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INDEX THEORY FOR PERTURBATIONS OF DIRECT 
SUMS OF NORMAL OPERATORS AND WEIGHTED 

SHIFTS 

I. D. BERG 

In this paper we consider the construction of a norm-continuous index theory 
for uni tary equivalence up to commuta t ive normali ty of operators on a separ
able Jli lhert space, and establish some essentially best possible results in this 
direction for operators which can be wri t ten as direct sums of weighted shifts 
and normal operators. Indeed, for such operators we establish both a norm-
continuous analogue and a norm-continuous extension of the elegant results 
of L. Brown, R. Douglas and P. Fillmore [4]. 

Our key result (Theorem 3) is tha t for an operator T which is a direct sum 
of a weighted shift and a normal operator and which T has no X in its spectrum 
such that T — A is of a well-defined Fredholm index other than 0 (UT has only 
zero indices", for shor t ) , the operator norm of the self-commutator provides 
a norm est imate of the distance from T to the closed set of normal operators . 
T h a t is, for e > 0 there exists b > 0 such tha t if T is as described above and 
if \\T*T — TT*\\ < Ô then there is a normal operator N such t h a t \\rf — N\\ 
< e. 

If, in addit ion, the self-commutator T*T — TT* is compact then T — N is a 
compact operator still satisfying jjY1 — N\\ < e. 

Once we have these results we can then establish in Theorem f> analogous 
results yielding appropr ia te equivalence between any two operators which are 
direct sums of normal operators and weighted shifts and which have the same 
Fredholm indices everywhere. 

Let us describe the problem and its origin. 
In 12] we showed tha t a normal operator on a separable 1 Iilbert space could 

be wri t ten as the direct sum of an arbi trar i ly small compact operator and a 
diagonal operator. 

From this it follows (see P. l l a lmos [6]) t ha t if AT and AT are normal 
operators then for e > 0 there exist compact operators AT and A 2 each of 
norm less than e and a uni tary V such t ha t AT + K\ and F (AT + A 2 ) F _ 1 

commute . If, in addit ion, N\ and N» have the same essential spectrum then 
we can make the normal operator (AT + K\) — V(N2 + AT) V~l compact . 
If AT and AT have only essential spectrum then we can have Â  + AT = 
F(AT + AT)F-T 

This immediately opens two lines of investigation. 
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If we consider operators with compact self-commutators wha t are the 
appropriate uni tary equivalence classes? If we ask for uni tary equivalence 
modulo the ideal of compact operators then the result of Brown, Douglas and 
Fillmore, preceded by the impor tant special case due to Deddens and Stampfli 
[4], provides an answer. Indeed, Brown, Douglas and Fillmore showed tha t the 
essential spectrum and the Fredholm indices of the points in the spectrum 
provide a complete set of uni tary invariants for equivalence modulo compact 
operators. We will refer to this paper and result as BDF. 

The second line of investigation and its coalescence with the first line is 
our principal concern in this paper. 

T h a t is, if we consider operators with self-commutators of small norm, then 
for what appropriate equivalences can we hope? I t is clear t ha t we must look 
for uni tary equivalence modulo a commuting normal operator under a pertur
bation of small norm. We should not look for as neat an algebraic formulation 
as t ha t of BDF. After all, the normal operators are not even a linear space. 
Conditions on the essential spectrum, as such, are useless because the essential 
spectrum is very unstable under per turbat ions of small norm, and the reader 
will convince himself tha t the requirement tha t the self-commutator be small 
in norm adds no stability. However, the Fredholm indices of the operator do 
supply some stability under perturbat ions of small norm. 

Jus t as in considering only compactness of per turbat ion as in BDF here 
also we should postulate tha t the operators in question have the same Fredholm 
indices. For, just as the Fredholm indices are invariant under compact pertur
bations so also are they invariant under perturbat ions of small norm, where, 
moreover, the bound on such per turbat ions does not depend on the norm of the 
self-commutator. (A weighted shift with weights gently varying from 1 a t — co 
to 0 a t oo and hence of non-zero index under any perturbat ion of norm less 
than J despite the small compact self-commutator provides a useful example 
here.) 

We present the following conjectures as natural . We first give our conjecture 
in the case of only zero indices because of its immediate appeal. The general 
index case may not look as accessible. Since it is a conjecture, there seems no 
point in inventing special awkward definitions to obtain a neat s ta tement . 

C O N J E C T U R E (zero-index case). Let e > 0 be given. Then there exists 5 > 0 
such that if T is of norm at most 1 and satisfies: 

1) \\T*T - TT*\\ < Ô, 
2) Index T — X = 0 for all Xfor which T — X has a well defined index, then 

there exists a normal operator N such that \\T — N\\ < e. 
If, in addition, T*T — TT* is compact, then we can have T — N compact and 

\\T-N\\<e. 

Our conjecture in the case of non-zero indices is not as natural because it is 
not sharp. 
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C O N J E C T U R E (general case). Let e > 0 be given. Then there exists b > 0 such 

that if T\ and T2 are of norm at most 1 and 

1) | | 7 \ 7 Y - 7 \ 7 \ * | | <ô fori =1,2, 
2) Index 1\ — X = Index T2 — X for all X for which these indices are well-

defined, then there exist unitary U and perturbations Qi, Q2 and Qz such that 
N = ( 7 \ + Qi) — U(T2 — Q2)U~l + Q% is normal, T\ + Qi commutes with 
t / ( r 2 + Q2)E/ - 1 , a»d | |Q i | | < e. 

If, in addition, Ti*Ti — TiTi* and T2*T2 — T2T2* are compact then Qi, Q2 

and Qz may be chosen compact. 
If we require the essential spectrum of 7 \ to be that of T2 then N can be taken 

compact as well as normal. 

The obvious imperfection in the form of the conjecture lies in the lack of 
conclusions about the norm of N, bu t our hypotheses, even augmented with 
spectral conditions, do not allow such conclusions. 

We deal here with those operators which are direct sums of weighted shifts 
and normal operators. The equivalences which ŵ e actually establish in § 2 
provide more information than the conjecture requests in the general index 
case. However since we cannot establish the conjecture as it s tands, it seems 
pointless to sharpen it so as to include the best results we have. W e also 
establish an extension of the conjecture appropr ia te to the case of a unilateral 
shift as a direct summand, in which case the hypothesis of self-commutator of 
small norm is not reasonable. 

We produced in [3] and describe here in our Theorem 1 a result establishing 
our conjecture for weighted shifts with only zero indices. W e address ourselves 
in this paper to direct sums of general weighted shifts with normal operators . 

In general we do not have the best possible numerical bounds on the per
turbat ions required. In the case, however, where our bilateral shift has con
s t an t weights on two successive levels we indicate in Observat ion 4 t h a t our 
results are numerically best possible. 

We point out t ha t the addit ion of the normal direct summands in the hypoth
eses of our theorems is essential to our results. Indeed, the addit ion of normal 
operators may wipe out the distinct Fredholm indices which make two opera
tors fail to fit the hypotheses of our theorem. For example, if 5 is a weighted 
shift of small self-commutator with weights tapering from 1 a t — GO to 0 a t oo , 
say, and N is a normal operator whose spectrum includes the spect rum of 5 
then N © S never has a well defined index other than 0 and so is close in 
norm to a normal operator even though the indices of S prevent 5 itself from 
ever being closer than \ to a normal operator. 

We have mentioned the impor tan t work of Brown, Douglas and Fillmore. 
Our approach, however, is more in the spirit of Deddens and Stampfli [5] and 
some earlier work of C. Pearcy and N. Salinas [7]. W e mus t also ment ion work 
of Bast ian and Harrison [1] and Stampfli [8] on subnormal weighted shifts and 
recent work of P. I la lmos [6] in this general area. Lemma 1, in part icular , owes 
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a debt to Bastian and Harrison [1]. We acknowledge with pleasure valuable 
conversations with L. Brown and P. Fillmore. 

1. N o t a t i o n and pre l iminary resu l t s . In this article we introduce our 
notation, which is ra ther s tandard, the useful technical device of "gradual 
exchange" to which we direct the reader 's a t tent ion and our already described 
Theorem 1. 

We assume all operators are defined on l2. If we write T\ = T2 © 7^ we 
will simply be identifying l2 © h with l2 and say no more about it. If we have 
an operator T defined on l2 and we want to add an operator S so as to have 
T ® S wi thout redefining the space we will simply move T onto a subspace. 

We will denote uni tary equivalence by o^. 
We will denote the canonical basis for l2 under the unilateral shift 5 i as 

0o, 0i, • • • • T h a t is, 5 i ( 0 j = <j>i+1îori ^ 0. 
We will denote the basis for the bilateral shift, 5i , i , as . . . , 0_i, 0O, <t>u • • • • 

T h a t is 5 i , i (0 z ) = (t>i+i for i > — GO. 
When we say tha t the weighted shift S has weight an at the nth place we 

mean S(cj)n) = an </>„+i. 
If i(j) is an increasing subsequence we will call lim7- a7(j), if it exists, a 

weight of S at co and define a weight a t - c o similarly. In general, the weights 
a t ± 0 0 are not unique, even if S*S — SS* is compact. (Because the shift with 
weights {ai} is unitarily equivalent to the shift with weights {\at\ ) we will often 
casually assume we are dealing with positive weights without making it 
explicit.) 

We will use the same notation when wre have a shift operating on a direct 
summand of l2. 

If 5 is a weighted shift the self-commutator of 5 has operator norm 
\\SS* - S*S\\ = sup IK-I2 - | a i + i | 2 | . We find 

sup I \\S(x)\\ - | | 5* (x ) | | I - sup ||a*| - | a i + 1 | | 
11x11 = 1 ' ' 

more convenient to our needs. If 115|| ^ 1 it is clear tha t these are equivalent 
as far as approach to 0 is concerned. 

We will say tha t an operator T has only zero indices if for each complex X 
either T — X has Fredholm index 0, tha t is, deficiency T — X = nullity T — X, 
or T — X has no well-defined Fredholm index. A normal operator is an example 
of an operator with only zero indices. 

When we refer to two operators 1\ and T2 as having the same indices 
"everywhere" wre mean tha t if X is complex then 7 \ — X and T2 — X have the 
same index. 

We now describe a useful procedure which we will refer to as the procedure 
o f " g r a d u a l exchange". 

Let us suppose we have an operator T which on some large finite set of basis 
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vectors is the direct sum of two shifts. T h a t is, for some set of basis vectors 

T(4>i) = <£*+!, i = 0, . . . , n 

T(\pi) = \l/i+1, i = 0, . . . , n. 

We would like to find K, a compact per turbat ion of small norm, such t ha t 
T = T + K satisfies: 

T = 7̂  on the space orthogonal to the span of </>0, . . . , <j>ni \po, . . . , i/v 

T h a t is, we will exchange the <£0 orbit for the ^o orbit. Now if wre took the 
bull by the horns and simply defined T(4>o) = \p\ and T(\l/o) = </>i and let 
T = T elsewhere we would have our desired exchange, bu t \\T — T\\ = 1 and 
so we would have a large per turbat ion. However, we may accomplish the 
exchange gradually over a large subspace by shifting through a sequence of 
basis vectors of the form a^i + b^i in which the \f/t components gradually 
become predominant and a corresponding orthogonal sequence in which the cj)t 

components gradually predominate . 
For the sake of formal propriety we give a lemma embodying this idea, bu t 

the reader is requested to consider the technique, not the s t a t ement of the 
lemma, as the object of contemplat ion. In part icular , it is the fact t h a t agree
ment on a long stretch of indices allows exchange with a small compact per
turbat ion t ha t is of interest, not our es t imate on the length required. 

L E M M A (gradual exchange lemma) . Let H have the basis {<£.,} \J {\pj}, 
— GO < j < oo . Let T of norm 1 be the direct sum of two bilateral shifts defined by 

Let e > 0 be given. Lei n ^ 30/e be an integer. Suppose that, after an appropriate 
re-indexing, we have 

\at — bj\ < e/3 for i,j = 0, 1, . . . , n. 

(That is, our two shifts have almost the same constant weight on a stretch of n 
indices.) Then there exists a 2n dimensional operator K such that T — T + K 
satisfies 

1. \\K\\ < e, 
2. T is the direct sum of two bilateral shifts, 
3. f ( 0 f ) = Tfri) f o r i ^ l , . . . , n , 

TU,*) = Ttyt) fori ^ 1, . . . ,n, 
Tn(f>o = Aii/^+i, and Tn\p$ = X2^+i, for some scalar s Ai, A2. 

That is, for i ^ 0, T exchanges the orbit of <$>i with that of \pt after n — i repetitions. 
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Proof. We first set both the at and the bt with indices between 0 and n equal 
to au thereby incurring a 2n dimensional per turbat ion of norm a t most 2e /3 . 
Because \ai\ ^ 1 we will not decrease the perturbat ion by assuming ci\ — 1, and 
therefore all weights in the stretch a t issue are 1. 

We let ocj = cosjw/2n and let ^ = s'mjir/2n for 0 ^ j S n. We now define 

£j = ai<l>j + Prfj 

Vj = i-Wj + ctj^e**'». 

The idea here is tha t {£;} slowly tapers from 0O to \pn and {rjj} tapers from \po to 
<t>n. I t is clear t ha t £0, • • • , £«, ?7o, . . • , Vn is an orthonormal basis for the span of 
0o, . . . , cj>n, ^o, • • • j ^n-

We now define J" by 

f (£,) = £,+1 for 0 g j < w, 

? X ^ ) = ?7m for 0 ^ j < w, 

T = T, elsewhere. 

I t is clear t ha t 

Wnv,) - T(Vj)\\ = \(^pJ4>J+1 + a^J+1)e^n 

- ( - / 3 i + i * , H +aJ+14,j+1)e«+»*t'n\ 

approaches 0 as n —» oo . 
Similarly, 

lim | | ra,)- ffe)ll = 0. 

Finally we note t ha t 

\\T - T|| £ max | r ( „ ) - f ( „ ) | + \T%) - T(£,)\ 

and so l i m ^ ^ \\T — T\\ = 0. Further , a crude est imate yields ||2" — T\\ ^ 
dir/2n < 10/n ^ e/3. This completes the proof of the exchange lemma. 

An elaboration of the exchange lemma, with computat ions, is given in [3]. 
By exploiting the technique of gradual exchange we have the following 

theorem, which is a conflation of our Theorem 2 and 3 of [3]. 

T H E O R E M 1. Let {</>z-}, — GO < i < oo, be a basis for H. Let {a*} be a set of 

complex scalar s such that sup , \at\ = 1. Let S be a weighted bilateral right shift 
with weights a t defined by 

S(<t>i) = a^i+u 
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Suppose {df} satisfies the following two conditions: 

Condition 1. lim inf |a*| ^ lim sup \at\, 
i-^—co i->co 

lim inf \at\ ^ lim sup \at\. 
M œ Z->—CO 

Condition 2. sup 11<rx̂ | — |fti+i|| < 77 where rj < 1/256. Then there exists a 

normal operator N such that \\N — S\\ < lOOVV-
Letj in addition to the preceding hypotheses, {af} satisfy: 

Condition^, lim \at\ — \ai+\\ = 0, 
I ils>co 

that is, S*S — SS* is compact. Then there exists a normal operator N such that 

N - S is compact and \\N - S\\ < IOOAA". 

Gloss on Theorem 1. Because Theorem 1 is proved in [3] we shall not repeat 
the proof. However, a hint a t the construction, using as it does the idea of 
gradual exchange, may be in order. First let us note t ha t Condit ion 1 is actual ly 
the condition t h a t 5 has no non-zero Fredholm indices. T h a t is, for all complex 
X either S — X is of index 0 or else is not semi-Fredholm. Condit ion 2 is the 
condition tha t the self-commutator of S is small. Condition 3 causes 5 to meet 
the hypotheses of BDT. 

Now for the sketch of the proof assuming Condit ions 1 and 2. We are con
fronted in Theorem 1 by a gently varying weighted shift, all of whose weights 
we can assume to be positive, and with these weights occasionally get t ing close 
to a given weight p a t both oo and — GO . T h a t is, p is a weight of 5 a t both - c o 
and oo . By our procedure of gradual exchange we exchange the initial segment 
of a h u m p in the weights with a terminal segment and pinch off a section with 
almost constant weights to leave a direct summand which is a scalar mult iple 
of a uni ta ry operator and leave the shift with one h u m p slightly flattened. We 
continue until wTe have a constant shift of modulus p and hence a direct sum of 
normal operators. If Condition 3 holds, then the exchange can be made more 
gradual towards — oo and GO thus allowing the per turbat ions to be made com
pact . This completes our outline of the proof of Theorem 1. 

2. T h e zero - index case . In this article we show t h a t the direct sum of any 
weighted bilateral shift and a normal operator with a small self-commutator is 
almost normal provided t h a t this direct sum has no non-zero index. 

T H E O R E M 2. Let N be a normal operator whose spectrum includes the a, (3 
annulas (the annulus centered at the origin of inner radius a and outer radius fi). 
Let a ^ pi S j3 and a S p2 ^ fi be given. Let e > 0 be given. Then there exists S, 
a bilateral shift with weight pi at —GO and weight p2 at oo } and K, a compact 
operator satisfying \\K\\ < e, such that 

N + K ~N 0 S. 
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Proof. We can assume, without loss of generality, t ha t the spectrum of N 
is the a, fi annulus and we can assume tha t pi = a and p2 = 0. If we let {7*} be 
a dense sequence in the interval [a, /3] and if we denote by S7i the bilateral shift 
of constant weight yt we see tha t T = J^ © S7i has the a, (3 annulus as spec
t rum. In like manner T © T © T © . . . has the same a, /3 annulus as spectrum 
and so, because we are only dealing with uni tary equivalence up to a small 
compact operator, we can assume tha t N=T®T®T®... . 

We now choose a finite set of weights a = 71 < 72 < . . . < yn = /3 such tha t 
\yi+i — yt\ < e/2. We can now use our gradual exchange procedure to exchange 
S7 with S7o incurring a finite dimensional per turbat ion of norm less than e. 
(We pick up e/2 of this bound because of the difference in weights of S7l and 
S7o; we pick up the remaining e/2 to allow for the exchange procedure itself.) 
We then exchange 5To with S7d on a set of basis vectors of high enough index 
tha t the S7i exchange with S7o was already complete by these indices, once 
again incurring a finite dimensional per turbat ion of norm bounded by e in a 
space orthogonal to t ha t affected by our first per turbat ion. Continue in this 
manner up to S7n. We have now, a t the expense of a compact per turbat ion K 
such t h a t | | i£| | < e, wri t ten T + K = Si © Q where Si is a shift with weight 
a a t -co and weight f3 a t 00 and Q is the remaining direct summand. 

The following sketch for the case n — 5 may be of value. 

x 
2: 

+ Sy 

+ Sy< 

+ Sy 

+ s72 

+ Sy 

The heavy line represents Si. 
We observe from the preceding construction tha t for any e' > 0 there exists 

8 such tha t if the weights of S* are monotonely increasing in a finite number of 
steps from a a t —00 to (3 a t 00 and the difference between successive weights is 
bounded by 8, then we have 

T + Kt ~ S , ®Qt where I I ^H < e'. 

We now construct a sequence of such decompositions T + Kn c^ Sn © Qn 

satisfying 

Dllx.l l-0, 
2) | | £ n | | < e , 
3) | | 5 , - 5 ^ i | | - ^ 0 . 
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W e achieve this construction by s tar t ing with Si such t h a t T + Ki ~ S\ ® 
Qi where | | i£i | | < ei = e, and suppose successive weights of Si differ by a t 
most some rji. In successive copies of T we s tretch out the graph of Si by one 
index a t a time, incurring an error ||SZ- — S z + i | | ^ 771. We still have \\Ki\\ < ei. 
After the graph is sufficiently stretched, a t stage Sm, say, we may make a 
finite per turbat ion bounded by 171/2 to obtain Sw+i with successive weights 
differing by a t most 771/2. Continuing this process we see t ha t \\Ki\\ —> 0 and 
\\Si — Sz-+i|| —> 0 as desired. 

Now we assemble the pieces and complete our proof. Because \\Kn\\ —*n 0 we 
see tha t K = J^n © Kn is a compact operator such t h a t | \K\ \ < e. Now we write 

N + K~ £ © Sn® Qn^Si® £ © (S„+10 Qn). 

But recalling t ha t ]T © (Sn+i — Sn) is compact and of norm less than e we see 
t ha t there exists compact K' such t h a t H^'H < 2e and such t h a t 

N + K' ~ Si ® E © Sn © Qn. 

Hence Kr + K is compact and \\K' + K\\ < 3e and furthermore 

N + K' + K ~ Si © N. 

This completes the proof of Theorem 2. 

We will s ta te here, wi thout proof, a lemma of ours which figured in an 
earlier version of Theorem 2 and which we consider interesting. T h e reader will 
notice t ha t this lemma produces a set of S* which could replace the Sz- of our 
proof. I t is this Lemma 1 whose proof uses an idea similar to one of Bast ian 
and Harrison [1], which allows a proof of Theorem 3 somewhat in the spirit of 
Decldens, Stampfli [5] and which itself jibes with Stampfli [8]. 

LEMMA 1. Let z(a, /3) denote multiplication by z on L2 of the annidus of inner 
radius a ^ 0 and outer radius /3. Then there exist subspacesJtif\,J?f\, . . . such that 
z(a, 13) takes J^i into Jf\ as a bilateral weighted shift, St, with weights running 
from a at — 00 to fi at 00 and satisfying 

1) | | S , - S m | | - > 0 , 
2) | |S ,S,* — S Ï * S Î | | —> 0, (SiS* — S*Si is necessarily compact.) 

3 ) S t ( ô 0 ) - > ((a + /3)/2)Ô!. 
That is, there is a sequence of subnormal St with the desired properties. 

T H E O R E M 3. Let N be a normal operator whose spectrum includes the a, /3 
annulus (the annulus centered at the origin of inner radius a and outer radius j3). 
Let S be the bilateral shift given by S(</>0 = arfi+i and satisfying: 

1) sup \a{\ ^ 1, 
2) sup ||a*|| — |a*+i | | < 77, for some 77 < 1/256, 
3) S has a weight at —00 in the a, fi annulus and a weight at co in the a, ft 

annulus. 
Then there exists a normal operator N such that \\N ® S — N\\ < 200\/77-
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/ / we have the additional hypothesis 

4) lim \a,i\ — \ai+i\ = 0 
I l|->oo 

(that is, S has a compact self-commutator), then we get the additional conclusion, 
A7 © S - N is compact. 

Finally, if for all cif we have a ^ \at\ ^ /3, then we may choose N so that 
N <^N. 

Proof. We may assume at ^ 0 because these weights could be realized by 
a unitary transformation on S. Choose 71 and 72 to be weights of 5 at —00 and 
+ 00 respectively. 

Now, for e > 0 we can, by virtue of Theorem 2, produce a compact operator 
such that ||i£|| < e and a bilateral shift T with weight 71 at +00 and weight 
72 at —00 such that 

N ~ (N © T) + K. 

We now perform a gradual exchange of S and T incurring a compact per
turbation K\ such that ||i£i|| < lOOVV (The y/r) factor results from choosing 
a block of about 1/v7? in the exchange itself. Over a block of length 1/\A? 
the weights may vary by \/rj, requiring a similar perturbation.) 

We now have S © T -\- K\ o^ Si ® S2 where Si and S2 are bilateral shifts 
with slowly varying weights and with no non-zero Fredholm indices. That is, 
if we denote the weights of Si by an we have 

lim sup ati ^ lim inf an 
Z->—00 2->oo 

lim sup a4i = n m inf an 
î - > c o î*->—00 

and similarly for S2. 
Hence Si and S2 satisfy the hypotheses of our Theorem 1, and so there exist 

normal N1 and N2 such that ||Si - A7i|| < 100\/ij"and ||S2 - N2\\ < 100W. 
Summarizing we have 

TV e s ~ N © T © s + K ~ N © sx © s2 + i£2 ~ N © Ni © N2 

+ K2 + Q 
where i£2 is compact,J|2£2|| < 100\A? and Ç = (Si - NJ © (S2 - N2) 
satisfies ||Q|| < IOOW Thus, N © Ni © N2 is our desired operator A7. This 
completes our proof of Theorem 3 assuming only hypothesis 1, 2, and 3. 

If we have hypothesis 4, then Si and S2 have compact self-commutators and 
our Theorem 1 yields the compactness of Q. 

Finally, if a S \a%\ ^ (3 for all au then the normal operators Nx and N2 each 
have spectrum in the a, (3 annulus and so Ni © N2 © N ^ N + K for an 
arbitrarily small compact K, which is then absorbed in the original error 
estimate. 

This completes the proof of Theorem 3. 
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For those readers t rying to reconcile our result with BDF where Hypothesis 4 
yields the existence of a compact K such t ha t (N © 5 ) + K c^ N wi thout 
requiring all the coefficients of S to fall in the annulus, we point out t h a t if 
hypothesis 4 holds then Ni and N2 themselves each differ from a normal 
operator all of whose spectrum lies in the a, /3 annulus by a compact normal 
operator. By incorporating these compact normal operators , over whose 
norms we have no control, into our compact K we would obtain uni ta ry 
equivalence with N bu t a t the expense of our norm est imates. 

Hypothesis 3 guaranteed the non-existence of any non-zero indices of N © S. 
I t appeared overt ly in allowing the exchange with the shift T so as to produce 
a new shift with no non-zero indices and so, by Theorem 1, close to normal. 

If S has a long succession of weights au Ni fg i rg N2, with moduli between 
a and f3 such t ha t \\a t\ — \(ii+i\\ < rji for some rji much smaller than 77 (recall
ing 7] > sup \\(ii\ — \ai+i\\) then the error caused by exchange as opposed to 
the error involved in applying Theorem 2, can be accordingly reduced. As an 
extreme case of special interest we have the following si tuation in which, con
t rary to the usual s ta te of affairs, our numerical est imate itself is best possible. 

Observation 4. Let S be a bilateral shift with constant positive weights a, 
say, up to the 0O coordinate and constant positive weights (3 af terwards and N 
be a normal operator whose spectrum includes the a, f3 annulus. Then for any 
e > 0 we can find a compact K such t ha t 

N + K c^N ® S and \\K\\ < \(a - 0 ) / 2 | + e. 

We a t ta in this es t imate on K by reducing the exchange error to less than e, 
but it is not hard to see t ha t a compact K such t ha t N + K o^ N © S mus t 
satisfy | | i£| | > \(a — @)/2\ and so our result is best possible. 

Indeed, sett ing | | i£| | = | (a — /5)/2| and satisfying the necessary condition 
for normal i ty 

\\(N © S + K)<t>t\\ = \\(N © S + K)*4>i\\ 

will produce a K such t ha t ||i£(</>7-)|| = \(a — (3)/2\ for each 0* and so non-
compact . 

3. N o n - z e r o index e q u i v a l e n c e s . In this article we establish the promised 
equivalences of operators with the same Fredholm indices. T h e reader will 
notice a plethora of normal operators, compact and otherwise, as direct sum-
mands in our conclusions. T h e problem is essentially t ha t a weighted shift with 
spectrum 0 and an arbi trar i ly small self-commutator may have as its best 
normal approximant a normal operator of norm, and hence of spectral radius, 1. 
A glance back a t our Theorem 1 will remind the reader of the provenance of 
these normal operators. As long as we insist on keeping est imates on our norms 
we cannot avoid these summands . 

T H E O R E M 5. Let Si and S2 be bilateral shifts of norm at most 1 with weights 
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{at} and {b{} respectively. Suppose 

sup \\ai\ — \ai+i\\ < 7] < 1/512, 
sup \\bi\ - \bi+1\\ < v < 1/512. 

Let aœ and a_œ {not necessarily unique) be weights of Si at GO and - c o respec
tively and let bœ and £>_œ be similar weights for S2. 

Let Ni be a normal operator whose spectrum includes the «_œ, b-œ annulas and 
the aœ, bœ annulus. Let N2 be normal {or absent). Then there exists a normal 
operator N2, a unitary operator U and error operators Qi and Q3 such that 

\\Qi\\ < 3 0 0 \ / ^ , U{S1 0 TVi + Qi)U~l - (S2 0 N2) = N, + Qz, 

and S2 © N2 commutes with U{S1 © iVi + Ci) U~\ 
If, in addition, Si and S2 have compact self-commutators then we may take Qi 

and Qz compact with the same norm bound. 
Finally, if all the at and bt lie on one annulus in the spectrum of N\ and N2 o^ 

Ni, then we can achieve 

N © Si + Qi ~ N2 © S2. 

Proof. We first invoke Theorem 2 to write Ni © Si as Ni © Si © Si where 
Si is a bilateral shift with weights running from b-œ a t — oo to a^m a t co and 
as small a compact self-commutator as desired. We then exchange Si with Si 
on some stretch of weights on which Si is close to S\ and obtain 

Ni © Si ~ Ni © S3 © S4 + Ri 

where S3 is a bilateral shift with weights running from b_œ to aœ, S4 has weights 
running from (i-œ to a--m and | | ^ i | | < lOOv^- Moreover S3 and S4 have the 
same rj bound on their weight differences as Si and S2. 

We repeat the process with S3 playing the par t of Si, observing S3 has the 
same rj bound on successive differences, and we get a bilateral shift S-0 with 
weights running from b^m to bm and S6 with weights running from aœ to aœ. 

We now have 

Ni © Si c^ Ni © S4 © S5 © S6 + Ri + R2. 

Theorem 1 now implies that , a t the expense of yet another per turbat ion, R3, 
we may absorb S4 and SQ into a normal M and have 

Qi + Ni © Si ^ M © S5 where ||<2i|| < 300VV-

Moreover, a t the expense of an arbitrari ly small compact perturbat ion which 
we can absorb in our estimates we can assume tha t M commutes with iV2. This 
leaves us with 

U{Ni ®Si + Qi)U~l - N2®S2= {M © S5) - {N2 © S2). 

Now we apply Theorem 1 once again to S5 — S2, a shift with 0 weights a t both 
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± c o and successive differences 2 77, and so we have 

U(Ni © Si + Qi) U-1 - N2 ® S2 = N + Q2 

where the operators commute as desired. 
Finally, if Ni and N2 are unitari ly equivalent and all the at and bt lie in one 

annulus in the spectrum of Ni the si tuat ion is al together simpler. For here we 
use Theorem 3 directly to get iVi © Si as Ni © Si © S2 + Ri and serve N2 © 
S2 similarly. This leaves us Ni © Si + Q\ ~ N2 © S2 with the same est imates 
on Qi as before. 

This completes the proof of Theorem 5. 

If we ask t h a t Si and 5*2 both have compact self-commutators, the Rt and Qt 

produced will be compact , again by Theorems 1 and 3. 
W e remark t h a t the problem we contemplate mus t allow the trivial case 

where aœ = bœ and r/_œ = &_œ allowing Ni to be finite dimensional or lacking 
entirely. In this case the analysis proceeds as from the middle of the previous 
proof where we had obtained S-0 and we get 

U(Si + Qi)U~i - (S2 © N2) = N + Q2, 

with the same est imate as before. T h e uni ta ry t ransformation was devoted to 
extract ing a normal direct summand from Si, if necessary, to ma tch with N2. 

In Theorem 5 we were able to exchange shifts on any s t re tch where the 
weights were almost constant and so we could per tu rb a bilateral shift in a 
neighborhood of ± c o alone with a bound on the norm which depended on the 
self-commutator for large indices only. This observation acquires importance 
when we consider per turbat ions of unilateral shifts in which case the leading 
weight may cause a large self-commutator bu t the non-trivial per turba t ions 
are those a t oo. 

We give an appropr ia te version of Theorem 5 with a sketch of the modifica
tions required in the proof. 

T H E O R E M 5a (Unilateral shift version). Assume Si and S2 in Theorem 6 are 
unilateral right shifts with weights {at\i = 0, 1, 2, . . .} and {bt\i = 0, 1, 2, . . .} 
respectively. Let Ni include the aœ, bœ annulus. 

Then we may achieve the same results as in Theorem 5 but with the error 
estimates 

HQiH < ko - 6o| + 3 0 0 \ / ^ and \\QZ\\ < 3 0 0 \ A -

Proof. W e can use the same techniques as in Theorem 5 to exchange a 
bilateral shift with weight aœ a t — oo and weight bœ a t oo with Si so as to get 
another bilateral shift with equal weights aœ a t ± c o and a unilateral shift S3 
which agrees with Si on the early indices bu t which has weight bœ a t 00. Now 
S2 can be matched with S3 up to a normal in a neighborhood of 00 jus t as in 
Theorem 6 bu t the error owing to the difference in initial te rms remains. This 
completes the sketch of the required modifications. 
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