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BOUNDS FOR THE DISTANCE TO
FINITE-DIMENSIONAL SUBSPACES

S.S. DRAGOMIR

We establish upper bounds for the distance to finite-dimensional subspaces in inner
product spaces and improve some generalisations of Bessel’s inequality obtained by
Boas, Bellman and Bombieri. Refinements of the Hadamard inequality for Gram
determinants are also given.

1. INTRODUCTION

Let (H ; (,)) be an inner product space over the real or complex number field
K, {¥1,-..,¥a} a subset of H and G(y,...,ys) the gram matriz of {y,,...,y,} where
(¢,j)—entry is (yi,y;). The determinant of G(y,,...,ys) is called the Gram determinant
of {y1,...,yn} and is denoted by I'(yy, ..., yn). Thus,

(vi,) (1, 92) - (Y1,yn)
(y2, 1) (y2,42) -+ (2, 9n)

<ym y1> <ym y2) - (ym yn>

F(yli"'ayn) =

Following [4, p. 129-133], we state here some general results for the Gram determi-
nant that will be used in the sequel.

(1) Let {z),...,z,} C H. Then ['(zy,...,z,) # 0 if and only if {z,,...,2,} is
linearly independent;

(2) Let M = span{z,,...,z,} be n—dimensional in H, that is, {z1,...,za} is
linearly independent. Then for each z € H, the distance d{z, M) from z to the linear
subspace H has the representations

_Tx,...,z0,7)
and
(1.2) d*(z, M) = ||z||* — BTGB,
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where G = G(z1,..-,Zs), G7! is the inverse matrix of G and

T _ ((.’E, 1), (z,Za),..., (IL‘,Zn))a

denotes the transpose of the column vector 3.
Moreover, one has the simpler representation

2 (E I(I Iz '2)2 i
(1.3) d*(z, M) = el = I Zi=1<$,9¢z) 7 fz¢M,

llz||? if €M+,

where M~ denotes the orthogonal complement of M.
(3) Let {z1,...,z,} be a set of nonzero vectors in H. Then

(14) 0 S F(Il, ey "Eﬂ) < ||-’El“2||"‘[:2”2 e ”anlz.

The equality holds on the left (respectively right) side of (1.4) if and only if {z1,...,z,} is
linearly dependent (respectively orthogonal). The first inequality in (1.4) is known in the
literature as Gram’s inequality while the second one is known as Hadamard’s inequality.

(4) If {z,,...,z,} is an orthonormal set in H, that is, (z;,z;) = &j, %,J
€ {1,...,n}, where d;; is Kronecker’s delta, then

(1.5) d*(z, M) = |lall* = 3|z, 2|

- The following inequalities which involve Gram determinants may be stated as well
{9, p. 597]:

L{zy,...,zp) < L(z2,...,2Z4)

=< g teT S yeersdtnt,y

(16) F(zla-")xk) F(Ilv---yxlc) F(mk+1 ’ )

(17) F(zl)"-yzn) s F(xh' "axk)r(zk-{-la"')zﬂ)
and

(1.8) TY3(zy + 41, Tay . . .y Tp) S TY2 (21,20, . .., o) + T2 (1, 2o, - . ., Th).

The main aim of this paper is to point out some upper bounds for the distance
d(z, M) in terms of the linearly independent vectors {z,...,z,} that span M and
z ¢ M*, where M* is the orthogonal complement of M in the inner product space
(H () ) .

As a by-product of this endeavour, some refinements of the generalisations for
Bessel’s inequality due to several authors including: Boas, Bellman and Bombieri are
obtained. Refinements for the well known Hadamard’s inequality for Gram determinants
are also derived.
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2. UpPER BOUNDS FOR d(z, M)

The following result may be stated.
THEOREM 1. Let {zi,...,z,} be a linearly independent system of vectors in H
and M := span{z,,...,z,}. If T ¢ M*, then

(2.1) d*(z, M) < lzlf? 3ofs Nzl = 300, e, 22

=1 [|Z:l]?

or, equivalently,

lall® oy il — S0 UGz, 2) P e,

i il

PRrROOF: If we use the Cauchy-Bunyakovsky-Schwarz type inequality

n 2 n n

Sam| <Y lal 3wl

i=1 i=1 i=1

that can be easily deduced from the obvious identity
n n n 2 1 n 2

(2.4) >l Dol - Y e = 5 3 s - gl
i=1 i=1 =1 i,j=1
[

we can State that

(2.2) T(zy,...,%n,2) <

ey Zn)-

(2.3)

(2.5)

n
> (e ZI z,2:)[" lezallz
i=1

Note that the equality case holds in (2.5) if and only if, by (2.4),

(2.6) (z,zi)z; = (T, z:)38

for each 7,5 € {1,...,n}.
Utilising the expression (1.3) of the distance d(z, M), we have

S iz m) P30 llzll? , i=1 (2, z3) |2
2zl L llll?

Since {z,,...,2z,} are linearly independent, hence (2.6) cannot be achieved and then we

(2.7) d*(z, M) = ||z||* -

have strict inequality in (2.5).
Finally, on using (2.5) and (2.7) we get the desired result (2.1). 0

REMARK 1. It is known that (see (1.4)) if not all {z,,...,z,} are orthogonal to each
other, then the following result which is well known in the literature as Hadamard’s
inequality holds:

(2.8) L(z1,- -, 2a) < lzalPll2ll? - llzall®.
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Utilising the inequality (2.2), we may write successively:

llz:PHzall® — {22, 221)
EAE , lz1l? < llzll)z201%,

feoll S2 o = 2, Iz 20
T lail?
< llz3lI’T(z1, 22),
II"E"”2 21—1 ”It ”2 E:l:ll |($mzi>|2r(
Yo ll?
< ||Za)IPT (21, . .« » Ta)-

[(zy,z,) <

F(Il,.’lig,x;;) < .’121,.’32)

F(.’L‘l, .. .,:c,._l,z:,,) <

Multiplying the above inequalities, we deduce

I R a1 (== ”22| @n il

k=2
n
2
< I =12,
Jj=1

valid for a system of n > 2 linearly independent vectors which are not orthogonal on each
other.

In (7], the author has obtained the following inequality.
LEMMA 1. Letz,...,2, € H and ay,...,a, € K. Then one has the inequalities:

(
max Jos|? Z llzl1%;

(G " (Err)”

(2.10)

iZi

where a > 1, l+l=1;
a B
Z loi[? max llz:l1%;
\l-
(K#-K {,atajl} '_ZJ\J(ZHZJ)l
'/ n 2 1/ 5 1/6
(1) - z:|a.-|='v] (= Jaml)
+J L \i=1 i=1 1€iZjgn

1
where v > 1, ;+—=1;

[(Bhl) = 5] ma, e

L \i=1 i=

-

where any term in the first branch can be combined with each term from the second
branch giving 9 possible combinations.
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Out of these, we select the following ones that are of relevance for further consider-

ation:
2 n 2 n
2 2 2
2| < max leail A ]| (O 9Y) -Zl|ai|]
= =
n
|2 112 -
<Llad (max >+ (n 1)1<I{1<a;>gn|(znzj)|)
and
n 2 n n 2 n 1/2
212) D x| < max Bzl ol + [(Zm?) —Zna,-P]
i=1 i=1 =1 i=]1
) 1/2
X( Z |<Z,’,Z]’)I )
1€i#jgn
n ) 1/2
<) lal? [&1%1”2"”2"_ ( > i z) ) ]
i=1 = 1€i#jgn

Note that the last inequality in (2.11) follows by the fact that

n

2 n
(Z la.-l) <y ol
i=1

i=1

while the last inequality in (2.12) is obvious.
Utilising the above inequalities (2.11) and (2.12) which provide alternatives to the
Cauchy-Bunyakovsky-Schwarz inequality {2.3), we can state the following results.

THEOREM 2. Let {z,...,2,}, M and z be as in Theorem 1. Then
llzl*(max llzll® + (Cigizign Wi, 2;) )% = 0, Kz, za) P

max |72 + (Lginjn (0 2207/

(2.13) d*(z, M) <

or, equivalently,
(2.14) T(zy,...,Zn,2)
”1:”2[1‘232‘ |I$i||2 + Zl(i;&j(n '(-'L'iazj)lz)l/z] - ?=1|<I, ;)

l< < “.’E,“ + (Zl<t¢1<n l(xux1>|2)l/2

N

x Tz, .., 24).

Proor: Utilising the inequality (2.12) for ¢; = (z,z;) and z; = z;, 1 € {1,...,n},
we can write:

(2.15)

Zuz 2’| il + (3 |<zf,xj>l”)1/2]

1<i#j<n

n
Z T a:,):z:,
i=1
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forany z € H.
Now, since, by the representation formula (1.3)

(216 #o00 = ol ~ PSS

for z ¢ M+, hence, by (2.15) and (2.16) we deduce the desired result (2.13). 0

REMARK 2. In 1941, Boas (2] and in 1944, Bellman [1], independent of each other,
proved the following generalisation of Bessel’s inequality:

n

(217) > lw )l < 1P ma llf+ (3 |<yi,yj>|2)l/2],

i=1 1<i#j<n
provided y and y; (¢ € {1,...,n}) are arbitrary vectors in the inner product space
(H; (-++))- ¥ {¥:}ieqr,...n) are orthonormal, then (2.17) reduces to Bessel’s inequality.
In this respect, one may see (2.13) as a refinement of the Boas-Bellman result (2.17).

REMARK 3. On making use of a similar argument to that utilised in Remark 1, one can
obtain the following refinement of the Hadamard inequality:

n k-1 2
1 1(Zk, T3}
(218) Do) < llanlP TT (Il - — i1
" g 1< <h— 1I|Z’”2+(21<:¢3<k 1 [z, z5) [2)1/2

n
SR
j=1

Further on, if we choose o; = (z,z;), z = z;, 1 € {1,...,n} in (2.11), then we may
state the inequality

3=t

Utilising (2.19) and (2.16) we may also state the following result.

(2.19)

< H@ el (max llzdl + (n = 1) max [(z,35)]).
i=1 i

1<i#ign

THEOREM 3. Let{z,...,Z,}, M and z be as in Theorem 1. Then

2 112 + (n - PV I o A2
(2.20) o M) < =il [1'2.32( llz:ll* + (n - 1) é’n;?.)i [(zi, z)1] i=1 [z, 7))
. ’ S 2 —
max [zl + (n - 1) max |(z;,3;)]

or, equivalently,

(2.21) I(z1,...,Zn,T)

Izl ol + (n— 1) max 1z 2)) - T2y e, 2l

N

24 (n~
e el + (n = 1), max [z, )]

X F(.’El, e ,In).
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REMARK 4. The above result (2.20) provides a refinement for the following generalisa-
tion of Bessel’s inequality:

(2.22) > 1@ =) < llel? [ max sl + (n — 1) max |(z:,5)]],

1<i<n 1<i#i<n

obtained by the author in [7].
One can also provide the corresponding refinement of Hadamard’s inequality (1.4)
on using (2.21), that is,

(223) F(xl, ey :l)n)
i k-1 )
< nzlnzﬂ(nzkuz _ ST |, ) P )
k=2

1|2 — s
(ax lzdll® +(k-2) max |z )|
n

< I sl
j=1
3. OTHER UPPER BOUNDS FOR d(z, M)

In [8, p. 140] the author obtained the following inequality that is similar to the
Cauchy-Bunyakovsky-Schwarz result.

LEMMA 2. Letz,...,2, € Handa,,...,o, € K. Then one has the inequalities:
. n 2 n n

Zaizi < ZI%FZI(%‘JJ’H

i=1 i=1 j=1

( n 2 n

£ o Bl

AEem) " B (Ere))”

1 1
where p>1, =+ —=1;
P q

(3.1)

n
m |2 I .y I
llsiagfl Ia" ,"_12:1 <ZHZJ)

We can state and prove now another upper bound for the distance d(z, M) as follows.

THEOREM 4. Let {zi1,...,2,}, M and z be as in Theorem 1. Then

llzll? max [37, [(zi z5)] ~ 220, (=, za)l?

3.2) d*(z, M) ¢ — 50 .
( 1’2%[2;‘:1 I{zs, z;}]
or, equivalently,
ll2I1? max [325_, i, z5)[] - i, {2, =) 2 -
e ZnyT) € A "Dz, ..., ).
B3 Tonotn) B[S (@ ] (@)
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ProOF: Utilising the first branch in (3.1) we may state that

(3.4) ; z, z,)z, Z|(z ; | max [;Hz;,zj)]]
for any z € H.
Now, since, by the representation formula (1.3) we have
35 d(z, M) = |z - ——Z'-l' z. %) 2z,
(35) e 2l
for z ¢ M+, hence, by (3.4) and (3.5) we deduce the desired result (3.2). 0

REMARK 5. In 1971, Bombieri [3] proved the following generalisation of Bessel’s in-
equality, however not stated in the general form for inner products. The general version
can be found for instance in (9, p. 394). It reads as follows: if y, 4, ..., yn are vectors in
the inner product space (H;(:,-)), then

(3.6) > v Ilyllzlrggx {ZI(yi,w)I}-
i=1 j=1

Obviously, when {y1,...,yn} are orthonormal, the inequality (3.6) produces Bessel’s in-
equality.

In this respect, we may regard our result (3.2) as a refinement of the Bombieri
inequality (3.6).
REMARK 6. On making use of a similar argument to that in Remark 1, we obtain the
following refinement for the Hadamard inequality:

n k-1 \2
(3.7) L(z1,..., %) < ||$1||2H[lek||2 D B l’fff,x,)l
(3250 (2, 25)]

n
< [T =50
=1

Another different Cauchy-Bunyakovsky-Schwarz type inequality is incorporated in
the following lemma {6].

LEMMA 3. Letz,...,z2€ Handay,...,a, € K. Then

i=1 ij=1
forp>1,1/p+1/g=1.
If in (3.8) we choose p = q = 2, then we get

2::"‘ < Ziaf(ﬂ (202 )] )

i,7=1

(3.8)

(3.9)
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Based on (3.9), we can state the following result that provides yet another upper
bound for the distance d(z, M).

THEOREM 5. Let {z;,...,2Z,}, M and z be as in Theorem 1. Then

(=1 [z ) )2 = 8, e, za) P

(3.10) d*(z, M) < (Chimr Kzizs)[?)72

or, equivalently,

312 o 2) )2 = S, K@, )
(= i )22

Similar comments apply related to Hadamard’s inequality. We omit the details.

(3.11) I(zy,.--,Zn,z) €

4. SOME CONDITIONAL BOUNDS
In the recent paper [5], the author has established the following reverse of the Bessel
inequality.
Let (H;(,-)) be an inner product space over the real or complex number field K,
{€i}ics a finite family of orthonormal vectors in H, ¢;,¢; € K,i€ [andz € H. If

(4.1) Re<z¢;e;—z,x—2<p,-e,-> =0
’ iel iel

or, equivalently,

(4.2) ” }:‘p'+¢' ” %(sz w.lz) ,

el 1€l
then
2 1
(43) O Qllall® = |z, e|* < 3D 1o — wil”.
i€l i€l
The constant 1/4 is best possible in the sense that it cannot be replaced by a smaller
quantity.

THEOREM 6. Let {z,,...z,} be a linearly independent system of vectors in H
and M :=span{z),...z,}. If v, i €K, i € {1,...,n} and z € H\M" is such that

(4.4) Re<zn: lNizi—z,z - z":%zi> 20,
i=1 i=1

then we have the bound

n 2

< % > (T = )

=1

(4.5) &(z, M)
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or, equivalently,

n

PFETAE

i=1

2

1
(4.6) L(zy,...,Zn,2) < i [{zy,...,T.).

PROOF: It is easy to see that in an inner product space for any z,z, Z € H one has

”x-”Z” ——||Z—z||2-Re(Z 5,7 - 2),

therefore, the condition (4.4) is actually equivalent to

ity [P 1) 2
. -2 | <5 i = V)T
(4.7) z ; 5 Zi 3 ;(F )z
Now, obviously,
: —Ti+7
. d*(z, M) = inf ||z — y|* < g
(18) (M) = af I =0l < = 307 e

and thus, by (4.7) and (4.8) we deduce (4.5).
The last inequality is obvious by the representation (1.2). 1

REMARK 7. Utilising various Cauchy-Bunyakovsky—Schwarz type inequalities we may
obtain more convenient (although coarser) bounds for d*(z, M). For instance, if we use
the inequality (2.11) we can state the inequality:

' n
i=1

Z(Fi - 'Yi)xz

er W (max lled? + (n~ 1) max |(@:,3,)]),

1<i<jgn

giving the bound:

2 — . .
(4.9) d*(z, M) < Z IT; — [max lz:l[2 + (n — 1) l&%;(x,,xm],
provided (4.4) holds true.
Obviously, if {z1,...,Zs} is an orthonormal family in H, then from (4.9) we deduce
the reverse of Bessel’s inequality incorporated in (4.3).
If we use the inequality (2.12), then we can state the inequality

2 n 1/2
2
< Elri - l? [{2&’; llz:ll® + ( Z |(z:, z;)| ) ],
=

1<ijgn

n

Z(Fi - %)Ti

i=1

giving the bound

1 n 2 1/2
Y e A A O e

1<i#i<n
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provided (4.4) holds true.

In this case, when one assumes that {z,,...,z,} is an orthonormal family of vectors,
then (4.10) reduces to (4.3) as well.

Finally, on utilising the first branch of the inequality (3.1), we can state that

(@) (o, M) < 2SI - s [l

:-—1

provided (4.4) holds true.
This inequality is also a generalisation of (4.3).
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