ¢ D(M) and the set {k(Gky1 — Gx) : k € Z}
is norm bounded. Furthermore, we assume that p,(P) = Z so that for all k € Z,

the operator —k*M + ikB + A — Fy, — ikGy is a bijection from D(A) onto X, and
(=k®>M + ikB + A — F; — ikGy) ™' € £(X). We observe that

(42) [(k2a - a)7) <

—k*M + ikB + A — Fy — ikGy = (I - (Fy + ikGy — ikB) (k> M + A) ™) (-K*M + A)
when k € Z. It follows from the estimation (4.2) that
Jim |(Fx + ikGy — ikB)(=k*M + A)7'[ = 0

using the norm boundedness of (Fy)kez and (Gy ) xez. This implies that I — (=k*M +
A)7Y(Fy + ikGy — ikB) is invertible when |k| is big enough. For such k we have

(~k*M + ikB+ A — F; — ikG) ™" =
(~k*M + A) (I = (Fe + ikGy - ikB) (=k*M + A) ™)
when k € Z. It follows from (4.1) and (4.2) that

sup [k(~k*M + ikB + A - Fy - ikGy) ™" < o0,
keZ

sup szM(—kzM +ikB+ A - Fj - l’ka)—lH < oo,
keZ

Consequently, the sets
{k(=k*M + ikB+ A — F — ikG) " 1 k e Z},
{kB(~k*M + ikB + A - Fy, — ikGy) ™" : k e Z},
{kK*M(~k*M + ikB+ A — F; — ikG) " : ke Z}
are R-bounded. Here we use the fact that if the underlying Banach space X is a Hilbert
space, then each norm bounded subset of £ (X)) is R-bounded [2, Proposition 1.13]. We
deduce from Theorem 2.6 that (P) is L?-well-posed when X = H™}(Q).

If we consider F, G € £(Bj, ,([-27,0]; X), X), we can also apply Theorem 3.7 to
obtain the Bj,  -well-posedness of (P) under suitable assumptions on F and G.

Example 4.2 Let H be a complex Hilbert space, 1 < p < oo and let
F,G e L(L?([-2m,0],H),H)

be delay operators. Let P be a densely defined positive selfadjoint operator on H with
P>6>0.Let M=P—-ewithe< §,andlet A = ZfzoaiP" with a; > 0, ax > 0. Then
there exists a constant C > 0, such that

C

1+ |z]

| M(zM +A)7| <
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whenever Rez > —f(1 + |Imz]|) for some positive constant  depending only on A
and M by [8, p. 73]. This implies in particular that
sup [|[K*M(k*M + A) 7Y < co.
keZ
If we assume 0 € p(M), then
sup [|k*(K*M + A)™!| < oo.
keZ

Furthermore, we assume that the set {k(Gy+1 — Gk : k € Z)} is norm bounded. Then
the argument used in Example 4.1 shows that the degenerate differential system with
finite delay

(P) (Mu)"(t)+ Bu'(t) = Au(t) + Gu; + Fu, + f(t), (teT),

(Mu)(0) = (Mu)(2n), (Mu)'(0) = (Mu)'(2m),
is L?-well-posed when p, (P") = Z, where B is abounded linear operator on H. Under
suitable assumptions on F and G, we can also apply Theorem 3.7 to obtain the By, -

well-posedness of (P') forall1< p,q < 00,5 > 0.
Now we give a concrete example of (P”). Consider the problem

0? 0? ) o*
ﬁ(l_ w)u(t,x) +Bgl/l(t,x) = @u(t,x)

+ Fu;(-,x) + G(%),(~,x) +f(t,x), (t,x)e€(0,2m) xQ,

0? 0?
u(t,O):u(t,l):ﬁu(t,0)=ﬁu(t,l):0, tE[O,ZTl'],
0? 0?
u(0,x) = u(2m, x), (1— ﬁ)u(o,x) = (1— ﬁ)u(Zn,x), x€Q,
0 0? 0 0?
a( —ﬁ)u(o,x):a(l—ﬁ)u@ﬂ,x), XEQ,

where Q = (0,1),F,G € L(L?([-2m,0]; L*(Q)), L*(Q)) and u;(s, x) := u(t +s,x)
when t € [0,27], x € Q and s € [-27,0]. Let X = L*(Q), let P = —aa—xzz with domain
D(P) = H*(Q) n Hy(Q), i.e., P is the Laplacian on L?(Q) with Dirichlet boundary
conditions, B is a bounded linear operator on X. Then P is positive self adjoint on X.
Let M = P+ Ix and A = P Itis clear that — P generates an contraction semigroup on
L*(Q) [1, Example 3.4.7]; hence, 1 € p(~P), or equivalently M = Ix + P has abounded
inverse, i.e., 0 € p(M). Then the abstract results obtained above for the problem (P’)
can be applied.
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