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Let us consider motion of an infinitesimal body in the
gravitational field of two homogeneous spheroids with coincident
equatorial planes, Let mass of ‘the infinitesimal body M - a material
point - be negligible if compared with masses of the spheroids sl.

S, respectively., We will study the motion of M in the common
eﬁuatorial plane provided that the spheroids move along circular
orbits (in an inertial frame of reference) - see Kondurar’, 1952,
System of the equations of motion of M posseses Jacobi’s integral
and Hill’s generalized curves of zero relative velocity of M are
consequently desceribed by the equation

- 2.2 221 =om2 lem 1-m22a3_
B(rp) = (1 + f(afe] + a5e2))5-5] + T, " .
1

2.2 22,m2 = _m 22«3 -
C=-(+ %5('1'1 + ‘2'2))5’2 - rz- 1628, =C - B(ra) = A

where C is a "Jacobian" constant of integration, r., r, are the
dimensionless distances between M and the centers 3! :ans of the
spheroids S., S,; 1 = m, m are the dimensionless masses of the
spheroids; } 0 & are theéeir respective semimajor axes and
occontricitiis (i = 1,2).

Let r_ be given, Then solving (1) is equivalent to seeking
positive rﬁotl of the function G(x) = H(x) = A, vhere A is a constant
parameter, If A £ 0 then there does not exist any solution of the
equation G(x) = O, In the case A > O let us study the functions
¢(x), B(x) in the interval (0,»). It follows that the functions
G, H are convex in (0,o) and have there an absolute minimum at a
point x £1 (1 is the dimensionless distance of the centers of
mass of the spheroids) which is the only root of the derivative
G’(or H) = an increasing and concave function in (0O,0). If the
minimum G(x_ ) is positive, equatien G(x) = O evidently has no real
solution. PRovided that G(x ? z=Oweput r, = X, and consequently
pair T Ty (r2 vas given) Satisties Eq. (1) of the zero relative
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velocity curve, Eventually in the case G(x_ ) < O there are two
differeat positive roots ry,, T, (r11-< §°'< rla) of the equation
G(x) = 0. If moreover ‘

> > >
Pt T Eli v+l a0, T+ 120, (2)

where k equals either 1 or 2 (r_, was given), then the pair of
distances r,. and r_, (from S1 agd S, respectively) defines two
points (or 3*0 poing) on the zero r&lative velocity curve (1),

An analogical examination of the function B(x) in the interval
(040) immediately gives that B is concave in (0,0) and has there an
absolute maximum at a point x. = 1 which is the only root of the
derivative B’ (that is dncrons}ns and convex in (0,»)). The above
considerations as to the functions H, B imply that the curves of
the zero relative velocity of M are real if, and only if,

H(x_ ) £ C + B(x,). In this case the Jacobian constants C have a
lowSr bound, viz, C 2 H(xo) = B(x,) = C_, Consequently if C = C
eguation (15 posseses only one sol&tion £ =x s P, = X, Which °
defines, if moreover x_ + x, > 1, two cqnllibrgum golutlons LT’ L@
of the equations of mofion 8! M.

Let CZ2C_and x_+ x, > 1 be valid, It follovs from the
preceding stud$ of th8 tgn&txon B that the equation H(x ) = C + B(r,)
has two solutions r 1 » in the most. The pair x°, r
dcfino: actual poinGl & thg'!fro relative velocity ¢ o:iﬁ‘&ﬁsc
r £2)1«x,The pair x , r represents actual points on the
ca!‘“ itr, %251, Xy Aﬂaloi!!flly the equation H(r.) = C + B(xl)
posseses t@!‘iolutions r £y in the most., The éair P1nin?*]
characﬁorizoa actual poi&!inon ti"snrve examined when
r 2]l e xl.<Tho pair Pimax? X1 determines actual points on the
ei!‘% if Ploax - l+x,02 s P are decreasing functions of C
and ry o ) ax_8Te 1§crol!§lg 2@8&R10ns of C, all of them in <C°,a9.
Let cl'aﬁz' 1° D2 be values of C for which

’2min(°2) =l-x, ’2nax(D2) =1+x,.

(3)
Cyo Cpe Dy D, are to be determined uniquely (if x,< 1, x, < 1).
vd eafilylring

c, = BHQ = xl) - B(xl), C,
D, = B(1 + xl) - B(xl). D,

H(xo) - B(1 = xo)o

H(x,) = B(1 + x,). )

Let us first consider the zero relative velocity curves
determined by C € <C_,C.> (or C ¢ <C_,C,>). Then the properties
found as to the funcliofis H, B justif§ uf to state that the locus
of all the points least distant from the spheroid s1 (or Sz) on the
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concerned zero relative velocity curves is the minor arc LThi
(intersecting the line segment S,S_ at a point P, (or P,)) of a
circle center of which is the ee%tgi of mass of %he othgr spheroid,

As the Jacobian constant C approaches C_, the points of the determined
locus approach LE' ? (C = C_ implies tfat 1,, L, are on the locus).
As C approaches (dr c,), The points of th losus,approach the
intersection of tie locuf and the line sognqnths-sz. IgC 2 c1

(or C 2 C,) then, with respect to (3), the pointi - on the
correlponﬁing generalized Hill’s curves - which are nearest to the
spheroid S, (or 52) £111 the line segment S Pl, excluding S1 (or
SgPa, excliding S-); the finite dimensions Qf the spheroids are
ndt"considered noW. As C becomes equal to c1 (or C,) the concerned
points approach the intersection P, (or P, ) = thes® points approach
the center of mass of S, (or 82) 1} the cOnstant C becomes infinite.

If, for instance, S, approaches & sphere with a spherical
density distribution theﬁ x_ < 1 and C_, becomes infinite, If x =1
there does not exist any refl C, so thit Ponqn(Co) ® 1 - x =°0.
Instead of this wve have r 1 (c? 20 for C %< In“this _cau°the
concerned minor arc LTLé g! Bhe aircle centered at S goes through
S, (provided that S, iIs considered to be a material }oint) but S,

13 not a point of tge locus. The points of this minor arc merely
approach S, if C becomes infinite., The same considerations may be
made for tﬁe body S,. It is to be seen that the locuses found
represent a generallzation of a similar geometric property of the
Hill’s curves in the restricted three-body problem (see Matas, 1978).

Notice now the zero relative wvelocity curves defined by
C € <C_,D,> (or C € <C_o,D,>). The derived characteristics of the
funct18nsln. B imply th8t ihe locus of all the points most distant
from the spheroid S, (or S,) on the considered zero relative velocity
curves is the major arc Eé of the circle centered at the remaining
spheroid. As the Jacobian cdnstant C approaches co’ the points of
this locus aggroach L‘, 2 (C = C_ corresponds to the equilibrium
. ppr

points LT, As C M

aches D1 (or D,), the points of the locus
approach an intersection R1 (or R,) of tﬁe locus and the ray 5152

(or szsl) extended from S, (or S,J. In the case when C 2 D

(or C<2°D,) obviously (se& (3)) fhe locus of all the most distant
points - gn the given generalized Hill’s curves - from the spheroid
S, (or Sa) is a ray which: (i) is situated on the straight line 845,
(}1) has“endpoint R, (or R2) and (1ii) does not go through the
spheroids, As the chobian constant C approaches D, (or D,) points
of the reay approach R, (or R,); the points of the }ay havg unlimited
extent in the opposit& direcgion if the constant C becomes infinite.

An analytical approach gives (see the precision adopted in (1))
2.2 2.2

a,e a,e
=l-5f, n=1-45, )
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-»%+ m for e9 O, -» 0
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DISCUSSION

Garfinkel: Are the two spheroids of zero obliquity with respect to
the orbital plane?

Hori: Yes.

Garfinkel: Can the restriction that the spheroids are of constant
density be removed by introducing the moments of interia in the
place of a;s 3, €, ez?

Hori: Very likely.
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