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Let us consider motion of an infinitesimal body in the gravitational field of two homogeneous spheroids with coinoident equatorial planes* Let mass of the infinitesimal body M - a material point - be negligible if compared with masses of the spheroids S.f 
Sp respectively* Ve will study the motion of M in the common equatorial plane provided that the spheroids move along circular orbits (in an inertial frame of reference) - see Kondurar', 1952* System of the equations of motion of M posseses Jacobi's integral and Hill's generalised curves of zero relative velocity of M are consequently described by the equation 
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where C is a "Jaeobian" constant of integration* r.» r 2 are the dimensionless distances between M and the centers of mass of the 
spheroids S.t S2; 1 - m9 m are the dimensionless masses of the spheroids; a*, e. are their respective seaimajor axes and 
eccentricities (I = lf2)# 

Let r2 be given* Then solving (1) is equivalent to seeking positive r^ots of the function G(x) = H(x) - Af where A is a constant parameter* If A £ 0 then there does not exist any solution of the equation G(x) = 0. In the case A > 0 let us study the functions G(x)f H(x) in the interval (09«>)« It follows that the functions G9 H are convex in (09oo) and have there an absolute minimum at a point x £ 1 (1 is the dimensionless distance of the centers of mass of the spheroids) which is the only root of the derivative G'Cor H) - an increasing and concave function in (0foo)« If the minimum G ( x ) is positive9 equation G(x) = 0 evidently has no real solution• Provided that 8(x ) * 0 we put r. s x and consequently pair r19 r 2 (r2 was given) satisfies Eq« (I) of the zero relative 
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velocity curve* Eventually in the ease G(x ) < 0 there are two different positive roots r11f r,of (r,- < x < r n o) of the equation G(x) = 0. If moreover " 12 11 © 12 
rlk + p2 * *• plk + * ■ V p2 + * * rlk' (2) 

where k equals either 1 or 2 (r~ vas given), then the pair of distances r.. and r« (from S- and S~ respectively) defines two points (or one point) on the zero relative velocity curve (1), 
An analogical examination of the function B(x) in the interval (0,oo) immediately gives that B is concave in (0too) and has there an absolute maximum at a point x« £ 1 which is the only root of the derivative B'(that is decreasing and convex in (0 ,«>))• The above considerations as to the functions H, B imply that the curves of the zero relative velocity of M are real if, and only if, H(x ) £ C + B(x1)« In this case the Jacobian constants C have a lower bound, viz• C = H(x ) - B(x.) = C • Consequently if C s C equation (1; posseses only one solution r, = x , r 2 s x. which defines, if moreover x + x~ > 1, two equilibrium solutions L-, Ll of the equations of moxion of H. 
Let C = C and x ♦ x. > 1 ba valid. It follows from the preceding study of the function B that the equation Hlx ) = C + BCr?) 

has two solutions rpmin *2max *n *he B01*# Tl16 P a i r *«• r2min defines actual points on the zero relative velocity curve ilPclse 
r0m4v. s i - x ♦ The pair x , r0mmv represents actual points on the ettfff if r~ ° = 1 + x . ASaloifStlly the equation H(r,) = C + B(x.) posseses twonlolutions r. . § r. in the most* The pair JSm4ni*i characterizes actual points on tne"urve examined when r^. « 1 « x.» The pair *lmax* *n determines actual points on the curve if r. s 1 + x 1 # * l m i nt 'omin ̂  decreasing functions of C and rlmaxf 2max *** increasing fractions of C, all of them in <C ,<»)• Let Cj, ™ g f Dyf Dp be values of C for which 
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C. ( C9t l>i» D 9 are to be determined uniquely (if x. < 1, x < 1). VS ea§ilyxfin« l ° 
Cx = H(l - x x) - B(x1), C 2 = H(xQ) - B(l - x 0 ) , 
Dx = H(l + x%) - BCxj), D 2 = H(xQ) - B(l + xo>. (4) 

Let us first oensider the xero relative velocity curves determined by C < <C tC,> (or C & <C »C 2». Then the properties found as to the functions H, B justify ut to state that the locus of all the points least distant from the spheroid S. (or S^) on the 

https://doi.org/10.1017/S0074180900012456 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900012456


A NOTE AS TO A PERTURBATION OF HILL'S CURVES 35 

concerned zero relative velocity curves is the minor arc LJLl 
(intersecting the line segment S%S^ at a point P, (or Pp)) of a 
circle center of which is the center of mass of the other spheroid* 
As the Jacobian constant C approaches C , the points of the determined 
locus approach L 9 L" (C r C implies tfiat L-, L' are on the locus). 
As C approaches c, (or C p ) f the points of the locus approach the 
intersection of tie locus and the line segment SjSp* If C 5 C-
(or C 5 C-) then* with respect to (3)# the points - on the 
corresponding generalized Hill's curves - which are nearest to the 

5 S. (or 
Ids are 
concerned 

the center of mass of S. (or Sp) if the constant C becomes infinite* 

Iff for instance9 Sp approaches a sphere with a spherical 
density distribution then x « * 1 and Cp becomes infinite* If x = 1 
there does not exist any real C2 so that rpmin^C2^ * 1 ~ xo 0 # 

Instead of this we have r^j (C7 •* 0 for C Vco# In this case the 
concerned minor arc I%,Li of the circle centered at S. goes through 
Sp (provided that S^ Is considered to be a material point) but S2 
is not a point of tne locus* The points of this minor arc merely 
approach S 2 if C becomes infinite* The same considerations may be 
made for tne body S-* It is to be seen that the locuses found 
represent a generalization of a similar geometric property of the 
Hill's curves in the restricted three-body problem (see Matasf 1978)* 

Notice now the zero relative velocity curves defined by 
C € <C ,Dj> (or C e <C fDp>)* The derived characteristics of the 
functions Hf B imply that the locus of all the points most distant 
from the spheroid S. (or Sp) on the eonsidered zero relative velocity 
curves is the major arc Î fji of the circle centered at the remaining 
spheroid* As the Jacobian constant C approaches C , the points of 
this locus approach L.t Ll (C = C corresponds to the equilibrium 
points LT, LI). As C Approaches D? (or Dp), the points of the locus 
approach an intersection R- (or R2) of tne locus and the ray S.Sp 
(or SpSj) extended from S. (or Sp7* In the case when C £ D. 
(or C 3 Dp) obviously (see (3)) ?he locus of all the most distant 
points - on the given generalized Hill's curves - from the spheroid 
S- (or Sp) is a ray which: (i) is situated on the straight line S.Sp, 
(li) has endpoint R. (or Rp) and (iii) does not go through the 
spheroids* As the Jacobian constant C approaches D- (or Dp) points 
of the ray approach R. (or Rp); the points of the ray have unlimited 
extent in the opposite direction if the constant C becomes infinite* 

An analytical approach gives (see the precision adopted in (1)) 

2 2 2 2 
a?e2 al*l 
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(6) 

D 2 -^ J + a for e l f o2 -* 0 . 
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DISCUSSION 

Garfinkel: Are the two spheroids of zero obliquity with respect to 
the orbital plane? 

Hori: Yes. 
Garfinkel: Can the restriction that the spheroids are of constant 

density be removed by introducing the moments of interia in the 
place of a±9 a2, e ^ e2? 

Hori: Very likely. 
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