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ON ^-FUNCTIONS ASSOCIATED WITH THE VECTOR

SPACE OF BINARY QUADRATIC FORMS

HIROSHI SAITO

Introduction

The purpose of this paper is to prove functional equations of L-functions

associated with the vector space of binary quadratic forms and determine their

poles and residues. For a commutative ring K, let V(K) be the set of all symmetric

matrices of degree 2 with coefficients in K. In V(C), we consider the inner pro-

duct

<x,y> = t τ ( x y ' ) (x,y

where y' = ( ^ " ^ ) for y = ( Vι H For i = 1,2, we set

Vt={χe VCR) I ( - Ό ' detx > 0},

and Vt(Q) = V(Q) Π Vv We define two subsets of ^(Q) by

Vi(Q) I V~det^ £ Q},

V XQ) = {x e Vi(Q) I V - d e t x e Q}.

Let G = GL2(C), G(R) = GL2(R), G(Q) = GL2(Q), and G+ = {̂  e G(R) I

det ^ > 0}. Then G acts on V(C) by p(^)j? = gx'g for x G F(C) and g e G, and

the triple (G, p, V) is a prehomogeneous vector space with the singular set

S= {χ<ΞV\detx = 0}. For g = (gu g u ) , set d^ = (det^)"2Π1< ίJ<2 dgu.

Then dg defines a Haar measure on G . We consider the measures dx —

dx1dx2dx3 a n d ω(x) = \ detx\~3/2 dx [x = f x 2 ) ) o n K R ) . T h e m e a s u r e
X2 ^3

ω(x) is invariant under the action of G . Let Γ be a subgroup of SL2(Z) of finite

index. We assume {+ 1} c Γ. For j ; e 7(R), let G ^ f e e G + | pCg )x = x},
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150 HIROSHISAITO

and Γx = Gx Π Γ. Then there exists a measure dμx on Gx which satisfies

f F(g)dg= f ω(p(g)x) f F(gh)dμx(h) for F e C 0 ( G + ) .
JG+ JG+/G+

X

 JG+

X

It is known that the measure of Gx /Γx with respect to dμx is finite for

V;(Q) U 72(Q),and we set

μ(x) =

For x ^ V/tQ), let .r = qx, ^ Q . Here we assume x is primitive, i.e., xίf 2x21 x3^Z

( x x \
} _ 2 j . We define μ(x) = 2"3 log(4 | detx | )

following Sato [5]. Then μCr) satisfies μ(p(γ)x) — μ(x) for x e V^Q) U

V2(Q) and r e Γ.

Let p be a fixed prime. We consider a lattice L in V(Q) which is closed under

Γ and satisfies L®ZZP = V(ZP). Let L* be the dual lattice of L with respect to

the inner product ( , ) . Then L is also closed under Γ and satisfies L ® z Zp =

V(ZP) if p Φ 2, and 7 ( Z p * the set of all half-integral matrices in V(QP) if p = 2.

We define functions on L and L , which we call characters in this paper.

First assume p Φ 2. Let φ be a character of (Z/pZ) . For J: ^ I U I , we de-

note by x the element of V(Z/pZ) obtained from x by reduction modulo p. For

x ^ L U L , we define

(2) / x ί 0(det x) if rank x = 2
0 Or) = 1 Λ .,

1 0 otherwise.

Let φp and φ0 be the quadratic character and the trivial one of (Z/pZ)* respec-

tively and let φ = φp or φ0. Assume rankCr) = 1 for x e L U L*. Then we can
/r ()\

find g G GL2(FJ such that ^x^ = I ° Λ ). We define
\ 0 0 /

if rank .r = 1

otherwise.

( i ) ω = ί 0(J?O

10

Then the value of this character is independent of the choice of g. For φ with

φ — 1, we set

if rank x = 0

otherwise.

Let p = 2, and let 0O be the trivial character of (Z/2Z) X . For x e L and
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L-FUNCTIONS OF BINARY QUADRATIC FORMS 1 5 1

r, 0 < r < 2, we define

, < r > , v f 1
0o (*) = ( 0

if rank x = r

otherwise.

For x ^ L , let ζλΛfcO = vxv, v — I I, be the binary quadratic form associated
^2

with x, and let Qx(v) be the quadratic form over the prime field F 2 of characteris-

tic 2 obtained from Qx(v) by reduction modulo 2. Then Qx(v) is equivalent to one
2 2 2 (2) (0)

of i ; ^ , υλ + Ẑ ZΛ, + ι;2, z;lf or 0. We define φ2 and 0 2 by

, ( 2 )
02

1 if Qx ~ vιv2

- 1 if Qx ~ υ\ + vλv2 + #2

. 0 otherwise,

, (o) f x ί 1 if 0χ ~ 0

^ U otherwise.

Let L{ — L Π Vi, and L* = L* Π V̂  . We define for i = 0,1 and <p = 0 ( 2 ),

ψ(

p

r)(pΦ 2, r = 0 , 1, 2) ,or 0 Γ ( ^ = O , 1)

ζ x(5, L> ψ) = Σ φ(x)μ(x) |det x|~s,

ζ 2(s, L, φ) = Σ φ(x)μ(x) \ det x |~ 5 (s e C).

Here the summations on .r are extended over all equivalence classes of Li with re-

spect to Γ and over all equivalence classes of L2 with respect to Γ satisfying xγ > 0

( 7* 7* \
1 2 ) respectively. We define ζ,(s, Z,*, φ) for i = 1, 2 and <p = 0 ( 2 ),

x2 x3'

φp

r (p Φ 2, r = 0, 1), or 0 / (r = 0, 2) by the same formulas taking summation

over Γ\Lι and Γ\L* with xx > 0 for x = ( ) respectively. Then these
2 3

series converge absolutely for Re 5 > 3 /2. We set for p Φ 2

ζ ( s , M , 0< 2 )) = ( ζ , ( s , Λf, 0 < 2 > ), ζ 2 ( s , M , ^>(2)))

for M = L, L , and φ Φ φp, φ0,

ζo(s, M, φp) = (&(s, M, 0;υ), ζ2(s, M, < ) ) for M = L, L*,

and for any prime p

( r , r * ,(0)x r / Γ * , (0)xζl φpJ ς φfiJ
d(5, L*, 0/) ζ2(5, L*, 0/)
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( y f τ ( 0 ) i ; ( 1 ) \ r ί T , (0) , , (IK \

ζ,U f L, φ0 + φϋ ) ζ 2 ( s , L, φ 0 + φ o ) \
(2) (2) /

ζjCs, L, ψ>0 ζ 2 (s, L, ψ0 ) '

Here ζ,(s, L, ̂ ' + 0Γ) - ζ,(s, I , ̂ 0 ) ) + ζ,(s, I , φ™). Let M/ = M t Π V|'(Q),

M'l = Mγ Π ̂ "(Q) for M = L, L*. We set
τη(s, L, ψ) = Σ φCz)

and we define η(s, L , ψ) by the same formula taking the summation over

Γ\L1". Then we can show

THEOREM 1. Let φ be one of the characters defined above. The series ζ, (s, L, ψ)

and ζ,(s, L , φ) can be extended to the whole s-plane as meromorphic functions and

satisfy the functional equations:

(1) IfφΦ ψp, φ0, then

ζ(3/2-s,L*, (φφp)
w)

= v(L)22'2sπί/2~2sp2s~3Γ(s - l/2)Γ(s)W2

2(φψp)

cos πs
o-3 i T ,<2)JίΓ'(s) Γ'(s - l / 2 ) \ . \1
2 η(s,L,φ ) ^ T 5 Γ - r(s_1/2))smns,-n)\.

(2) Lei ψ~Φp and r—\.

( i ) Ifψp(- 1) = 1, then

ζβ(3/2 - s, L*, 0,) = ϋα)22"2iτr1/2~2y s"3-Γ(s - 1/2)Γ(s)

sin πs 0

(ii) //<&,(- 1) = - 1, d(s, M, ̂ υ ) = 0/orM = L, L*, and

ζ2(3/2-s,L*, ψp

ι))

= J^J-1 v(L)22-2sπ1/2-2sp2s-3Γ(s - 1/2)Γ(S) sm(πs)W0

2(φp)ζ2(s, L,

(3) 7/φ = φ\r\ r= 0,2, or00r), r= 0, 1, 2, rten

ζ,(3/2 - s, L*f 0,)

2 2 1 / 2 2 2 - 1/2)Γ(s)W2(φpy
1
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' sin πs 0 \ _3 /η(s, L, ψ1® + ψ™) 0
1 c o s π s ' \ η(s,L,φ™) 0

v(s) /Γ(s) - Γ'(s ~ 1 /2)/Γ(s -1/2)) sin πs - π
0 o /I

ι>(L) t5 ί/i£ volume of a fundamental par alelleo gram ofL with respect to dx, and

77(s, L, ψ0 + ψ0 ) = η(s, L, φQ ) + 77(5, L, 0O ).

In the above theorem, W2 (0), Wo (ψp) and We (φp) are the Gauss sums intro-

duced in [4], the definition and explicit values of which will be given in Section 1.

In Theorem 5 in Section 1, we will determine the poles of ζt(s, M, ψ r), and give

formulas for the principal parts at their poles. The proof of Theorem 1 and

Theorem 5 is a modification of Shintani [8] and Sato [5]. Namely, we consider the

prehomogeneous vector space (G, p, V), where

G = GL2(C) x GL^C), V= V® C 2 (considered as column vectors),

and

p(g, t)(x, y) = (gxg, g-'yt) (g €Ξ GL2(C), t e GL^C), x e V, y e C2).

Then our L-functions can be obtained as residues of L-functions of (G, p, V) and

the functional equations can be derived from those of L-functions associated with

(G, p, Ϋ). The L-function ζ 2(s, L, φp ) was introduced by Hashimoto. Arakawa

[1] proposed interesting conjectures concerning its special values at 5 — 0. The

L-functions associated with the space of quadratic forms of degree n i> 3 with the

characters of the above type were treated in [4]. We refer to Sato [6] for a general

treatment of L-functions associated with prehomogeneous vector spaces.

§1. Preliminaries

We retain the notation introduced in Introduction. In this section, we will give

the definition of Gauss sums and state the result on the poles and residues of the

L-functions defined in Introduction. Let p be a prime number. For a ^ C let

e(a) = exp(2τr\/— 1 a), and ep(a) = exp(2τrV— 1 a/p). For a character ψ of

Fp, we denote by G(ψ) the ordinary Gauss sum Σα e ϊo< φ(a)ep(a). First assume p

is odd. For x e ^(F^), a character φ of F^, and an integer ry 0 < r < 2, we de-

fine

WrHx, φ) = Σ φM(y)ep(tr(xy)).
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Here we assume r — 2 if ψ Φ φ0. Then the following result was proved in [4], §1.

PROPOSITION 2. Assume p Φ 2.

(1) Let φ2 Φ φ0. Then one has

W2\x, φ) = (φφp)
(2\x)G(φ)G(φp)G(φφp).

(2) Let φ = φp. Then one has

Wΐ(x, ψp) = φϊ\x)pG(φp).

(3) Let φ = φ0. //rank x = 1, x e V(FP), then

W2(x, φ0) + Wfix, φ0) = W2

2(x, φ0) = 0,

and let rank ,r0 = 0, rank x2 = 2, for x0, x2 e V(FP). Then

W0

2(x0, φ0) + Wΐ(xo, φ0) W2(x2, φ0) + W2(x2f φ0)

W2(x0f ψ0) W2

2(x0, φQ)

_ ( p2 Φ P ( - i ) p \(Φ

ρ3 — ρ2 — ΦP(— Dp' x o

We set

W2\φ) = G(φ)G(φp)G(φφp) for φ with φ2Φφφ

p2 Φt{- DP

V - ί 2 -ΦP(-D1
and set for simplicity

we (Ψp> ~ [ w(2 ;o) w(2,2) I '

We note W2\φ) W2(φψp) = p3 for φ2 Φ φ0, and W0\φp)
2 = φp(~ Dp3. We set

\ψ,(.-i)ρ(ρ'-ρ') -p'

Then we have (cf. Proposition 1.17, [4])
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Here E2 is the identity matrix of degree 2.

Now assume p = 2. For a quadratic form x on F2, choose a half integral

symmetic matrix x e V(Z) such that Qχ = x. For y, take y ^ V(Z) such that

z/mod2 = y. Here we identify F 2 with Z/2Z. Let trGπ/) = (xy) mod 2. Then

trOπ/) is independent of the choice of x and y. We define

Wr\x, ψ0) = Σ 0Γ(y)

We see the definition is independent of the choice of x. The following result was

proved in [3], §2.

PROPOSITION 3. Assume p = 2 and let the notation be as above. For a quadratic

form x ~ υ\, one has W2(x, 0O) = Wo (x, 0O) + Wι (x, 0O) = 0. Let ψ2 (x2) Φ 0

and 0 2 (x0) Φ 0 for quadratic forms x0, x2. Then

W2(τ ώ ) + W2(r ώ ) W2(r ώ ) 4- W2(r ώ )

W2Hx0, φϋ) W2

2(x2, φ0)

?2 9 \ I ώm (r) 0

,2 3 -2 2 - 2 A o φ?{x2)

We set

2

3 - 2

2 - 2

as before. We note that if we set p = 2 and ψp(— 1) = 1 in We (0^), we obtain

Let M be a lattice in V(Q). Let x = ( Xl *2 ) e F(R), and set
\ Ĉ*2 «^3

= min {| ^ | \x e M, ^ ^ 0},

= min {| J:2 | | X G M, xx = 0, J:2 ^ 0},

λ'(M) — min {| x3 \ \ x e M, ^ = x2 = 0, x3 Φ 0}.

Then we see easily

LEMMA 4. L#ί M* 5̂  ί/w dual lattice of M. Then one has:

(1) λ(M)λ'(M*) = 1, λ(M*)λ'(M) = 1.
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(2) v(M) = λ(M)μ(M)λ'(M), υ(M*) = λ(M*)μ(M*)λ'(M*).

(3) μ(M)μ(M*) = 1/2, υ(Aί)υ(M*) = 1/2.

Let ξ> be the complex upper half plane. Then G acts on «£> by the linear

fractional transformation gz = (az + b)(cz + d) ~\ for g — ί ) ^ G+, z ^ | ) .

Let .Γ and Z, be as in Introduction, and let tcv tc2,... ,κv (A;,- ^ Q U oo) be a complete

set of representatives of cusps with respect to Γ. For each i (1 < i < v), take σt €Ξ

SL2(Z) such that Λ:, = σ,0 and set » ω = V ( J ) L e t Γ« f ) = { ^ G Γ l V"V(ί> =

^ %}, and set Γ^im) = 11 1 | w ^ Z}. Then there exists a positive integer <5t

«-\ mn 1 / J

such that Γ^ = σiΓjδi)σ;\ We set Lω = σ;1 Lσ^1 and λt = λ(jlι)), μt =

μ(Lω), λ\ = λ'(Lω), λ* = λ(Lω*)f μ* = μ(L{i)*)9 λ*' = λ'(Lω*). Let υ(Γ\$)

be the volume of the fundamental domain of ξ> by Γ with respect to the invariant

measure y~ dxdy for z = x + /—ΠΓ^ G ^ . In these notations, we can state our

result on the poles and residues as follows.

THEOREM 5. Let the notation be as above.

(1) // ψ2 Φ φ0, the L-functions ζ f (s, Ly φ 2) are entire for i = 1, 2.

(2) Letp be an odd prime, φ = φp, and r = 1.

( i ) If φp(— 1) = 1, ζ f (s, Z,, 0 ^ ) is holomorphic except at s = 1 /or

z = 1,2, and ίAiβ principal part of ζo(s, L, φ ) at s = 1 is given by

2-2υ{LyιpW2{φpy
ιL(\y φp)(Σ φ.U^δ^is - D^Q^).

ί = l

(ii) Ifφp(— 1) = — 1, ζ 2 (s, Lf φp ) is holomorphic except at s = 1, and the

principal part of ζ2(s, L, φp ) at s = 1 is given by

pU^δ^is - IΓ1.

(3) Let p be a prime. If φ = φ™ (r - 0,2), or ψ = ^ r ) (r = 0,1,2), ζ,(s, L,
, (0) , , (0)\ y / τ * , (2)\ ^ / Γ * , (0)\ *, / r * f (2)\ f , , , .

0o + Φi λ CΛ^, L , φ0 ) , ζ{κs, L , ψp ) , C,(5, L , φ0 ) are holomorphic except at

s = 3/2 or s = 1, and £/ι<? principal parts of ζ(s, L, 0O) at s = 3/2 and s = 1 are

given respectively by

2 ! 3

2 ,ω /, .(Λ^^3/2) (
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3 , J . -

v(L) p
3 , J . - s ί , ^ ~ , w ^ - 2 / 2 0 ( 0 , 0 ) ON

,=1 5,Af logQ,/4τr)) - w(0,0)(Σv

i=ι δ,λ,)π

and those of We (φp)ζe(s, L , φp) at s — 3 / 2 and 5 = 1 are given respectively by

-t/l 1\

Vo o / '

-is- I)

Finally we give a formula for 17(5, M, φ) in terms of Af, βιy λt and 5f.

LEMMA 6. Let M — L or L . The function ϊ](s, M, φ) 15 given by

(Σ/=χ20(—μ^δjλjμj 1, = φ(2) with φ2 Φ 0O

and M = L,

•)* -(25-l)\ . - (2s- l ζ(2s —

-(2s-l)

M = Ly

)ζ(2s —

- 1)

. - , ( 2 ) , Tiyf- r

ιf<P = Φ0 and M = L,

ifφ = φf and M = L*,

?]
if φ = φ?] and M =

Here we set φ2(~ 1) — 1.

Proof We give a proof of the case φ — φ . The other cases can be treated

in the same way. We see easily that L[ c U x^i^pijσ) f )\γ ^ Γ, a, β ̂

(^ ) ( ^ )Q, a > 0}. If p(γ) = ( ^ m) f o r T G SL2(Z), then α = a' and
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( ± 1}. Hence the above union is disjoint. The condition p(γσ) ( ^

implies ( ) ^ p(σ{

 ι)L. We note by the definition of λif μ t and λ'if the lattice

p(σ~ι)L has a Z-basis consisting of elements of the form ( ) , ( ι) , and
\ * * / \ μ. * '

/0 0\
I 3, ). Hence the above condition implies in particular a = μ{n for some
\ U A j i

positive integer n. On the other hand, p{o^) I ' ) = pijo^) I ' I for
^ μjΐt β ' > μ^fi β i

γ ^ Γ if and only if β — βr ^ 2nμiδi7i by the definition of δ, . lί φ = ψ ,

(σ,) I ' )) = 0 ( ~ JW W ). From this we see
\μtn β 'I

)?(s, L, 0 ( 2 )) - Σ Σ t
t=\ n=\

= ( Σ 2 0 ( - ft)^*δ,J«Γ<2s"1))I((25 - 1, φ2).
ι = l

This completes the proof.

§2. L-functions associated with (G, β, V)

Let (G, p, V) be as in Introduction, and let

Pi&, y) = fyχy, P2&> y) = p 2 ^ =detx (x<^ v,y<^ c 2 ) .

Then the triple (G, p, Ϋ) is a prehomogeneous vector space with the singular set

S = i(x, y) ^ V\ P^Xy y)P2(x, y) = 0 ) , and the polynomials Px and P2 are its

irreducible relative invariants corresponding to the characters Xι(g, t) = χλ(t) =

t2 and χ2(gf t) = χ2(g) = det g\(g, t) G GL2(C) X GL^O). We consider the

standard Q-structure on (G, p, V) :

G(Q) - GL2(Q) x GL^Q), 7(Q) = F(Q) Θ Q 2 .

Let G+ = G + x R + , R + = { f l G R | α > 0 } , and Vt = (V{ θ R2) Π (V (R) -

S(R)), where S(R) = S Π V(R). For L, L*f we set L = L θ Z2, L* = L* θ Z2.

Let Γ= Γ X {1} c G. Then L and L* are Γ-invariant lattices of V(R). We de-

fine an L-function in two variables slf s2 associated with (G, p, V), L and a char-

acter ψ defined on L by

ft(slf s2, £, <p) = Σ ψ(x) I Λ C Γ , 2/) P I Λ O Γ , 2/) I"2

(x,y)ef\Li,P1(x,y)>0

« = 1,2, s,, s2 e C),
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and for a character φ defined on L we define ξt(sl9 s2f L , φ) by the same for-

mula taking summation over (xy y) e Γ\Lt with Pλ(xy y) > 0. Here Lt = L Π

Vif Lj = L Π Vj. These series converge absolutely for Re slf Re s2 > 1. We set

ξ(sl9 s2t M, φ ) = (ξ1(sly s2, My 0 ), ξ2(sly s2f M, 0 ))

for M = L, L and 0 Φ φpt 0O,

ξo(sl9 s29 M9 φp) = (^G?!, s2, Λf, 0 ^ ) , ξ 2(s l f s29 My φpV)) for Af = L, £*,

( s l y s 2 y L y φ p ) ξ 2 ( s v s 2 y L , φ p )ξe(sly s2y L y φ p ) = t ^ (2) ^ (2)

5 2 , L y φp) ξ2{sly s2y L y φp)

f,f f , \ (^SV $2> L y 0oO ) + ΦoΏ) ξ2(Sl> S29 L y 0oO> + 0 ^ ) \
ξ(sly s29 L y 0 O ) = I ^ (2) ^ (2) I

\ ξ i ^ ! , 5 2 , L, 0 O ) ξ2(s19 s2y L y 0 O ) /
To describe the properties of these functions, we set

A(sv s2) — 2 H s*π Sl Sι Γ(s2)Γ(sι + s2 — 1/2),

Bi(si) = 27Γ~ Sl ΓiSi) sin πs1/2y B2(sγ) = 27r" 5 l Γ ^ ) 2 cos 7rsx /2 ,

C(5X) = 21~V/2~Sl Γ( 5 l - 1 /2)ζ(2s1 ~ 1),

/ cos π(s1 4- 252)/2 sin ^ /2 \
l ( 5 l > 5 2 ) ~ \ cos τr5l /2 sin Tris! + 252)/2 / '

_ / sin π(s1 + 2s2)/2 cos 7Γ5! /2 \
u2(S!, s2) - ^ s . n ^ / 2 c o s ^ ( ^ + 2 ^ ) / 2 j ,

_ / —sin7Γ51/2 0 \ /cosTΓS

and let C be the Euler constant Then we can prove

PROPOSITION 7. The functions ξi(sly s2y Ly φ) and ξt(sv s2y L , φ) can be con-

tinued to meromorphic functions of (sv s2) on C such that the functions

(sx ~ D2(s2 - l)(Sι + s2 -3/2)ξi(sl9 s2y Ly φ)y

(Sι - l)2(s2 - 1) (Sι + s2- 3/2)ξt(sl9 s2y L*9 φ)

are entire. Moreover these functions satisfy the following properties.

(1) Let φ Φ φp, φ0. Then one has

(a) ξ(s1,3/2-s1-s2,L*, (φφp)
(2))

= v(L)pSl+2S2~3A(sv sjw;(φφp)ξ(slt s2, L, ψw)\X2(sv s2),
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(2))(b) ξ(l - su s. + s,- 1/2, M, tf»(2)) = B2(Sl)ξ(sv s2, M, ψ(2))%2(Sl),

(c) lim(Sl - l ) f(s l f s2,L, ψw) = 0,

(d) lim (s1 + s2 - 3/2)ξ(slt s2, L, φ{2)) = 0,

(e) li \ 2 £ ( ς ς _ ς / o ]Cf (r.{2)) = 1 / ς JUT ([M\

(f) l i m ^ - {(Sl - l)2ξ(sv s - Si/2, M, 0(2))}

Ά/r r ί2)\ , 2 C — l O g 2 / Λ y f ,(

, M, 0 )H 2

 5 y (̂5y M, 0

forM = L, L*.

(2) = 0^, and fef 0 ^ ( - 1) = ( - l ) ε with ε = 1 or2. Then one has

V\(a) ξo(slf 3/2 - sx - s2, V\

slf s2)W0

2(φp)ξ0(sv s2, L, φp)VLs(s19 s2),

(b) ξo(l - sl9 s, + s2 - 1/2, M, ψp) = BB(Sl)ξ0(sl9 s2, M, φpWM

(c) lim(5X - ϊ)ξo(slf s2, Z, ψp)
l

= v(L)'1W0

2(ψp)~ιG(ψp)L(slf ψp)ζ(2Sl)(Σ ψp(λi)δiλ)'Sl)(lfl)t

(d) lim (Sl + s2 - 3 /2)ξo(sl9 s2, L, ψp)
S2-*-S1+3/2

(sin πsι/29 cos πsι/2) if ε = 2

(— cos πs1/29 sin 7Γ51/2) if ε = 1,

(e) limis, - l)2ξ0(sly s - Sl/2, M, φp) = 0,

(f) lim -£- {(s, - l)%(slf s - Sl/2, M, ψp)} = 2ζo(slf M, <pp),

forM = L,L*.

(3) Let ψ = ψlp\ r = 0,2, σr ψ^, r = 0,1,2. Then one has

(a) ξe(slt 3 / 2 - 5 , -Si,L*,φJ

, s2, L, 0O)U2(51( s2),
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(b) ξe(l - slf Sl + s2 - 1/2, L*, φp) = B2(Sι)ξe(slf s2, L*, φpWsJ,

(bY ξ(l - sl9 sλ + s2 - 1/2, L, φQ) = B2(s1)ξ(sv s2, L, ψJW^sJ,

(c) lim(52 — l)υ(L)~1p~3W^(φp)ξe(s11 s2, V\ φp)

= 2p~Sι-2ζ(sι)ζ(2s1)(Σ δ t a y ~ S l ) ( l I ) ,

(c)' lim(s2 — 1)^(5!, s2, L, φ0)

- (Π'1 "3Γ( )Γ(? )(Y δ 21~Sι)(w{"0}0'} ^ ° ' ° Λ

(d) lim (Sι + 52 - 3/2)v(LΓ1p~3We

2(φp)ξe(slf s2, L*, φp)

' sin 7Γ5i / 2

0 o
(d)' lim (s1 + s 2 - 3 / 2 ) ξ ( s 1 , s2, £, 0O)

tτ\-ι*r*r( \rt u $ «,sn (w(0,0)smπs1/2 w(0,0)cos πsι/2

(e) lim(Sl - l)%(sv s ~ sx/2, £*, 0,) = \ (Φ' L*' ^

(e)' l im( 5 l - l ) 2 ξ ( S l , S - S l / 2 ( £, Ψΰ) = \
2

(f) l imj- Us, - lΫξe(su s ~ Sι/2, £*, 0,

(f)' lim-^- Us, - l)2ξ(Sl, s - Sl/2, L, φ0)}

t5
ηis.L.φ',") 0

We can easily deduce our Theorem 1 and Theorem 5 from this proposition as

in the proof of Theorem 1, [5], and we will give an outline of the proof. Namely,

for M = L, L , the function (5 — 1) (s — 3/2)ζ t (s, M, φ) is entire as a function in

5 on C because (s1 - lΫ(s - s,/2 - l)(s + sγ/2 - 3/2)ξi(s1, s - sx/2, M, φ)

is entire as a function in s1 and 5 on C . The functional equations can be deduced

from (a) by setting S2 = s — sι/2 and comparing the coefficients of the expansions

https://doi.org/10.1017/S0027763000004475 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000004475


162 HIROSHISAITO

at s2 = 1 of the both sides. The result on the residue at s = 3 /2 follows from (c),

(c)', (e), (e)', (f), and (f)'. Finally the formulas (d), (d)\ (e), (e)', (f), and (f)' give the re-

sult on the principal part at s = 1.

§3. Proof of Proposition 7

In this section, we give a proof of Proposition 7, and complete the proof of

Theorem 1 and Theorem 5. We will treat mainly the cases of ψ and ψp . The

formulas of Lemma 15 in the case of ψp (r = 0,2) and ψ0 (1 < r < 2) are leng-

thy and will be given in Appendix.

Let d*t be the measure t~ dt on R+. For a p(f)-stable subset A of L or L ,

F Ξ jS(V(R))y and a character φ defined on A, we set

~Xi(f) ^Cί) 2 Σ _φ(x)F(p(g, t)(x, y))dgd t.

For ε = 1, 2, let

Then tζ = t^ U ΐ^ (disjoint) and the set F(R) — S(R) is a disjoint union of the

four sets V] (i — 1, 2, ε = 1, 2). Let dz/ be the standard Euclidean measure on

R . For F, we define

Ϊ(F, sl9 s2) - Γ (sgnO^Oc, y)))ε \ Pι{x1 y) Γ1

Then Ψt

ε(F, slf s2) converges for Re sίf Re s2 > 0, and can be continued to a

meromorphic function on C (cf. [2], [7]). We see easily

LEMMA 8. Let M = L or L . Let φ be a character defined on M. The integrals

Z(F, M, φ, sίf s2) converges absolutely for Re slf Re s2 > 1 and on# has

Z(F, M, φ, slt s2) = 4"1 Σ e,(s1( s2, M, ψ)¥,ε(F, s, - 1, s2 - 1).
1 = 1

// r̂̂  ε = 1 and φ = ψp , and φp (— 1) = — 1, and ε = 2 otherwise.

Let Z+\F, A, φ, slf s2) and ZΪ+iF, A, φ, su s2) and ZJ2)(F, Λ, φ, Sj, 52)

be the integrals obtained from ZCF, A, <p, 5X, 52) by restricting the domains of in-

tegration to {(g, t) e G + / Γ | χ 1 ( 0 > 1}, {(g, t) e G+Z/Ίχ^ί) > χ2(^)> and
1

 2(^) > 1}, respectively. Then by Lemma 8 we see
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LEMMA 9. Let A and F be as above.

(1) Z+ (F, A, φ, sv s2) converges absolutely if Re s2 > 1.

(2) Z?+ ( F , A, φ, slf s2) converges absolutely if Re s1 + Re s2 > 2 and Re s2 > 1.

(3) Z+ ( F , Ay φ, sv s2) converges absolutely if Re sι > 1.

Let B be the subgroup of G consisting of lower triangular matrices, and let

S= {x e V\ xγP2(x) = 0}. We denote also by p the restriction of p to B. Then

the triple (B, p, V) is a prehomogeneous vector space with the singular set 5

with the irreducible relative invariants xlt P2(x) = detx . Let p be the con-

tragredient representation of p, which is given by p (g) — χ2 (g)p(g) for g ^ G.

, i = 1, 2, £ = 1, 2, we set

Φ,ε(/, 5 l, s2) - Γ ( s g n ^ r I ̂  |Sl I P2(x) \S2f{x)dx1
JVi

Σε(f, s)=f (sgn t)ε I ί Is"1 / ( ( ' U ) ) dtdu.
J R 2 \\u u /til

The integral Φ&

t{f', slt s2) (resp. Σε(f, s)) converges absolutely for (sv s2) ^ C

with Re sλ > 0, Re s2 > 0 (resp. 5 ^ C with Re 5 > 1). These integrals are slight

generalizations of those introduced by Shintani [8]. For /<Ξ JS(V(R)), we define

the Fourier transform / of / by

/*Cr) = JΓ f(y)e«x,y»dy.

Then we can prove

LEMMA 10. The function Φι(f, slf s2) has an analytic continuation to meromor-

phic function of (slf s2) in C and satisfies the functional equation:

Φ\{f, Sl - 1, 52 - 1

Φ\(f, s 1 - l , s2- 1

2

ε ( / * , S l - l f

Moreover iff is SO(2) invariant, then

2Sί~2H sinGκi/2)ΠS2)"1 Π«i + s2 - l /2)"^ ' (/ , st - 1, s2 - 1),

2s'"2'2cos(πs1/2)Γ(s2)~1 Γis, + s2 - \/2Yιφ\(f, s, - 1, s2 - 1),

and
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2 1 + s 2 - l / 2 ) " 1 Φ 2

ε ( / , s ι - l , s 2 - 1 ) , ε = 1 , 2 ,

αrg entire functions of (slf s2) which are invariant under the substitution

(sv s2) *-> (1 - sί9 s1- s2- 1 / 2 ) .

Proof. The assertion for ε — 2 is nothing but Lemma 1 of [8]. When ε = 1,

we may assume the function / is odd. Then in the same way as in the case of

ε = 2, we can show that Φ{ can be continued meromorphically to C and that for

/ * e C0"(y(R) - S(R)), it holds

Φ-(ff Sl ~ 1, s2 - 1) = Γ f*(#)J(x)dx,

JV(R)

with

/ ω - ( - D ε-2A(S l, s2) i Xχ Is'-11 p 2 ω Γ2-5'-*2

x ^((sgnx^ίC- l)'s2/4 + (sgnP2(x))(l/2 - st - s2)/4 + 1/8}).

The functional equation follows from this and the fact that / is odd. The function-

al equation for general / ^ J£(V(R)) can be shown as in the proof of Theorem 1

of Shintani [9]. For (0, u, t) <E R X R X R+, set

x'iθ, u, t) - p(kβ)
«2 - ( - 1)'/ u

V(R),

where kθ = \ . Λ Λ ). Assume/ is odd and SO(2)-invariant. We see
\ — sin 0 cos 6 /

Φ[(f, sι - 1, 52 - 1) = Γ d« Γ Z 5 2" 1^ Γ dθf{xι(0, u, t))

x sgn(w + yju + t sin 2<9) \u + y/u2 + t sin 2Θ Γ1"1,

2 ( / , S l - 1, s2 - 1) = 2 Γ dw Γ ί52"1* Γ dθf{x\0, u, t))

x (« + y V - / sin 261)51'1.

Since

X π I /

sgn(u + >Ju2 + t sin θ) \u + Vu + t sin 2(9 Γ

dθ

z : T sin τrs/2)"1(P s(v/ZΓT - P s ( - y[=\ ut~V2)) (t > 0),
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Γ (u + U2 - t sin 2θYdθ = ts/2πPs(ut~1/2) (u > t1/2 > 0),

with the Legendre function Ps(z), our assertion can be proved in the same way as

in the case of ε = 2.

The following lemma for ε = 2 is Lemma 2 in [8], and the case of ε = 1 can

be proved in the same way by taking an odd function / as above.

LEMMA 11. The function Σε(f, s) has an analytic continuation to a meromor-

phic function on C and iff ^ C^(V(R) — S(R)), it satisfies

2

1"V/2~S Γ(s - l/2){sin(ττs/2)Φ2(/, 5 - 1, 1/2 - 5)

+ cos(ττs/2)Φ2(/, s - 1, 1/2 - s)} if ε = 2,

Σε(f, s - 1) = ] f-j2isπv2-s Γ ( s _ 1/2){cos(7r/2)Φί(/, 5 - 1, 1/2 - s)

+ sin(τr5/2)Φ2

1(/, 5 - 1, 1/2 ~ 5)} if ε = 1.

For F E J3(V(R)), we set

F*Cr*, y) = I F(x, y)e((x, x*})dx,
JV(R)

F(x,y*)= f F(x,y)e«y,y*»dy.
J R 2

Here (y, z/*> = yxy* — y2yt We note

(3.1) Ψt

ε(F, sl9 s2) = f~t2Sί+2Φε(F0(*, (t

Q))f sl9 s2)dxt,

where F0(x, y) — \ F(p(kθ, l)(x, y))dθ. The first functional equation of the

following lemma follows from Lemma 9 and (3.1).

LEMMA 12. Let F e JS(V(R)). For i = 1, 2, ε = 1, 2, the function Ψε(F, sl9

s2) satisfies the following functional equations:

ΨΪ(F,Sι-l,s2-l)\_ ε.2

J — v— 1 Mslt SaίU^s,, s2)Ψ2(F,Sl-l,s2- 1)

; εCF*, SJL - 1, 1/2 - sλ - s2)
χ (

Ψ2

ε(F*, s1- 1, l / 2 - s 1 - s 2 )
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Γ/CF, s ι - l , s t - l ) \ _ o f κ ,n u , ( ? i U - slt s1 + s2- 1/2)

Proof. The second equation for ε = 2 is (2.11) of Lemma 2.9 of [5]. The for-

mula in the case of ε = 1 follows from the fact that the Fourier transform of

sgn

(cf. [3], Ch. Ill, 2.6).

(x2 - y2) \x2-y2 Is is - 2 ( 2 τ r ) - s - 1 c o s 2 ( τ r 5 / 2 ) s g n ( x 2 - y2) \x2-y2 \'"1

Remark. For any (s1( s2) e C , there exists a SO(2) -invariant / €

C0"(7(R) - 5(R)) satisfying Γ(l + s1/2)Φ1

2(/, s,, s2>) Φ 0, ΠSι/2)φ\{f, slt

s2) Φ 0 and Φ2

£(/, slt s2) Φ 0 for ε = 1, 2, and there exists F e C0~(F(R) -

S(R)) satisfying Γ(l + s1/2)Ψ1

2(F, slt s2) Φ 0, Γ(s1/2)Ψ1

ι(F, slt s2) Φ 0, and

Ψ2(F, slt s2) Φ 0 for ε = 1, 2.

We note x e V(R) of rank 1 can be written uniquely as x = kβ ( ) 'A; e

( p e R t , 0 < ί < π). We set

fl = {(x, y) e F(R)) I rank* = 1, ΛCr.y) Φ 0},

Γ ε(F, s) = Γ(sgn PSx, y)Ϋ I Λ(jf.») Is Pb, y)dvdθdy.

Then the integral Σε(F, s) converges absolutely for Re s > 0, and has an analy-

tic continuation to a meromorphic function on C. We note

(3.2) Σ°(F, s) = JJt2s+2Σ°(F0(*, (Q), s)d*t.

Let B+ be the connected component of the R-valued points of B, and let

db = tλ t2 dt1dt2du for b — ( x ). Then d6 gives a Haar measure on β . For
\ U ΐ2

a positive integer <5, let M be a piΓ^iδ)) invariant lattice in F(Q). We assume a

character <p is defined on M. We set

, M, ψ, sv s2) = f ξ^^ξs2 Σ φ
JB+/Γeo(δ) xeM-S

I+(J, M, φ, sl9 s2) = f tϊiSι+S2)t2

2

S2 Σ φ(x)f(p(b)x)db.

Then the integral / ( / , My φ, sv s2) converges absolutely for Re sv Re s2 > 1

and the integral /+(/, M, φ, su s2) converges absolutely in the domain
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{(s2, s2) e C2 |Re s, > 1} (cf. [9], Lemma 3). Let Mo= {x <Ξ M\x^ 0,

P2(x) = 0}. Then Mo is piΓ^iδ))-stable. We set for <p = <^υ

0(s, M, φ^ ) = 2 z, ςo, \x)

and for the trivial character

ζo(s, M ) = Σ

Let Mo be the set of primitive elements in Mo such that xλ > 0. Then

ζo(s, M, φ(1)) = 2L(s, 0P Σ

ζo(s, M) = 2ζ(s) Σ

We set

Cis,M,ψf)= Σ φ?ω\χ1r,ti(s,M)= Σ \Xl
xeΓm(δ)\M$

r
Then we can show easily that ζo(s, M, φp ) and ζo(s, M) coincide with

ζ(2s — l)/ζ(2s) up to elementary factors. In these notations, we can prove

LEMMA 13. Let M be a lattice in V(Q), and assume a character φ is defined on

M. Forf^Λ(V(R)), letf*(y) =f*(y/p).

(1) Let φ = ψ(2) with ψ2 Φ φ0 and set C(Af, φ) = υ{M)~lp^W2{φ). Then for

Re slf Re s2 > 1, one has

/ ( / , M, φ(2\ s19 s2) = /+(/ , M, φ(2\ slf s2)

+ C(M, 0 ( 2 ) )/ + (//, M*, (φφp)
i2\ slf 3/2 - S l - s2).

(2) Let φ = φa\ φp(~ 1) = ( - l ) ε and set C(M, φp) = υ(M)~Y*φp(- 1)

W2(φp). Then for Re sl9 Re s2 > 1, on^ Λαs

, Af, φf\ sl9 s2) = 7+(/, Af, 0^2), 5 l f s2)

+ C(M, φp)I+{fpi M*, 0 i υ , 5 l f 3/2 - 5 l - 52)

, 5, - 1)
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> φp)

x { # ( / * , 5t - 1 , 0 ) + Φ2

ε(/*, 5 l - 1, 0)}

4 ( 5 2 - i) δφp0)λC(M, φp)G(φp

5 2

, φp)G(φp)Usl9 φp)

x {<#(/, 5i - 1, 0) + Φί(/, * ~ 1, 0)},

where λ = λ(M), λr = λ'(M), and λ* = λ(M*).

Proof. For a lattice N in V(Q), we set R^N) = ix ^ N\xλΦ 0, P2(x)

= 0), i?2(Λ0 = {x e iV| ΛΓΣ = 0, P2(x) Φ 0), and R3(N) = {x^ N\x, = 0,

P2(x) = 0}. Then N 0 S = R^N) U i?2(Λ0 U i?3(A0 (disjoint). Let φ2 Φ φ0. If x

e ^(ΛO U i?3(Λ0 for N= M, M*, then 0 ( 2 )(x) = 0. By the Poisson summation

formula and Proposition 2, we have

Σ φ(2)ωf(p(b)x) = C(M, ψ)χ2(bV3/2{ Σ (φφpΫ
2)(y)f*(p*(b)y)).

From this we see

(3.3) /(/, M, φω, slf s2)

= I+{f, M, ψω, sv s2) + C(M, ψ)I+(f*, M*, slf 3/2 - S l - s2)

+ f f (.S*(b)-S2(.b))tϊit;ιdt1dt,du,
/-» Έ+xR+,iΛ£l

where

S2(b) = t2Sι+2X> Σ φ
xeΓm(δ)\R2(M)

S*(b) = C(M, φ)tlm-3t?2~3 Σ (φφ0y
2)(y)f*(p*(b)y/p).

Let fx(x) = 4 2 / ( χ i ^ y λy y-)e(— x2y2 — x3y3)dy2dy3 and let μ = μ(M). Then, by

the Poisson summation formula, we see

1+2s2-2,2s2-2 , / 2\
/»oo

/ S2(b)du = δ/i ^ '

x Σ ΦM'ffίί °M ""Ά
s /i_ )/ \ - l / / 2\ ̂ z ,2\ , 2 / 1 + ί 2 - 3 ,

= δipλ'μ) φ{— μjGiφ)^1 2 t
2\ ,2/1+ί2-3,2s?-3

) ^ 1 2 t2

2

https://doi.org/10.1017/S0027763000004475 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000004475


L-FUNCTIONS OF BINARY QUADRATIC FORMS 1 6 9

,2,11 0
x Σ 0(m)7i(v

{pμtλt2) m 0

In the same way, by means of (3) of Lemma 4 we obtain

r°° _

/ S2(b)du = C(M, φ)pδλ φΛ—l)φ(—μ )t1 t2
J-oo

x Σ ̂ (m^/iί °
m=~°° \\ (pμtλt2) m

with μ* = μ(M*) and ̂ *' = /Γ(M*). Hence

J (S2*(W ~ S2(b))du
φ(- μ2)(G(φ2) -p-ιψ(A)ψp(- l)W2

2(ψ))

x t?+2*-*t?-* Σ f

But we see the integral

J ίx1 2 ί a I Σ 0(m)/J JJJdt.dt
^R+χR+,M2<i \ m e Z Wipμtjj m 0 ///m e Z Wipμtjj m

does not converge. Hence we obtain

G(02) =p~ιφ(4)φp(- l)W2

2(φ)

and the last term of (3.3) vanishes. This completes the proof of (1).

Let us consider the case (2). By the Poisson summation formula, we obtain

Σ φ(

p

ι)(x)f(p(b)x) = C(M, ψp)χ2(bV3/2 Σ ψp

ι)(y)f*(p*(b)y/p).

We note φp\x) = 0 for x e R2(M) U R2{M*). Hence we have

, M, φω, slt s2) = I+(f, M, ψp

ι), slt s2)

+ C(M, φp)I+{fp, M*, φp

ι), slt 3/2 - s, - s2)

f (S*(b) + S*(b) - S.ib) - S3(b))db,
JB+/Γiδ), tχt2<lΓeaiδ), tχt2<l

where

S,(b) = tΐs^tls> Σ ψ?f(p(b)χ),
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c2 cd

ΦP)χ2(bΓd/Ίί1 2t?2 Σ ^ Φp(y)f*(p*(b)y),

for i = 1, 2. An element x ^ RX{M) can be written as

αr= /I
cd d2

with / G Q and c, d e Z, c Φ 0 such that (c, d) = 1. We see

2,2

/ l Λ , ^ n ct^cu + dt2)
ρ(b)x = \

dt2) (cu + dt2)
2

and

_ Γ .2SJL+2S2.2S2

~ J + ! 2

I I -2j-z

x Σ φ{l\χ) I ̂ ΓVl /
, , 2,2

c^2« w ί2

Γ

,S1+S2-2,2S2-1 Γ J lfl U

h h \ f\~\ 19

Here we note φp(— 1) = ( ~ l ) ε . In the same way, we can prove

fB+/Γ(δ)tt<1

S^b)db

C(M, φp)ζ0(sl9 M*, φp

ι

On the contribution of RΛM), we have
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f S3(b)db
JB+/Γ(δ) tit2<l

f
JB+/Γ0o(δ),

/i7/2

= 2 δ 0 , ( - Λ') (pλTιG(φp) f dtλdt2 t\Sι+2S2~2t
J R+χR+, /1f2<l

\Sι+2S2~2t2

2

S2'1

i, Φp)

x {Φ[(f*, Sι ~ 1, 0) + Φε

2{f*, Sl - 1, 0)}.

In the same way, we obtain

f S*(b)db
^B+/ΓJδ), t^z^l

= ~4(—— 1) δ^^φpOΪCiM, φp)G(φp)L(sl9 φp)

x {φ[{f9 sλ - 1, 0) + Φ 2 (/ , sι - 1, 0)}.

This completes the proof of Lemma 13.

We have W2 (φ) = G(φp) G(φ) G(φφp). Hence in the course of the proof we

proved the following equality, for which we have not found an elementary proof.

COROLLARY 14. Let φ be a character modulo p for an odd prime p such that

φ Φ φ0. Then one has

G(φ2) =p'ιφp{~ l)φ(4)G(ψp)G(φ)G(φφp).

From this lemma and (3.1), (3.2), we can deduce the following lemma in the

same way as in the proof of Lemma 2.4 of [5].

LEMMA 15. LetF*(x, y) = F*(x/p, y) for F e d(V(R)).

(1) If φ2 Φ φ0, and Re sl9 Re s2 > 1, then

ry / j-\ Y r (2) \ ry (2) / ηr*\ f (2) \

z ( F , L, φ , s19 s2) = Z+ ( F , L, φ , s19 s2)

C(L, φ )Z+ (JFP , L , (φφp) , slf 3/2 - Si - s2).

(2) Ifφ = φp and Re sl9 Re 52 > 1, then
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Z(F, L, ψf, sv s2) = Z?{F, L, ψp

Ώ, slf 52)

+ C(L, φp

υ)Zf(Ft*, L*, φp\ slt 3/2 - Sl ~ s2)

~ " i - ζ(2S l)(Σ ζo(su p(σ,VιL, φ?))Σ*(F, s, -
O 6 2 ί = l

25! -)

X i

]

4(s2

x \

1
- 2s2 - 1 p

IΨΪ(F*, s1

Γ(T i

IΨΐiF, 5, -

- 1, 0) 4

ΦΪ)G(ψt.

-1,0) +

- Ψ

)L(

ψ;

t(F*, s

s,ΦPK

(F*, s.

2Sι)(Σφp(
ί = l

i - 1, 0)}
V

ί = l

- 1 , 0 ) } .

By some calculations, we can prove

Σ ζo(s, p{σ,)~ιL) = 2(Σ <U*S)C
ί = l ί = l

Σ ζo(s, p(σ,ΓιL, φ(

p

v) = 2(Σ φpa*)δ,λfs)L(s, φp)ζ(2s -

1 = 1 / = 1

We set for M=L,L*

M\ = (M Θ Z 2 ) Π V19 M[ = (M Θz 2 ) n v19 M2 = M2®Z2.

Then M[, M? are p(/)-stable subset of Af. We set

ζ,(s, Ml, ψ) = Σ φ(x)μ(x) \ detx|" s

xeΓ\M'{, Xi>0 ί"/ ί=2

ζf(5, Mf, ̂ >) = Σ φ(x)μ(x) I detx|~s.

Then G(5, M, φ) = G(s, Af/, φ) + d ( s , M/; φ)t and ζ2(s, M, φ) - ζ2(s, M2\ φ).

We note d ( s , M/, )̂) = 0 if ε = — 1. The following two lemmas can be proved in

the same way as Lemma 2.5 and Lemma 2.8 of [5].

LEMMA 16. Let φ be one of the characters defined above, and let i = 1,2,

ε = 1,2. // Re sι > 1 and Re s2 > 3/2, one has

Z(F, M'if φy sl9 s2) = Zlι)(F, Mi9 φ, sl9 s2)

+ 2? (F, Mi9 φ, 1 - 5lf s1 + s2 - 1/2)
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+ 2 ( S i

1 _ υ ζ,(sa + 1 /2, Λf,'f *>) Ψ,ε(F, 0, 52 - 1)

- ^ r ζ,(s2, M,', <p)?F,ε(F, 0, s2 - 3/2) .

// Re s1 ( Re s2 > 1, one ftαs ίfee formula obtained from the above formula by replacing

F, F, su s2 on the right hand side by F, F, 1 — su s2 + s2 — 1/2 respectively.

LEMMA 17. Let F e jJ(VΌO). // Re Sj > 1, Re s2 > 3/2, one has

Z(F, Mi, ψ, sv s2) = Z™(F, Ml, ψ, sιt s2)

+ ϊi\F, Ml, φ,l- sv s, + s2 - 1 /2)

)
2"3r?(s2 + l/2, M, φ)Ψΐ(F,0,s2-l)

Si ~ 1)

2-zη{s2, M, φ)ΨΪ(F, 0, s2 - 3/2)

1/2)ΨΪ(F, 0, s
2

+ jη(s2 + 1/2, M, φ)^~ (F, 0, s2 - 1)}

1 /f??F -

\ η(s2, M, Ψ)(^ (F, 0, s2 - 3/2)

, M, φ) +\i}'(s, M, φ)

^ M, φ) - | r?'(5t M, φ)

If Re 5 l f Re 52 > 1, one has the formula obtained from the above formula replacing F,

F, sv s2 by F, F, 1 — s2, sλ + s2 — 1/2, respectively.

Proof of Proposition 7. By the lemmas proved above, we can prove Proposition

7 as in [5]. We give a sketch for it. Lemma 8 and Lemma 9 (3) imply that

(s2 — 1) (s1 + s2 — 3/2)ξi(s1, s2, L, φ) can be extended to a holomorphic func-
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tion of (slf s2) in Dλ — {(slf sx) | Re sγ > 1}. Lemma 8, Lemma 9 (1), (2), Lemma

16, and Lemma 17 imply that (s1 — 1) ζj(slf s2, L, φ) can be extended to the de-

main D2 = {(sl9 s2) I Re(5! + s2) > 3/2, Re s2 > 3/2}. Since the convex hull of

the domain Dx U D2 is the whole C2, (s1 — lΫ(s2 — ί)(s1 + s2 — 3/2)ξi(sv s2,

L, φ) can be continued to an entire function on C . The functional equations (a)

and (b) follow respectively from Lemma 15 and Lemma 16, Lemma 17. The asser-

tions (c) and (c)' follows from Lemma 15. The assertions (b), (b) (c) and (c)' imply

(d) and (d)'. Finally, (e), (e)' (f), and (f)' can be derived from Lemma 16 and Lemma

17.

Appendix

In the appendix we give the formulas of Lemma 15 in the cases of

φp (r = 0,2) and ψo

r (r — 0,1,2). Let the notation be as in Section 2 and Section

3. In the same way as in the case of Lemma 15, we can prove the following.

LEMMA 15. (3) Let L and L be as in Introduction, and set Wt(F, slf s2) =

Ψt

2(F, slt s2) for i = 1,2 and Σ(F, s) = Σ2(F, s). Let φ = φp, or 0O. // Re sly

Re sx > 1, one has

Z(Fy L, φ(

0

2\ slf s2) = Z+\F, L, ψ{2), sl9 s2)

+ v(LVlp~3{w(2,0)Zi2)(F*, L*, φp\ s19 3/2 - s, - s2)

+ w(2,2)Zl2)(F*, L*, φf, slf 3/2 - s, - s2)}

x Σ ζo(slf
ί = l

+ 4 ( A . 1 } v(LΓ1p-3w(2,0)ζ(s1)ζ(2sι)(Σ da'*1)

x {Ψ.iF, Sι - 1, 0) + Ψ2(F, Sι - 1, 0)},

ry/π f , (0) • , ( D \ rjd),^ f . (0) , ,(1) N

Z(F, L, φ0 + ψo , s1 ( s2) = Z+ (F, L, φ0 + 0O , sv s2)

+ v(LΓy3{w(0,0)Zi2)(F*, £*, φf, su 3/2 - S l - s2)

+ w(0,2)Z(

+

2)(F*, L*, φf, sv 3/2 - S l - s2)}

- ^- ζ ( 2 5 l ) ( Σ ζo(sv pWιL))Σ(F, Sι - 1)
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x (Σ ζ^piσ^L^ΣiF*, Sl - 1)

1 v

,(<! _ Λ\ v(L)~ p~ w(0,0) ζ(Si) ζ(2sι) (Σ δ,λ~Sι)

x {ΨX(F, Sι - 1 , 0 ) + Ψ2(F, Sl - 1, 0)}

1
2Si + L 2 - 1

x { ^ ( F * , S l - 1,0) + Ψ2(F*, Sl - 1,0)},

v(LΓY3{w(2,0)Z(F*, L*, φf, slt s2) + w(2,2)Z(F*, L*, φ'f slt s2)}

= v(Ly1p'3{w(2,0)Z+(F*, £*, φf, su 3/2 - S l - s2)

+ w(2,2)Z+(F*, £*, 0® su 3/2 - S l - s2)}

+ Z;2)(F,L, 0;2)

5l, 3 / 2 - 5 l - s 2 )

^ y 3 ζ o ( s 1 ( p i σ . ' ^ *
°2

1
1) (Σ δ^)

x {Ψ^F, sι -1,0) + ¥2(F, s, - 1, 0)}

v(Lylp~3{w(0,0)Z(F*, £*, < , 5 l, 52) + w(0,2)Z(F*, L*, φ™ sv s2)}

V 3 l 2 ) f , £*, < , slf s2)

)Z?\Ff, U, φf sv s2)}

f'CF, £, φT + 0j u

 S l f 3/2 - Sl - s2)

^ ζ ( 2 S l ) ( S ζo(Sl> PW'

ζ / / \ —1 i

0(slf /θ(σ,) 1

,)(E^rsi)^(^)"y3«'(00)ζ(s)ζ(2s) (Σ δλ)-'

X {fi(F, st - 1 , 0 ) + Ψ2(F, Sι - 1, 0)}

1_ D ζ(51)ζ(25l) (Σ δtf1^)

*x {r,(F*f sx - 1, 0) + ¥2(F, Sl - 1, 0)}.
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