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ON L-FUNCTIONS ASSOCIATED WITH THE VECTOR
SPACE OF BINARY QUADRATIC FORMS

HIROSHI SAITO

Introduction

The purpose of this paper is to prove functional equations of L-functions
associated with the vector space of binary quadratic forms and determine their
poles and residues. For a commutative ring K, let V(K) be the set of all symmetric
matrices of degree 2 with coefficients in K. In V(C), we consider the inner pro-
duct

{x,y =tr(zy) (z,y< V),

Y —y2> fory = (?/1 yz).Fori= 1,2, we set

— Y Y Y2 Ys

V,={x <€ VR)| (— 1) detx > 0},

where y[ = <

and V,(Q) = V(Q) N V,. We define two subsets of V;(Q) by
Vi(Q ={xe V(@ |/—detzr €Q},
V/Q ={xeV,(Q|y—detx € Q.

Let G = GL,(C), GR) = GL,(R), G(Q) = GL,(Q), and G ={g<s GR) |
det g > 0}. Then G acts on V(C) by p(g)x = gx'g for £ € V(C) and g € G, and
the triple (G, p, V) is a prehomogeneous vector space with the singular set
8u &2

8 822
Then dg defines a Haar measure on G'. We consider the measures dr =

S=ze V|detz=0). For g= ). set dg = (et M, <, dg,

dx,dz,dr, and w(x) =|detz|**dx (x = (xl 2 >) on V(R). The measure

2 3
w(z) is invariant under the action of G*. Let I" be a subgroup of SL,(Z) of finite

index. We assume {£ 1} C T For z € V(R), let G, = {g € G | p(@x =2},
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and I, = G N I' Then there exists a measure dy, on G, which satisfies

[ F@dg= [ 0@ [ Fehdw® for Fe 6.
¢ G*/GY, 6%

It is known that the measure of G, /I, with respect to dy, is finite for x €
V/(Q) U V,(Q), and we set

u(x) = j;w du,.

For x € V/(Q), let £ =¢Z, q € Q. Here we assume Z is primitive, ie., %, 2%,, I; € Z
and (%, 2%,, &) =1 for £= (;1 ;2) We define u(x) = 27°log( | det £|)
2 3
following Sato [5]. Then u(x) satisfies u(o(px) = ul@) for x € V,(Q) U
V,Q) and y €I
Let p be a fixed prime. We consider a lattice L in V(Q) which is closed under
I and satisfies L ®, Z, = V(Z,). Let L* be the dual lattice of L with respect to
the inner product <, >. Then L* is also closed under I” and satisfies L* Kz Z, =
V(Z,) if p # 2, and V(Z,)™ the set of all half-integral matrices in V(Q,,) if p= 2.
We define functions on L and L*, which we call characters in this paper.
First assume p # 2. Let ¢ be a character of (Z/pZ)*. For € L U L*, we de-
note by & the element of V(Z/pZ) obtained from x by reduction modulo p. For
x€E€LU L*, we define

% () = {¢(det P ifranki=2;
0

otherwise.

Let ¢, and ¢, be the quadratic character and the trivial one of (Z/pZ)™ respec-
tively and let ¢ = ¢, or ¢),. Assume rank(Z) =1 for r € L U L* Then we can

0
find g € GL,(F,) such that gig = (f)o 0 > We define

_ [¢(xy) ifranki=1,;
¢(1>(x) _ {0

otherwise.

Then the value of this character is independent of the choice of g. For ¢ with
gbz =1, we set

1 ifrankz=0;
0 otherwise.

$"@ = |

Let p =2, and let ¢, be the trivial character of (Z/2Z)". For £ € L and
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r, 0 <7 < 2 we define

1 ifrankZ=7r;

7@ = |

0 otherwise.

v
For x € L*, let Q,(») = tvxv, v = <vl ) be the binary quadratic form associated
2

with z, and let Q,(v) be the quadratic form over the prime field F, of characteris-
tic 2 obtained from @,(v) by reduction modulo 2. Then Q,(v) is equivalent to one
of v,0,, V2 + v, + v, v%, or 0. We define </);2) and (/);0) by
1 if Q, ~ vv,;
@ A 2 2
¢, (@) =1{—1 if Q ~ v, +uvv,+ v,;
0 otherwise,

) _ 1 if Q_z' ~0;
¢z (@) {0 otherwise.

Let L,=L NV, and Lf =L*n V.. We define for 1=0,1 and ¢ = gbm,

(7)

o) p#2,7=0,1,2),0r ¢, (r=0,1)
GG, Lo = X o@ul |det 2™,
rer\L,
LG, L,o)= X  o@u@]|detz]” (s<€C).

rel\Ly, z,>0

Here the summations on x are extended over all equivalence classes of L; with re-
spect to I" and over all equivalence classes of L, with respect to I” satisfying x; > 0
X, X .
for x = (.rl ;) respectively. We define {;(s, L*, @) fori=1,2 and ¢ = ¢,
2 L3
@+2,r=0,1), or gl);r) (r =0, 2) by the same formulas taking summation

2" z)
1* 2*) respectively. Then these

(7)

&

over I’\L’:= and '\ L} with 2, > 0 for ¥ = (
2 3

series converge absolutely for Re s > 3 /2. We set for p # 2

Cs, M, ) = (&(s, M, ¢®), G(s, M, $™))
for M=L,L*, and ¢ # ¢,, ¢,

Lls, M, ¢) = (s, M, ¢, G(s, M, ¢,)) for M= L, LY,
and for any prime p

Gis, LY, ) GG, LY, @) )

L, LY, ¢,) = (
» LG, L (/);2)) ¢, L gb;,z))
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(1)

so L gy + 90 Gis, L ¢y + ¢ >>
s, L, o) LG, L¢P )

Here (s, L, ¢ + @) = C(s, L, o) + L,(s, L, ¢3). Let M} =M, N V/Q),
M= M, N V/(Q) for M =L, L*. We set

nG, L, o) = X @ |detx|™,

zer\L]

s, L, ¢p) = (C‘

and we define 7(s, L @) by the same formula taking the summation over
I'\L}". Then we can show

THEOREM 1. Let ¢ be one of the characters defined above. The series (,(s, L, ¢)
and {,(s, L*, @) can be extended to the whole s-plane as mevomorphic functions and
satisfy the functional equations:

(1) If o # ¢y, ¢y, then

£@3/2—s, LY, (@¢,)?)
— v(L)22—23n1/2—23p23—3F(s _ 1/2)F(S) sz(gz(pﬁ)

[C(S L ¢(2)) ( e COS 7Z'S>

+2G L ¢‘”>((?8 T 17 snws — 7))

(2) Let ¢ = ¢, and r = 1.
(1) If 9,(— 1) =1, then

£,(3/2 = s, L*, ¢,) = v@L)2" *x""*p*°I'(s — 1/2)I'(s)

( sin s 0 )
COS TS

X WAL, L, ¢,)
(i) Fg,(— 1) =—1, L, M, ) =0 for M= L, L, and
6B/2—s, L ¢
=y=T1 027" p*7°r(s — 1/2)I(s) sin(zs) W () (s, L, o;).
@) Ifo=¢), r=020r¢, r=0,1, 2, then
0,3/2—s, L¥, ¢,)

= (D)2 P (s — 1/2) () Wi, ™
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1 ) (89
X [C(S, L, d)o)(Sll’lﬂ'S 0 )+2—3<7](S, L ¢, + ¢ ) 0)

1 COS TS nGs, L, (/)(()2)) 0

y ( I’ (s)/I'(s) —I'(s—1/2)/I'(s —1/2))sinws — n)]
0 0 )

Here v(L) is the volume of a fundamental paralelleogram of L with respect to dx, and
(s, L ¢ + o) = nls, L ¢) +nls, L, ¢;").

In the above theorem, W, (¢), W7 (¢,) and Wez(gb,,) are the Gauss sums intro-
duced in [4], the definition and explicit values of which will be given in Section 1.
In Theorem 5 in Section 1, we will determine the poles of {,(s, M, gbm), and give
formulas for the principal parts at their poles. The proof of Theorem 1 and
Theorem 5 is a modification of Shintani [8] and Sato [5]. Namely, we consider the
prehomogeneous vector space (G, 0, 17) where

G = GL,(C) X GL,(C), V=V C® (considered as column vectors),
and
o(g, ), y) = (gxg, g7'y) (g€ GL,(C), t€ GL,(C),z€ V,yeC).

Then our L-functions can be obtained as residues of L-functions of (C, 0, V) and
the functional equations can be derived from those of L-functions associated with
(G, 3, V). The L-function (s, L, (/);,1)) was introduced by Hashimoto. Arakawa
[1] proposed interesting conjectures concerning its special values at s = 0. The
L-functions associated with the space of quadratic forms of degree # = 3 with the
characters of the above type were treated in [4]. We refer to Sato [6] for a general
treatment of L-functions associated with prehomogeneous vector spaces.

§1. Preliminaries

We retain the notation introduced in Introduction. In this section, we will give
the definition of Gauss sums and state the result on the poles and residues of the
L-functions defined in Introduction. Let p be a prime number. For @ € C let
e(a) = exp@2rvV—1a), and ¢,(a) = exp(2rvV— 1 a/p). For a character ¢ of
F,, we denote by G(¢) the ordinary Gauss sum 2sery 9(@e,(a). First assume p
is odd. For x € V(F,), a character ¢ of F;, and an integer 7, 0 < » < 2, we de-
fine

Wiz, o) = = ¢"@e,trxy).

yeV(F,)
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Here we assume # = 2 if ¢° # ¢, Then the following result was proved in [4], §1.
PrOPOSITION 2. Assume p #+ 2.
(1) Let ¢* # ¢,. Then one has
Wiz, §) = (9¢,) 7 (@) G() G(,) G(gg,).
(2) Let ¢ = ¢,. Then one has
Wiz, ¢) = ¢,"@pG(4,).
(3) Let g = ¢ Ifrank x =1, x € V(F,), then
Wy (z, ¢o) + Wiz, ¢) = W, (z, ¢) =0,
and let rank x, = 0, rank x, = 2, for x,, x, € V(F,). Then
(W:(xo, G + Wi (xy b Wiz, @) + W (z, ¢O)>
W, (x,, o) W, (x4, $o)

=< ’ ¢,(~1)p>(¢;‘”(xo) 0 )
2)

P =0 — ¢, (= Dp 0 ¢P(x)

We set
Wi = G G(P,)G(gp,) for ¢ with @ # ¢,
W, (¢, = pG(¢,),

?’ ¢,(— Dp )

Wf(d)p) :< 3 2
p =0 —¢,(=1p

and set for simplicity

2 _ (w(0,0) w(0,2)
We (g, = <w(2,0) 0(2,2) ).
We note W, (¢) W2 (@¢,) = p° for ¢° # ¢y, and W, (¢,)* = ¢,(— 1)p° We set

2

y/ d’p(_ Dp
G (—Dp@* —p)  —p
Then we have (cf. Proposition 1.17, [4])

Wi, = p°d,(— 1E,.

Wﬁ((/)i,) = ( )G(d)p)
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Here E, is the identity matrix of degree 2.

Now assume p = 2. For a quadratic form x on F,, choose a half integral
symmetic matrix T € V(Z)* such that Q ;= x. For y, take § € V(Z) such that
gmod 2 = y. Here we identify F, with Z/2Z. Let tr(zy) = (£%) mod 2. Then
tr(xy) is independent of the choice of £ and 7. We define

Wiz, g9 = = ¢, @e,(tr(ay)).

yeV(Fy)

We see the definition is independent of the choice of Z. The following result was
proved in [3], §2.

PROPOSITION 3. Assume p = 2 and let the notation be as above. For a quadratic
form x ~ v}, one has Wy (x, ¢o) = Wi (x, ¢ + Wiz, ¢ = 0. Let ¢, (x,) # 0
L (x,) # O for quadratic forms %y, x,. Then

and ¢,
<W02 (o, @) T+ le(xor ¢y Woz(-rzr ¢ + le(er ¢o) )
sz(xm &) I/sz(xm ¢o)

() )
92— 98 2 0 9P/
We set

2\ 2 2\ _ (w(0,00 w(0,2)
Welg,) = <23 _9 2> a <w(2,0) w(2,2) )

as before. We note that if we set p =2 and ¢,(—1) =1 in Wez(gb,,), we obtain
W22(¢2)'

Let M be a lattice in V(Q). Let x = <

% xZ) € V(R), and set

T, I,
AM) =min {|z,| |z € M, x, # 0},

p(M) =min{|z,| |z € M, 2, =0, 2, # 0},
(M =min{lz,||zEM, 2, =2,=0, x, # 0}.

Then we see easily

LEmMa 4. Let M™ be the dual lattice of M. Then one has:
1) AMDX M) =1, AMHX M) = 1.
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2) v(M) = AM DX M), v(M™¥) = AM Y p(MHX M),
3) pMDuM™ =172, v(M)o(M*) = 1/2.

Let § be the complex upper half plane. Then G* acts on $ by the linear
ab
c d

Let I"and L be as in Introduction, and let &, £,,.. .,k, (k; € Q U %) be a complete

fractional transformation gz = (az+ b)(cz+ d)~", for g= ( ) €Gze H.

set of representatives of cusps with respect to I". For each { (1 £ i< ), take 0, €

SL,(Z) such that k£, = 6,0 and set y* = to;l((l)) Lt IV ={rer|'yy" =
i 1 0

ym}, and set I, (m) = [( - 1) |ne Z}. Then there exists a positive integer 0;

such that IV = o1.(3)0;". We set L” =0 'L's]" and 2, =AL"), p, =
@) o ey @ * __ ()% * _ ()% %, e,y ()%

L), =2, A = 2L, u; =), 27 =1L, Let v(I'\H)

be the volume of the fundamental domain of § by I” with respect to the invariant

measure y_zdxdy for z=x++v— 1y € 9. In these notations, we can state our

result on the poles and residues as follows.

THEOREM 5. Let the notation be as above.
(1) If §* # ¢, the L-functions (s, L, 0% are entire fori = 1, 2.
(2) Letp be an odd prime, ¢ = ¢,, and r = 1.
(1) If ¢,(—=1) =1,¢(s, L, gb;l)) is  holomorphic except at s=1 for
i = 1,2, and the principal part of C,(s, L, o®

2% (L) P () L, ¢,)(§ 0,(1)6.4) (s — D7'(,0).

) at s =1 is given by

(D)

(ii) Ifg,(— 1) = — 1, §(s, L, ¢,) is holomorphic except at s = 1, and the
principal part of (,(s, L, gb;,n) at s = 1 is given by

27— To) P (@) 'L, ) (2 6,(3)32) s = D™

(3) Let p be a prime. If ¢ = ¢y’ (r=10,2), or ¢ = ¢y (r=0,1,2), {,(s, L,
oY + g[);m), ¢ (s, L ¢'((,2)), (s, L, gb;m), ¢ (s, L gb((,Z)) are holomorphic except at
s=3/2o0rs =1, and the principal parts of {(s, L, ¢y) at s =3/2 and s = 1 are
given respectively by

w(0,0) w(0,0) >

-2 -1,-3 — -1
270 p v\ P (s — 3/2) (w(2,0) w(2,0)
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w(0,0) 0)

- 2~3U(L)_lp_3{(§ 34) (s =17 ( w(2,00 0

(= 1) (2:4;(0,0)(211 0.4, log(A,/74m) — w(0,0) (X}, 5,-2,-)7[)]
2w(2,0) (Z)_, 6,4, log(A,;/4m))  — w(2,0)(Zr_, 6,4,)m))’

and those of Wg2 (@) (s, L*, ¢,) at s =3/2 and s = 1 are given respectively by

2 oo\t —3/27 () 1),

~ (S oG- 07 () o)

=1 (2(2,1, 8,27 1(§>g(pxj"/4n)) - n(Z(f.)zl 8,47 )]

Finally we give a formula for n(s, M, ¢) in terms of 4,, g,, R:k and 0;.

LemMA 6. Let M = L or L*. The function (s, M, @) is given by

(I 2¢(— oA e “ ™ L@2s — 1, ¢) if o = ¢ with §* # ¢,
and M = L,
(resp. (X0_, 2¢(— o207 % ")L2s — 1, )
(resp. M= L%
0 ifo=¢,,
4 (lel:l 25,/21*#:(23_1))p—(23_1)C(ZS _ 1) ’Lf(p — (p(()()) + (p(()l) and M — L,

(ZL 2047, A —p @ =) ife=¢, and M =L,
(Z;;l Zaixiﬂ?{_(zs_l)).b_zsc@s -1 ifo= (/’(()2) and M = L*,

(V. 2¢,(— DAL — p ) e@s — 1)
ifo = gb;m and M = L*.

Here we set ¢p,(— 1) = 1.

Proof. We give a proof of the case ¢ = (/)(2). The other cases can be treated
0 «a
in the same way. We see easily that L] C U ,_;.,{o(y0) <a .3) lrerlr, a Be

Q,a>0} If p( (0 a

0 o
= E = 4 E
o .3> (a’ B,) for y € SL,(Z), then a =a and 7
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0
I, (1){£ 1}. Hence the above union is disjoint. The condition p(yo,) <a g) €L
0 _
implies <a g) € p(o; ")L. We note by the definition of A,, g, and A}, the lattice
-1 . .. A; % 0 u
plo; )L has a Z-basis consisting of elements of the form ( . %/’ (/.z E and
00 !
(0 2,). Hence the above condition implies in particular o = g,z for some
i
. 0 wyn 0 um
positive integer #. On the other hand, p(a;) < ! ) = o(yro)) < ) for
“Nun B wn B
y €T if and only if B — B € 2np,6,Z by the definition of 8, If ¢ = ¢®,

QD(,O(G,) <ﬂ(,)n ﬂl;n )) = ¢(— g’n”). From this we see

nGs, L, *) = . 20(— i np 827 (Win®) ™

M
u Ms

Il
—

L 20(= )20, ¥ TL(@2s — 1, 7).

Il
i gc

This completes the proof.

§2. L-functions associated with (G, g, V)
Let (G, g, V) be as in Introduction, and let
Pz, y) ="yry, P,z,y) = Py(x) =detx (z<€V,y< C.

Then the triple (G, 0, V) is a prehomogeneous vector space with the singular set
S={(z,y € V|P(x, yP,(x, y) =0}, and the polynomials P, and P, are its
irreducible relative invariants corresponding to the characters x,(g, ) = x,(8) =
t* and x,(g, D = x,(@) = det g°((g, ) € GL,(C) X GL,(C)). We consider the
standard Q-structure on (G, g, V) :

GQ = GL,Q X GL,(Q), V@Q =VQ & Q.

Let G"=G"xXR,R,={a€R|a>0}, and V,= (V;HR) n (V(R) —
S(R)), where S(R) =S N V(R). For L, L*, weset L=L®Z*, [*=L"®7Z*
Let '=Tx {1} € G. Then L and L™ are Iinvariant lattices of V(R). We de-
fine an L-function in two variables s,, s, associated with (G, 0, V), L and a char-
acter ¢ defined on L by

E(sy, 55 L, @) = > o@ | Pz, ) |7 Pz, p) |7

(z,y)eM\L, P,(z,9)>0

t=1,2,5,s,€0),
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and for a character ¢ defined on L™ we define &,(s,, s,, L™, ¢) by the same for-
mula taking summation over (z, y) € f’\[:,* with P(x,y) > 0. Here L, =L N
V., I::k =[*n V,. These series converge absolutely for Re s,, Re s, > 1. We set

g(sly SZy Mr ¢)(2)) = (61(31, 32, My ¢)(2))’ EZ(SD 829 M’ ¢(Z)))
for M = I:, I:* and ¢ * pr» §b0,

&,(ss, Sp M, §,) = (&, sy, 550 M, 93, &5y, 5, M, ¢,)) for M= L, ¥,
&1(81’ 821 I:*r ¢’1()0)) E2(511 52’ I:*’ (p;m) >

‘El(slr 329 L~*1 €b;2)) 82(317 329 I:*» ¢;2))

&Gy, 8 L 9[’(()0) + th()l)) & (s, 55, L, (p(()o) + d)(()l)) )
El(slr sZ' f" ¢(()2)) EZ(SI’ Szr iy ()b(()Z))

To describe the properties of these functions, we set

Se(sl» 32» I:*’ ¢’ﬁ) - <

E(slv 82, 1:7 (/)0) = (

Alsy, s,) = 2770 2 gV P (s, + 5, — 1/2),
B, (s,) = 27 2" I'(s,)* sin 7s, /2, B,(s;) = 27 > I'(s,)” cos 7s, /2,
C(s) =27 (s, —1/2)02s, — 1),

cos m(s, + 2s,)/2 sin 7s, /2 )
cos s, /2 sin (s, + 2s,)/2 /"’
sin (s, + 2s,)/2 cos s, /2 )
sin 7s, / 2 cos (s, + 2s,)/2/"
— sin 7s, /2 0 cos s, /2 0
) s (0 )
0 cos s, /2 0 sin s, / 2

u, (s, s, =(
u,(s,, s,) =<
B, (s;) =(
and let C be the Euler constant. Then we can prove

PROPOSITION 7. The functions &(s,, s,, L, ) and &(s,, s,, L*, @) can be con-
tinued to meromorphic functions of (s,, s,) on C such that the functions
(s, — D, — 1) (s, + 5, — 3/2)&,(s,, s, L, 9,
(s, = D(s, — D (s, +s,— 3/2)&(sy, s,, LT, @)

are entive. Moreover these functions satisfy the following properties.
(1) Let ¢ # ¢, ¢py. Then one has

(a) 5(51, 3/2 - Sl - SZv Z*y (&¢p) (2))
— U(L)psl+zsz—3A(s“ sz) Vsz (d_)(,b,,)é(sl, S50 I:, ¢(2))u2(sl’ 52),
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(b) EQ — s, s, + 5, — 1/2, M, $®) = B,(s)&Cs,, s,, M, ¢)B,(s,),
(¢) im(s, — DE&CGs,, s,, L, $?) =0,

syl

(d) lim (s, +s,— 3/D&G, s, L, ¢@) =0

Sy——81+3/2

(e) lim(s, — 1)’&(s,, s — 5,/2, M, ¢*) = %r)(s, M, $*)1,0),

5=1

(f) hma {(s, — D’&Cs,, s — 5,72, M, )}

-1

=20(s, M, $™) +—C——3— n(s, M, $2)(1,0),

forM=1L, L*
(2) Let g = ¢y, and let ¢,(— 1) = (= 1)° with e = 1 or 2. Then one has

(a) E,(s, 3/2 — s, — s, L*, ¢,)
= v(L)f— ° 2 SR A sy, ) WEPE sy, 85 L, 9OU(s,, s),

(b) §(1 — s, 5, +5,—1/2, M, ¢’p) = B.(s)&,(s,, s, M, pr)%e(sl),
(©) lim(s, — DE,(s,, s, L, ¢,)

51

= (D)W, (9,) ' G(p,) L(s,, ¢,) E(2s) (Z1 $,(A)3.2,7°)Q,1),

(@ lim (s, +s,—3/2)&(s,, s L, §,)

Sy——8,+3/2

= D) VT T, DPCEI W (@) LG, 99 (5 6,5

(sin 7s, /2, cos 7s, /2) if e=2
X
(— cosms,/2,sinms, /2) if e=1,

() im(s, — D)*E,(s,, s — 5,72, M, ¢,) = 0,

5—1

(f) lim 5— 6 {(s; = D&,(s,, s — 5,/2, M, ¢,)) = 2L,(s,, M, @),

$;—1

fooM =1L, L*.
(r) (r)

3y Let o = ¢, , r =0,2, or ¢y , ¥ = 0,1,2. Then one has
(a) &,(s;, 3/2 — s, — s, L, o,
= v(L)pSﬁzszA(sp 32) Wez((bp)—lg(sn Sy I:, ¢o)u2(sp SZ),
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b) &1 — s, 5.+ s, — 1/2, L%, ¢,) = B,(s)E,(s,, s, L¥, ¢,)8,(s),
(by EQ — s, 8, + 5, —1/2, L, ¢)) = B,(5)E(s,, 8y, L, $)B,(s),
(© lim(s, — Do) 'p* W2 ()& sy, 5, LF, §)

$y—1

= 2Lt (B 0.aD ™, o)

(C)/ llm (Sz - 1)&(317 SZ! ‘iy ¢)0)

= o) (s) C(2s,) (é 512:_31)< w(0,0) w(0,0) )

w(2,0) w(2,0)
) lim (s, + s, —3/20@ " p W (@) 8,5y, 550 LY, §))

sz—>—sl+%
= 2575 C s L(s) (2 5,(5%) (

sin s, /2 cos ms, /2 )
0 0 ’

dy lim (s, +s,—3/2)&Gs,, s, L, ¢p)

st

= oD C L) (B g (WO I 0O 0c0s /2

w(2,0)sin s, /2 w(2,0)cos s, /2

(s, L* (p;m) O)

(2)

nGs, L¥, ¢7) 0
<n(s L ¢y + @) 0)

(e) lim(sl - 1)2Ee(sl7 S — 31/29 I:*y (pp) - (

5—1

() lim(s, — 1)*&(s;, s — 5,72, L, ¢ = 5

o1 2\ g6, Lg® 0
(f) 1“36 (s, — D%,(s,, s — 5,72, L%, )}
©0)
= 2G5, I, gbp)Jrzc 210g2(7](8 L* ¢f2)) 0)
n(s, L ,$,) 0
oy 11_1253_ {(s, — D%y, s — 5,/2, L, ¢}

= 2((, L, ¢)+Mg£(n(s L ¢° + ¢ 0)
0 n(s, L, ¢O) 0

We can easily deduce our Theorem 1 and Theorem 5 from this proposition as
in the proof of Theorem 1, [5], and we will give an outline of the proof. Namely,
for M= 1L, L™ the function (s — 1)*(s — 3/2) C,(s, M, @) is entire as a function in
s on C because (s, — D*(s—s,/2 — D (s+s,/2 —3/2)&(s,, s — 5,/2, M, @)
is entire as a function in §, and $ on C? The functional equations can be deduced
from (a) by setting s, = s — s,/2 and comparing the coefficients of the expansions
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at s; = 1 of the both sides. The result on the residue at s = 3/2 follows from (c),
(c), (e), (e), (), and (f)'. Finally the formulas (d), (d)’, (), (e)’, (f), and (f)" give the re-
sult on the principal part at s = 1.

§3. Proof of Proposition 7

In this section, we give a proof of Proposition 7, and complete the proof of
Theorem 1 and Theorem 5. We will treat mainly the cases of ¢ and qb;,l). The
formulas of Lemma 15 in the case of ¢, (7 = 0,2) and ¢, (1 < # < 2) are leng-
thy and will be given in Appendix.

Let d*¢ be the measure ¢ dt on R,. For a g(I) -stable subset A of L or L
F € $(V(R)), and a character ¢ defined on A, we set

ZF, A ¢, 55 = [ 600" 3 _o@F@g, 0, p)dgd"t.

(Z,y)€A-S
Fore =1, 2, let
V=1, p €V, P, (=D >0

Then V, = V,l U V? (disjoint) and the set V(R) — S(R) is a disjoint union of the
four sets V; (i =1,2,¢e =1, 2). Let dy be the standard Euclidean measure on
R’ For F, we define

U(F, sy, s) = j; (sgn(P(x, P)° | Pi(x, ) || Po(x, ) | F(x, y)dxdy.

Then ¥ (F, s, s,) converges for Res,, Res, > 0, and can be continued to a
meromorphic function on C? (cf. [2], [7]). We see easily

LemMa 8. Let M =L or L*. Let ¢ be a character defined on M. The integrals
Z(F, M, ¢, s,, s,) converges absolutely for Re s,, Re s, > 1 and one has

o~ - 2 ~ e
Z(F, M, ¢,s,s,) =4 s &Gy, s, M, QU (F,s,—1,5,— 1).
1=1

[¢¥] (¢V]

Heree =1 and ¢ = ¢, ", and ¢, (—1) = — 1, and ¢ = 2 otherwise.

Let Z (F, A, @, s, s)and ZV(F, A, @, s,s,) and Z2(F, A, @, s, s,)
be the integrals obtained from Z(F, A, ¢, s,, S,) by restricting the domains of in-
tegration to {(g, H € G, /T x,(® 21}, {(g, D € G,/T| x,(® = x,(g)} and
{(g, » € G"/T'| x,(g) =1}, respectively. Then by Lemma 8 we see

https://doi.org/10.1017/50027763000004475 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000004475

L-FUNCTIONS OF BINARY QUADRATIC FORMS 163

LEmMA 9. Let A and F be as above.

(1) le)(F, A, ¢, s,, S,) converges absolutely if Res, > 1.

(2) Z(:) (F, A, ¢, s,, s;) converges absolutely if Res, +Res,> 2 and Re s, > 1.
(3) Zf) (F, A, ¢, sy, S;) converges absolutely if Res, > 1.

Let B be the subgroup of G consisting of lower triangular matrices, and let
S = {zx € V|x,P,(x) = 0}). We denote also by o the restriction of p to B. Then
the triple (B, p, V) is a prehomogeneous vector space with the singular set S
with the irreducible relative invariants z,, P,(x) = detx. Let p* be the con-
tragredient representation of p, which is given by p*(g) = X;I(g)p(g) for g € G.
For f€ S(VR)),i=1,2,¢e=1, 2, we set

D (f, s, s,) = j‘: (sgnx)® |z, || P,(2) | f(x)dz,

£ € s—1 t u
2 (f, s) :LZ (sgnd°| ¢t| f((u uz/t>>dtdu.

The integral @;(f, s,, s,) (resp. 2°(f, s)) converges absolutely for (s, s,) € C
with Re s; > 0, Re s, > 0 (resp. s € C with Re s > 1). These integrals are slight
generalizations of those introduced by Shintani [8]. For f € S(V(R)), we define
the Fourier transform f>l< of f by

2

@ = [ f@elz, )dy.
V(R)

Then we can prove
Lemma 10.  The function @;(f, s,, S;) has an analytic continuation to meromor-
phic function of (s, s,) in C* and satisfies the functional equation:
((Df(f, ss;—1,s,— 1) )
O, (f,s,—1,5,— 1)
== 1°%A(s,, spU.(s,, s,) <(Df(f*’ soLl/2=s =) ) :
O (f*, 5, —1,1/2 — s, —s,)
Moreover if f is SO(2) invariant, then
22 sin(ms, /2 (s) " I'(sy + s, — 1/2) 7 @X(f, s, — 1, s, — 1),
257 cos(ms, /2 (s,) " I(s, + s, — 1/2) 70 (f, s, — 1,5, — 1),

and
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2 P(s) T sy 5, — 1/ 70,(f, 5~ 1,5, — 1), e=1,2,
ave entive functions of (s;, s,) which are invariant under the substitution
(s, 8) > A —s,8—5s,—1/2).
Proof. The assertion for € = 2 is nothing but Lemma 1 of [8]. When ¢ = 1,
we may assume the function f is odd. Then in the same way as in the case of

e = 2, we can show that @, can be continued meromorphically to C? and that for

¥ e CI(VR) — SR)), it holds
o/f, s~ —D=[ f@/@adr,
V(R)

with
](.Z') — (_ 1)5_2A(31, 32) 'xl |sl—l | Pz(x) |1/2—sl—sz
X e((sgnz){(— 1)’s,/4 + (sgn P,(x))(1/2 — s, — s,)/4 + 1/8}).

The functional equation follows from this and the fact that f is odd. The function-
al equation for general f € S(V(R)) can be shown as in the proof of Theorem 1
of Shintani [9]. For (0, #, ) € R X R X R, set

u Ju?> — (— l)it>
Ju' — (= 1)t u

). Assume f is odd and SO(2)-invariant. We see

', u, 1) = p(ky) ( € V(R),

cosf sinf

—
WHere %o —sinf cos @

1 _ _ — S,—1 4 1
o, (f,s,—1,s,— 1) —jl;dujl;+t dtj(: dof(x 0, u, 1)

X sgn(u + Ju® + t sin 20) | u + yu® + t sin 20",
B s~ s-D=2 dufR £t [ a0 7o, u, )

X (u+ Ju’ — tsin20)".

Since

[ sgntu+VoF + tsin ) |u+u + tsin 20| o
0

= "1/~ Tsinns/2) P/~ T ut™) — P(— V=T ut™™) (t>0),
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[ @+ Vu? = tsin26°d0 = 7P, ™D @ > 1 > 0),
0

with the Legendre function P,(2), our assertion can be proved in the same way as
in the case of ¢ = 2.

The following lemma for ¢ = 2 is Lemma 2 in [8], and the case of e = 1 can
be proved in the same way by taking an odd function f as above.

Lemma 11. The function 2°(f, s) has an analytic continuation to a meromor-

phic function on C and if f € C, (V(R) — S(R)), it satisfies

277 (s — 1/2) {sin(zs /2) B} (f, s — 1, 1/2 — s)

+ cos(ms/2)D3(f, s —1,1/2 — )} if =2,

Ze(f* s—1)= 1-s _1/2— 1
’ V=127 """ I'(s —1/2){cos(n/2)D,(f, s —1,1/2 — s)
+sin(7rs/2)(1)21(f,s—1,1/2—3)} if e=1.

For F € S(V(R)), we set
F*(z¥, y) = f F(x, y)elKx, ) dzr,
VR
F,y™ = f F(z, pey, y™)dy.
R2
Here <y, y™> = y,ys’ — .y, . We note
(3.1) TR, s, s,) = fo 020 (FyCr, (5 ), 500 s)d™,
2
where F,(z, y) = f F(o(k,, 1) (x, y))d6. The first functional equation of the
0
following lemma follows from Lemma 9 and (3.1).

Lemva 12. Let F € S(VR)). Fori=1,2, e =1, 2, the function T (F, s,,

S,) satisfies the following functional equations:

(WIE(F, s;—1,s,— 1)

€ > VT 16—214(31' sZ)ue(slr 32)
U, (F,s;,—1,s,— 1

« <qff(F*, s;—1,1/2 —sl—sz)>
U s, —1,1/2—s,—s)
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(llff(F, s;—1,s,— 1)

UE, — s, s, +s,—1/2) )
U (F,s,—1,s,— 1) f

) = B.(spU.(sp) ( .
U, (F, —s,s +s,—1/2)

Proof. The second equation for € = 2 is (2.11) of Lemma 2.9 of [5]. The for-
mula in the case of ¢ =1 follows from the fact that the Fourier transform of
sgn (@2 — D) 2" —¢*° is — 2@n) " cos¥(ms/2)sgn(xt — y) | 2P — 4° |
(cf. 3], Ch. 111, 2.6).

Remark. For any (s, s,) € C°, there exists a SO(2)-invariant f€
CO(VR) — SR)) satistying T'(Q + 5,/2)D(f, sy, 5,) # 0, I'(s,/2) B} (f, s,,
s,) #0 and @;(f, s, s) #0 for e =1, 2 and there exists F € C, (V(R) —
S(R)) satisfying I'Q + s,/ C(F, s,, s,) # 0, ['(s,/2) T (F, s,, s,) # 0, and
US(F,s,s) #0fore=1,2.

0
We note x € V(R) of rank 1 can be written uniquely as x = k, (:)) O> 'k,
wWeER,, 0L 60<m. We set
Q={x,y € VR)) |rankx =1, P,(x,y) # 0},

SF, s) = fg(sgn Pz, )| P,z I Flz, y)dvdbdy.

Then the integral SS(F, s) converges absolutely for Re s > 0, and has an analy-
tic continuation to a meromorphic function on C. We note

(3.2) SF,s) = fow t””ze(Fo(*, ('6)) s)d*t.

Let B® be the connected component of the R-valued points of B, and let

o, t 0
db=t, 2t2 ldl‘ldl‘zdu for b= <ul ; ) Then db gives a Haar measure on B". For

2
a positive integer 8, let M be a p(I',,(§)) invariant lattice in V(Q). We assume a
character ¢ is defined on M. We set

16, M, 6,5, = [ 876 S 0@ 00,
B”/T () zrEM-S
I+(f’ Mr @, S, 52) = f+ t12(81+52)t22:;2 Z (D(x)f(p(b).r)db
B*/T (0,111, 1 reM-5S

Then the integral I(f, M, ¢, s,, s,) converges absolutely for Res;, Res, > 1
and the integral I, (f, M, ¢, s,, s, converges absolutely in the domain
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{(s,, s,) €EC*|Re s, > 1} (cf. [9], Lemma 3). Let M,={x€ M|z, #0,
(69

P,(x) = 0}. Then M, is p(I',,(0))-stable. We set for ¢ = ¢,
CO(S, M’ ‘P;U) = 2 Z (0;1)(1') |x1 I_Sy

TeT,(6)\My, £,>0
and for the trivial character

L, M= = |zl

Terl, (5)\M,

Let M be the set of primitive elements in M, such that 2, > 0. Then

L(s, M, o) = 2L(s, 0) = (0,(,1) @ | z17,

zel. (O)\M}
Gls, M) =2L(s) X |zl
zel(5)\M}
We set
G, M, 9)= = ¢, @Iz GG, M= = |zl
zel . ()\M} Z2ET,(0)\M}

Then we can show easily that (s, M, ¢, ) and (l(s, M) coincide with

{(2s — 1)/L(2s) up to elementary factors. In these notations, we can prove

LemmA 13. Let M be a lattice in V(Q), and assume a character ¢ is defined on
M. Forf € S(V(R)), let f," (y) = f*(y/p).

(1) Let ¢ = ¢Z with ¢* # ¢, and set CAM, §) = v(M) "'p W2 (). Then for
Re s, Re s, > 1, one has

I(fy M, d)(z)’ Sl! 82) = I+(fy M9 (p(Z)’ Sly 32)
+ CcWM, 9IS, M¥, (@p,)?, s, 3/2— 5, —s,).

) Let ¢ = ¢, ¢,(—1) = (= 1) and set CM, ¢,) = v(M) p°¢,(— 1)
Woz((/),). Then for Re s;, Re s, > 1, one has

IS, M, 92, s, s) =1,(f, M, ¢, s,, s,
+ CWM, )L (f,, M™, ¢, 5,3/2 — s, — s,)
- 8%2 Lis, M, 9O Z5(f, s, — 1)

1 1
+ 8(s, +s,—3/2) CM, ¢y) Co(sy, M*, (b; "

X 2, s, — 1)
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1 ’ 1-8,5,—1
= 25 F 25, =1 08 DTG L, ¢y)
X {0S(F*, s, — 1,0 + O (F%, s, — 1, 0))
1 15,
t 4G, =) OHWDATICM, $) G LGs,, §)
X {D;(f, s, — 1,0 + &;(f, s, — 1, 0},

where A = A(M), X’ = X (M), and A* = 2(M™).

Proof. For a lattice N in V(Q), we set R{(N) = {x € N|zx, # 0, P,(x)
=0, RN ={xEN|x,=0,P,(x) #0}, and R,N) ={xe€ N|z, =0,
P,(x) =0}. Then NN S = R,(N) U R,(N) U R,(\) (disjoint). Let ¢° # ¢,. If =
€ R,(N) U R,(N) for N= M, M™, then ¢ (x) = 0. By the Poisson summation
formula and Proposition 2, we have

x 0% @ flo)n) = CM, P, {2 @)W £ By}

reM*
From this we see
33) I(f, M, ¢?, s, s,
=106, M, 9%, s, s) + COM, )L, M*, s, 3/2—s,—s)

) * _ -2,-1
* ‘/:W‘II;+XR+» tyty<1 (SZ (b) Sz(b))tl t2 dtldtzduy

where

S,(0) =2 5 P @ fle)a),

ZET()\R,(M)

SXB) = C(M, pytsrige 3 (PP P W ¥ )y /p).

el (H)\R,(M¥)

Let fi(x) = [ f(xy, ¥, yp) e(— Ty, — Z345) dy,dy; and let p = p(M). Then, by
the Poisson summation formula, we see

[ S, ®ydu = 37 g(— i)

< E 00 [ (i, "))

_ 5(17/{'#) —1¢(_ ‘az) G((pz)tleuz-s'tzzsz-a
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95 )f<< 0_1 (put,t,) m))
(put,t,) "m 0

In the same way, by means of (3) of Lemma 4 we obtain

X
"Mg

j_m Sz*(b)du ~-CcM, ([))‘Dal*/_lgbﬁ(— Do~ p )t251+252 3t2S2-3

¢7( )f1<< 0_1 (put,t,) m>>
(put,t,) " m 0

with ¢* = p(M™) and ¥ = ]’(M*). Hence

X

"M8

[ ® = 5,00
= — 0w ' p(— 1) (G — p '@ ¢, (— DWW ()

% t251+2$2 St:SZ i f1<< 0 B (Pﬂtltz)‘lm )) ‘
meTe (utit,) m 0

But we see the integral
s L)
f tf 1+25,—3 282 ( Z (p(m )fi(( O » (pﬂ 1 2) m>>> dtldtz
R xRy, tt,<1 meZ (Pﬂtﬂ‘z) m O
does not converge. Hence we obtain
G(@") =p ' p@) ¢, (— VW)

and the last term of (3.3) vanishes. This completes the proof of (1).
Let us consider the case (2). By the Poisson summation formula, we obtain

P 9, (@) floB)x) = CM, ¢) 5, = ¢, @ f 0" By /p).

yem*

We note ¢, (2) = 0 for x € R,(M) U R,(M™). Hence we have
I, M, ¢, 51, ) = L(f, M, 9", s, 5)
+ CWM, $)L(f), M*, §,°, 5,3/2 =5, — s3)

+ (SFB) + SFb) — S,(b) — S,(b))db,

B*/T,(8), tt,<1
where

S (b) — t2(31+$2)t282 Z g[);l)f(p(b).l‘)

ZER; (M)
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S ® =CWM, (/’p)Xz(b)_m 2(s1+232)t2$2 5 gb;,l) (y)f*(p*(b)y),

yeR(M*)

for 1 =1, 2. An element £ € R,;(M) can be written as

(cz cd)
z=1 ,
cd d

with / € Q and ¢, d € Z, ¢ # 0 such that (¢, d) = 1. We see

o) = ( o ct,(cu + dti) >’
ct,(cu + dt,) (cu + dt,)

and

f S, (b)db
B*/I,(8), t;t,<1

f 2s1+232t252
Lty <1

t chitu
x X ¢ @lel™ (( Lo >> dt,dt,du

zel (5)\R, M) chit,u ut,

=Ho = gP@lale

Tl (5 \R{(M), ,>0

t u
X f g f f<< ' )) dudt,dt,
V2, <1 R \\u t'u’

+ ( Z (1)(x)' | Sl—Sz)

ZEl,(O)\R, (M), 1,<0

L u
X f tfl'f-sz_ztzzsz—l f f(-( 1 L, >> dudtldtZ]
Iz |72 2, <1 R u bu

1
1 (N &
= 8s, Colsy, M, by )2 (f, 51

Here we note ¢,(— 1) = (—1)°. In the same way, we can prove

[ S¥(b)db
BY /I (8), t,t,<1
1

~ 8@, +s,—3/2)

On the contribution of R,(M), we have
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[ S, () db
BY/T(8), t1t,<1

- jI;+XR+, <1 jo-mdu tfsl+2s2—2t§sz_l 153«» ¥ (lll)f« 3 lf;t; >>

— 25(/);)(— /2/) (px/)—lc((bp) L dtldtz tf~5‘1+252“2t2232—1

+XRy, 1, <1

X j};zdxzdx3"§]m gbp(n)f*((n(/l'if)‘l .n))

X3
1

= g5 F 25, = 1T @ 09,(= NG LG, ¢y)
X ADS(f*, 5, — 1,00 + B(f*, 5, — 1, 0)}.

In the same way, we obtain

[ S*(b)db
B*/T(8), t)t,<1

- 4—(321_—1) 527, (D CM, ¢,) G(P)L(s,, ¢,)

X ADI(f, s, — 1,0 +&(f, s, — 1, 0)}.
This completes the proof of Lemma 13.

We have W, (¢) = G(¢,) G(¢)) G(¢¢,). Hence in the course of the proof we
proved the following equality, for which we have not found an elementary proof.

COROLLARY 14. Let ¢ be a chavacter modulo p for an odd prime p such that

gl)z # ¢y. Then one has
G(¢") = p7'9,(— DY@ G(g,) G(§) G(gg,).

From this lemma and (3.1), (3.2), we can deduce the following lemma in the
same way as in the proof of Lemma 2.4 of [5].

Lemva 15. Let F) (x, y) = F*(x/p, ) for F € S(V(R)).

(1) If ¢* # ¢,, and Re s, Re s, > 1, then

Z(F. L, ¢(2)’ s 8,) = ZiZ)(F, i (/)(2)’ sy 5,)

+ CW, pHZ2F), L, (99)?, 51, 3/2 — s, — 5,).

(2) If ¢ = ¢, and Re s,, Re s, > 1, then
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ZF, L, ¢, s, 5) =ZP(F, L ¢, 5., s)
+CW, 9Nz F), LY, ¢, 5,,3/2—5,—s,)

- % C(@sp) <2 Colssy 0(0) 'L, §NIEF, 5, — 1)

5655, =372 CL BDLES) (3 Ll 00) LY, ¢

X Z°(F), s, — 1)

e T 5 =12 CWILGsy 9L (S ¢, (— DA

XAUS(F*, 5, — 1,0 + G(F¥, 5, — 1, 0)}
+ 1y CL, 6 @)L, 6, L(@s) (X §,(A) 327
4(s, — 1) =
X AW (F, s, —1,0) + T;(F*, s, — 1, 0)}.
By some calculations, we can prove

5005, p0)™D = 25 345916 s — 1D/ LEs),
21 Lo(s, p(o) 'L, o) = 2(% 6, XS L(s, $,)C2s — 1)/C(2s).

We set for M = L, L*
M= M®Z) NV, M, = M/BZ) NV, M,=M,BZ.
Then M,, M{ are 6(I)-stable subset of M. We set
CGs, M, @) = 2z p@p@) | detx|™

zel\M|, ;>0 if i=2

LG, M/, p) = 2 ¢o@u]|detz|™.

zel\M|
Then Cl(s, Mv (p) = Cl(sf MI/r (p) + Cl(sy Ml//’ (P), and Cz(s» M’ (p) = CZ(Sr MZ/’ ‘p)
We note {,(s, M/, ¢) = 0 if ¢ = — 1. The following two lemmas can be proved in

the same way as Lemma 2.5 and Lemma 2.8 of [5].
LEMMA 16. Let @ be one of the characters defined above, and let 1 = 1,2,
e=1,2.If Res, > 1 and Re s, > 3/2, one has
Z(Fy M:r (07 Sl’ 82) = Z—f(-l)(Fy Mr (01 Sl! 82)
+ 2P F M, 0,1 —s,s,+5s,—1/2)
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2(31 1y GG, + 172, M, QO UNF,0,s,— 1)

~ 95, s M, QLR 0,5, = 3/2).

If Re s;, Re s, > 1, one has the formula obtained from the above formula by veplacing
F, F, Sy, S, on the right hand side by FF,1— Sy, S, + 8, — 1/2 respectively.
Lemma 17. Let F € S(V(R)). If Res, > 1, Re s, > 3/2, one has
Z(Fy m: (0: slr SZ) = Z—f(—l)(F’ M’l’l (D’ Slr SZ)
+ ZPF M, 9,1 — s, s, + 5, — 1/2)

: i 275, + 1/2, M, @ ¥ (F, 0,5, — 1)
+ ?2‘377(82, M, Q¥ (F, 0, s,—3/2)
1
+ 7(3—1—T> {g,(s, + 1/2T(F,0,5,— 1)
417(324-1/2 M, <p)aqf1 (F,0,s,— 1)

1 e, A
g5 (BB 0,5, 3/2)

477(52,M @)(@1‘ (F 0,s,—3/2)

%%(F 0,5,—3/2)}.

Here

@, (s) = 2C _410 2 n(s, M, ¢) +%r}’(s, M, @) + (s, M/, @),

B,(s) = —41—"@7;(3, M, ¢) — %n’(s, M, o) + (s, M/, ).

If Re s;, Re s, > 1, one has the formula obtained from the above formula replacing F,
E s, s,byF,F,1—s, s, +s,— 1/2, respectively.

Proof of Proposition 7. By the lemmas proved above, we can prove Proposition

7 as in [5]. We give a sketch for it. Lemma 8 and Lemma 9 (3) imply that
(s,— 1) (s, +s, —3/2)&(s,, s,, L, @) can be extended to a holomorphic func-
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tion of (s;, s;) in D, = {(s;, s)) | Re's; > 1}. Lemma 8, Lemma 9 (1), (2), Lemma
16, and Lemma 17 imply that (s; — 1)2§,~(sl, S, L, @) can be extended to the de-
main D, = {(s,, s,) | Re(s; +s,) > 3/2, Re s, > 3/2}. Since the convex hull of
the domain D, U D, is the whole C?, (s, — 1)(s, — 1) (s, + s, — 3/2)E,(s,, s,,
L, @) can be continued to an entire function on C?. The functional equations (a)
and (b) follow respectively from Lemma 15 and Lemma 16, Lemma 17. The asser-
tions (c) and (c)’ follows from Lemma 15. The assertions (b), (b) (c) and (c)" imply
(d) and (d)’. Finally, (e), (e)" (f), and (f)’ can be derived from Lemma 16 and Lemma
17.

Appendix

In the appendix we give the formulas of Lemma 15 in the cases of
¢’;,r) (r=10,2) and (/)((,r)(r = 0,1,2). Let the notation be as in Section 2 and Section

3. In the same way as in the case of Lemma 15, we can prove the following.

Lemma 15. (3) Let L and L* be as in Introduction, and set U(F, s, s,) =
UNEF, s, s) for i=1,2 and S(F,s) = Z*(F,s). Let ¢ = ¢, or ¢ If Resy,
Re s, > 1, one has

(2)

Z(F, L~y ¢(()2)’ Sly SZ) = Z-i(—Z)(Fy I:y (/JO ’ Sly SZ)

+ o) 7P w@,0Z2,7 (F), LY, ¢, 5, 3/2 =5, —s,)
+ w(2,2) 27 (F), L*, ¢, 5, 3/2 — 5, — s5,)}
+ 1 o)™ ~‘*w(z,O)c(zS,)

8(s, +s,—3/2)
X § G(sy, 0(a) ' LHEFEF, s, — 1)
a6 =D YO P R0 600 (5 847
XA (F,s,— 1,0 + T,(F, s, — 1,0},
Z(F L (l)(m + d)(()l)r S1s Sz) = Z-)(-Z)(F) I:’ (p(()m + (p(()l)’ sl» 32)

+ o) 7 Hw©,0 27 (F), L¥, ), s, 3/2 — s, — s,)
+ w(0,2) 27 (F), L*, ¢, 5, 3/2 — 5, — s,)}
~ 55, £29) (2 Llsy, 0@) " DIEE, 5, = D
1

+ (L) *w(0,0) L (2s,)

8(s; +s,—3/2)
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X (3 G (5,0(0) LN IE, 5, — D

+ ﬁszl——T) 2(L) 5w (0,0) C(s)L@2sy) (é 5125—51)
X {qfl(F, S — 1, 0) + qu(F, s, — 1, 0)}

- m’;ﬁ Cls)C@s) (2 A
X {W,(F* s, — 1,00 + U,(F* s, —1,0)},

2)

(D 7P Hw@,0 Z(F), LF, ¢, s, s) + w(2,2)ZF), L¥, 7 s,, s))
= o) P Hw@,0Z, (F), L¥, 93, 51, 3/2 — s, — ;)
+w@,2)Z,(F), L, ¢ 5,,3/2 — s, — 5,)}
+Z2(F, L, ¢F 5,3/2 =5, — s,
85, D7 02,00Es) (X LG, p0)TLNEFET, 5~ 1

~ 3@ ¥ 35, = YD P RO (547

XAW(F,s;,—1,0) + T,(F, s, —1,0)}

oD 7w 0,0 Z(FS, LF, ¢y, s, s + w©0,2)Z(F), L, ¢, s, 5,)}
= o) 7pHw(0,00 Z2 (F), L¥, ¢}, 51, 5,)
+ w(0,2) 22 (F), L¥, ¢, s,, 5,)}
+ZP(F, L o>+ ¢V s, 3/2—5,—s,)

56+ s =372 (20 Ly 0@)INIE, 5~ 1

~ g5, YD P 00,085 (S GGy, 060) LNEET, 5~ 1

— 2(2s, +1232 - 1) D(L)—lp_3w(0’0)C(sl)C(ZSI) (é 5{/111__31)
X{W(F Sl“‘l 0)_|_w'(F 31_1,0)}
2(31 D C(SI)C(ZSI)(Z A

X {W,(F* 5,—1,0) + T,(F, s, — 1, 0)}.
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