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Abstract

For any odd integer d, we give a presentation for the integral Chow ring of the stack
M0(Pr, d), as a quotient of the polynomial ring Z[c1, c2]. We describe an efficient set of
generators for the ideal of relations, and compute them in generating series form. The
paper concludes with explicit computations of some examples for low values of d and
r, and a conjecture for a minimal set of generators.

1. Introduction

1.1 Results and strategy of proof
The main goal of this work is to compute the integral Chow ring of the interior of the space of
stable maps of odd degree from rational curves to projective space; its closed points parameterize
maps from irreducible source curves isomorphic to P1. We exhibit this ring as the quotient of
a polynomial ring in two variables, and provide an efficient set of generators for the ideal of
relations. We state here the complete result, which is proven in several steps throughout the
paper.

Main Theorem (Theorems 3.8, 4.3, 5.1 and 6.1). For r a positive integer and d an odd positive
integer, a presentation for the integral Chow ring of the stack M0(Pr, d) is given by

A∗(M0(Pr, d)) =
Z[c1, c2]

(αr,di,k)i,k
,

where ci is a graded variable of degree i and αr,di,k is homogeneous of degree ir + k (Theorem 3.8).
In order to generate the ideal of relations it is sufficient to consider the following values for i, k
(Theorem 4.3):

• i = 1 and k = 0, 1;
• i is a prime power and k = 0.

The generating relations are exhibited in generating function form, where

Ai,k(d) :=
∞∑
r=0

αr,di,k .
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The integral Chow ring of M0(Pr, d), for d odd

Relations of the form αr,d1,k are computed explicitly in Theorem 5.1:

A1,0(d) =
d(

1 + ((d− 1)/2)c1
)(

1 − ((d+ 1)/2)c1
)

+ d2c2
,

A1,1(d) =
1 + ((d− 1)/2)c1(

1 + ((d− 1)/2)c1
)(

1 − ((d+ 1)/2)c1
)

+ d2c2
− 1.

Relations of the form αr,di,0 are computed in Theorem 6.1 as

Ai,0(d) =
i∑

j=0

(−1)j

i!(l1 − l2)i

(
i

j

)[(
1 −

∏d
k=0

(
c1/2 + (k − d/2)(l1 − l2)

)
∏d−i+j
k=j

(
c1/2 + (k − d/2)(l1 − l2)

))−1

− 1
]
,

where −l1,−l2 are the Chern roots of the variables c1, c2, i.e. c1 = −l1 − l2 and c2 = l1l2.

The integral Chow rings of the spaces M0(Pr, d) exhibit a remarkable combinatorial struc-
ture. In Corollary 6.5 it is shown that for fixed i, r, the relations of the form αi,0 are polynomial
in d, whereas in Corollary 6.4 one sees that, for fixed d, r, all relations of the form αi,0 may be
extracted from a single two-variable monomial via the action of a differential operator, and an
appropriate Hadamard product of multi-variate power series.

The proof of the main theorem is organized into three main stages: the first consists of
producing a presentation of A∗(M0(Pr, d)), where the ideal of relations has a very redundant
generating set; the second consists of eliminating a large number of redundant generators; and
in the third we compute the remaining relations.

To obtain a presentation of A∗(M0(Pr, d)), we exhibit M0(Pr, d) as a global quotient stack
[Ûr,d/GL2] of an open set in affine space by the action of the group GL2, thus reducing the task
to computing the GL2 equivariant Chow ring of Ûr,d. It is at this moment that the hypothesis of
d being odd becomes necessary. By considering Ûr,d as a Gm-bundle over its image in projective
space, we reduce the computation of the equivariant Chow ring of Ûr,d to that of its image Ur,d:
this is an open set in projective space, and its complement is covered by a GL2-equivariant
envelope

⊔
i{Z̃i

πi−→ PN}. Its connected components Z̃i ∼= Pi × PNi are isomorphic to products of
projective spaces. Using the standard excision sequence, we exhibit the Chow ring of M0(Pr, d)
as the quotient of the Chow ring of the ambient projective space by the ideal generated by the
images of the push-forward maps from the components of the envelope.

Elementary arguments suffice to show that the push-forward πi∗(hki ) of powers of the hyper-
plane classes from the left factor of the Zi, with degree bounded by i, generate the ideal of
relations. In order to further reduce the set of necessary generators, a more subtle analysis is
needed. One may replace the powers hki in the ith component of the envelope with suitably
chosen monic polynomials in hi. In many cases, such polynomials may be seen as arising from
classes from lower envelopes, leading to an inductive argument that allows to narrow down the
indispensable generators to those mentioned in the main theorem. The generating set we obtain
is still not minimal, as can be seen from the computations in § 7.2. Experimental computations
led to the following conjecture.

Conjecture 7.2. Consider the presentation of A∗(M0(Pr, d)) from Theorem 3.8. A minimal
set of generators for the ideal of relations is given by αr,d1,0, α

r,d
1,1 and αr,dp,0 where p runs over all

primes that divide d.

Regardless of the optimal generating set, we set forth to compute all relations coming from
the first component of the envelope or from the push-forward of fundamental classes of any other
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component of the envelope. We use two different techniques to compute the two types of relations.
For the relations coming from the first envelope, the embedding of Pr as a coordinate hyperplane
in Pr+1 gives the relations a recursive structure which allows to reconstruct them for all values
of r from the degenerate r = 0 case. Encoding the relations in generating function form, the
recursions become a linear system of functional equations which is easily solved. Such recursive
structure is present for the relations coming from higher envelopes, but it becomes substantially
more computationally intensive to use this technique to extract the relations. Hence, for the
fundamental class relations, we instead use the Atyiah–Bott localization theorem on the left
factor of the envelope Zi to obtain an expression for the fundamental class supported at the
fixed points. Such an expression is then readily pushed forward to obtain the formulas in the
main theorem.1 The drawback of this technique is that the answer is not produced immediately
as a polynomial in c1, c2, but rather as a (non-obviously) symmetric polynomial in the Chern
roots l1, l2. It would be interesting to symmetrize formula (43).

1.2 History, motivation and considerations
One of the key conceptual leaps in modern enumerative geometry has been the translation
of enumerative questions into intersection theory on appropriate moduli spaces of geometric
objects. Thus, for example, the unique conic through five points in the plane is obtained as the
intersection of 5 hyperplanes in the P5 of all conics and 12 rational cubics through 8 points arise
as the intersection of 8 hyperplanes and the discriminant hypersurface in the P9 of plane cubics.

The rich and rapid development of the field that followed in the late 1800s led to many excit-
ing computations, some of which were alas incorrect; these early mistakes brought awareness
of many delicate issues and technical difficulties in implementing the intuitive plan of counting
geometric objects by intersecting subvarieties in moduli spaces. On the one hand, this led to
Hilbert’s 15th problem [Hil30], requesting rigorous foundations for Schubert calculus, which we
now understand as intersection theory on Grassmannians and flag varieties. On the other, new
perspectives on geometric objects and their moduli were developed to tackle even the most clas-
sical problems. For example, the classical enumerative problem of counting the number of plane
rational curves of degree d through 3d− 1 general points was solved in [Kon95] by introducing
the moduli spaces of stable maps, that shifted the perspective by thinking of plane curves as the
images of functions from abstract curves.

The main object of study in algebraic intersection theory [Ful98, EH16] is the Chow ring,
a codimension-graded ring generated by equivalence classes of closed subvarieties up to rational
equivalence, where the product extends the notion of transverse intersection of subvarieties. A full
understanding of the Chow ring of a moduli space gives access, in principle, to any enumerative
geometric problem involving the geometric objects described by the moduli space. It should come
as no surprise then that Chow rings of moduli spaces are typically very sophisticated and hard to
compute objects. To further complicate things, automorphisms of geometric objects cause most
moduli spaces to be represented only by stacks, rather than varieties or schemes.

Working with rational coefficients gives the significant advantage that the Chow ring of a
Deligne–Mumford stack agrees with that of its coarse moduli space, see [Edi13, Theorem 4.40].
Still, the Chow ring of moduli spaces of curves Mg are known only up to g = 9 [Mum83, Fab90a,
Fab90b, Iza95, PV15, CL21] and for Mg up to g = 3 [Mum83, Fab90a]. In recent work [CL22] it
was shown that for genus up to seven the rational coefficients Chow rings of Mg are tautological,
and therefore algorithmically computable.

1 Using the Atyiah–Bott localization might, in principle, cause the loss of some torsion classes, but we are applying
the theorem to projective space, whose integral Chow ring is known to not have torsion.
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Although rational coefficients are often sufficient for any application to enumerative problems,
they cause to lose all torsion classes, arguably containing interesting information about the
geometry of the moduli space. For example, the stack of smooth hyperelliptic curves of genus g
has coarse moduli space which is a finite quotient of M0,2g+2 (an open subset of A2g−1), and has
therefore trivial Chow ring, i.e. A∗(Hg,Q) = Q.

Edidin and Graham [EG98a] generalized the work of Totaro [Tot99] and approached the
study of Chow rings of moduli spaces with integer coefficients via equivariant geometry: if a
moduli space is presented as a global stack quotient [X/G], then its integral Chow ring is the
equivariant Chow ring A∗

G(X).
This perspective was used to unveil rich torsion structure in the integral Chow ring of hyper-

elliptic loci [EF09, DL21], and in the locus of non-hyperelliptic curves of genus three [DLFV21].
The only moduli spaces of curves for which the integral Chow ring has been computed are M2

(see [Lar21a]) and M2,1 (see [DLPV21]).
Besides hyperelliptic loci, there are few infinite families of moduli spaces for which the inte-

gral Chow ring is known, with the list substantially grown thanks to notable recent work [Lar21b,
Can21, CdLI22]. The most classical case is that of Grassmannians G(k, n). A structurally sat-
isfying presentation for the Chow rings of Grassmannians is given, for example, in [EH16,
Theorem 5.26]: A∗(G(k, r + 1),Z) is a quotient of the polynomial ring Z[c1, . . . , ck], where ci
is a variable of degree i. The ideal of relations is generated by the homogeneous terms of degrees
between r + 2 − k and r + 1 in the power series expansion of2

1
1 − c1 + c2 − · · · + (−1)kck

. (1)

We view (1) as a generating function for the ideal of relations of all Grassmannians of k planes
as the ambient dimension r + 1 varies.

When k = 2, we have Gr(2, r + 1) ∼= M0(Pr, 1), and it is easily seen that the terms of degree r
and r + 1 of 1/(1 − c1 + c2) agree with the generating functions A1,0(1) and A1,1(1) from the
main theorem.

In [Pan98], Pandharipande considered the function Φf : Gr(2, r + 1) = M0(Pr, 1) →
M0(Pr, d) induced by post-composition with a fixed degree d map f : Pr → Pr. He showed that
when working with rational coefficients, the pull-back

Φ∗
f : A∗(M0(Pr, d),Q) → A∗(M0(Pr, 1),Q) (2)

is an isomorphism. It is interesting to observe how this result relates to the main theorem. First
off, all relations αi,0 with i > 1 are i-torsion and, therefore, vanish when tensoring coefficients
with Q. In order to check that relations from the first envelope agree, one must analyze the lift

Φ̂f : Ûr,1 → Ûr,d,

where the GL2-action on the two spaces is as in Proposition 2.4. A non-trivial endomorphism
ϕf of GL2 is required to make the map Φ̂f equivariant and this induces the transformation
ϕ∗
f (c1) = c1/d, ϕ∗

f (c2) = c2 − (d2 − 1)c21/4d
2. It is then immediate to check that the relations

agree up to global factors which are powers of d (irrelevant after tensoring with Q). The result
in [Pan98] is, in fact, more general, asserting that the rational coefficients Chow rings of spaces
of degree d maps from Pk to Pr are independent of d. It is reasonable to expect that a similar
comparison statement for the integral coefficients Chow rings would hold in the case k > 1.

2 For us, ci denotes the ith Chern class of the standard representation of GLn; in [EH16], they chose the dual of
the standard representation, hence the different signs in the formulas.
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Table 1. Recurring notation.

Wd Homogeneous polynomials of degree d in two variables
Ur,d ⊂ P(W r+1

d ) (r + 1)-tuples of polynomials containing no common factor of positive degree
Δr,d ⊂ P(W r+1

d ) The complement of Ur,d

Ûr,d The affine cone over Ur,d

l1, l2 Torus weights, Chern roots for the dual of the standard representation of GL2

c1, c2 Chern classes of the standard representation of GL2

H Equivariant hyperplane class for P(W r+1
d )

Pr,d(H) Basic relation in equivariant Chow ring of P(W r+1
d ), see (6)

Pd P0,d((d+ 1)c1/2)
Zi ⊂ Δr,d Stratum of (r + 1) polynomials with largest common factor of degree i
Z̃i P(Wi) × P(W⊕r+1

d−i ), with a natural map πi, an isomorphism onto the closure of Zi

hi ∈ A∗
T (Z̃i) Equivariant hyperplane class for the left factor

ηi ∈ A∗
T (Z̃i) Equivariant hyperplane class for the right factor

αr,d
i,k πi∗(h

k
i )

We make two important assumptions on the base field k. The first is that k is alge-
braically closed. We use this condition to unambiguously determine the degree of certain maps
in Lemma 4.2. Moreover, we assume that the base field has characteristic zero or greater than d.
This condition allows us to work with localization formulas and to construct formula (49).

1.3 Notation
There are four main discrete invariants that take different values in this work:

(i) r, the dimension of the target projective space;
(ii) d, the degree of the map f : P1 → Pr or equivalently of the (r + 1) defining polynomials;
(iii) i, the component of the envelope parameterizing polynomials that contain a common factor

of degree i;
(iv) k, the power of the hyperplane class on the left factor of P(Wi) × P(W⊕r+1

d−i ).

As a consequence, the generators of the ideal of relations for the presentation of A∗(M0(Pr, d))
are polynomials αr,di,k depending on four indices.

Convention 1.1. To lighten this notation, we adopt the convention of suppressing indices corre-
sponding to discrete invariants that remain fixed throughout a section. Thus, for example, in § 3,
where r and d are fixed, the relations are denoted αi,k; whereas in §§ 5, where we consider maps
comparing different Pr, we maintain the superscript r. A similar convention is adopted for any
other quantity depending on these four discrete invariants.

The Chow ring A∗(M0(Pr, d)) is presented as a quotient of the equivariant Chow ring of
P(W⊕r+1

d ), where one of the relations is H − (d+ 1)c1/2. One may then eliminate the hyperplane
class H and regard A∗(M0(Pr, d)) as a quotient of the polynomial ring Z[c1, c2]. We adopt the
following notation to deal with this phenomenon.

Convention 1.2. We denote the class πi∗(hki ) by αi,k(H) when we wish to regard it as a Chow
class on P(W⊕r+1

d ), by αi,k when we wish to regard it as a Chow class on M0(Pr, d), so that
αi,k = αi,k((d+ 1)c1/2). This convention extends to any other class with such double personality.

Some of the commonly recurring notation throughout the paper is collected in Table 1.
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2. Presentation of the stack M0(Pr, 2s + 1)

Let k be an algebraically closed field of characteristic zero or larger than 2s+ 1. We refer the
reader to [FP97] for a general definition of the stack of stable maps Mg,n(X,β) where X is
a projective variety and β is a class in A1(X,Z). In this paper, we focus on the special case
M0(Pr, d) of maps from rational curves to projective space. For completeness, we recall the
definition.

Definition 2.1. Let M0(Pr, d) be the category whose objects are diagrams

C

π

��

f
�� Pr

S

such that:

• S is a k-scheme;
• the morphism π : C → S is a projective flat family of curves isomorphic to P1;
• the degree of f∗OPr(1) on the geometric fibers of π : C → S is d.

As a consequence of the third point, the restriction of f on the geometric fibers of π : C → S is,
in particular, not constant. Arrows are cartesian diagrams:

C1

�

ψ
��

π1

��

f1=f2◦ψ

��
C2

π2

��

f2
�� Pr

S1

ϕ
�� S2

The category M0(Pr, d) is naturally a category fibered in groupoids over the category (Sch/k)
of k-schemes. It is a Deligne–Mumford stack; see, for example, [BM96, Theorem 3.14]. As an
example of a moduli point with non-trivial isotropy, let fd : P1 → P1 be defined as fd(x : y) =
(xd : yd) and let ιL : P1 → Pr be the inclusion of P1 as a line in Pr; then (P1, ιL ◦ fd) ∈ M0(Pr, d)
has isotropy group μd.

Observe that M0(Pr, d) has a structure of a global quotient by a linear algebraic group. Let
E be the standard representation of GL2. We identify the projective line as

P1 ∼= P(E).

Consider the vector space of homogeneous forms of degree d over P1

Wd := H0(P1,OP1(d)) = Symd(E∨),

where E∨ is the dual of the representation E.
The set of regular maps P1 → Pr of degree d is an open subset Ur,d of P(W⊕r+1

d ). More
precisely, a general element f of Ur,d can be written as

f =
[
f1(x, y), . . . , fr+1(x, y)

]
,
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where:

• for all i = 1, . . . , r + 1, the polynomial in two variables fi(x, y) is homogeneous of degree d;
• the map f is free of base points, in other words, the polynomials fi(x, y) have no common

factors.

Call Δr,d the complement of Ur,d in P(W⊕r+1
d ) and Ûr,d the affine cone over Ur,d, that is, the

preimage of Ur,d via the tautological map

W⊕r+1
d \0 → P

(
W⊕r+1
d

)
.

One has the following isomorphism of stacks (see [FP97, § 2] for a more general result):

M0(Pr, d) ∼=
[
Ur,d/PGL2

]
, (3)

where the action of PGL2 on Ur,d is given by

(A · [f1, f2, . . . , fr+1])(x, y) = [f1(A−1(x, y)), f2(A−1(x, y)), . . . , fr+1(A−1(x, y))]. (4)

The use of the inverse matrix is necessary to have a well-defined left action.

Lemma 2.2. Let H be a normal subgroup of a linear group G and let X be a quasi-projective
scheme equipped with a G-action. Assume that H acts freely on X so that the quotient X/H is
a quasi-projective scheme as well. Then we have an isomorphism of quotient stacks:

[X/G] ∼= [(X/H)/(G/H)]

Proof. See, for example, [Hei05, Example 3.3]. �
Remark 2.3. A consequence of Lemma 2.2 is the induced isomorphism of equivariant intersection
rings:

A∗
G(X) ∼= A∗

G/H(X/H).

For a direct proof of this isomorphism see [MRV06, Lemma 2.1].

From now on, assume the degree d is odd.

Proposition 2.4. Let d = 2s+ 1 be a positive odd integer. The stack M0(Pr, d) is isomorphic
to the quotient stack

M0(Pr, d) ∼=
[
Ûr,d/GL2

]
,

where the action of GL2 is

A · (f0, f1, . . . , fr)(x, y) = detAs+1(f0(A−1(x, y)), f1(A−1(x, y)), . . . , fr(A−1(x, y))).

Proof. Apply Lemma 2.2 with the substitutions

X = Ûr,d; G = GL2; H = Gm.

Here Gm is normal in GL2; one must describe the induced action of Gm on Ûr,d ⊂W⊕r+1
d .

Refer to the exact sequence of groups:

1 → Gm
ϕ−→ GL2

π−→ PGL2 → 1.

Let λ ∈ Gm and ϕ(λ) =
[
λ 0
0 λ

]
=: A, we have

A · (f1, f2, . . . , fr+1)(x, y) = detAs+1(f1(A−1(x, y)), f2(A−1(x, y)), . . . , fr+1(A−1(x, y)))

= λ2(s+1) 1
λd

(f1, f2, . . . , fr+1)(x, y) = λ(f1, f2, . . . , fr+1)(x, y),
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therefore Ûr,d/Gm = Ur,d. Note that the action of Gm is free on Ûr,d. Lemma 2.2 implies[
Ûr,d/GL2

] ∼= [
Ur,d/PGL2

]
,

where the action of PGL2 over Ur,d is as in (4). We conclude thanks to isomorphism (3). �

3. Generators and relations

By Proposition 2.4, we are reduced to computing the equivariant intersection ring A∗
GL2

(Ûr,d).
First, we recall some facts about equivariant Chow rings we will use and set notation. Let T
denote the maximal torus for GL2 represented by diagonal matrices and consider the induced
morphism Bi : BT → BGL2. We denote by E the standard representation of GL2, which we
think of as (the pull-back to the point via the quotient map pt→ BGL2 of) a rank-two vector
bundle over BGL2. As the Chern classes of E are frequently used, we denote ci(E) simply by ci.
The pull-back Bi∗(E∨) splits as the direct sum of two line bundles on BT : the characters λ1, λ2

are given by the two coordinate projections of T .
Denoting A∗

T = A∗
T (pt.), it is known (see, e.g., [HKK+03, Chapter 4]) that A∗

T = Z[l1, l2],
with li = c1(λi). By a slight abuse of notation we also denote by li the Chern roots of the vector
bundle E∨, because we have

Bi∗c1 = −(l1 + l2),

Bi∗c2 = l1l2.

The Weyl group S2 acts on A∗
T by permuting the classes li and A∗

GL2
= (A∗

T )S2 (see [EG98a,
Proposition 6]).

Consider the following commutative GL2-equivariant diagram

Ûr,d
j

��

π

��

W⊕r+1
d \0

π

��

Ur,d
j

�� P
(
W⊕r+1
d

)
where the horizontal arrows are the natural open inclusions and the vertical arrows are the
natural quotient maps by the action of Gm. The vertical maps may be interpreted as princi-
pal Gm-bundles associated to the GL2-equivariant line bundle D⊗s+1 ⊗O(−1), where O(−1)
is the tautological bundle over P(W⊕r+1

d ) and D is the one-dimensional representation of GL2

associated to the determinant
∧2E. The first Chern class of D is c1(D) = c1, therefore we have

c1
(D⊗s+1 ⊗O(−1)

)
= (s+ 1)c1 −H,

where H is the canonical equivariant lift of the hyperplane class of P(W⊕r+1
d ). By arguing as in

Lemma 3.2 of [EF09], the pull-back morphism

π∗ : A∗
GL2

(
Ur,d

) → A∗
GL2

(
Ûr,d

)
is surjective and its kernel is generated by H − (s+ 1)c1. We may therefore determine A∗

GL2
(Ûr,d)

from a presentation of the ring A∗
GL2

(Ur,d) by applying the substitution H = (s+ 1)c1.
In order to compute A∗

GL2
(Ur,d), we consider the following exact sequence of A∗

GL2
-modules:

A∗
GL2

(
Δr,d

) i∗−→ A∗
GL2

(
P
(
W⊕r+1
d

)) j∗−→ A∗
GL2

(
Ur,d

) → 0.
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Using standard techniques as in [FV18, § 3.2], we have the following isomorphism:

A∗
GL2

(
P
(
W⊕r+1
d

)) ∼= Z[c1, c2, H]
(Pr,d(H))

, (5)

where

Pr,d(H) =
d∏

k=0

(H + (d− k)l1 + kl2)r+1. (6)

In conclusion, we have

A∗(M0(Pr, d)
) ∼= A∗

GL2

(
P
(
W⊕r+1
d

))
(Im(i∗), H − (s+ 1)c1)

∼= Z[c1, c2, H]
(Im(i∗), H − (s+ 1)c1, Pr,d((s+ 1)c1))

, (7)

where Im(i∗) is the image of the push-forward i∗. The goal is now to compute generators for the
ideal Im(i∗).

Let X be a G-scheme and Δ i−→ X an equivariant closed embedding. A consolidated method
to determine the image of the group homomorphism

A∗
G(Δ) i∗−→ A∗

G(X),

is to use a so-called equivariant envelope of Δ. Recall that an envelope Δ̃ π̃−→ Δ, see [Ful98,
Definition 18.3], is a proper map such that for every subvariety V of Δ, there is a subvariety Ṽ
of Δ̃ such that the morphism π̃ maps Ṽ birationally onto V . In the category of G-schemes, π̃
is called an equivariant envelope, see [EG98a, § 2.6], if π̃ is G-equivariant and if one can choose

Ṽ to be G-invariant whenever V is G-invariant. An equivariant envelope Δ̃ π̃−→ Δ for a closed
subscheme Δ i−→ X is especially helpful when one can explicitly describe the Chow group of Δ̃
and the image of the group homomorphism

A∗
G(Δ̃)

(i◦π̃)∗−−−−→ A∗
G(X).

As the group homomorphism π̃∗ is surjective (see [EG98a, Lemma 3] and [Ful98, Lemma 18.3(6)]),
one has the following result.

Theorem 3.1. Let X be a G-scheme and Δ i−→ X an equivariant closed embedding. If Δ̃ π̃−→ Δ
is an equivariant envelope of Δ, then

(i ◦ π̃)∗
(
A∗
G(Δ̃)

)
= i∗

(
A∗
G

(
Δ

))
.

Returning to the computation, we construct an equivariant envelope for the locus of
degenerate maps Δr,d.

Definition 3.2. For every i = 1, . . . , d, denote by Zi the subspace of P(W⊕r+1
d ) representing

(r + 1)-tuples of polynomials with a common factor of degree i, but not i+ 1:

Zi = {(f1, . . . , fr+1)|deg(gcd(f1, . . . , fr+1) = i}. (8)

The family {Zi}i=1,...,d is an equivariant stratification of Δr,d, in the sense of [DLFV21,
Definition 1.2].

Define

Z̃i := P(Wi) × P
(
W⊕r+1
d−i

)
(9)
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and the morphisms

πi : Z̃i → P
(
W⊕r+1
d

)
([c(x, y)], [g1(x, y), g2(x, y), . . . , gr+1(x, y)]) �→ [c(x, y) · g1(x, y), c(x, y)

· g2(x, y), . . . , c(x, y) · gr+1(x, y)].

(10)

Proposition 3.3. We use the notation Z̃ :=
⊔
i=1,...,d Z̃i and π := 	πi. Denoting by π̃ the

restriction of π onto its image Δr,d, we have that

π̃ : Z̃ → Δr,d

is an equivariant envelope on Δr,d.

Proof. This proposition may be proved following the argument in [Vis98, Lemma 3.2]. Observe
that each Z̃i maps to the closure Zi of a stratum of Δr,d. The morphism π̃ is proper and
GL2-equivariant. The morphisms from the components Z̃i → Zi are birational and isomorphisms
over Zi � Zi+1. Given V an irreducible GL2-invariant subvariety of Zi not contained in Zi+1,
one may take the preimage of V � Zi+1 in Z̃i and close it to obtain Ṽ . Then the map Ṽ → V
is birational and GL2-equivariant, and thus [Ṽ ] pushes forward to [V ], which completes the
proof. �
Corollary 3.4. We have the identity

π∗
(
A∗

GL2
(Z̃)

)
= i∗

(
A∗

GL2

(
Δr,d

))
.

Proof. This is a consequence of Proposition 3.3 and Theorem 3.1. �
For the next definition, we adopt the notation in the following diagram.

Z̃i
πi ��

p1

����
��

��
��

�
p2

����
��

��
��

��
P(W⊕r+1

d )

P(Wi) P(W⊕r+1
d−i )

(11)

Definition 3.5. For all i = 1, . . . , d, denote by hi = p∗1c
eq
1 (OP(Wi)(1)) the (pull-back via the

first projection of the) canonical equivariant lift of the hyperplane class on the first compo-
nent of Z̃i = P(Wi) × P(W⊕r+1

d−i ). In addition, denote by H = ceq1 (O
P(W⊕r+1

d )(1)) and by ηi =
p∗2c

eq
1 (O

P(W⊕r+1
d−i )(1)). Define the classes

αi,k(H) := πi∗
(
hki

) ∈ A∗
GL2

(
P(W⊕r+1

d )
)
.

Proposition 3.6. We have the ideal identity

i∗
(
A∗

GL2

(
Δr,d

))
=

(
αi,k(H)

)
i=1,...,d; k=0,...,i

.

Proof. Using Corollary 3.4, it suffices to show that π∗(A∗
GL2

(Z̃)) is contained in the ideal I
generated by the classes αi,k(H). From (10),

π∗i (H) = hi + ηi. (12)

We prove that any class of the form πi∗(hki η
m
i ) is in I by induction on m. As the classes

hki η
m
i generate A∗

GL2
(Z̃i) over A∗

GL2
, this will prove the proposition. For m = 0, k > i, note that

the class πi∗(hki ) is a linear combination of the classes αi,k(H), k ≤ i, with coefficients in Z[l1, l2]
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(this can be seen by using the relation in the equivariant Chow ring of the left factor to express
hki as a polynomial of degree at most i in hi, and then pushing forward); hence, the base case
m = 0 is established.

Using projection formula and (12) one obtains the following equalities:

Hπi∗(h
k
i η
m−1
i ) = πi∗(h

k
i η
m−1
i π∗iH) = πi∗(h

k
i η
m−1
i (hi + ηi)) = πi∗(h

k+1
i ηm−1

i ) + πi∗(h
k
i η
m
i ).

Solving

πi∗(h
k
i η
m
i ) = Hπi∗(h

k
i η
m−1
i ) − πi∗(h

k+1
i ηm−1

i )

completes the inductive step. �

Lemma 3.7. For every value of r, d, we have Pr,d(H) ∈ Im(i∗).

Proof. The case d = 1 is treated by direct inspection: it is known that α1,0, α1,1 generate the
ideal of relations for the integral Chow ring of Grassmannians ([EH16, Theorem 5.26]).

For d ≥ 2, we consider the component Z̃2 of the equivariant envelope and the point P = (0 :
1 : 0) = [xy] ∈ P(W2). The point P is invariant with respect to the action of the maximal torus
of GL2, and its class is symmetric in the two torus weights. It follows that P defines a class in
A∗

GL2
(P(W2)) (see the discussion at the beginning of § 3). The class π2∗(p∗1([P ])) is contained in

the ideal of relations. The lemma is proved by showing that such class divides Pr,d(H).
The map π2|p−1

1 ([P ]) has degree one onto the coordinate linear subspace of P(W⊕r+1
d ) obtained

by setting to zero all homogeneous coordinates corresponding to monomials of the form xd or
yd. It follows that

π2∗(p
∗
1([P ])) =

(
(H + dl1)(H + dl2)

)r+1
, (13)

which indeed is a factor of Pr,d(H). �

Using Proposition 3.6, Lemma 3.7 and recalling the notational convention 1.2, we have
obtained from (7) the following presentation for the Chow ring of M0(Pr, d).

Theorem 3.8. For any odd positive integer d and any integer r ≥ 0 we have

A∗(M0(Pr, d)
) ∼= Z[c1, c2]

(αi,k)i=1,...,d,k=0,...,i
. (14)

Remark 3.9. Although for r = 0 the constructions in this section do not yield a space of stable
maps (but rather a space of quasi-maps as in [CFKM14]), we find convenient to include this case
in our study because we compute some of the generating relations inductively on r, with r = 0
being the base case.

4. Eliminating redundant relations

In this section we reduce the number of generators of the ideal of relations in the quotient ring
(14). More precisely, we prove that the ideal(

π∗
(
A∗

GL2
(Z̃)

))
= (αi,k)i=1,...,d,k=0,...,i

is generated by α1,0, α1,1, and αi,0 for all positive integers i that are powers of a prime number.
The goal is to prove that the image of the push-forward map

πi∗ : A∗
GL2

(
P(Wi) × P

(
W⊕r+1
d−i

)) → A∗
GL2

(
P
(
W⊕r+1
d

))
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is contained in the image of the push-forward maps πa∗ with a less than i, whenever i is not the
power of a prime number. Consider the commutative diagram

i−1⊔
a=1

P(Wa) × P(Wi−a) × P(W⊕r+1
d−i )

ψi:=
⊔
πa×id

��

⊔
id×πi−a

��
i−1⊔
a=1

P(Wa) × P(W⊕r+1
d−a )

⊔
πa

��

P(Wi) × P(W⊕r+1
d−i )

πi �� P(W⊕r+1
d )

(15)

in which the only morphism that has not been already defined is ψi :=
⊔
πa × id. In this context,

the morphism πa : P(Wa) × P(Wi−a) → P(Wi) is defined as

πa([c(x, y)], [g(x, y)]) = [c(x, y) · g(x, y)].
In other words, on the left-hand side of diagram (15), the morphisms πa are considered in the
case r = 0, whereas in the rest of the diagram, the morphisms πk are considered for a fixed value
of r.

As the diagram is commutative, in order to show that the image of the push-forward map πi∗
is contained in the image of the push-forward maps πa∗ with a less than i, it is enough to show
that the push-forward ψi∗ is surjective. Moreover, it suffices to verify that ψi∗ is surjective when
considering the torus-equivariant intersection groups. Therefore, we focus on the push-forward
map:

πa∗ : A∗
T

(
P(Wa) × P(Wi−a)

) → A∗
T

(
P(Wi)

)
.

Remark 4.1. Arguing as in Proposition 3.6, the image of πa∗ is generated by the classes
αa,k(hi) := πa∗(hka) for k = 0, . . . , a. As πa∗ is a homomorphism of A∗

T -modules, one can also
view the image of πa∗ as generated by the classes

α̃a,k := πa∗(Pa,k(ha)), (16)

where {Pa,k(ha)}k=0,...,a is a suitable family of monic polynomials of degree k that we define as

Pa,k(ha) :=
k−1∏
s=0

(ha + (a− s)l1 + sl2).

In other words, Pa,k(ha) is the equivariant Chow class of the locus of polynomials in Wa that are
divisible by yk. Note that Pa,0(ha) = 1. In the following lemma we determine the classes α̃a,k.

Lemma 4.2. Let α̃a,k be the class in A∗
T (P(Wi)) defined in (16). Then we have the following

identity:

α̃a,k =
(
i− k

a− k

)
Pi,k(hi).

Proof. Let La,k ⊂ P(Wa) × P(Wi−a) be the locus of pairs of polynomials where the first is a
multiple of yk. The locus La,k is invariant for the action of the torus T and its equivariant class
is Pa,k(ha). The restriction of the map

πa : P(Wa) × P(Wi−a)→ P(Wi)

to La,k is finite of generic degree
(
i−k
a−k

)
onto its image. This is due to the following facts:

• the image of La,k is the locus of polynomials of degree i which are divisible by yk;
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• let R(x, y) = ykS(x, y) be a generic homogeneous polynomial of degree i which is divisible by
yk; because we are in an algebraically closed field and assuming by generality that S(x, y)
has i− k distinct roots, there are exactly

(
i−k
a−k

)
ways to choose a factor F (x, y) of S(x, y) of

degree a− k so that [ykF (x, y), S(x, y)/F (x, y)] in P(Wa) × P(Wi−a) maps to R(x, y).

To conclude the proof, we note that [La,k] = Pa,k(ha) and [πa(La,k)] = Pi,k(hi), therefore we have

α̃a,k =
(
i− k

a− k

)
Pi,k(hi). �

Theorem 4.3. The ideal of relations (αi,k)i=1,...,d,k=0,...,i is generated by the classes α1,0, α1,1

from Z̃1 and the push-forwards αi,0 of the fundamental classes of Z̃i where i is the power of a
prime number.

Proof. Assume that i > 1 and fix a positive integer 1 ≤ k ≤ i. We want to show that there exists
a monic polynomial in hi of degree k that is in the image of ψ∗. For every integer a < i and
integer j ≤ min(a, k), we have that hk−ji α̃a,j is a polynomial in hj with leading coefficient equal
to

(
i−j
a−j

)
. If k ≥ 2 we can choose a = j = k − 1, so that the polynomial α̃k−1,k−1 is monic in hj .

If k = 1, then k < i and α̃1,1 is monic.
For the case k = 0, the only homogeneous monic polynomial in hi of degree zero is the

fundamental class 1. We know that the greatest common divisor of the binomials
(
i
a

)
for a going

from 1 to i− 1 is in the image of ψ∗. It is a consequence of Lucas’s theorem [Luc78] that such
the greatest common denominator (GCD) is 1 when i is not the power of a prime number (and
the prime number otherwise) and this concludes the proof. �

5. Relations from Z1

In this section we compute the relations coming from the first envelope Z1. We exhibit generating
functions, whose coefficients are functions of the degree d, encoding the classes αr1,i for all values
of r.

Theorem 5.1. For k = 0, 1, consider the A∗(M0(Pr, d)) valued generating functions:

A1,k(c1, c2, d) =
∞∑
r=0

π1,∗[hk1] =
∞∑
r=0

αr1,k,

encoding the push-forwards of the fundamental class and equivariant hyperplane class from the
first component Z1 of the envelope. We have

A1,0(c1, c2, d) =
d(

1 + ((d− 1)/2)c1
)(

1 − ((d+ 1)/2)c1
)

+ d2c2
, (17)

A1,1(c1, c2, d) =
1 + ((d− 1)/2)c1(

1 + ((d− 1)/2)c1
)(

1 − ((d+ 1)/2)c1
)

+ d2c2
− 1. (18)

We begin by describing the strategy of proof of Theorem 5.1. The starting point is
the following commutative diagram, comparing the maps π1 from (11) for target dimensions r
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and r + 1:

P(W1) × P(W⊕r+1
d−1 )

π1 ��

id×ir
��

P(W⊕r+1
d )

ir
��

P(W1) × P(W⊕r+2
d−1 )

π1 �� P(W⊕r+2
d )

(19)

where the maps denoted ir are the linear inclusions into the subspace where the homogeneous
coordinates corresponding to the (r + 2)th direct summand are equal to zero. The equality of
the push-forwards along the two different compositions in (19) gives rise to recursive relations
that determine the classes αr+1

1,k from the classes αr1,k. Appropriately organizing the recursive
relations gives rise to a system of functional equations. The generating functions A1,k from (17)
and (18) are then shown to satisfy the system of functional equations and to have the correct
initial conditions, corresponding to the case r = 0 (the target is a point).

Proof. We first establish some conventions meant to simplify notation: the two horizontal arrows
of diagram (19) are both denoted by π1 and we let the context determine which map any given
equation is referring to. Similarly, the equivariant hyperplane classes for the three projective
spaces in both rows of (19) are denoted h1, η1 and H (as in § 3); each class in the top row is
the pull-back of the corresponding class in the bottom row. Thus, for instance, any polynomial
in H, c1, c2 denotes both a class for P(W⊕r+2

d ) and one for P(W⊕r+1
d ), with the latter being the

pull-back via ir of the former.
The commutativity of the diagram (19) implies that for k = 0, 1,

ir∗(π1∗(h
k
1)) = π1∗((id × ir)∗(hk1)). (20)

Starting with the left-hand side of (20), π1∗(hk1) = αr1,k(H) by definition, and by the
projection formula one has

ir∗(α
r
1,k(H)) = αr1,k(H)Pd(H), (21)

where Pd(H) := P0,d(H) from (6).
For the right-hand side of (20), we apply the projection formula to obtain

(id × ir)∗(hk1) = hk1Pd−1(η1). (22)

Using that H = h1 + η1 (where we omit π∗1 from the notation for the pull-back of the class H),
and the presentation of the equivariant Chow ring of P(W1), we may write

hk1Pd−1(η1) = Rr,d1,k,0(H, c1, c2) +Rr,d1,k,1(H, c1, c2)h1, (23)

where the right-hand side of (23) is the remainder of the division of Pd−1(H − h1) by the
polynomial P1(h1) = (h2

1 − c1h1 + c2).
Pushing forward and using the projection formula, we then obtain

π1∗((id × ir)∗(hk1)) = Rr,d1,k,0(H, c1, c2)α
r+1
1,0 (H) +Rr,d1,k,1(H, c1, c2)α

r+1
1,1 (H). (24)

From (20), (21) and (23), by substituting H = ((d+ 1)/2)c1 one obtains the square size 2
linear system

Pdα
r
1,k = Rr,d1,k,0α

r+1
1,0 +Rr,d1,k,1α

r+1
1,1 , (25)

where k = 0, 1.
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The following claim shows that all coefficients in (25) are divisible by

Pd−2 := Pd−2

(
d− 1

2
c1

)
.

Claim 5.2. We have the following identities:

Pd =
(
d2c2 − d2 − 1

4
c21

)
Pd−2, (26)

Rr,d1,0,0 =
(
d+ 1

2
c1

)
Pd−2, (27)

Rr,d1,0,1 = −dPd−2, (28)

Rr,d1,1,0 = dc2Pd−2, (29)

Rr,d1,1,1 =
(

1 − d

2
c1

)
Pd−2. (30)

Using the results from Claim 5.2, proved at the end of the section, the linear system (25)
simplifies to

(
d2c2 − d2 − 1

4
c21

)[
αr1,0
αr1,1

]
=

⎡
⎢⎣
d+ 1

2
c1 −d

dc2
1 − d

2
c1

⎤
⎥⎦ [

αr+1
1,0

αr+1
1,1

]
. (31)

The linear system (31) may be solved for the αr+1
1,k to obtain

αr+1
1,0 =

1 − d

2
c1α

r
1,0 + dαr1,1,

αr+1
1,1 = −dc2αr1,0 +

d+ 1
2

c1α
r
1,1.

(32)

Together with the initial conditions

α0
1,0 = d, α0

1,1 =
d+ 1

2
c1, (33)

the equations in (32) for all r ≥ 0 determine recursively all values of αr1,k. To conclude the proof,
it suffices to observe that (32) and (33) give rise to the system of functional equations⎧⎪⎨

⎪⎩
A1,0 − d =

1 − d

2
c1A1,0 + dA1,1,

A1,1 − d+ 1
2

c1 = −dc2A1,0 +
d+ 1

2
c1A1,1,

(34)

together with the boundary conditions

A1,0(0, 0, d) = d, A1,1(0, 0, d) = 0. (35)

It is then immediate to verify that (34) and (35) are satisfied by the generating functions (17) and
(18). Thus, Theorem 5.1 is proved (as soon as the identities from Claim 5.2 are established). �

Proof of Claim 5.2. Equation (26) follows from the definition of the polynomial Pd in terms of
the weights l1 and l2, as defined in (6); substituting H = ((d+ 1)/2)c1 in the polynomial P0,d(H)
and H = ((d− 1)/2)c1 in the polynomial P0,d−2(H), it is immediate to see that the factors of
Pd−2 are equal to the internal factors of Pd. It follows that the quotient Pd/Pd−2 consists of the
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product of the first and last terms of Pd:

Pd
Pd−2

=
(
d+ 1

2
c1 + dl1

)(
d+ 1

2
c1 + dl2

)
. (36)

Equation (26) follows from (36) by expanding and substituting −l1 − l2 = c1, l1l2 = c2.
Equations (27), (28), (29) and (30) are proved by induction on odd values of d, with the base

case d = 1 easily established after noting P−1 = 1.
We work in the quotient ring Z[h1, c1, c2]/(h2

1 − c1h+ c2), adopting the convention that for
any polynomial q, its image [q] in the quotient ring is identified with the remainder of division
by h2

1 − c1h+ c2. From the definitions for the (d+ 2)-th case one may observe that

Pd+1

(
d+ 3

2
− h1

)

=
(
d+ 3

2
c1 + (d+ 1)l1 − h1

)(
d+ 3

2
c1 + (d+ 1)l2 − h1

)
Pd−1

(
d+ 1

2
− h1

)
. (37)

By (23) [
Pd+1

(
d+ 3

2
− h1

)]
=

[
Rr,d+2

1,0,0 +Rr,d+2
1,0,1 h1

]
, (38)

so after symmetrizing the quadratic factor in (37) and replacing the last factor using the inductive
hypothesis, one has[

Rr,d+2
1,0,0 +Rr,d+2

1,0,1 h1

]
=

[(
h2

1 − 2c1h1 − (d+ 1)(d− 3)
4

c21 + (d+ 1)2c2

) (
−dh1 +

d+ 1
2

c1

)
Pd−2

]
. (39)

In order to obtain (27) and (28) one must check that

[
Rr,d+2

1,0,0 +Rr,d+2
1,0,1 h1

]
=

[(
−(d+ 2)h1 +

d+ 3
2

c1

)
Pd

]

=
[(

−(d+ 2)h1 +
d+ 3

2
c1

)(
d2c2 − d2 − 1

4
c21

)
Pd−2

]
, (40)

where the last equality is obtained by applying (26). It is then sufficient to verify[(
h2

1 − 2c1h1 − (d+ 1)(d− 3)
4

c21 + (d+ 1)2c2

)(
−dh1 +

d+ 1
2

c1

)]

=
[(

−(d+ 2)h1 +
d+ 3

2
c1

)(
d2c2 − d2 − 1

4
c21

)]
, (41)

which is easily done.
In order to prove (29), (30), one has

[
Rr,d1,1,0 +Rr,d1,1,1h1

]
=

[
h1Pd−1

(
d+ 1

2
c1 − h1

)]
=

[
Rr,d1,0,0h1 +Rr,d1,0,1h

2
1

]
=

[ −Rr,d1,0,1c2 +
(
Rr,d1,0,0 + c1R

r,d
1,0,1

)
h1

]
, (42)

from which the result follows by direct substitution. �
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6. Relations of type αi,0

In this section we exhibit formulas for the relations obtained by pushing forward the funda-
mental classes of the various components Zi of the envelope. These classes exhibit the following
interesting structure: for any fixed values of d, r, the relations αi,0 are obtained for all i via the
action of a differential operator on a single monomial function.

Theorem 6.1. For any d > 0, r ≥ 0, 0 ≤ i ≤ d, the relations αi,0 ∈ A∗(M0(Pr, d)) are given by
the formula

αi,0 =
i∑

j=0

(−1)j

i!(l2 − l1)i

(
i

j

)(
Pd∏d−i+j

k=j (c1/2 + (k − d/2)(l2 − l1)
))r+1

. (43)

Remark 6.2. We observe that in order to get from formula (43) to the generating function Ai,0(d)
from the main theorem, it is just a matter of noticing the geometric series arising when adding
(43) for all values of r.

We obtain formula (43) through an application of Atyiah–Bott localization, which we now
recall.

Theorem 6.3 [EG98b, Theorem 2]. Define the A∗
T -module Q := ((A∗

T )+)−1A∗
T , where (A∗

T )+ is
the multiplicative system of homogeneous elements of A∗

T of positive degree.
Let X be a smooth T -variety and consider the locus F of fixed points for the action of T . Let

F = ∪Fj be the decomposition of F into irreducible components. For every γ in A∗
T (X) ⊗Q, we

have the identity

γ =
∑
j

i∗Fj
(γ)

cTtop(NFj/X)
,

where iFj is the inclusion of Fj in X and NFj/X is the normal bundle of Fj in X.

Proof of Theorem 6.1. In order to apply Theorem 6.3, we work with rational coefficients.
Referring to diagram (11) for notation, we compute

αi,0 = π1∗([Z̃i]) = π1∗(p
∗
1([P(Wi)])) (44)

by first localizing the fundamental class of [P(Wi)] and then pull–pushing the corresponding
expression taking advantage of the fact that it is supported on a torus invariant subvariety.

For 0 ≤ j ≤ i, denote by qj the torus invariant point where only the jth homogeneous
coordinate is non-zero. From Theorem 6.3 we have

[P(Wi)] =
i∑

j=0

[qj ]
e(Nqj/P(Wi))

, (45)

where the equivariant Euler class of the normal bundle to qj is the product of the i tangent
weights

e(Nqj/P(Wi)) =
∏
k �=j

[((i− k)l1 + kl2) − ((i− j)l1 + jl2)] = (−1)jj!(i− j)!(l2 − l1)i. (46)

As both p∗1 and π1∗ are morphisms of Q modules, we have

π1∗(p
∗
1([P(Wi)])) =

i∑
j=0

(−1)j
π1∗ [qj × P(W⊕r+1

d−i )]
j!(i− j)!(l2 − l1)i

. (47)
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It remains to compute the equivariant Chow class of π1∗ [qj × P(W⊕r+1
d−i )]. One may

see that π1 maps the subspace qj × P(W⊕r+1
d−i ) isomorphically onto the linear subspace of

P(W⊕r+1
d ) parameterizing (r + 1)-tuples of polynomials which are divisible by xj and yi−j .

The class of this subspace corresponds to the product of the linear factors of the polynomial
Pr,d(H) corresponding to the homogeneous coordinates that vanish. By equivalently divid-
ing Pr,d(H) by the factors corresponding to the coordinates that do not vanish, one may
write

π1∗ [qj × P(W⊕r+1
d−i )] =

Pr,d(H)∏d−i+j
k=j (H + (d− k)l1 + kl2)r+1

. (48)

Plugging (48) into (47) and substituting H = ((d+ 1)/2)c1 one readily obtains the expression in
(43). We conclude the proof by observing that the ring A∗

GL2
(P(Wd)⊕r+1) has no torsion, hence

the integral coefficients Chow ring is included in the rational coefficients Chow ring. The classes
computed via the Atyiah–Bott localization theorem are therefore correct. �

Corollary 6.4. For any fixed values of r, d > 0, the relations αi,0 for all values of i are encoded
in the generating function

A0(d) =
d∑
i=0

αi,0 =
[(

et1∂x+t2∂y
(
xc1/2(l1−l2)+d/2yc1/2(l2−l1)+d/2

))	r+1

|x=y=1

]
|t1=t2=1,deg≤dr, (49)

where the symbol  refers to a Hadamard power for a two-variable exponential power series in
variables t1/(l1 − l2), t2/(l2 − l1), defined as follows:(∑

μ,ν

aμ,ν

(
t1/(l1 − l2)

)μ
μ!

(
t2/(l2 − l1)

)ν
ν!

)	r+1

:=
∑
μ,ν

ar+1
μ,ν

(
t1/(l1 − l2)

)μ
μ!

(
t2/(l2 − l1)

)ν
ν!

. (50)

Proof. We show that the degree ri summand of (49) coincides with (43).
The exponential differential operator is in commuting variables and, hence, it admits the

natural Taylor expansion:

et1∂x+t2∂y =
∑
μ,ν

tμ1
μ!
tν2
ν!
∂μx∂

ν
y . (51)

Applying the general summand in (51) to the monomial(
xc1/2(l1−l2)+d/2yc1/2(l2−l1)+d/2

)
and specializing x = y = 1, one obtains

tμ1
μ!
tν2
ν!

(−1)μ

(l2 − l1)μ+ν

μ−1∏
k=0

(
c1
2

+
(
k − d

2

)
(l2 − l1)

) ν−1∏
m=0

(
c1
2

+
(
d

2
−m

)
(l2 − l1)

)
. (52)

Reindexing the second product in (52) by m = d− k one may rewrite (52) to obtain

=
∑
μ,ν

tμ1
μ!
tν2
ν!

(−1)μ

(l2 − l1)μ+ν

Pd∏d−ν+1
k=μ

(
c1/2 + (k − d/2)(l2 − l1)

) . (53)

By the definition of Hadamard power in (50), taking the (r + 1)th power of the power series
in (53) has the effect of raising the last rational function to the power of (r + 1). The Chow
degree of the coefficient of tμ1 t

ν
2 is (r + 1)(μ+ ν) − (μ+ ν) = r(μ+ ν), from which it follows

that the degree ri coefficient of the series is obtained by summing over all non-negative pairs
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of values of μ and ν adding to i. Setting μ = j, ν = i− j one may immediately recognize
formula (43). �

Formula (43) allows us to also observe some structure of the relations αi,0 as the degree d
varies.

Corollary 6.5. For fixed values of i and r, the coefficients of the classes αi,0 ∈ Z[c1, c2] are
polynomials in d of degree i(r + 1).

7. Examples

7.1 Case d = 1
Let us consider linear maps. The space M0(Pr, 1) is the Grassmannian of lines in Pr. The integral
Chow ring of Grassmannians is well known (see, for example, [EH16, Theorem 5.26]), therefore,
in this case, the result is not original but it allows us to show how to apply the formulas in the
simplest case. Thanks to Theorem 4.3, the integral intersection ring of M0(Pr, 1) has the form

Z[c1, c2]/I,

where I is the ideal generated by the classes α1,0 and α1,1. By replacing d = 1 in (17) and (18),
we get that the classes α1,0 and α1,1 are the terms of total degree r and r + 1 in the power series
expansion:

1
1 − c1 + c2

= 1 − (−c1 + c2) + (−c1 + c2)2 − · · · .

The generating functions A1,0(c1, c2, 1) and A1,1(c1, c2, 1) from (17) and (18) are the same up to
the constant term. This result is consistent with [EH16, Theorem 5.26] up to replacing our c1
with −c1.

7.2 Case r = 2 and d = 3
We explicitly determine the case of rational cubics in P2. By Theorem 4.3, the integral intersection
ring of M0(P2, 3) has the form Z[c1, c2]/I, where I is the ideal generated by the classes α1,0,
α1,1, α2,0 and α3,0.

The generating functions for α1,0 and α1,1, when d = 3, are

A1,0(3) =
3

(1 + c1)(1 − 2c1) + 9c2
=

3
1 − c1 − 2c21 + 9c2

= 3
(
1 + (c1 + 2c21 − 9c2) + (c1 + 2c21 − 9c2)2 + · · · );

A1,1(3) =
2c1 + 2c21 − 9c2

1 − c1 − 2c21 + 9c2
= (2c1 + 2c21 − 9c2)

(
1 + (c1 + 2c21 − 9c2) + (c1 + 2c21 − 9c2)2 + · · · ).

When r = 2, the class α1,0 is the term of degree two of A1,0(c1, c2, 3). More precisely,

α1,0 = 3(2c21 − 9c2 + c21) = 9c21 − 27c2.

On the other hand, the class α1,1 is the term of degree three of A1,1(c1, c2, 3), that is,

α1,1 = 2c1(3c21 − 9c2) + (2c21 − 9c2)(c1) = 8c31 − 27c1c2.
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We apply formula (43) to determine α2,0 and α3,0. We use the following script on Maple that
works for any values of d and r:

Hence, we have

α2,0 = 12c41 − 90c21c2 + 189c22;

α3,0 = 4c61 − 42c41c2 + 129c21c
2
2 − 90c32.

One can simplify the generators to write the final result in a more compact form as follows.

Classes Reduction

α1,0 = 9c21 − 27c2 9c21 − 27c2

α1,1 = 8c31 − 27c1c2 c31 = c1 · α1,0 − α1,1

moreover, 27c1c2 is generated by c31 and α1,1

α2,0 = 12c41 − 90c21c2 + 189c22 α2,0 = (4c21 − 7c2) · α1,0 − 3c1 · α1,1

α3,0 = 4c61 − 42c41c2 + 129c21c
2
2 − 90c32 6c22c

2
1 + 9c32 = (4c14 − 10c12c2 + 3c22)α1,0

− (4c13 − 6c1c2)α1,1 − α3,0

The class α2,0 is redundant because it belongs to the ideal generated by α1,0 and α1,1. On
the other hand, the class α3,0 does not belong to the ideal generated by α1,0 and α1,1. One may
easily check this as follows: taking a further quotient by the ideal generated by c1 and 27, we get
α1,0 ≡ α1,1 ≡ 0 but α3,0 ≡ 9c32 �≡ 0. One can also see that

3(6c22c
2
1 + 9c32) = −c22(9c21 − 27c2) + c1c2(27c1c2),

showing, in particular, that the class 3α3,0 is in the ideal generated by α1,0 and α1,1. In conclusion,
we have shown the following result.
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Theorem 7.1. We have the isomorphism:

A∗(M0

(
P2, 3

)) ∼= Z[c1, c2]
(9c21 − 27c2, c31, 6c22c

2
1 + 9c32)

.

As seen in Theorem 7.1, the set of generators described in Theorem 4.3 is not necessarily
minimal. We propose the following conjecture.

Conjecture 7.2. Let r be a positive integer and d a positive odd number. Then

A∗(M0

(
Pr, d

)) ∼= Z[c1, c2]
(α1,0, α1,1, {αp,0 | p is a prime that divides d}) .

Further, all the relations listed are necessary.

Seth Ireland programmed a Macaulay2 code that provided extensive verification for this
conjecture [Ire22]. At this point we know the conjecture to be true for r ≤ 9, d ≤ 49. A weaker
version of the conjecture, asserting generation but not minimality, has been verified for r ≤ 5,
d ≤ 99.
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1995), 267–304.

Kon95 M. Kontsevich, Enumeration of rational curves via torus actions, in The moduli space of
curves (Texel Island, 1994), Progress in Mathematics, vol. 129 (Birkhäuser, Boston, MA,
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