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SPACE OF SOLUTIONS OF HOMOGENEOUS
ELLIPTIC EQUATIONS

BY
E. DUBINSKY(*) AND T. HUSAIN(®

This is the continuation of our paper [1] and includes the results promised there.
As in [1], we consider a homogeneous elliptic equation in two variables. In [1]
we showed that all solutions of such equations can be written in a specific form,
viz. in the form of an infinite series in certain specific polynomials. Here we first
establish that a common solution of any two positive powers of any two linearly
independent, linear elliptic polynomials can be expressed as a polynomial (Lemma
2). This leads, by induction, to the main result (Corollary 2) of §1, viz. the linear
space of all vectors (uy, ..., u,), QFu;=0, i=1,..., r such that u; + - - - +u,=0is
finite-dimensional, where Q= Q%:...Q% is an elliptic homogeneous polynomial
and the Qs are its factors ([1], Lemma 3).

Finally, using some facts about the locally convex space of entire functions, we
show that the linear space of solutions of an elliptic homogeneous polynomial in
two variables is isomorphic to the space of entire functions and therefore has a
Schauder basis, as stated in [1].

All notation and terminology is identical to that used in [1]. We take z=x+1iy
and 7 its complex congugate.

1. Intersections of solution spaces. In this section we let P(sy, s3)=s+iss,
P(sq, s9)=0,5,+B,59,v=1, ..., r and we assume that the pairs (1, i), (a, B1), - - -»
(e, B,) are pairwise linearly independent in C2, Let k, k4, . . ., k, be positive integers,
and assume k—1<k;, j=1,...,r.

LEMMA 1. Let
k=1 .
v(xy, Xg) = 12—:0 (x1—ix2)g,(x1, X2),

N
gi(x1, Xg) = D an(x2+ixg)™

n=0
If P¥xu=v, then u can be written as the sum: u=uqy+u,, where

P]Iflul = 0’ P}f‘uo =7,
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18 E. DUBINSKY AND T. HUSAIN [March

k-1
Uo(xy, Xg) = Z (1 —ixg) hy(x1, X2),
i=0
N+ (k- Dky
hy(xy, x5) = Zo baf(x1 +ixo)™
n=

Proof. We need only obtain u,, since then one gets the required u; =u—u,, for
Phiy, =Phru—P¥ruy=v—0v=0.
To obtain u, we compute A, ..., h,_, from the following equation:

k-1 4 J!
P, Z Z ( ) (fory +Br)*(xy — ixg) ~#Pr~*h;

(-—m!
<5 () o)

Equating coefficients of (x; —ix,)’ on both sides, we get:

k~1-7

z Cu,]'Plfl—th'+u = gj j:(),""k_l,

where

Cuns = (1) L G 4

Note C,,;=1, so we can write the equations as,
Phh_1 = g1
Phhy, ;= guoa-3+fp J=1,2,.., k-1,
where f; is a linear combination of P¥1~7h,_,, P¥1=i*p, _, ..., P51~ th, ..
We can then verify directly that the first equation has a solution of the form

N+ky
hie—1(X1, X2) = D by p-i(x+ip)"
n=0

Thus successively we obtain 4 _,, .. ., & _; of the form:

N+ vk

hk—-v(xla x2) = ZO bn,k—v(x+iy)n, v = 17°"9j
whence we have the required 4;’s of the desired form.
LEMMA 2. Let P*u=P¥u=0. Then u can be written as
k-1 .
u(xy, xg) = ‘zo (e — ix5)'f5,
i=

k+ki—-1
Ji(x1, x0) = ZO (X, +ix))", j=0,...,k—1.

n=

Proof. Case 1. P,(s,, s5)=s,—is,. Then by [1, Theorem 1] we can write,
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k-1 o©
ulxy, Xz) = Zoanj(xl—ixz)’(x1+ix2)”

j=0n=
and
k1-1 o

u(xy, xp) = fzo Zo by y(oey 4 ix2) (x — ix)™
=0 n=

If we apply the operator P{P" to each equation and equate the result, evaluating
at x; =x,=0, we obtain a,;=b,,. But b,;=0 for j>k,, so a,;=0 for n>k, and we

have
k-1ky—1
u(xy, xp) = Zo Zo @y (2, — ix2) (X1 +ix0)",
i=0 n=

and since k; — 1 <k+k; —1 we have the desired result.

Case 2. Py(sy, s3) is not a scalar multiple of s; —is,. In this case we can write
Pi(sy, S3)=1018; + By, and i« +B; #0. Since P*u=0, again by [1, Theorem 1], we
have

@

u(xy, Xo) = :Z: (%1 —ix2)f;, S, x2) = z (X1 +ix2)"

n=0

As in the proof of Lemma 1, we have
k-1k-1-7 : 1
0=pPpu= 3" 3 () L oy pyptses s —imy.
i=0 £=0 !

It is well known and elementary that the powers of the function x, —ix, are linearly
independent with coefficients from the ring of entire functions. In fact this is shown
inductively by applying appropriate powers of the operator P to a polynomial in
(x; —ix;) with entire functions as coefficients. With this fact we then conclude that

k177 (k) (G+p)! . ,
() L oy Pty = 0, = 0 kL
By successively writing out the above for j=k—1, k—2,..., 0, we obtain

Pirfiy = PR*lfy 5 =+ = Pla*k-1f, = 0.
But

A 1 . -
Plvf}(xl’ xz) = Z (n—v)' (1061 +Bl)vanj(xl+IX2)n V=
n=v .

80 a,;=0 for n>v and we have

ki-1

k+

S, x2) = zo @ni(X1 +ix5)"

n=

THEOREM 1. If P* u=0 and [ 1}, PFu=0, then u can be written as
k-1

u(xy, X3) = jgo (1 — xa) f(x1, X2),
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k(e + -+ ky)

f;'(xl, x2) = ZO anj(xl'*'i.‘fg)", j = 0, “aey k- 1.

n=

Proof. We use induction on r. If r=1 the result follows from Lemma 2 and the
fact that k+k,—1<kk,. Now suppose the result holds for r—1 and we have
Pru=Ph . PFu=0. Let v=Pfwu. Then P¥v=0 and Pi2...PFv=0 so by the
induction hypothesis,

k-1
v(X1, Xp) = ‘Zo (x1—ix2)'g;,
i=
k(lkg + -+ +ky) .
8/(x1, X2) = zo bnjf(x1+ix)".
n=
Then by Lemma 1, we can write u=u,+u, such that Pfiu=0 and P¥u,=v, where

k-1

Uo(x1, X3) = Zo (1 = ix2Y B3 (x4, X2),
Fm
(kg + o +ky)
hY(x1, x5) = Zo C(x, + ixo)™
n=

But P*u, = P*u— P*u,=0, because P*u=0 and by [1, Theorem 1], P*u,=0. Hence
we can apply Lemma 2 to u, and conclude that
k-1

ui(xy, X) = 3 (x1 = ixa) hj(x1, Xg),

i=

k+k1—-1

W xy, x0) = > Cx i(x+ixg)™
n=0
Hence we have
k-1
u(xy, xo) = jZO (X1 = ix0) (h9(x1, X2) + hj(x1, X2))
and since k+k;—1<k(k,+---+k,) we may take f,=h?+h} and we have the
desired expression for w.

COROLLARY 1. The vector space of functions u with the property that P*u=0 and
Pt . . PEu=0 is finite dimensional with dimension at most k(k,+ - - - +k,+1).

Proof. The vector space generated by the linearly independent functions,
(xy—ixgy, (X1 +ixg)", 0<j<k—1,0<n<k(k;+ - - +k,) includes the function w.

Although the above detailed results may be of some interest, the only result to
be used in the sequel is the following:

COROLLARY 2. Let Q be an elliptic homogeneous polynomial with factorization,
Q=0%...08, ki <ky,<---<k, into independent linear factors, with r>2. Let
E; be the vector space of solutions of Q¥u=0. Then

F,={(uy,....u)iuq+---+u, =0, Qb, =0, j=1,...,r}

is finite-dimensional.
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Proof. If u; +uy+ - - - +u,=0, then u;= —uy— - - - —u,. We have Q%u, =0, and

also '
Qf...0Fuy = — Q... Qf(up+ - -+ +u) = 0.

So by Corollary 1, the set of u, lies in a ky(ks+ - - - +k,+1)-dimensional space.
For r=2, (u,, u,) € F, implies u; +u,=0, i.e. u,= —u;. Since the set of all u, lies
in a finite-dimensional space, F, is finite-dimensional. Assume by induction that
F,_, is finite-dimensional. Consider the projection P;: F, — F;. Then F, is iso-
morphic to P;*(0)x P,(F,). But P7*(0)={0, us, ..., u): us+ - - - +u,=0} which
is isomorphic to F,_,. Hence F, is finite-dimensional because P;*(0) is finite-
dimensional and P,(F,)=F; is finite-dimensional.

2. The locally convex space of entire functions. Let H be the space of entire func-
tions in one complex variable equipped with the compact open topology. It is well
known that H is a Frechét space and furthermore, if f represents a function in H,
the map

1d
f> 2 2 0) = a(f)

is a continuous linear functional. (This can be seen, for example, by considering
the Cauchy formula.) We write the power series expansion of f'as f(x)=>2-, @,z
where a,(f)=a,, and observe that the map u,: H— C, u,(f)=a,, is an element of
H’ (the space of all continuous linear functionals on H).

THEOREM 2. (i) H is isomorphic to H?,
(ii) H is isomorphic to H™(n>2 finite integer), and
(iii) If F is a finite-dimensional subspace of H, then H|F is isomorphic to H.

Proof. (i) We map Hx H— H by

(i a,z", z bnzn)_l'_, z a, 7"+ z bz +1,
n=0 n=0 n=0 n=0
where

f@) = Z a,2" and g(z) = Z b,2"

Clearly, T'is an algebraic isomorphism of the Frechét space H x H onto the Frechét
space H. To show that it is continuous we need only show that the graph of T is
closed. Forv=1,2,..., let

r@=3ar @)= 3 a,
gE) = 3 b, g = 3 bt

() = 20 k) = 2 ez
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We assume that /’'=T(f", g*), lim, /"=, lim, g'=g, lim, #*=/h and we must show
that A=T(f, g). But from the definition of T, we have ¢)=ay},;, (for neven) =bf, - 152
(for n odd), and from the remarks preceding this theorem we know that

lima} = a,, 11:11b,”,=bn, lime,=¢), n=0,1,2,....
v v

Hence it follows that ¢,=a,;, (for n even) =by, 1y, (for n odd), so T(f, g)=h.
Therefore by the closed graph theorem, T is continuous and hence it is open by the
open mapping theorem.

(ii) In view of (i), this follows by induction.

(iii) For f€ H, consider the mapping, f— zf of H into itself. This is easily seen
to be 1:1. The range of this mapping is a complementary subspace G of the space
F, of constant functions in H. Clearly F, is a one-dimensional subspace of H, G a
closed hyperplane of H and G=H/F, is isomorphic to H. Since it is not difficult
to show that any two closed hyperplanes in a topological vector space are iso-
morphic, it follows that H is isomorphic to H/F, where F is any one-dimensional
subspace of H. By induction then H is isomorphic to H/F, where F is any finite-
dimensional vector subspace.

THEOREM 4. H is a nuclear space, has a Schauder basis and is isomorphic to a
power series space (see [2], p. 88).

Proof. These are well-known facts about H found, for example, in [2].

3. The locally convex space E(P). Let P be a hypoelliptic partial differential
operator in two variables x; and x, so that all solutions are C*. Let E(P) be the
vector space of solutions of Pu=0 equipped with the compact open topology.

THEOREM 5. The compact-open topology on E(P) is equivalent to the topology
of uniform convergence of each derivative on compact sets (that is, the topology
induced by the space C*).

Proof. If K runs through compact sets then a fundamental sequence of semi-
norms for the compact open topology is given by (px)x, where

pew) = sup {{u@)|: xe K},  ueE(P).

If v runs through the positive integers, then a fundamental sequence of seminorms
for the “C*-topology” is given by (p,, x),, x Where

omy +my

= (%)

OxT10xT2

Pv,x(u) = SUP{

:xe K and m1+m2_<_v}-

Clearly pg(u) <p,, x(u) for all v, K, u. Conversely, given K, v one has K’ and M >0
with K<(KX')° and

Pv.x(W) < M sup {|u(x)|: x € K’} = Mpg(u).
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For a proof of this fact, see [3, p. 146]. Thus the two topologies compare in both
directions so they are equivalent.

COROLLARY 4. E(P) is a Frechét space.

Proof. Clearly P: C* — C is continuous and E(P) is its kernel. The result
then follows from the well-known fact that C* is a Frechét space, and a closed
subspace of a Frechét space is again a Frechét space.

THEOREM 6. Let P(s1, s3)= (o1 + Bs5)* be elliptic. Then E(P) is isomorphic to H.

Proof. As in the proof of [1, Theorem 1], we may assume that «=1, B=i
because the resulting solution space can be transformed into E(P) by a map of
the form u—uo T where T is a fixed, invertible linear transformation on R2,
which clearly is an isomorphism.

With this assumption we apply [1, Theorem 1] and in complex notation, we
obtain,

E(P) = {u: u(z) = kil Gy i aiz*; lim |af)im = 0}.
ji=0 n=0 n- o
Let
E;={u:uz) = Zif(z),fe H}, j=0,...,k—1.

The space E(P) is algebraically isomorphic to E,x - - - X E_, under the map:

Sfotzfit + @ Sier > (o, 2 -, B)Fo20)

Here we again use the fact that the powers of Z are linearly independent over the
ring of entire functions. One sees immediately that, say, the inverse of this map is
continuous if each E; is given the compact open topology and Eyx - -+ X Ej_; is
given the product topology. Thus by the open mapping theorem, the Frechét
spaces E(P), Eyx - - - x E;_, are isomorphic.

Since H is isomorphic to each E; (j=O,...,k—1) under f— (£)/f, we have
shown that E(P) is isomorphic to the product of k copies of H and hence by
Corollary 3, E(P) is isomorphic to H.

THEOREM 7. Let P be a homogeneous elliptic polynomial in two variables. Then
E(P) is isomorphic to H.

Proof. We can write P=P;...P, where Psy, sg)=(a,s;+B,So), v=1,...,r
and pairs (e, 8,), (o2, By2) v# 2! are linearly independent in C2 ([1, Proposition 2]).
Consider the map T: E(P,)x - - - x E(P,) — E(P), where

Ty ..., u) = uy+ -+ +u,.

Obviously this map is linear and continuous and by [1, Lemma 3] it is onto. Hence
by the open mapping theorem, E(P) is isomorphic to [E(P;) X - - - x E(P,))/T ~*(0).
By Theorem 6 and Corollary 3, E(P) is isomorphic to H/T ~*(0). By Corollary 2,
T ~*(0) is finite-dimensional so by Theorem 3, E(P) is isomorphic to H.
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COROLLARY 4. If P is a homogeneous elliptic polynomial in two variables then
E(P) is a nuclear Frechét space with a Schauder basis and it is isomorphic to a power
series space.

Proof. Immediate from Theorem 7 and Theorem 4.
It would be interesting to extend these results to elliptic polynomials in more
than two variables, and also to the case in which the polynomial is not homogeneous.
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