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Abstract

This paper considers the estimation and filtering of fractional random fields, of which fractional Brownian
motion and fractional Riesz-Bessel motion are important special cases. A least-squares solution to the
problem is derived by using the duality theory and covariance factorisation of fractional generalised
random fields. The minimum fractional duality order of the information random field leads to the most
general class of solutions corresponding to the largest function space where the output random field
can be approximated. The second-order properties that define the class of random fields for which the
least-squares linear estimation problem is solved in a weak-sense are also investigated in terms of the
covariance spectrum of the information random field.
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1. Introduction

Let the second-order ordinary random field {#'(z) : z € T € R?} be the output of a
linear system, defined in terms of the linear operator A, with random input .%. That s,

(1.D (z)=AS(), VzeTCR.

The ordinary estimation problem considered here consists of calculating the least-
squares linear estimate of #/(z), for each z € T, from the information provided by the
following observation model:

(1.2) ZE)=Sx)+ A4 (x), xeTy CT,
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where ./ is a zero-mean additive noise. The covariance function B4 (X,y) =
E[Z (x)%’ (y)],forx,y € Ta,as well as the cross-covariance function Ba-g (X, Z) =
f(x,z) = E[Z (X)% (2)], forx € Ty and z € T, are assumed to be known. From
the Orthogonal Projection Theorem, for each z € T, the least-squares linear estimate
K Z (z) of % (z), based on the information provided by 2" in (1.2), is defined as

(1.3) @) =KX @) = f k(z, X).2 (x) dx,

T

where k(z, -) is the solution to the following system:
E((Z@—-KZ@) ZX]=0

(14) <& Bya(z,X)=KBas(z,x) = f k(z,y)Ba(y,x)dy, Vxe Ts.
Tx

In applications A is known, since it defines the equation of the system studied.
Hence, the cross-covariance function between % and £ can be calculated in terms
of the cross-covariance function between the signal . and the information random
field 2. Furthermore, in the case where A is the identity operator, the above estimation
problem is a filtering problem, and in the case where A is a shift operator, we have an
extrapolation problem.

For each z € T, the solution k(z, -) to (1.4) usually is not in L?(Ty") and therefore,
regularisation methods must be applied to solve such an equation.

A solution of the estimation problem for a general class of random fields 2
whose covariance operators R o are rational functions of positive polynomials of a
self-adjoint elliptic differential operator & of integer order on L2 (R¢) was detailed in
Ramm [20] (see also Ramm [21]). A covariance operator R 4 in this class is defined as

Ry (F)(X) = P(L) 0 (@)(F)X) = / Ba (%, y)f (¥) dy

Ta

(1.5) =/ [/ P(A)Q”'(A)¢(X,y,)»)dp()~)]f()’)dy,
Ta A

for every function f in the domain of Ra . Here A, dp, ®(-, -, ) are respectively
the spectrum, the spectral measure and the spectral kernel of a self-adjoint elliptic
differential operator % on L?(R?) of integer order s, and P(-) and Q(-) are positive
polynomials of degrees p and g, respectively. The polynomials P and Q are assumed
to satisfy the conditions

(16) 0<c<PM(I+M) " <c 0<e< oW1+ <a

This class of non-homogeneous random fields covers, as special cases, many well-
known classes in the theory of linear filtering.
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Recent advances in stochastic analysis have added a new dimension to the problem,
namely, filtering of fractal processes. These processes arise in many applications in
turbulence, geostatistics, hydrology, image compression, biological systems, financial
modelling, etc. (see, for example, Farge ef al. {13], Barnsley and Hurd [7], Beran
[8], Peters [19], Frisch {14], Barabasi and Stanley [6], Innacone and Khokha [16],
Falconer [12], Anh and Heyde [3]). Two fundamental examples of fractal processes
are fractional Brownian motion (fBm), which is characterised by a spectral density of
the form

c AP
A 1+ (A

W) f) = c>0,1/2<y <3/2,1eR4,
and fractional Riesz-Bessel motion (fRBm), which is characterised by a spectral
density of the form

c 1 [Af?
AR (14 A% 1+ A2

(see Mandelbrot and Van Ness [18], Anh et al. [4], Anh et al. [1]). The component
|A|7% with 1 < ¥y < 3/2 models the long-range dependence of the process, while the
component (1 + |A|?)™ with @ > 0 models its second-order intermittency (Anh et
al. [2]). Noting that the exponents « and y in (1.4) and (1.5) are real numbers, it is
seen that the filtering problem for fractals must be solved in the framework of Sobolev
spaces of fractional order.

In this paper, we develop a theory for estimation and filtering of a general class of
fractional generalised random fields (FGRF), of which fBm and fRBm are important
examples. The needed tools including the duality theory and covariance factorisation
of FGRFs have been obtained in Ruiz-Medina et al. [23].

Apart from offering a suitable framework for extending existing results to fractals,
the consideration of FGRFs in an estimation theory has two important advantages:
The second-order regularity properties of the random fields involved in the estimation
problem refer to a continuous scale given by the orders of the fractional Sobolev
spaces where an FGRF can be defined. The other advantage is that the duality
condition relative to a fractional Sobolev space (see Ruiz-Medina et al. [23] for the
fractional case; Anh et al. [5] for the integer case) allows us to specify the function
space where the weak-sense solution to the estimation problem is found and where
the observation of the information random field must be considered.

We first consider the fractional weak-sense interpretation of the initial equation
which represents the relationship between the input and output random fields. The
observations provided by the information random field are collected by means of
test functions in a fractional Sobolev space according to its second-order regularity
properties. The weak-sense least-squares linear estimation of the output random field

(1.8) f() = c>0,1/2<y <3/2,a>0,AeR?
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is then calculated as the solution with minimum fractional singularity order to the
fractional generalised version of the Wiener-Hopf equation in the reproducing kernel
Hilbert space (RKHS) of the fractional dual of the information random field. The
class of random fields for which the estimation problem is solved in a weak sense
is characterised through the properties of the spectrum of the covariance operator
of the information random field. An important case is the class of random fields
whose covariance operator is a rational function of positive fractional polynomials of
a self-adjoint elliptic differential operator of fractional order on L*(T), T < R?. This
special case provides an extension of Ramm’s estimation theory.

2. Preliminaries

In this section we introduce some definitions and results from the theory of fractional
generalised random fields developed in Ruiz-Medina et al. [23]. The second-order
regularity properties of a fractional generalised random field are studied in terms of the
regularity properties of the functions belonging to an appropriate fractional Sobolev
space via the RKHS theory. We first consider the basic definitions of function spaces
with fractional Sobolev norms.

Let C(R9) be the space of infinitely differentiable functions with compact support
contained in R?, and let .#(R?) be the space of C*-functions with rapid decay at
infinity. The duals of these spaces are respectively known as the space of distributions,
[C5°(RY)Y, and the space of tempered distributions, . (R?). The relationship between
them is given by the following inclusions:

@.1) G RY) c s RY) < (RY) [ (RY)] .

Similarly, C°(T), with T < R9, represents the space of infinitely differentiable
functions with compact support contained in T, and [ C°(T)]’ the space of distributions
on T. In relation to these spaces the following concepts are fundamental.

DEFINITION 2.1 (Dautray and Lions [10, pages 474—475]). Restriction of a distri-
bution to an open set. Consider two open sets T and 7" of R?, with T C T, and let
F be a distribution on 7". The restriction Fr of F to T is defined as follows: For all
¢ € C°(T),

(22) (FT’ ‘P) = (F’ @) s

where ¢ is the extension by 0 of ¢ to T".

Support of a distribution. Let F be a distribution on T, with T C R“. The support
of F, denoted by supp F, is the complement of the largest open set S of T such that
the restriction of F to § is null.
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The continuous scale of fractional Sobolev spaces is introduced in terms of Bessel
potentials {.#_; = (I — A)™/2 : s € R}, with I representing the identity operator
and —A being the negative Laplacian operator (see Stein [25]). The order s of such
potentials provides information about the regularity properties of the functions in these
spaces through the Fourier transform.

DEFINITION 2.2. For s € R, H*(RY) is the space of tempered distributions u such

that
1+ D)k € P®RY, reR,

where ~ stands for the Fourier transform. In this space the following inner product is
considered:

(u, v), =[ (14 A2’ a()d(r)da,
R4

with associated norm
1/2
lulls = (f (1 + AP |a(x)|2dx) :
R4

REMARK 2.1. For 5, > 5, > 0, the following inclusions hold:
G (R) € 7 (RY) € " (RY) € H™ (RY) € HO (R)
= L, (R) € B~ (R) € H™ (RY) € ' (R) € [ (RY)] .
For s € R, H*(R?) and H~*(R9) are dual Hilbert spaces.

From the above definitions the following fractional Sobolev spaces on a bounded
C>*-domain T C R? are introduced:

DEFINITION 2.3 (Triebel [26, page 310]). For s € R, H*(T) is the restrictionto T
of H*(R%). That s,

H(T) = |f € [CR(D)]': 3F € H* (R?) such thatf = Fy},
where Fr denotes the restriction of F to T. With the quotient norm
Wf Wesery = F:ipllf;f NF s ey »

H(T)isa Hi&)ert space.
The space H*(T) represents the set of functions in H*(R“) with support contained
in T. That is,

H(T) = {u € H* (RY) : suppu C T} = C(T)wes,
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For s € R, the spaces H *(T) and H~*(T) are dual Hilbert spaces. Furthermore,
H*(T) = H*(R)/H°(R\ T)
(see Triebel [26, page 317]).

REMARK 2.2. Note that the dual space of H S(T), that is, the space H~*(T), for
s € R,, is algebraically and topologically equivalent to the space #,(H*(T)) =
(I — A) (HS(T)), with operator %, defined on domain 7. The dual space of H~*(T),
that is, iI_‘(T), s € R, is also obtained as #_,,(H™*(T)) = (I — AY~“(H~*(T)).

From Sobolev’s Embedding Theorem (see, for example, Dautray and Lions [10]),
the functions in the Sobolev space H *(T) with [s]- > d/2, where [-]~ represents
the integer part function, are continuous, and the dual space H~*(T) consists of
distributions with compact support and order [s — d/2]~ (see Schwartz [24, page 26]).

In the following development we denote by U the space C3°(T) with the topology
defined as the intersection of the topologies associated with the Sobolev spaces of
fractional order {H*(T) : « € Q). The space U is a countably Hilbert space. We
denote by U, and V, the dual fractional Sobolev spaces H*(T) and H™(T), with
a € Q, respectively (see, for example, Triebel [26]; Dautray and Lions [10]).

Let £%(Q2, &/, P) be the Hilbert space of real-valued zero-mean random variables
defined on the basic probability space (§2, &/, P) with finite second-order moments
and with the inner product

(2.3) (X, Vg2 = E[XY], X,YeLXQ, 4, P).

DEFINITION 2.4. For @ € Q, a random function X, (:)from U, into L?(R2, A, P) is
said to be an a-generalised random field («¢-GRF) if it is linear and continuous in the
mean-square sense with respect to the U, -topology.

For a continuous linear random function X from C3°(7) into L (2, &, P), that
is, for a generalised random field (GRF) X in the sense of Rozanov [22], there
always exists a continuous extension to the space U,, for some o € Q (see Gel’fand
and Vilenkin [15, page 74]). Therefore, jointly with the definition of a GRF X, a
fractional ¢-GRF X, is considered, for some o € Q. We refer to the minimum order
for which such an extension exists as the minimum fractional singularity order (or the
maximum fractional regularity order) of X.

REMARK 2.3. Note that the minimum fractional singularity order « of an ordinary
random field 2 is non positive and provides information about the regularity order
of its covariance function Bg. Such an order determines the function space where
Z is mean-square integrable, or equivalently where its covariance operator R o can
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be defined. Thus, if an ordinary random field 2" has minimum fractional singularity
order «, then

24  Ra(f).f) = f f By @ y)f \)f @dydz < 0o, Vf € (D).
TJT

Since o < 0, the function f in (2.4) is a distribution and such an equation makes sense
only when B4 belongs to the space of test functions H ™ (T) where the distributions
of H*(T) are defined. Thus, the regularity order —a of the mentioned test functions
compensates the singularity order o of the corresponding distributions. Moreover, in
the case where [—a]™ > d/2, the covariance function By of 2 is continuous and,
therefore, the ordinary random field 2" is continuous in the mean-square sense.

The second-order regularity properties of an «-GRF X, are studied in terms of the
following Hilbert spaces: The Hilbert space H (X,) defined as the closed span in the
£*(Q)-topology of {X.(¢) : ¢ € U,}, and the RKHS 5#(X,,), which is the closed
span in the Z?(Q2)-topology of {B,(¢,-) = E[X.(¢)X.(-)] : ¢ € U,}. The inner
product defined in the space H(X,) is given by (2.3). Each function « in the RKHS
is defined as

2.5 w(@) = EIX.X.(#)], V¢ e,

for a certain X, € H(X,). That is, we can establish an isometric isomorphism
between the spaces 3¢ (X,) and H (X, ) associating to each function u € J#(X,) the
random variable X, € H(X,) defined by (2.5). Therefore, the inner product of two
functions in the RKHS is given by the inner product in £?(2) of the random variables
defining such functions according to (2.5).

The covariance function B, of the a-GRF X, defines a continuous bilinear form on
H*(T) ® H*(T), since from Definition 2.4 the «-GRF X, is continuous in the mean-
square sense. From the Kernel Theorem (Gel’fand and Vilenkin [15]), B, admits the
representation

(2'6) Ba ((p’ ¢) = ((Ra(p)*s ¢) Uy @, ¢ € Uu,

where * stands for the duality between Hilbert spaces (Riesz Representation Theorem),
and R, is the covariance operator of X, that is, a symmetric positive continuous linear
operator from U, into V,.

DEFINITION 2.5. For o € Q, we say that the GRF

(2.7) X,: V, > LXQ, &, P)
is the dual relative to U, (or a-dual) of the a-GRF
(2.8) X, : U — ZYQ, &, P)

if it satisfies:
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(i) H(X,) = HX,),
(i) (Xo(9), Xo () ux,) = (@, 8" v, fOr ¢ € U,, and g € V,, with g* being the
dual element of g with respect to the U,-topology.

Conversely, the dual of X, relative to V, is the «-GRF X,,.

REMARK 2.4. The a-dual GRF X,, can be interpreted as the adjoint of the inverse of
the a-GRF X, : U, » Z%(?, &, P). Therefore, as we show below, the covariance
operators of both GRFs are isomorphisms between the fractional Sobolev spaces
involved in their definitions. Indeed, the duality condition is equivalent to the existence
of a bounded inverse R' from V, onto U, for the covariance operator R,. In the
abstract representation we derive in Theorem 2.3, the a-dual GRF defines the inverse
of the linear filter (2.20) relating X, with white noise.

Similarly, associated with the a-dual GRF X,,, we also consider the spaces H (X,)
and S#(X,), defined as the closed spans in the .£?(2)-topology of the following sets:

29  (X.(f):f eV} and {B.(f,) = E[X.(H)X.O]: f € Va},

respectively. The spaces H(X,) and 3#(X,), and correspondingly H(X,) and
¥ (X,), can be related by means of the isometric isomorphisms

(2.10) J:H(X,) - (X)) and J':H(X,) - #(X.),
respectively, which are defined as follows:

Y—> JY, with (UJY)(¢) =EYX,(¢), V¢ €U,

Z— JZ, with (J'Z)(§g) =EZX,(g), VgellUl.
As J#(X,) C [U,]* and 5#(X,) C U,, the following operators can be considered:
(2.11) H o H(X,) > [U,], with g—> Fg=g,
(2.12) X' H#(X) > Uy, with ¢ — H'¢p=6.

The composition of the operators J and J¢', and J' and J¢”, respectively, leads to the
introduction of the operators S, and S, defined as

(2.13) S, :=2J:H(X,) — [U],
(2.14) S =2x"):HX,) - U,.

The minimum fractional order & for which the dual GRF of X, relative to Up,
with B > a, exists is called the minimum fractional duality order of X,. This order
determines the spaces U;, [U;]*, H(Xz), H(X;), 5#(X;), and 5#(X;) in terms of

which equations (2.10)—(2.14) are defined. In the following proposition, the bijectivity
and bicontinuity of the operators S; and S, are established.
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PROPOSITION 2.1. Let X, be an a-GRF. Assume the &-GRF X, exists. Then, the
Sfollowing assertions hold:

(i) The operators S;Xz and X;S} are the identity ooperators on the spaces Us
and H(X;), respectively. Conversely, the operators S;X; and X;S; are the identity
operators on the spaces [U;}* and H (X &) = H(X3), respectively.

(ii) The operators Sz and S;, are bicontinuous.

PROOF. (i) First, we prove that #(X;) = [U;]* and 5#(X;) = U, as sets of
functions. By definition, J#(X;) C [U;]*. From the duality between X; and X;
relative to U;, we have that, for each g € [U;]*,

2.15) g = (& 9 i ={Xa(®), Xa(@))yx,, = I [Xa(@]@), Vo € Us,

with J(X5(2))(-) € 3 (X;). Similarly, it can be proved that J2(X;) = U,
Now, again using the @-duality condition, and the definition of operators S; and
S7, we obtain, for each ¢ € U,

(Xa(8): Xa (@) x,y = (€7 Ou = (8, 0 war = 0(8) = [/ (Xalp))] (8)
(2.16) = [S;(Xa(@))] ()

forall g € [U;]*. Thus, S;(X5(p)) = ¢, foreach¢ € U;. Hence, S; X; is the identity
operator on U;.

Conversely, foreachY € H (X;)=H (X3), Y defines an element ¢y of 57 (X;) =
U; by py(g) = (S;Y)(g) = J'Y(g) = EY)?a(g), for all g € [U;]*. Then, we have

(Xa(®), Xa($i ) v, = (Xa(@), Xa@n))yy, = (& PPitir
(2.17) = E[Xa()Y] = (Xa(8), V), .,

Hence, (X4(S,Y) — Y) is orthogonal in H (X;) to the range X4([Us]*) of Xs. As
X5([ U;]*) is dense in H ()2&) = H(X;), we obtain that X; S} is the identity operator
on H(X;).

Similarly, it is deduced that S: X5 and X &Sz are the identity operators on the spaces
[Us]* and H(X;) = H(X3), respectively.

(ii) By definition, the operators J from H (X;) onto #(X;), and J’ from H (X;)
onto #(X ;) are bicontinuous. Therefore, we must only prove that the operators J¢
from J2(X;) onto [U;]*, and ¢ from S# (f( &) onto Uj; are bicontinuous.

Let {@a}nen © Us be a sequence convergent in the topology of Us: ¢, — || - ||y, ¢ € Us.
Then, from the mean-square continuity of X; and from (i),

Xs(@n) = I NaxaXa(@) © J'Xa(@n) = || - lwi,)t Xalp)
(2.18) & [ @) = 1l [] @)
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Conversely, if {¢,}.en iS @ sequence convergent in J# (}Z’ @) On=> - ek, PESY (X i),
we obtain, from (2.18),

(219) X5 ('0n)= || - lnxs) X ('), thatis, Xz (' 0u—"'0)— |l - | nxs)0-

Equation (2.19) implies, under the duality condition,

0= (1im X, (X9, - #'9), K(®))
n— 00 H(Xs)
= lim (X (79, = #'9) Ral®)) = lim (#'p, — X'9,8"),,
n—0o H(X3) n—>00 ¢

= ("11% (Ko —H"0), g*)U& , Vg ells]".

Thus, X¥”"¢, — || - ||, ¢. The bicontinuity of ¢ can be similarly proved. O

The covariance factorisation of X; can be obtained in terms of the operators S;
and S.

THEOREM 2.2. Let X, be an «-GRF with minimum fractional duality order .
Then, the covariance operator Rz of X; and the covariance operator Rz of X; can be
factorised, respectively, as

Ri=S:(S)"", Rs=S,S;"
PROOF. See Theorem 1 of Ruiz-Medina et al. [23]. O

The above covariance factorisation is the basis for an abstract representation of X;
in terms of generalised white noise.

DEFINITION 2.6. A generalised random field £ (-) defined on Hilbert space (H,{-, -} )
is called a generalised white noise (GWN) relative to H if

(S(M), 8(1)))[1(5) = (us v)Hv Vu, RS H.

DEFINITION 2.7. A generalisedrandom field X defined on a Hilbert space (H,(-, -) i)
is said to have a (weak-sense) abstract representation if there exists an isomorphism
L : H — H such that

(XL(u), XL(W)uxy = (u, v}y, Yu,v€H,
that is, if ¢ = XL is a GWN relative to H. This abstract representation is written as

X(Lu) =¢e(u), VYueH.
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THEOREM 2.3. Assuming the existence of the &-dual GRF X; of the a-GRF X,,
with & being the minimum fractional duality order of X,, the restriction Xz to Uj
of X, has a weak-sense abstract representation, which is unique except for isometric
isomorphisms.

PROOF. Let {Y,},cn and {@,},en be two orthonormal bases of the spaces H(X;) =
H(X;) and U;, respectively, noting that H (X;) and U; are separable Hilbert spaces.
We define the isometric isomorphism

I Uz, (4 Yg) = (H X&), G Yaas)
by
wk—').](szyk, Yk € N.

Then, considering the isomorphism L on U; defined as L := §;.#, with S; being the
operator defined above, we obtain, from Proposition 2.1,

(XaL(#), Xa L@ nexoy = (XaS37 (8), Xa Si? ) yix,
={(F@), L) nuxy =& ¥y, V.0 € Us.
Let us now assume that
Xs (L) =¢€:1(¢), VYoelU,
Xs (Lay) = €a2(¥), VY € U,

with L), L, being isomorphisms on U; and &; i, £5, being GWNs relative to U;.
Then, with V = Ll'le,

(V$, Vg = (L7 Lo, LT Lov),, = (Xa (LiL7T'Lag) , Xa (LiLT La¥)) oy

= (X5 (L29) , X5 (La¥)) 2y = (b, V)i, VO, ¥ € Uj. a
The above abstract representation is written as
(2.20) X:(Lo) =¢:(9), VYo € U
Then
(Xs (L), X5 (Lw))u(xa) = (e5(¢), 5&(¢))H(Xa) = (¢, 11f>u5 » Vo,¥ € U
Since

(¢v W)U,; = (*]&(¢)7 -]&(¢))L1(1) ’ V¢v W € U&’

where .; is the inverse of the Bessel potential #_; (definedas S_; = (I-A) %%, 1 =
identity operator, A = Laplacian operator), we also obtain the following interpretation
of the representation (2.20):

(2.21) Xz (Lp) = €12 H5(P), Yo € U,

https://doi.org/10.1017/51446788700002500 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700002500

[12] Fractional generalised random fields 347

where &;2(1y(-) is a GWN relative to L?(T). The right hand side of (2.21) represents
the weak-sense derivative of fractional order &@ of a GWN in L*(T).

In a similar fashion, the condition of Theorem 2.2 also implies a unique abstract
representation for the @-dual GRF Xs:

(2.22) X:(Lg) =5:(g), Vgellsl”,

with L = R; LI, R being the covariance operator of X, L being the isomorphism
defining the abstract representation of X, and I;,;» : [Uz]* = Uj being the isometric
isomorphism defined by the Riesz representation theorem.

Similar to (2.21), we can also write (2.22) alternatively as

(2.23) Xs(Lg) =12 Fal®), Vg elUsl .

The right hand side of (2.23) is interpreted as weak-sense fractional integration of a
GWN relative to L?(T).
The abstract representation (2.21) can be equivalently expressed as

Xa(9) = &2 [J& (L—l¢)] , V¢ €U
The generalised covariance function B; of the ®-GRF X; then takes the form

Ba(9,¢) = E [Xa($)Xa (@] = (F5L™ @), IoL™ @)1,
= (0" [L7) F; Il @)y = 0" Re@Diiyy . V.0 € U,

Consequently, the covariance operator R; of X; is given by
(2.24) Ry =[AL7'] [AL7].

In a similar fashion, the covariance operator R; of X; is given by
(2.25) Ry = [l ') [#al™].

In view of the above definitions and Proposition 2.1, the following table sum-
marises the fundamental Hilbert spaces involved in the development of the fractional

generalised framework.
Hilbert Inner Dual Isomorphic mapping (=)
space product space Isometric mapping (=)
HYT) | (¢, @) ie(ry = (FIu(@®), L@ oy | H*(T) | HNT) = 5#(X,)
H(X,) (, V) wx,y = E[X,X,] H(X,) | H(X,) ~H(T)
H(X,) (X, V)ux, = E[XY] H(X,) H(X,) = #(X,)
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REMARK 2.5. Note that in the above table we have assumed that the GRF X, has
minimum fractional duality order «. In the case where the minimum fractional duality
order & is larger than «, this table can be directly rewritten in terms of the restriction
X; of X, to the space H¥(T).

We now outline some fundamental results about the spectral representation of self-
adjoint operators defined on a separable Hilbert space H (see, for example, Dautray
and Lions [11]). These results are needed in Section 4.

For a compact and self-adjoint operator A defined on a separable Hilbert space H,
the Hilbert-Schmidt Theorem provides a decomposition of the space H into a direct
sum of the eigenspaces V,, k € N, corresponding to its eigenvalues A, € R,k ¢ N
(including the eigenspace V; associated with the eigenvalue 0):

H=@Vk.

Furthermore, ke
Au=) MPuw) =) Mluu)nue, Vu€H,
keN keN
with Auk = Akuk, u, € Vk, Vk € N, and
(2.26) I=>"P,

keN
where we denote by P, the projection operator into the eigenspace Vi, by (-, -} 5 the
inner product in the space H, and by I the identity operator.
For each A € R, the following spaces and operators are defined:

(2.27) G =P v
Ap<h
(2.28) E, = orthogonal projection onto G,.

A family {E,},cr of orthogonal projections in a separable Hilbert space H is
called a spectral family (or a resolution of the identity) if it satisfies the following
conditions:

() E,-E, = Epp -

(ii) ForallAeR,E, c=E,.

(iii) lim,,_ E, =0,lim_, o E, = 1.
Clearly, {E) },<a defined in (2.28) is a spectral family. In this case, as A is a compact
and self-adjoint operator, o (A) is abounded setin R, and there exist constantsa, b € R
such that E, = Ofor A < a, and E, = I for A > b. Furthermore, the discontinuities
of the function A — E, are the eigenvalues A, E), — E,,_o = P, Yk € N, and in the
sense of distributions in R with values in £ (H), the derivative of E, can be identified
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with a measure dE, defined by

dE, =) 8, ® P

A <A

(see Dautray and Lions [11, page 112]).

The following result establishes the spectral representatiom of a self-adjoint op-
erator A on H as well as the spectral representation of certain functions of such an
operator:

THEOREM 2.4. Let H be a separable complex Hilbert space.

(i) There exists a bijective mapping & from the set of spectral families in H onto
the set of self-adjoint operators on H.

(ii) Let A be the self-adjoint operator associated with a spectral family {E,},cr
(under the mapping ). Then, we have that the domain of A" is

(2.29) DA™ = [x eH :f A d(Eyx,x) < oo] , n>1,

and forx € D(A"),y € H,

(2.30) (A"x,y)n = f A" d(Exx,y),
(2.31) ||A"x||§,=/ A" d(Ex, x).

(iii) If P,(X) is a polynomial of degree n, then P,(A) is defined as

oo

(2.32) (P.(A)x, V) =f P,(\)d(E;x,y), Vx e D(A"), Vye H.

—00

(iv) Iff is a continuous function on R, then

233) (A yn = f FOYd(Esx.y), Vx € D(f(A), Vy € H.

The integrals appearing in (2.29)—(2.33) are understood as improper operator Stieltjes
integrals which converge strongly.

PROOF. See Dautray and Lions [11, pages 119 and 126]. O

In addition, the next theorem provides a functional calculus for functions of self-
adjoint operators which are not necessarily bounded.
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THEOREM 2.5. Let A be a self-adjoint operator in the separable complex Hilbert
space H.

(i) Iff is the complex conjugate function for f , then
D(f (A)) = D(f (A)),
and for all x, y € D(f (A)),
(f A)x, )n = (", F(A)y).

(i) Ifx € D(f (A)), y € D(g(A)), then
f (A)x, g(A)y)n = f FVZR) d(Esx, ).

(iii) Fora € C,x € D(f (A)),

(af )(A)x =af (A)x.
Forx € D(f (A)) N D(g(A)), we have
f +8)Ax =f(A)x +g(A)x.

(iv) Ifx € D(f (A)), then the condition f (A)x € D(g(A)) is equivalent to the
condition x € D[(g o f )(A)] (where (g o f (X)) = g(A)f (X),) and we have

[(g(A)f (A)x = (g o f)(A)x.

) Iff € #, with #, being the class of functions which are measurable with
respect to d\(E,x, x), for all x € H, and D(f (A)) is dense in H, then the adjoint

L[f (A)Y of f (A) satisfies
[f (A)] = f (A);

f (A) is then normal (and self-adjoint whenever f = f ).
(vi) Iff # Oalmosteverywhere with respect to the measure {0, },cy, then [f (A)]™!
exists and

[f (17 = (1/F) (A).
PROOF. See Dautray and Lions [11, page 140]. O

The projection operator E, of the spectral family of a self-adjoint operator A on
a separable Hilbert space H can be represented as an integral operator with kernel
E(-, -, A) defined as follows (see, for example, Ramm [21, pages 145-148]):

A

(2.34) E(z,y.A) = / d(z,y,A)dp(r),

—00
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where @ is the generalised spectral kernel and p (-) is the spectral measure associated
with A. Then, for a Borel measurable function F, F(A) can be represented as an
integral operator with kernel

o0

(2.35) F(A)y.2) = f FQ)®(y,z,2)dp(}).

—00
3. Estimation of fractional generalised random fields

We consider the ordinary least-squares linear estimation problem introduced in
Section 1. The duality condition relative to a fractional Sobolev space (see Defini-
tion 2.5) leads to a fractional weak-sense solution to this problem. More specifically,
we study the minimum fractional duality order of the fractional generalised ordinary
random field defined by the information random field .2". This order ailows us to
determine the fractional Sobolev space where the inverse of the covariance operator
of 2 can be defined as a bounded operator. Hence, the solution with minimum
fractional singularity order belongs to the dual of such a fractional Sobolev space,
and its singularity order coincides with the minimum fractional duality order of the
information random fieid.

As commented in the Introduction, the approach of Ramm [21] is applied to a class
of ordinary random fields with covariance operators in the class # defined by (1.5). In
particular, this class satisfies the duality condition introduced in Definition 2.5, since
each element of #Z defines an isomorphism between the fractional Sobolev spaces
H~@?»/2(T) and H4~P/2(T) (see Ramm [21, Theorem 1, page 12]). That is, the
minimum fractional duality order of the corresponding generalised ordinary random
field is @ = (¢ — p)s/2 (see Remark 2.4), which coincides with the singularity order
of the solution calculated by using this approach.

Furthermore, although the fractional generalised approach we present here is con-
cerned with the regularisation of least-squares linear estimation problems of systems
involving second-order ordinary random fields (see Remark 2.3), this approach also
provides a solution for the case where the system involves random fields with positive
minimum fractional singularity order, that is, improper random fields.

Let . and % be two zero-mean second-order random fields related by the following
equation in the mean-square sense:

(3.1) (ASA)zZ)=#(z), VzeTCRY

where A is a known operator which can be linear or non-linear. Assuming that .%
and # have minimum fractional singularity orders y € Q and 8 € Q, respectively,
we can consider the associated fractional generalised ordinary random fields .%, on
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H: ¥(T) = U, and %; on HA(T) = Us. The fractional generalised version of (3.1) is
then given by

(3.2) B(p) = F(A'D), V¢ € U,

where A’ represents the adjoint operator of A, defined from Uy into U,. The estimation
problem in this fractional generalised framework then consists of calculating the least-
squares linear estimate of the fractional generalised output % from the information
provided by the fractional generalised version of (1.2) given by

(3.3) Za(p) = S,(9) + (), Vo €U,

where .4; denotes the fractional generalised ordinary random field defined by the
observation noise .4~ with minimum fractional singularity order 8 € Q, and a €
Q represents the minimum fractional singularity order of the ordinary information
random field 2 defining the fractional generalised ordinary random field %, on
H*(T) = U,. Note that a can be taken to be the maximum between y and 8. In
fact, if 2, has minimum fractional duality order & > «, then the information used
in the calculation of the solution to the estimation problem in a fractional generalised
framework is provided by the observation of .2, on Uj, that is, the useful information
is represented by the restriction to U; of 2, given by

(B34 Zi(p) = S (9) + M(p), Vo e U

We also assume that the covariance function B, of %; and the cross-covariance
function B 4,4, between Z; and #; are known. The least-squares linear estimate

B(¢) = 2(K'9), Vo€ Up,
of % is then obtained by minimising the least-squares error
(3.5) e(K'9) := E[%(¢) — Za(K'@)T,
for all ¢ € U, where K’ is a linear operator defined from Uj into Uj, and represents
the adjoint of the integral operator X with kernel k(-, -) defined as in (1.3). Hence,
the solution k(-, -) to the least-squares linear estimation problem can be found in the
space V; ® U;. If A is a differential operator, then 8 < y, and if A is an integral

operator, then y < B. Inthe case when A is a shift operator, we have the extrapolation
problem, and when A is the identity operator, we have the filtering probiem.
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The covariance functions By, of Z; and B s, of #,, and the cross-covariance
function B 4,4, between 2Z; and %, are given by the following expressions:
B.%’i (‘P, ‘ﬁ) = ([R.fa((p)]" "p)u‘i s V(p1 1// € U&9
Bs, (0. ¥) = ([Rs, @1, ¥),, Vo, ¥ € U,
Ba,9,(¢, 9) = E[Z3(9)5, (A'9)]
= Byis, 0. 49) = ([R5, @), A@)
(3.6) = (o, [Rz&y,(A'¢)]*)Ua , Yo € Us, ¢ € U,
where Ry, : Uy — [Us]* = Vi, Ry, : U, — [U,]*, and Ra,s, : U, > [Uz]* = V;

denote the covariance operators associated, respectively, with the covariance functions
Bx&, Byy and BI;..S’,-

REMARK 3.1. Note that in the case where R, € #, k(z, -) belongs to U, for each
z € T,witha = —[(qg — p)s/2] for certains € Nand g > p > 0.

The least-squares error ¢ associated with K’, for each ¢ € Uy, is calculated from
(3.5) and is given by
B7)  &(K'¢) = E[%($) — Z(K' @)Y
= B4, (K'(9), K'($)) + By, (A'p,A'$) — 2B+, 5, (K'($), A'9)
= ([Ra: (K@), K' @)y, + ([Rs, (AS)T, 4 (@),
~2(K'@), [Ra,5,A'@®)T),, -

From the Orthogonal Projection Theorem, K’ minimising & must satisfy, for ¢ € U,

E[(#%(9) — Z:(K'$) Za(@)] =0, Vo € Ui,
or equivalently,

(38) B%Ig(¢7 (p) = B.S’yx;, (Al¢» (P) = Bxa(K,¢’ ¢)v

for all ¢ € U;. From (3.6), (3.8) can be rewritten as

(3.9 Ra,s, (A'9) (9) = Ra,(K'd)(p), Vo€ Us.
That is,
(3.10) Ra,s5, (A'9) = R, (K'¢),

for each ¢ € U;. Assuming that condition (3.10) holds, the partial derivative
0e(K'¢ + ££)/0¢ is equal to zero for & = 0, with § a small real number, and
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2 alinear operator defined from Uj into Uj. That is,

G1l) &K' +£2L)@) = Ba,(K'¢, K'd) + 2%B 4, (L6, K'd)
+ szB.?fa (g¢s g¢) + B.?y (A/¢1 A,¢)
~2Ba, 9, (K'9,A'd) ~2tBa, o, (LP, A'D).

Then,

e(K'+£Z
aiy LELEED 2{[R:(K'O)', £8),, —2(L¢, [Ras,(AD)N),

tH
+2£ (R (L), L), . Vo€ U,

and (3.12) is null for & = 0 if condition (3.10) holds. Similarly, from (3.8), the
following adjoint equation is obtained for operator X:

(3.13) KRg.(9) = ARy, 2.(p), Yo € U;.

This equation provides a fractional generalised version of (1.4) defining (-, -) in the
ordinary case. Note that the adjoint equation of (1.4) is also used to calculate k(-, -) in
the ordinary case (see, for example, Ramm [21]). Therefore, in the remainder of this
section, we consider condition (3.10) or, equivalently the adjoint condition (3.13). In
particular, assuming any of these conditions, the least squares error ¢ is given by

(3.14) e(K'p) = ([Ry,(A'D)T", A'(¢))Uy ~([Ra(K'D)T", Kl(d’))ua .
Note that by definition of K’, and since 32”(521;) = (U, (-, ')Bsra)’ we have
By, (K'¢,K'$) = |K'$Iy, 4, < 00

forali ¢ € Us.

The following result shows that under the existence of the &-dual GRF % of 5,
with .S’—l’a defined on V;, (3.10) has a unique solution in the RKHS of &7,’,, which solves
the estimation problem in a fractional generalised framework.

THEOREM 3.1. Let Z, be a zero-mean fractional linear functional of the informa-
tion random field & with generalised covariance function By, (-, -). Assume that %,

has minimum fractional duality order &. Then, the estimation problem has a unique
solution in the RKHS of the &-dual %; defined by

(3.15) K'($) = R3,Ra,5,(A'¢), Vo € U,

&
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where R . is the covariance operator of 25, defined from V; into U;, and Ry, 5, is
the covariance operator associated with the cross-covariance function B g, », between
Z; and &, defined from U, into V;. Moreover,

(3.16) K@) = ARy 2. R5.(p), Yo € Vs,
B

which provides a weak-sense solution to the corresponding ordinary estimation prob-
lem.

PROOF. From the covariance factorisation of %; and Z; (see Theorem 2.2), we
obtain

(17 & (Rle) =% [(s: (50)7) @] = (Za5:) [(8)™ @] = Zato)
for all ¢ € U;. Similarly,
2z (Rg,9) = Z:(9)

for all ¢ € [U;]*. From the duality between Z; and .ﬁ’a and (3.17), we get, for each
¢ € U;, that

0=(2:0) - % (R3l0) Ze@),
=((Ra:0) . ), — ((R:'x].;‘”)* ’ ¢)U& = ((Rxﬂ‘p - R;,f;(p)* ; 4’)1/,i

for all ¢ € U;. Thus

Ra,p = R;,L(p, VYo € Us;.
Similarly,
R3¢ =Ry ¢, Vo elUl".

These equations give that R . R o, and R4, R 4. are the identity operators on U; and
[ Us]* respectively. In other words, the existence of the &-dual GRF .f'é’a of 2, implies
the existence of the inverse covariance operator R:{L of the restriction to U; of Ry,
and R}L = Ry . Therefore, for each ¢ € U, (3.15) provides a solution to (3.10) in
the RKHS of 2;, 7(%;).

Similarly, (3.16) provides a solution to (3.13). Since k(:, -) € V3 ® Uj, hence, for
eachz € T, k(z, -) € U;. In the ordinary case, & < 0 (see Remark 2.3); in particular,
in the case wherea < 0, k(z, -) = k,(-) is a distribution, with positive singularity order
&. Therefore, k,(-) must be defined in the weak sense. Moreover, in the case where
[—B1" > d/2, a weak-sense definition of k,(-) on V; can be obtained as follows:

(3.18) K(p)(@) =/kz(y)<p(y) dy = k(9) = ARy, 2. R5,(p)(2), Vo€ V;.
T
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Indeed, from Sobolev’s Embedding Theorem, the weak-sense equality in (3.16) with
respect to the Us-topology becomes a strong-sense equality in view of the continuity
of the functions belonging to the space Vj. a

4. Random fields with fractional covariance spectrum

In the previous section, the minimum fractional duality order & of the information
random field Z,, which defines the fractional Sobolev space where this covariance
operator is an isomorphism, determines the minimum fractional singularity order of
the fractional weak-sense solution K'. Furthermore, the duality order & also specifies
the functional space U; where the covariance operator of the information random field
is factorised. Thus, the duality condition identifies the second-order properties of the
class of random fields for which the estimation problem is solved. In this section we
describe such properties in terms of the associated covariance spectrum and RKHS.

From Proposition 2.1, the operators L = S;.# and L = S;# I, - are isomorphisms
on U; and [U;]*, respectively. Therefore, the operators ;L' : Uy = L*(T) and
J_&I:" : Vz; = L%(T), respectively associated with R4, (see (2.24)) and R &, (see
(2.25)), are bicontinuous. Then, there exist positive constants C,, C,, C‘,, and C‘z such

that
4.1) Gl < 125L D lea < Glldly, V¢ € Us,
4.2) Gllelly, < 1L @z < Glielly,, Yo € V.

These equations are next expressed in terms of the spectra of Rg; and R 4., respec-
tively.

From the symmetry property of the covariance function B & ,, Ry, is also a self-
adjoint operator in L?(T). Then, we can consider its representation in terms of a
spectral family {E, },c4 in L?(T), with A being the spectrum of R 4, (see Section 2):

(43) (Rao, ¢)=‘/)~d(EA<P, ¢)=/A¢(A)¢*(A)dp(l), Yo. ¥ € Us,
A A

where p(-) denotes the spectral measure of R 4, and

j=1

Ny
G4 O = Z[ [v@san dz] [ [voso. A)dy].
T T

Here,j = 1,..., N, < oo represent the indexes of the eigenvalues A; < A of Ry,

* means the duality between the fractional Sobolev spaces U; and V; with respect to
L*(T), and, for each A € A, {¢; (-, M)} <nvey € Us and {¢;(-, M}j<voy € V; are dual
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Riesz bases with respect to L2(T). Such bases provide the following representation
of the spectral kernel (-, -, A) of Ry,:

D(z,y, M) = ) _¢;(z, )¢ (¥, 2)

Ny
Jj=1

(see Ramm {21, pages 145-147]). Note that (4.4) can also be interpreted as the inner
product in L2(T) of the functions

N,

FONF) = [ / ¢ (2)¢; (z, 1) dZ] ¢ (y,2), and
T

j=1

Ny
4.5) TN =Z[ f v @)y (2, A)dz] 7 (Y, 1)
j=t T

In addition, from Proposition 2.1 and Theorem 2.2, R ;. is a bounded function of
Rg«,. Hence, it can also be represented in terms of @ and p as

(4.6) R, (9), ¥) =/l"$(k)1/7(l) dp(A), Vo,¥ € V;.

A

From (4.3) and (4.6), equations (4.1) and (4.2) can be respectively written as

@n o [ A+npAdwrd < / IO do ()
R” A

<G | (4 APEIM)1dA,

R®

(4.8) G | A+ DM dr < / AT @A) dp(r)
R" A

<G | A+ 1D FeMPar,

for ¢ € U; and ¢ € V;, where 43 and ¢ stand for the Fourier transforms of ¢ and ¢,
respectively, and, where for each A € A, |¢]* = $¢* and |@|* = $@* are defined as
in (4.4).

As a consequence, we have the following result:

THEOREM 4.1. Under conditions of Theorem 3.1, the following assertions hold:

(i) ¢ € U; if and only if (Ra,¢, ) < 00, that is, if and only if ¢ € H(%3).
Respectively, ¢ € Vs ifandonly if (R 5. ¢, ¢) < 09, that is, if and only if ¢ € H(Z53).
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(ii) In the case where & = #;L7" and .?i{‘ = [F_sL™Y are self-adjoint, the

Sfollowing equivalences hold:

(4.9) pe H'(T)=U; & / 1+ APIGM dpg, < o0,
A

(4.10) yeH D=V, s /(1 +IAPIF P dpyeyy (1) < oo
A

(i) In addition, in the case where & commutes with the Bessel potential of
order &, we obtain

@.11) o e B*(T) & / 1+ RPDPIGOP dpsg, < 0.
A

PROOE. (i) From (4.7) and (4.8),
¢ € H{(T) & (Ry,0,9) <00, ¢ € H*(T) & (Ry,p,¢) < 00.
The second part of (i) is derived from Proposition 2.1 (i), since
(4.12) (Rx, (), $) = Bx, (¢, $)=(Xa(®), Xa (D)) nixey = (&, Dhow iy = 1012y 2.5
for all ¢ € U;, and
(4.13) (Rz,9, 9) = I0l5ecs),

forall g € V;.
(i) As % and [.2‘2{']’ = %, are bicontinuous operators from Uj into L*(T) and
from V; into L?(T), respectively, the following inequalities hold:

(4.14) N;/ (1+|A]2)‘*]¢(A)|2d15/ LGN dpg, (1)

A

<Ny | (L + APHGA) dA,
Rll

@15 F f (1 + AP [F Q)R d < f 2T QP dpe, (V)
R~ A
= [ PGP dorsy
A
<Ny | (14D F M2 dA,
Rn

forg € H¥(T), and ¥ € H~%(T), with N;, N5, N; and N, being positive constants,
and with p ¢, and p -1} being the spectral measures associated with £ and (£,
respectively. The assertion (ii) is straightforward from (4.14) and (4.15).

(iii) The right hand side of (4.11) is finite if and only if ¢ belongs to the domain
of Z7; in the case where %, commutes with the Bessel potential of order &, this is
equivalent to ¢ € H¥(T). O
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Note that the assumption in (iii) is not equivalent to the assumption that %; be a
function of the Bessel potential of order & (see Dautray and Lions [11, page 145]).

In the following corollary we specify an important class of random fields for which
the estimation problem is solved by applying Theorem 3.1.

COROLLARY 4.2. For each B € Q, we consider the set ¥ of real-valued, positive
and continuous functions Fg satisfying

(4.16) C<FM(+ AP <C, CC >0,
and define the following class %, B € Q, of covariance operators:
4.17 Roe Ay < Rg= Fy(Ls), for some Fy € Fp,

where % is a self-adjoint elliptic fractional differential operator of order & on L*(T).
Then the estimation problem is solved as in Theorem 3.1 for this class of information
random fields.

PROOF. If %; is a self-adjoint elliptic fractional differential operator of order & on
L*(T), then %; satisfies condition (4.11). Clearly, Ry is an isomorphism from V3,2
into Ugz/p. Thus, if 245, represents a fractional generalised information random
field with covariance operator R, satisfying condition (4.17), then its Ba/2-dual
), exists. Therefore, Theorem 3.1 provides a solution to the estimation problem
in a fractional generalised framework for this class of information random fields. O

In particular, the estimation problem is solved in Ramm [21] for the case where %;
is a self-adjoint elliptic differential operator of integer order on L?(T), and

PQ)
Fg(\) = —,
p(A) om

with P (1) and Q(A) being positive polynomials of respective orders p and g satisfying

0<a < PMA+RD™ < a
(4.18) 0<e < QA+ 2 c

for some positive constants c;, ¢;, ¢; and ¢;. Thatis, 8 =q — p,and @ € N.

5. Final comments

In this paper we have considered the problem of estimating on a bounded domain
T C R the output random field of a stochastic equation from the information provided
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by the observation of the input random field with additive noise on 7. Inthe case where
the fractional generalised information random field has minimum fractional duality
order @, the information used in the estimation is provided by the test functions in
the space U;. Furthermore, if the sample information is provided by a closed subset
U! of test functions in U,, then the useful information for the estimation is given
in terms of the test functions in U} = #_;_,)( U!). The weak-sense solution to the
estimation problem is then derived in a similar way to the case considered in this paper
by defining K as a linear operator from Uj into UJ. In particular, the situation where
the ordinary information random field is observed in a subdomain 7’ C T is included
in the above mentioned case with U! = H%(T"). Finally, we note that if the interest
is in approximating the fractional generalised output random field in a subspace U,
instead of the whole space Up, the estimation function k(-, -) will be found in a wider
class, with operator K’ being defined from U into Uj, the space of regularisation of
the information.
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