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Abstract. We consider a certain analytic function 8(¢) which is an invariant of finite
equivalence between two finite state Markov chains. If two such chains P, Q have
the same B-function we wish to prove that they are finitely equivalent. To this end
we show that U(t)P' = Q'U(¢) has a nontrivial matrix solution U over the ring
Z(exp) of integral combinations of exponential functions. In fact we can force U (¢)
to be strictly positive at any specified to. If U(t) has entries from Z*(exp), the
sub-semi-ring of positive integral combinations of exponential functions, then
P, Q are finitely equivalent. Many examples reinforce the conjecture that U(¢)
may always be chosen over Z*(exp) when P, Q have the same B-function. We
relate the B-function to topological entropy, measure entropy and information
variance.

0. Introduction
In recent years a number of ergodic theorists have directed their attention to
classification problems which differ from the classical one by being restricted to
shift spaces (usually with an invariant measure) and by the imposition of state-
structure restraints on homomorphisms. We cite [1], [4], [7], [10], [14] and [15]
as examples of papers which fall into this category. The first named author, in
particular, has investigated a number of problems with the aid of what he has called
the information cocycle. In [14] the second named author derived a new invariant
by a limiting operation on the information cocycle and used it to investigate very
strict forms of isomorphism for Markov chains. This invariant is an analytic function
B :R->R". In particular, if two Markov chains are finitely equivalent then they have
the same B-function. Our aim is to study the B-function and to provide results
which go some way towards establishing the converse of the last statement. We
also illustrate the converse with examples which show that the invariant is well
fitted (we conjecture perfectly fitted) to finite equivalence.

We start by giving some basic definitions. In § 2 we define the B-function and
show that it is an invariant of finite equivalence. Examination of its derivatives
reveals that it contains all invariants of finite equivalence known to us. Many of
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the properties established could be derived from the work of Ruelle in [12], but
we give direct proofs for the sake of completeness.

Section 3 is purely topological and introduces the ideas and techniques that will
be extended later to cover the measure-theoretic aspect of finite equivalence of
Markov chains. Apart from the new proof of Furstenberg’s lemma and some
observations, this section is taken from [7].

In §4 we confine our attention to so-called dichotomies. These are finite
equivalences involving the measure-theoretic analogues of right and left resolving
maps of Adler & Marcus [1] (amalgamations and divisions in [7] and [15]). Given
two stochastic matrices M, P we ask for a commutative diagram which splits as
in figure 1. Here, the entries of M, P are raised to the power of ¢, Q, and D, are
variable matrices depending on ¢, A is an amalgamation matrix and D, has division
shape. This situation obtains precisely when M, P are finitely equivalent through
right and left resolving maps. Analytically, it turns out that the commutative diagram
(figure 2) can be split precisely when U, has for its entries non-negative integral
combinations of exponential functions. In § 5 we investigate the possibility of
obtaining such a diagram when M, P have the same B-function. It turns out that
we can always obtain a diagram in which the entries of U, are integral combinations
of exponential functions which reduce to positive integers at ¢ = 0. This result is
not quite strong enough to establish a completely general classification theory. We
have not been able to obtain non-negative integral combinations of exponentials.
However, in the final section we describe a number of examples which illustrate
our theory and which tend to indicate the possibility of a future complete theory.
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Before turning to definitions, a few words about the special nature of dichotomies
are in order. It seems that much work needs to be done to understand the nature
and structure of bounded-to-one measure preserving continuous maps. Right and
left resolving maps are by no means the most general. Adler & Marcus have
conjectured in [1], however, that all bounded-to-one continuous semi-conjugacies
are compositions of finite sequences of such maps. (A recent unpublished result of
B. Kitchens on the zeta function seems to be in line with this conjecture.) Right
resolving (and left resolving) maps lie somewhere between the generality of
bounded-to-one continuous maps and the speciality of bounded-to-one open maps.
Indeed, it is not hard to prove that right resolving maps are (when interpreted on
the level of one-sided shifts) precisely the bounded-to-one open maps semi-
conjugating a one-sided subshift of finite type to another. (A similar statement
holds for left resolving maps.) Openness on the one-sided level does not imply
openness on the two-sided level. These few remarks do little to clarify the general
structure of semi-conjugating maps. They may be enough, however, to indicate
that there is indeed a problem. The special choice of resolving maps in this paper
(as in [1] and [7]) is dictated by the availability of relevant matrix theory, in
particular the ideas centering on the results of Perron and Frobenius.

1. Preliminaries

Let S be an n X n irreducible 0—1 matrix. Give the set
A8)={1,2,...,n}

the discrete topology and

2= ﬁ A(S)

the product topology. Consider the subspace X of X defined by
X={x=0x)e2: S, xix1)=1,VieZ}.
The shift S is defined by
(Sx)i=x;4, forx =(x;).
S is a homeomorphism of the compact, metrizable space X. (X, §) is called the
topological Markov chain (or subshift of finite type) defined by the matrix S. The
fact that we denote the defining matrix and the shift by the same symbol should
not lead to any confusion. A(S) is called the state space (or the alphabet) of (X, §).
If P is an n X n stochastic matrix compatible with the matrix S (i.e. P(i, j)=0 iff
S(i, j) = 0), then the (shift invariant) Markov measure defined by P has as its support
the topological Markov chain defined by S. We shall always regard Markov measures
as being defined on their supporting topological Markov chains. The sets
(o ii]" ={(x)EX : X =loy Xm+1= i1y« Xmst = i1}
(LmeZ, 1=0,i,,...,0IcA(S)) are cylinders. They are closed—open and they form
a base for the topology of X. Moreover, finite unions of cylinders give all closed—open
subsets of X. Write [io- - - i;] for [io- -+ #]°. The state partition consists of the
cylinders [i], i € A(S).
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A topological Markov chain (X, S) is said to be a finite extension of another,
(Y, T) (and (Y, T) a finite factor of (X,S)) if there exists a bounded-to-one
continuous surjection ¢: X > Y with ¢S =T¢. Two topological Markov chains
(Y1, Ty) and (Y,, T,) are said to be finitely equivalent if they have a common finite
extension.

Let (X, S) and (Y, T) be topological Markov chains and let ¢: X > Y be a
continuous map with ¢S = T¢. Then for each cylinder [j], je A(T), ¢ '(j]) is
closed-open, and therefore a finite union of cylinders. This allows us to find integers
k, ! with 0=</<k and a map ¢o: A(S)* > A(T) such that

@ (X)nr1 = Po(Xny Xnt1y -« o s Xnsk—1)
for all n € Z whenever x = (x,) € X. (By composing ¢ with a power of the shift we
may, and shall, assume that / =0.) In other words we may find an integer k such
that the image of any point is determined by looking at its blocks of length k~such
a map is called a k-block map. If (Y1, T;) and (Y,, T,) are finitely equivalent
topological Markov chains, we may choose their common extension so that the
two factor maps are 1-block maps. (See [3] and [5].)

Let ¢ : X > Y be a 1-block map between topological Markov chains (X, S) and
(Y, T). Suppose ¢ is determined by the map ¢o: A(S)> A(T). ¢ is called right
resolving if, given (jo, ]'l)eA(T)2 with T'(jo, j;)=1 and ioeqbal(jo), there exists a
unique i1 € ¢ (j1) with S(io, i1) = 1. ¢ is called left resolving if, given (jo, j1) € A(T)?
with T'(jo,j1))=1and i, e o' (j1), there exists a unique ip€ 0" (jo) with S(ig, i1) = 1.
(See [1])

A Markov chain (X, §, m) is said to be a finite extension of another, (Y, T, p)
(and (Y, T, p) a finite factor of (X, S, m)), if there exists a bounded-to-one continuous
measure preserving surjection ¢: X ->Y with ¢8§=T¢. Two Markov chains
(Y,, Ty, p1) and (Y>, T,, p,) are said to be finitely equivalent if they have a common
Markov finite extension, (X, S, m) say. This may be pictured as in figure 3.

(X, S, m)

&1 33

(Yy, T1, p1) (Y, Ta,p2)

FIGURE 3

Finite equivalence of topological Markov chains was introduced in [7], where
topological entropy was shown to be a complete invariant for this equivalence
relation. (This proof will be given in § 3.) A refinement of finite equivalence was
investigated by Adler & Marcus [1]. A direct proof that finite equivalence of
topological Markov chains is an equivalence relation may be found in [1]. Finite
equivalence of Markov chains was proved in [14] to be an equivalence relation—the
proof is a combination of the topological proof of [1] with the following lemma.

1. LEMMA [14]. Let (Y, T, p) be a Markov chain and (X, S) a topological Markov
chain. If ¢ : X > Y is a bounded-to-one continuous surjection satisfying ¢S =T¢
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then on (X, S) there is a unique invariant probability m which makes ¢ measure
preserving. m is multiple Markov. If ¢ is a k-block map then m has memory at
most k.

The information cocycle of a Markov chain (X, S, m) with state partition « is defined
to be

Is=I(a|S7'a)=—- z(s) xwiylog m([i]|S ™ a).
ieA

If (X, S, m) is defined by the stochastic matrix P with left invariant probability
vector p, pP = p, then

p()P(, i))

p(j) 7/
The main result connecting information cocycles and finite factor maps is:
2. THEOREM [8]. Let (X, S, m) and (Y, T, p) be Markov chains. If (Y, T,p) is a
finite factor of (X, S, m) by ¢ : X > Y then

Is=IT°¢+g°S“‘g

for some continuous g : X »R. If ¢ is a k-block map then g is a function of (at most)
k coordinates, i.e.

Ig=—- Y | X 108(

i,je A(S

gx)=g(xo,...,x1—1) forx=(x,)eX.

2. The B-function

Let P=(P(i,j)) be an irreducible stochastic matrix. For each e R consider the
matrix P whose (i, j) entry is P(i, j)' when P(i, j) >0 and is zero otherwise, and let
Bp(t) be the maximum eigenvalue of P’ given by the Perron-Frobenius theorem
(see [13]). Thus Bp is a positive function Bp: R>R". Let (X, S, m) be the Markov
chaindefined by P. The 8-function of (X, S, m)is Bs = Bp. Write &, (Is) for Z,f:(: IsoS'.

3. LEMMA. Let (X, S, m) be a Markov chain and let t e R. Then
1

lim —log J. exp {2, Is)}dm =log Bs(1—1).
n—=0 n

Proof. Suppose (X, S, m) is defined by the matrix P with left invariant vector p,
pP =p. Then

2.Us)=- z )X[io"'in] log (

i0,--sin€ A(S

plio)Pio, i1)Pliy, i2) - - - P(in—l,in))
p(in)
and

J exp {12, (Is)}dm =I 'z x[,-(,....-n](" (o) Plio, ";)('i - P(in_y, i,,))— i~

iQyeeus
There exist constants k, K such that

0<k=p(io) 'plin) =K
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for all (io, i,) € A(S)* hence

k Z (P(zo, i) Plip-1, i)' SJ exp {12, (Is)} dm

.....

=K Z (Plioy 1) "+ * Plin—1,in))' ™",

and

1 1
lim —log I exp {2, (Is)} dm = hm —log Z (P(io, i1) * ** Plin_1, in)'™,

n—>oo n
0 yyyy in

provided the last limit exists.
Choose a strictly positive vector v such that

P v =Bs(1-1)v.

This is possible by the Perron-Frobenius theorem. By an argument similar to the
above,

1 ~
lim ~log ¥ (Plio, i1) -« Plin-1, i)’

= lim —log Y Plio, i)' 7 Plin1, i)' 0 ()

n—-0co n

1 _ ~
=lim~log T Plioin) "+ Py, in-s) (2 Plas, i) ‘u(in))
n>o p i0seeirin—1 in
1 . . 11—t .
= lim ;log Z P(zo, i)' Plingy ine1)' T 0(ia-1)Bs(1—1)

= lim ;log {Bs(1—-n" Z v(io)) (byrepeating the last step » times)
=10ng(1—t). O

4. PROPOSITION [14]. Let (X, S, m) and (Y, T, p) be Markov chains. If (Y, T, p)
is a finite factor of (X, S, m) then Bs = Br.
Proof. Let ¢ : X > Y be the finite factor map. By (2),

Is=Irep+goS—¢g
for some continuous g : X - R. Note that g is bounded, as X is compact. Using (3)
we have, for any re R,

1
log Bs(1—¢)= lirg —log J exp {t2,(Is)} dm

= lim — log exp {t=.(Irod)} exp{t(geS" —g)}dm

n—>oc n

n->oc R

= lim — log J‘ exp{t2,.(Ir)°¢}dm (since g is bounded)

= lim — log exp {t2.(Ir)}dp =log Br(1—1). d

n-»cop
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5. CorOLLARY [14]. If the Markov chains (Y1, T1, p1) and (Y5, T, p,) are finitely
equivalent, then Br, = Br,.
Fix a Markov chain (X, S, m). We remark that

log Bs(t) = P(—ts),
the pressure of the function —1ls. This is the form in which the invariant was
presented in [14]. We have given a direct proof of (3). The result can also be
deduced from Ruelle’s operator theorem (see [12] and [14]). Next we shall discuss

the properties of B, and it will be apparent that the function B contains all invariants
of finite equivalence known to us. In fact we know only two other invariants:

h(S)=I Isdm

is the entropy of the Markov chain (X, S, m). (2) implies that entropy is an invariant
of finite equivalence.

Let v be a real-valued function depending on only two coordinates of X and
such that

I vdm=0.
Then
a*(v) = lim lj E.0) dm
n> n

exists (see the next theorem).
1
a*(8) = o*(Is — h(S)) = lim - J' (SuIs —nh(S)) dm

is called the information variance of (X, S, m). Information variance was introduced
as an invariant in [4]; that it is an invariant of finite equivalence follows from (2)
by the results of [4]. For the existence and characterization of information variance
we need:

6. THEOREM [9]. Suppose the Markov chain (X, S, m) is defined by an aperiodic
matrix P with invariant probability vector p, pP =p. Let v be a real-valued function
depending on only two coordinates of X and such that

j vdm =0.
Then
()= [ v* dm+2.3,p@)e(HPG, oG, ),

where the vector c is uniquely determined by the properties P"c >0 (as n > o) and
(I-P)e=b, b(i)=Y P, v, j).
7

7. THEOREM. Let the Markov chain (X, S, m) be defined by the irreducible stochastic
matrix P and u be a real-valued function depending on two coordinates of X. Define

https://doi.org/10.1017/50143385700001279 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700001279

310 W. Parry and S. Tuncel

a positive function y: R->R" by taking y(t) = y.(t) to be the maximum eigenvalue
of the matrix

(P(i, j) exp {tu(i, j)})
given by the Perron—Frobenius theorem. Then vy is an analytic function,

y0)=1, ¥(0) =j wdm

and
2

y"(0) = 0'2(u —J- u) +(J u) .
Proof. Let P be k X k. Use the Perron-Frobenius theorem to find for each teR a
unique probability vector

p(t)=(pi(t), ..., pe(2))
such that

L pi(OPG, ) exp{mu(i, )} =y(O)p;(r) foralll=j=k. (*)
That vy is an analytic function follows, for example, from the work of Bhatia &

Mukherjea [2]. It is not hard to show that p(¢) is the normalization of the first row
of the matrix

adj (y()I — (P, j) exp {tu (i, ))})

(see [13]). Since y(r) is analytic, it follows that p(¢) is also analytic. y(0) =1 since
P is stochastic. Differentiating () with respect to : we have

Y (O)p; () +y(Opj (1) =L pi()P(, j) exp {tuli, N} + X pi(t)P(i, [uli, j) exp {eu i, )}
(%%)

Put =0 in (**), sum over j, and observe that, since ) ; pi(t)=1, its derivative
Y, pi(t)=0 to obtain

¥(0) = pi(OPG, j)+3 piO)PG, ui, ))

=5 pOPG;, Pt ) = [ wdm

To prove
2

o[ )+(]):
we assume (for simplicity, the periodic case is similar) that P is aperiodic. Put

h=[ wdm =% pO)PG Put )

and
U(i’j)=u(iaj)_h-
Take
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and use (6) to write
(I—P)c=b,
where ¢ is uniquely determined by P"c » 0 (as n - o). Clearly

£ p(bi= [ v=0.
Since P is aperiodic
p(0)
P> ,
p(0)
the matrix with identical rows p(0). Hence
P'c “’(2 Pi(O)Ci) =0
ie.

z pi(0)c; =0.

Now using (**) we have °
L pi(0)¢; =% y(0)p;(0)c; +v'(0) L p;(0)c;

= Z P: (O)P(i5 ])C, +z P:(O)P(l, ])u(l, j)ci’
ie. ! ,
Y pi(0)PG, ul, je;={p'(0), I = P)c)=(p'(0), b). (k)

Differentiate (++) with respect to 7, put ¢ = 0, sum over j, and observe that}. ; p7 (£)=0
also to obtain

¥ (©)=2L pHOPG, uli, ) + L POl u i’
=21 pi(0)b:i+ h)+J u”  (by the definition of b;)
=2';p;(0)b,-+j u?
=25 pOPG uti s+ | w? - (by (ewn)
=23 p(OPG. )0 ) +h)e; + j (v +h)?
=23 POV, D0 Gi ey +2 K pOPG, ek + [ o* 1

=a*(v)+h*+2h T pi(0)c; (by(6))

=a(v)+h> O
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8. COROLLARY. Let (X, S, m) be a Markov chain. Bs is an analytic function,
Bs(1)=1, Bs(1)=-h(S)
and
Bs(1)=c*($)+h(S).
If X does not consist of a single orbit, Bs(t) is strictly decreasing to zero as t -» .
Proof. Take u(i, j) = —log P(i, j) in (7) so that
and apply the theorem. For the last part, let ¢, <t;. Then

Ph=ph
and, if X does not consist of a single orbit, equality does not hold. That
Bs(to) > Bs(t1)
is then a consequence of the Perron—Frobenius theorem (see [13]). We omit the
simple proof that B8s{(t)—> 0 as ¢ > 00, U

We remark that in (7)

log y(t) = P(—Is+ tu),
the pressure of the function —Is + fu. Using this observation, (7) and (8) may also
be deduced from the work of Ruelle [12].

3. Finite equivalence of topological Markov chains
As we have already remarked, it was proved in [7] that topological entropy is a
complete invariant for finite equivalence of topological Markov chains. In the next
section we shall refine the techniques of [7] to (stochastic) Markov chains, We now
study the construction of the (topological) finite equivalences in [7).

The main argument of [7] relies on a lemma of H. Furstenberg. We give a new
proof of this lemma. The proof, which is algebraic, will be extended later. (See
also [1] for an alternative proof.)

9. LEMMA (Furstenberg). Let S, T be irreducible non-negative integral matrices.
S, T have the same maximum eigenvalue iff there exists a strictly positive integral
matrix U with US = TU.
Proof. 1t is easy to see by using the Perron-Frobenius theorem that if US = TU
for some strictly positive integral matrix U then S, T have the same maximum
eigenvalue. Conversely, suppose § and T have the same maximum eigenvalue, B.
Let xs, xT be the characteristic polynomials of S, T':
xs(A)=det (AI—=S), xr(A)=det(AI-T).
Let s(A) be the first row of adj (Al —S), and let 7(A) be the first column of
adj (AT — T). The entries of 7(A), s(A) and 7(A)-s(A) belong to Z[A], the ring of
polynomials in A with integer coeflicients. Moreover, 7(8) and s(8) are strictly
positive vectors (see [13]). Since
adj (AT —8)S =21 adj (AT —8)— xs(A)],
TadjAI-T)=A adj (AI - T)—xr(A)I,
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we have
7(A)s(A)S —Tr(A)s(A)=xr(A)B(A)—xs(A)A(A), (%)

where the matrices A, B are over Z[A].
We claim that there exists a monic polynomial y € Z[A] such that y(8)=0 and

Xs = Uux, Xtr=0vx

for some u, v € Z[A]. Using xs(B8) = xr(B) =0 and the Euclidean properties of Q[A ]
we can assert

axs=u'x, bxr=v'x,

where a, beZ, u', v', x € Z[A], x is primitive and x(B8) = 0. Since Z[A] is a unique
factorization domain and y is primitive, we see that a|u’ and blv’ in Z[A]. Let
u, v € Z[A] satisfy
au=u', bv=1v,

and note that ys is monic to complete the proof of our claim. Let d =1 be the
degree of x. Use the fact that y is monic to reduce the polynomials in 7(A)s(A)
modulo y to obtain a matrix V(X) over Z[A]. Since x|xs and x|xr in Z[A], we obtain
from (*) an equation

VIA)S-TV(A)=x(A)CQ),
where the matrix C(A) is also over Z[A ]. Write

V(A)z V0+AV1+' . ’+Adulvd_1,
Vi over Z for i=0,1,...,d—1. Since y(A) has degree d, C must be the zero
matrix and we have
VS=TV;, fori=0,1,...,d—-1.
Let o be a strictly positive vector such that So = Bo. There exists an i/, 0<i=d —1,
such that Vo # 0, for otherwise we would have 0= 7(8)s(8)0o, a product of strictly
positive matrices. The matrix U we require is obtained by modifying V.. We assume
that S, T are aperiodic; the periodic case is similar. By Perron-Frobenius theory,
S§"/B" tends to os(B) as n—»00. Thus each row of V;$"/B" tends to a constant
multiple of s(8). Similarly, each column of
Vis"/B"=T"Vi/B"
tends to a constant multiple of 7(8). It follows that either V;S"/B8" tends to the
zero matrix, or the entries of V,;§" are all non-zero and have the same sign for
large n. But, since
VS"o/B" = Vo #0,

V:§"/B" cannot tend to the zero matrix. Hence we may find n such that V,$" is
strictly positive or strictly negative. Accordingly, take

U=VS" or U=-VS" O

Asin [7], we shall use Williams’ technique of splitting non-negative integral matrices
into products of division and amalgamation matrices.
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A rectangular 0-1 matrix is called a division matrix if its rows are non-trivial
and each column contains exactly one non-zero entry. A 0—1 matrix is called an
amalgamation matrix if its transpose is a division matrix.

10. PrROPOSITION [15]. If N is a non-trivial non-negative integral matrix, then it can
be written as N = DA, where D is a division matrix and A is an amalgamation
matrix. This decomposition into the product of a division matrix with an amalgamation
matrix is essentially unique in the sense that, if N=D'A' also, then D'=DR,
A' =R A for some permutation matrix R.

If (X, S) is a topological Markov chain, the topological entropy of (X, S) is given
by log B, where B is the maximum eigenvalue of the matrix S. We shall use the
following lemma (see [3], [7] or [8]):

11. LemMmaA. If (X, S), (Z, W) are topological Markov chains and if ¢ : Z>X is a
continuous surjection with ¢W =S¢ then ¢ is bounded-to-one iff the matrices S, W
have the same maximum eigenvalue.

12. PROPOSITION [7]. Let (X, S) and (Z, W) be topological Markov chains. If their
defining matrices satisfy AS = WA for some amalgamation matrix A then (X, S) is
a finite factor of (Z, W) by a right resolving 1-block map.

Proof. Define ¢o: A(W)—> A(S) by putting ¢o(zo) = xo whenever A(zg, xo)=1.
Since A is an amalgamation, for each zoe A(W) there exists a unique xo€ A(S)
such that A(zo, xo) =1, and the map ¢, is well defined. Note that since S is 0-1
and A an amalgamation, AS = WA is 0-1. If W(z,, z,) =1 then

W(zo, z21)A(z1, doz1) =1
so that
1=(WA)(z0, doz1) =(AS)(z0, $0z1)

= A(z0, $020)S(Poz0, Poz1).
Thus,
W(zo,21)=1 implies S(dozo, Poz1)=1

and the 1-block map ¢ : Z - X,
@d(z)={do(z:)} forz={z},
is well defined. Clearly ¢W =S¢. Given xo, x;€ A(S) with S(xo,x1)=1 and
zo€ A(W) with ¢zo= xo We have
1=A(z0, x0)S(x0, x1) = (AS)(z0, x1)
= (WA)(z0, x1) = W(z0, 21)A(z1, x1)
for a uniquely defined z; € A(W). It follows that ¢ is right resolving. Surjectivity
follows from the right resolving property. Let x = (x;) € X. For each n =0 use the
right resolving property to find z" e Z such that
(pz™)i=x; fori=—n.
Any limit point z of 2™ has ¢z = x. Finally, to see that ¢ is bounded-to-one note
that AS = WA implies that S, W have the same maximum eigenvalue, and
use (11). .|
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Interchanging the roles of rows and columns in the above proof we obtain:

13. PropPOSITION [7]. Let (Y, T) and (Z, W) be topological Markov chains. If their
defining matrices satisfy TD = DW for some division matrix D, then (Y, T) is a
finite factor of (Z, W) by a left resolving 1-block map.

It is not hard to see that (12) gives all right resolving 1-block finite factor maps.
Let (X, S), (Z, W) be topological Markov chains and let (X, S) be a finite factor
of (Z, W) by a right resolving 1-block map ¢ : Z - X, given by ¢o: A(W)-> A(S).
Use ¢ to define an amalgamation A, by putting
Aolzo, x0)=1 iff xo= ozo.

Then AyS = WA, and ¢ is simply the map obtained from A,S = WA, by (12).
Similarly, if the topological Markov chain (Y, T) is a finite factor of (Z, W) by a
left resolving 1-block map ¢, then there exists a division matrix Dy such that
TDy=DyW and ¢ is the map obtained from TD, = DWW by (13). Consequently,
if (Y, T) and (X, S) have a common finite extension (Z, W) by 1-block maps
¢ :Z - Y and ¢ : Z » X which are, respectively, left and right resolving, then there
exists a non-trivial non-negative integer matrix U satisfying US = TU. (Take
U =DyA, above.)

14. THEOREM [7]. Two topological Markov chains are finitely equivalent iff they
have the same topological entropy (i.e. iff their defining matrices have the same
maximum eigenvalue).

Proof. Finitely equivalent topological Markov chains have the same topological
entropy as a result of (11). For the converse, let (X, S), (Y, T) be topological
Markov chains such that the matrices S, T have the same maximum eigenvalue.
Let U be a non-trivial non-negative integral matrix satisfying US = TU. By (9),
such matrices exist. We shall also insist that U is minimal in the following sense:
if U’ is a non-trivial integral matrix such that 0=U’'= U and U’'S = TU', then
U'=U. Use (10) to decompose U = DA, S =D,A;, T=D,A; into products of
division matrices with amalgamation matrices and rewrite AD,=D;3A;, A,D =
DA, to obtain the commutative diagram in figure 4.

A
Y3
Ay As vA
A,
D;
Dy D, YD
I i >
A, D,

FIGURE 4
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Now DD;A3A; and D,D,A,A are two decompositions of US = TU. (Note that
the product of two divisions (resp. amalgamations) is a division (resp. amalgama-
tion).) By (10), replacing D4, A, by D4R, R ~'A,, where R is a suitable permutation
matrix, we may assume that

DD3=D2D4 and A3A1 :A4A.

In other words we may assume that figure 5 is commutative. Defining W = D;A,,
we see that AS = WA and TD = DW. Since A is an amalgamation and S is 0-1,

A, D,
A Y A; A
Ay D,
D vYD, D
Az D2
FIGURE §

AS = WA and W must be 0~1 matrices. The minimality condition on U ensures
that W is irreducible. Suppose

W, O
W= ( B W,,)’
where W, is irreducible. Accordingly, write
Aq
A= (A,,)'
Then
AS=W,A,
so that W, has the same maximum eigenvalue as S and T, 8 say. Now write
D =(D. D)
to obtain

D,W,+D,B=TD,,
and let v be a strictly positive vector such that
vT = Bo.
Then
(vD,) W, +v(DyB) = B(vDa)
so that
(vDa) W, =B (vDy,).
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The Perron-Frobenius theorem shows that
(vD)W, =B(vD,)

U(DbB) = 0
It follows that
B=0 and D,W,=TD.,.

Now taking U'= D,A, we obtain a contradiction to the minimality of U, unless
W = W,. Hence W is irreducible and we may apply (12) and (13) to conclude that
the topological Markov chain it defines is a common finite extension of (X, S) and
(Y, T). ]

Let (X, S), (Y, T) be topological Markov chains of the same topological entropy.
The proof of (14) provides a finite equivalence (figure 6), where the map ¢ is right
resolving and ¢ is left resolving, i.e. we have a dichotomy. The next section is
devoted to the measure-theoretic analogue of this situation.

(Z, W)

/N
(v, 7) (X, )

FIGURE 6

4. Dichotomy of Markov chains
Let (X, 8, m), (Y, T, p) be Markov chains. Consider the following dichotomy:
(a) (X, S, m) and (Y, T, p) are finitely equivalent by a diagram (figure 7),

(Z, W, q)

[ ®

(Y, T,p) (X,$m)

FIGURE 7

where ¢, ¢ are 1-block maps, ¢ is right resolving and ¢ is left resolving.
In this section we develop coding to establish necessary and sufficient conditions
for (a) to hold.

15. LEMMA. Let (Y, T, p), (Z, W, q) be Markov chains defined by the stochastic
matrices P, Q respectively. Let y : Z > Y be a bounded-to-one 1-block surjection with
YW = T Suppose s is given by ¢o: A(W)~> A(T). Define a matrix R compatible
with Q by setting
O S
P(oi, oj) i Q(, j)>0.
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Then R has maximum eigenvalue 1. Let p be a strictly positive right invariant vector,
Rp =p, and let P’ be the stochastic matrix with

.. _RG e())
P'(,jy=—""""".
! p(i)
¢ is measure preserving iff Q = P'.
Proof. By (1), on the topological Markov chain (Z, W) there is a unique Markov
measure, given by the stochastic matrix Q,, say, for which ¢ is measure preserving.
By (2), there is a function g depending on only one coordinate such that
—log Qi(i, j) = —log P(Yol, ¥oj) +g(j) — g (i)
whenever Q,(i, j) > 0. Exponentiate, note that Q and Q; are compatible matrices,
and use the definition of R to obtain
. _RGDe()
Qi jy=""22L
p(i)
for some strictly positive p : A(W) - R. Summing over j,
p(i) =3 RG, o (j),
7

so that R has maximum eigenvalue 1, p is a corresponding eigenvector and Q, = P'.
By the uniqueness in lemma 1, as a map between the Markov chains (Y, 7, p) and
(Z, W, q), ¢ is measure preserving iff Q = Q4 i.e. iff Q=P'. O

If M is a non-negative matrix and te€ R, M’ will denote the matrix whose entries
are the #’th powers of the entries of M. More precisely, the (i, j) entry of M' is
M (i, j)' when M(i, j)>0 and is zero otherwise. A rectangular non-negative matrix
D is said to have division shape if the compatible 0-1 matrix D° is a division
matrix. A rectangular non-negative matrix D is called a stochastic division matrix
if it is stochastic and if it has division shape. Amalgamation matrices are stochastic
by definition. Amalgamation and stochastic division matrices characterize all 1-
block right resolving and left resolving finite factor maps between Markov chains:

16. LEMMA. Let (X, S, m) and (Z, W, q) be Markov chains defined by the stochastic
matrices M and Q respectively. If there exists an amalgamation matrix A such that
AM°=Q°A and AM=QA

then (X, S, m) is a finite factor of (Z, W, q) by a right resolving 1-block map.
Proof. Define ¢o: A(W)—> A(S) by taking

do(zo)=x0 when A(zg,x0)=1.
According to (the proof of) (12), ¢ gives a well-defined 1-block map ¢ which is
a right resolving bounded-to-one surjection of the topological Markov chain (Z, W)
onto (X, S). Let (i, j)e A(W). Since A is an amalgamation and AM®= Q°A is
0-1, we have for all allowable (i, )

QG /)= QU DA, do])

=(QA)(i, ¢oj)=(AM)(, doj) = M(doi, do)),

and (15) shows that ¢ is measure preserving. O
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17. LEMMA. Let (Y, T, p) and (Z, W, q) be Markov chains defined by the stochastic
matrices P, Q respectively. If there exists a stochastic division matrix D such that

P°D°=D°Q° and PD=DQ
then (Y, T, p) is a finite factor of (Z, W, q) by a left resolving 1-block map.
Proof. Define yo: A(W)-> A(T) by taking ¢o(zo) = yo when D(yo, z0) > 0. According
to (13), o gives a well-defined 1-block map  which is a left resolving bounded-to-
one surjection of (Z, W) onto (Y, T). Let (i, j)eA(W)z. Since D’ is a division
matrix and P° is 0-1, P°D° = D°Q" is a 0-1 matrix. Using this fact,
D (goi, QU j) = (DQ)(¥oi, )

= (PD) (o, j) = P(doi, o /)D (Yo, j),
and, taking f(i) = D (i, i), we see that for all allowable (i, j),
_ P(oi, Yo )f ()
e
It follows that f is a strictly positive eigenvector of the matrix

R(i, j) = P(Yoi, Yo])
compatible with Q, and (15) shows that ¢ is measure preserving. d

QG j)

Companions (converses) to (16) and (17) are the following two lemmas:

18. LEMMA. Let (X, S, m) and (Z, W, q) be Markov chains defined by the stochastic
matrices M and Q. Suppose (X, S, m) is a finite factor of (Z, W, q) by a right resolving
1-block map ¢. Then there exists an amalgamation matrix A such that

AM'=Q'A
for all te R and & is the map obtained from AM®= Q°A, AM = QA by (16).
Proof. Suppose ¢ is given by the map ¢,: A(W)—> A(S). Index by A(W) and A(S)
the rows and columns respectively of an amalgamation matrix A by putting
A, )=1 iffj=dol.
Since ¢ is right resolving, the matrix R,
0, if Q(iy, i,)=0,
R(io,i1)={ o o 1)
M{oio, ¢oi1), otherwise,
is stochastic and
Qio, i1) = M{(eoio, boi1)
for all allowable (iq, i1) € A(W)>. But
(AMI)(I’ ]) = Mt(¢0i’ ])

and
(QtA)(l, ]) = Z Qt(l’ ll)A(ib ])
=Q'(i, i)
for a unique iy with ¢oi1 = j, and the result follows. O
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19. LEMMA. Let (Y, T, p) and (Z, W, q) be Markov chains defined by the stochastic
matrices P and Q. Suppose (Y, T, p) is a finite factor of (Z, W, q) by a left resolving
1-block map . Then there exists a stochastic division matrix D such that

PtDI — D!Ql
for all te R and  is the map obtained from P°D° = D°Q°, PD = DQ by (17).
Proof. Suppose ¢ is given by the map ¢o: A(W)-> A(T). Let p and q be the left
invariant probability vectors of P and Q, pP =p and qQ = q. (Usage of the same

symbol for the invariant vector and Markov measures defined by the matrices
should not lead to any confusion.) Define D by putting

o q0)
D ($ol, i) =——+
’ p(oi)
and taking
D(j,i)=0 whenj# i
D is a stochastic division matrix, since ¢ is measure preserving. We show
P'D'=D'Q' forall teR.
Define a diagonal matrix 4 by putting
4, i)y=q(i)
and let
O* — q-—thrq-,
where Q" is the transpose of Q. Then Q* is a stochastic square matrix and it
defines a Markov chain (Z*, W*, ¢*), which is the inverse (shift) of (Z, W, q).
Similarly, define a diagonal matrix p by putting
p(, N=p(),
let
P* - I-)v—IPtrp~
and let (Y*, T*, p*) be the Markov chain defined by P*. Then (Y*, T*, p*)is a
finite factor of (Z*, W*, q*) by a right resolving 1-block map defined by .
Applying (18) we see that the amalgamation A defined by setting
AGN)=1 iffj=doi
satisfies
A(P*)'=(Q%'A
for all teR, i.e.
Aﬁ_,(Pt)trﬁ' — qAI(Ot)trq~t
for all € R. Transposing, we see that
D — p-r—lAtrq
satisfies
PtDl = Dtol
for all reR. O
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Consider the product D'A where D is a stochastic division matrix and A is an
amalgamation matrix. D'A is non-trivial and the entries of DA are non-negative
integral combinations of exponentials, i.e. its non-zero entries are finite sums

Y niexp(awt), ar€R, meeZ, ni>0.
k

Let U = U, be a matrix whose entries are functions of R. U is called a non-negative
exponential matrix if all its entries are non-negative integral combinations of
exponential functions.

Let M, P be non-negative matrices. Consider the statement:

(b) There exists a non-trivial non-negative exponential matrix U = U, such that
UM =PU, forall teR.

We may combine (18) and (19) to obtain:

20. ProrosITION. For Markov chains (X, S, m), (Y, T, p) defined respectively by
the stochastic matrices M, P, (a) implies (b).

In fact, we shall see that (a) and (b) are equivalent. Williams’ decomposition result
for non-negative integral matrices, (10), may be extended to non-negative exponen-
tial matrices:

21. PrRoPOSITION. If U = U, is a non-trivial non-negative exponential matrix, then
there exists an amalgamation matrix A and a non-negative matrix D with division
shape such that U,= D'A for all teR. This decomposition is essentially unique in
the sense that if U,= D"A’ (for all t e R), where A’ is an amalgamation and D' has
division shape, then D' = DR, A' = R™' A for some permutation matrix R.

Proof. First consider the non-trivial non-negative integer matrix U,. Use (10) to
write Uy = DA, where Dy is a division matrix and A is an amalgamation matrix.
We shall define a non-negative matrix D such that D°=D0 and U, = D'A for all
teR. Take

D@, k)=0 if Do(i, k)=0.
. Suppose (i, j) is such that for some n =1,
U.(i, j) = exp (a1t) + - - - +exp (aat),
where ay, . .., a, € R are not necessarily distinct. Then
Ui, ]) =n
and from
n=Uo,j)= % Do(i, k)A(k, j)

we see that in the i’th row of D, there are precisely n places (i, k) with Dy(i, k)=1
which are ‘picked up’ by the j’th column of A (i.e. such that A(k, j) =1 also). Since
A is an amalgamation, no other column of A ‘picks up’ the same places. Assign
expa,...,exp a, one by one to these n places. Note that, again because A is an
amalgamation, each place with Dy(i, k) =1 is picked up by some column of A. It
follows that when we have gone through all (i, j), the matrix D is fully and well
defined. It is clear that D° = D, and that U, = D'A for all te R.
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Now let U,=D"A’ be another decomposition where A’ is an amalgamation
matrix and D' is a non-negative matrix of division shape. Putting t =0 and using
the uniqueness in (10) we see that, by supplementing with a permutation, we may
assume D°=D° A’'=A. In other words, we may take DA to be the new
decomposition and D'® = D°. We shall show that there is a permutation matrix R
such that D'=DR, D°=D°R and A=R'A.

Let (i, j) satisfy Uy(i, /) =n > 0. Using

U=D"A=D'A
and the fact that

D10=D0
we see that there are k4, ..., k, such that
D% ky)=--=D% ky)=1=A(ky,j) =" = Alkn, )

and
D(l’ kl)r+ t +D(i9 kn), = D'(i9 kl)t R +D'(i’ kn)l
for all t e R. It follows that there exists a permutation IT of {1, ..., n} such that
D'(i, kuw) =D, ki)
for all Ie{l,..., n}. Let R; be the matrix which permutes columns ki, ..., k, of
D' according to I1, and fixes all other columns. It is clear that
D°R;=D°, R;'A=A

and that

(D'R)(i, ki) =D, ki)
for all le{1,...,n}. As D° is a division matrix and A an amalgamation, for any
le {1’ cery n}

Do(ily kl) = A(kh ],) = 1
implies

@, jy= G, j).

Thus none of the columns k,, ..., k, are involved for pairs other than (i, j), and
for (i',j"}# (i, j) the matrix R;; leaves the columns ki,..., k, fixed. Moreover,
since A is an amalgamation matrix, for each pair (i, k) with D°(i, k) =1 there exists

j such that A(k,j)=1. It is now clear that if we let R be the product of all the
permutation matrices R;; as (i, j) runs through all possibilities with Uy(i, j) >0, then

D'R=D, R'A=A and D°R=D° O
Note that the product of two matrices of division shape again has division shape.

Furthermore, if D = D,D,, where D1, D, have division shape, then D* = DD} for
all real . We may now prove:

22. THEOREM. For Markov chains (X, S, m), (Y, T, p) defined respectively by the
stochastic matrices M, P, (a) and (b) are equivalent conditions.

Proof. In one direction the result is an immediate consequence of (18) and (19),
and has already been given as proposition (20). For the converse, let U = U, be a
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non-trivial non-negative exponential matrix such that
UM'=P'U,

for all te R. Taking ¢ = 1 and using the fact that M is stochastic,

U11 = P(Ull),
where 1 is a column vector consisting of ones. Since P is stochastic, the Perron-
Frobenius theorem shows that the entries of the vector U;1 must all be the same
number, ¢ say. ¢ # 0 as U, is non-trivial. Hence the rows of U, all have the same
sum c¢ # 0. Dividing U, by c¢', we may assume that U, is stochastic. We shall also

insist that U = U, is minimal in the following sense. If U’'= U, is a non-trivial
non-negative exponential matrix such that

U/M'=P'U,
(for all real ¢) and (U, — U, ) is also a non-negative exponential matrix, then
U=U.

Use (21) to decompose
U=D'A, M'=DiA,, P'=D}A,
and to rewrite

AD; = D:I;A:;, Ath = D;A4,

Ay | Dj
Ay A; YA
A,
D;
D'y D' y D'
A, | D
FIGURE 8

where A, A,, A,, As, A, are amalgamation matrices and D, D;, D,, D3, D, have
division shape. We have the commutative diagram of figure 8. Now

D'D§A3A1 = (DD3)'A3A1
and
D3D£A4A = (D2D4)IA4A

are two decompositions of U,M' = P'U,. By (21), replacing D4, A, by D,R, R 'A,,
where R is a suitable permutation matrix, we may assume that

DD3=D2D4 and A3A1=A4A.
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A, D3

FIGURE 9

In other words, we may assume that figure 9 is commutative. Define Q = D;A,.
Since AM = (DgA4)A and A is an amalgamation, D5A, is a 0-1 matrix. It follows
that

Q'=D3A,, AM'=Q'A and P'D'=D'Q’
for all ¢ e R. Q is a stochastic matrix as M, D, and D5 are stochastic. D is stochastic
since U; is. The minimality condition on U = U, ensures that Q is irreducible:
Suppose
Q, 0
'=(3 o)
B Q,

where Q, is irreducible and accordingly write

A
A=( ) D'=(D, D).
A, ( b)
Considering the case ¢ = 0 and repeating the argument in the proof of (14), we see
that B® is zero, i.e. B is a zero matrix. Hence

AM'=QA, and P'D.=D.Q.
for all real ¢. Taking
U=U,=D.A,
we obtain a contradiction to the minimality of U = U,, unless Q = Q,. Hence Q is
also irreducible and we may apply (16) and (17) to conclude from AM' = Q‘A,
P'D'=D'Q’ that the Markov chain defined by Q is a common finite extension of

(X, S, m) and (Y, T,p) by 1-block maps which are, respectively, right and left
resolving,. O

It can be shown that the technique used in the proof of (22) works only for (matrices
very closely related to) non-negative exponential matrices.

Let V = V, be a non-trivial matrix whose entries are real-valued functions defined
onaset /<R, Ocl, I#{0}. Let V, be non-negative integral. Suppose there exists
a decomposition V, = D,A, where A is an amalgamation matrix, D, is a division
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Ml
Ay vA
Q,
Dy ¥ D,
2
FIGURE 10

matrix and D? = D, for re L. Suppose also that there exists a matrix Q = Q, such
that Q, is non-negative, irreducible and integral, Q) = Q, for te I and figure 10
commutes. Then figure 10 may be used to show that (X, S, m) and (Y, T, p) satisfy
(a). However, it can also be proved (by arguments similar to those used at the
beginning of this section) that there is then a function f: I >R and a non-negative
exponential matrix U = U, such that

V.=f(t)U, fortel
and
UM'=P'U, forallteR.

The decomposition of (21) could have been given in the form DA'A, where D
is a division matrix, A is an amalgamation and A is a (real-valued) non-negative
diagonal matrix. Then, in the proof of (22) we would have obtained a commutative
diagram (figure 11), where the D’s are division matrices, A’s are amalgamations
and the A’s are non-negative diagonal matrices.

Ml
A, Aj D,
YA A Y YA, Ay
A, A3 D,
> »- >
U YA ALY \ &Y Ay U,
> »> >
A, Ag D,
w} D D, 1‘ !‘ D, D ﬁ
A, A D,
L I: o
FIGURE 11

5. A necessary and sufficient condition for Bn=Bp

In § 2 we defined the function Bas for an irreducible stochastic matrix M. The same
definition may be used if M is just an irreducible non-negative matrix (whether or
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not it is stochastic): Ba(¢) is defined to be the maximum eigenvalue of M’ given
by the Perron-Frobenius theorem. Again, Bas is an analytic function. In this section
we fix two irreducible non-negative matrices M, P and show that a necessary and
sufficient condition for By, = Bp is:

(c) There exists a matrix U = U,, whose entries are integral combinations of

exponential functions, such that U, is strictly positive in a neighbourhood of
0 and UM’ =P'U, for all reR.

If U = U, satisfies UM’ = P'U, and is strictly positive in a neighbourhood of 0
then Bar(t) = Bp(t) in this neighbourhood of 0, by a standard argument using the
Perron-Frobenius theorem. Since Ba, Bp are analytic, it follows that 8as = Bp. Thus,
(c) readily implies Bas = Bp. The rest of this section is devoted to the proof of the
converse.

The ring Z[x, . .., x«] of polynomials over Z in k indeterminates x;,...,x; isa
unique factorization domain. (See [16].) In the following, a monomial shall mean
a polynomial of the form

x,lllx'2'2 e x":k,
where n,=0,...,n.=0, ny,..., n,€Z. The monomials N form a multiplicative
system (see [16]) and the ring Z[xi,...,xx]v of elements of Z[xi,..., x]
divided by elements of N is also a unique factorization domain. The units
of R=12Z[x1,...,x]~ are ratios of monomials.

23. LEMMA. If g1, ..., gk are integrally independent real numbers, then the ring of
integral combinations of functions exp (ht) with h an integral combination of
g1, - - - » G IS isomorphic to Z[xy, . .., xi N
Proof. Define
xi=exp(gt) (i=1,...,k)
so that if
h=nigi+- - +nge
Ri,..., N €Z we have
exp (ht)=x1'x3> " xpc=pufv.
for some u, v € N. It is then clear that any integral combination of functions exp (ht)
is a polynomial in Z[x,,...., x;] divided by an element of N, i.e. takes the form
of an element of Z[x, ..., xi]n. To complete the proof it suffices to show that, if
my, ..., meZ and distinct hq, ..., h satisfy
myexp (hit)+- - -+myexp (het)=0,

then

my=mp=---=m=0.
This is well known. In fact, successive differentiation and evaluation at ¢t = 0 yields
a Vandermonde matrix

1 e 1
hy - M
ol gt
which has non-zero determinant. O
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24. COROLLARY. If peZ[x., ..., xi ]~ satisfies

plexp (g1t),...,exp (gt))=0
thenp =0.

In the following we take B(¢) to be a real analytic function.

25. LEMMA. If xa, xp€ R[A] (where R =2Z[x,, ..., xi]n) are monic polynomials
such that
xm(exp (g11), . .., exp (gt), B(1))=xp(exp (g11), ..., exp (gt), B(1))=0,
then xum = uy, xp = vx, where x, u, v€ R[A],
x(exp (g1t), ..., exp (gkt), B(¢))=0
and x is monic.

Proof. Using the Euclidean properties of the ring of polynomials over the quotient
field of R we can assert

axm=u'x, bxp=v'x, ()

where a, be R, x, u’, v'€ R[A], x is primitive and

CX — u”XM +vIIXP
for some non-zero c € R and u”, v"e R[A].

Substituting
X1 =exp (glt), vee s X =€XP (gkt), A =B(t)
we see that cy vanishes for all 1€ R. If ¢ vanishes for infinitely many ¢ near zero
then ¢ vanishes for all ¢ and, by (24), ¢ =0, which is not the case. Thus y vanishes
for infinitely many ¢ near zero and therefore
X (exp (g17), . .., exp (git), B(£))=0.

Since R[A] is a unique factorization domain and y is primitive, we see from (1)
that a|u’ and bjv’ in R[A]. Thus, in fact,

XM = UX, Xp=UX

for some u, v € R[A]. Finally, as x» is monic, the leading coefficient of ¥ must be
a unit and may be taken to be 1. OdJ

Now we return to the two irreducible non-negative matrices, M, P with the same
B-function, B(t). Let G be a finitely generated subgroup of R containing all
log M(i, j), log P(I, n) (M (i, j)#0, P(l, n) #0) and let g4, . . ., g be a free basis for
G. Put

xy=exp(g1t), ..., xi =exp (gkt).

Then M (i, j)', P(l, n)" are ratios of elements of N, the set of monomials in xy, . . . , Xx.
In particular, M (i, j)', P(l, n)' belong to R =2Z[x1, ..., XcIn-
Let xas, xp be the characteristic polynomials of M, P:

xm(A)=det (Al —M"), xp(A)=det (AT —-P").
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Clearly xa, xp€ R[A]. Let m(A) be the first row of adj (A —M ") and let 7 (A) be
the first column of adj (AI — P*). The entries of m(A), w(1) and (1) - m (1) belong
to R[A]. Moreover, w(8(¢)) and m(B(¢)) are strictly positive (see [13]). Since
adj AT—M M = adj (AT —M")— xar(A)1,
P'adj (AT —P")=A adj (AT — P") — xp(A)],
we have for any matrix L over R[A] (of appropriate dimension)
adj (AT — P")L adj (\] —M*)M' — P" adj (AT — P")L adj (A\I —M") = xpB — xpmA,
where A and B are suitable matrices over R[A]. We take L to be the matrix with
1 in the top left-hand corner and zero elsewhere so that
adj (AT —P")L adj AT -M")=m(A)m(r),
and we have
m(A)mAM' = P'm(A)ym(A) = xp(A)B(A) = xsr (M)A Q). ()

As B(t) is the common B-function of M and P,

xm(exp (1), . . ., exp (g«t), B(1))=xp(exp (g11), . .., exp (gt), B(1))=0.

Let xy € R[A] be the monic polynomial of (25) which divides both xar and xp in
R[A] and satisfies

x(exp (g12), . .., exp (gut), B(1))=0.
Let d = 1 be the degree of x. Use the fact that x is monic to reduce the polynomials
in 7(A)m(A) modulo y to obtain a matrix V(A) over R{A],

VA)= Vo+AVi+- #2947V,
where V, ..., V,_, are matrices over R. From (x) we obtain an equation
VAOM =P'V(A)=x(A)CQ),

where the matrix C is over R[A]. Since y is of degree d, C must be the zero matrix
and we have

VM'=P'V, fori=0,1,...,d-1.
We now assume that M and P are aperiodic; the periodic case is similar. Put t =0
to obtain integral matrices. Repeating the argument at the end of the proof of (9),
we see that there exists i, 0=<i=<d—1, and a non-negative integer n such that
V:(M)" or —V;(M")" reduces to a strictly positive integral matrix at t = 0. Accord-
ingly, take

U=V.M")" or U=-V(M"".
(Of course, (M )" denotes the n’th power under matrix multiplication of M*.) Clearly
U = U, satisfies

UM'=P'U,
for all real t. U is over R and strictly positive at ¢ =0. It follows that the entries

of U = U, are integral combinations of exponential functions and U, is strictly
positive in a neighbourhood of zero. We have completed the proof of:
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26. THEOREM. For two irreducible non-negative matrices M and P, Bns = Bp iff (c)
holds.

27. Remark. Above, {matrices U over R: UM'=P'U} is a finitely generated
R-module. This follows from the fact that Z[x,, . . ., x; ] ideals are finitely generated
(see [16]). In the proof of (26) we obtained an element

U=xV,M")"
of this module which is positive at ¢t = 0. It is not difficult to see that this U is an

R-combination of Vj,, Vi,..., V,._1. Indeed, we only have to check that for each
,0=j=d-1, V;M"is an R-combination of V,, Vi,..., V,4_;. In fact,

7r(MmAM =A7(A)m(A) mod y,
so that
VIOM =AV(A) mod y.
Letting
xA) =AY ~(co+cih+++cad%Y
with ¢g, ..., c4_1 € R, we have
(VorAVi+ A7V, )M
=AVo+AVi+- - +2'V,) mody
=AVo+- -+ AT W+ (cot  +caA® Ve, mod y
=coVai+A(Vot e Vo) +- -+ A4 (Vaoa+c4-1Vao1) mod x.
Hence
VoM '=coVy 4
and,forl=j=d-1,
VM'=V,_1+¢Va,

as we wished to prove.

6. Does Bar = Bp imply finite equivalence?
Let (X, S, m), (Y, T, p) be Markov chains defined by the stochastic matrices M, P.
Suppose Bar = Bp. Then, by (26),

UM =P,

for a matrix U = U, (which is positive in a neighbourhood of zero and) whose
entries are integral combinations of exponential functions. From (22) we see that
the Markov chains are finitely equivalent if the entries of U are non-negative
integral combinations of exponentials. We are not able to prove this in general,
but we conjecture that this is the case. In particular:

CONJECTURE. If two Markov chains have the same B-function, then they are finitely
equivalent.

Recall that in the topological case topological entropy is a complete invariant of
finite equivalence. In [1] Adler & Marcus obtained the stronger result that for
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topological Markov chains topological entropy and period together characterize
almost topological equivalence, i.e. finite equivalence with a.e. 1-1 maps. In view
of this fact, one may wonder about the possibility of establishing for Markov chains
finite equivalences with a.e. 1-1 maps when B-functions and periods coincide. We
assert that this is not possible in general. The reader is referred to the group
invariant introduced in [6]. This invariant would exclude, for example, the possibility
of a finite equivalence with a.e. 1-1 maps between the Markov shifts defined by

the matrices
( q) (q ) ’
p 14

0<p<1, p#3 q=1—p. (These are aperiodic and have identical B-functions,
B)=p'+q")

We devote the rest of the paper to examples, which will serve to illustrate our
theory and the above conjecture.

Measures of maximal entropy. For a Markov measure of maximal entropy
B(t)y=7"",

where log y is the topological entropy. Thus, for Markov measures of maximal
entropy, the B-invariant reduces to topological entropy. The completeness of the
invariant for this sub-class may easily be deduced from the purely topological
classification (14).

We remark that a Markov shift and its inverse have identical g-functions. Other
classes of Markov shifts with identical 8-functions are:

Bernoulli-type shifts. Fix a probability vector
p=(p@),...,p(n).

Consider all irreducible matrices M with the following property. In each row of

M there are precisely n non-zero entries and the non-zero entries form a permuta-

tion of {p(1),..., p(n)}. We call the Markov shifts defined by such matrices, and

their inverses, Bernoulli-type shifts based on p. These were first studied by Rosen-

blatt [11]. In particular, the Bernoulli shift defined by p is in this class. All

Bernoulli-type shifts based on p = (p(1),..., p(n)) have the same B-function,
Bt)=p()' +---+p(n).

We claim that all Bernoulli-type shifts based on the same probability vector
p=(pQ),...,p(n)) are finitely equivalent. Indeed, all elements of this class have
the Bernoulli shift defined by p, (Y, T, p), as a finite factor.

Let M be a matrix as above, defining a Bernoulli-type shift (X, S, m) based on
p. We give a 2-block finite factor map ¢ : X > Y. That (Y, T, p) is also a finite
factor of the inverse of (X, S, m) follows from this on noting that Bernoulli shifts
are their own inverses. In a row i of M there are exactly n non-zero entries and
these may be ordered k4,. .., k, so that

MG, k)=p(j) forj=1,...,n.
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Define ¢o(i, k;) =j. Evidently, the map ¢ defined by ¢, is right resolving. Given
(jl,jz)EA(T)2 and (i, i»)€ A(S)? with M (i1, i,) >0 and doli1, i2) = J1, there exists
a unique i3 € A(S) such that
M(iz, i3)>0 and ¢olia, is) = ja.

It follows that ¢ is bounded-to-one and surjective (see the proof of (12)). ¢ is also
measure preserving: it is sufficient to check this on cylinders of (Y, T, p). For a
cylinder [ - - - jil,  “'[j1 - * - j,] consists of card (A(S)) cylinders of length [ + 1. For
each i, € A(S) the right resolving property determines i5, ..., ;.1 € A(S) such that

m[n [P i1+1]>0

and
Polik, fx+1) = J
fork=1,...,.l Moreover,
M (i, i 1) = p(ji)
so that
mliy - - hel]=m@)p(j) -+ p().
Hence

m(@ [+ ']'1])=(. ) m(i1)>P(f1) ~ep(i=p3G0) - - p(),
1€ A(S)

as we wished to prove.

We have now exhausted the types of examples (we know) for which the B-function
is readily computable. (1) and (15) may be used to obtain examples of Markov
chains with identical B-functions from (topological) 1-block finite factor maps, but
with these examples we have finite equivalence ab initio. However, a Markov chain
and its inverse have the same B-function but we are not able to prove in general
that they are finitely equivalent. Thus inverses (or, in terms of matrices, transposes)
present good tests of our conjecture. We now turn to low dimensional examples
{2x2 and 3 x3) and use the techniques of § 5 to test if they satisfy condition (b)
of § 4.
Consider a general 2 X 2 matrix

)
z w/
We think of the entries as exponential functions. Observe that
GG D66 2
z w/\0 2z 0 z/\y w/'
Hence (b) is satisfied by 2 X 2 matrices and their transposes. (We should point out

that 2 X 2 Markov chains are trivially finitely equivalent to their inverses.)
We now assume the entries of
x
=(; )
z w

https://doi.org/10.1017/50143385700001279 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700001279

332 W. Parry and S. Tuncel

are algebraically independent and look for 3 X 3 matrices whose B-functions coincide
with that of P. Remembering that we are concerned only with irreducible matrices
and noting that evaluation at 1 must give a 0-1 matrix with maximum eigenvalue
2, one quickly concludes that either row sums must equal 2 or column sums must
equal 2. Without loss of generality, we consider the former case (this covers the
latter by transposing). We require the characteristic polynomial of P, namely

A= (w+x)A +wx —yz,
to divide the characteristic polynomial of the 3 X 3 matrix whose entries are (ratios

of) monomials. For certain forms of matrices (namely when the determinant is a
positive form, i.e. a sum of monomials) this is impossible. We arrive at

01 1
1 10
011
as the only possible ‘shape’ (up to permutation of the indexing set {1, 2, 3}).
A matrix
0 a b
c d 0
0 e f

has characteristic polynomial
A[A%=(d +)A +(df — ac)]+c(af — be).
For divisibility by
AZ—(w+x)A +wx -yz,
we require af = be (¢ # 0 as none of a, b, ¢, d, e, f can be zero). Therefore
d+f=w+x and df—ac=wx—yz.

It follows that d = w, f=x (or d = x, f =w) and ac = yz so that the matrix must be

o ¥z ®z o ¥z wz
v oouv v ouv
M= or
v w O v X 0
0 u x 0 u w

We concentrate on the former; the latter may be treated similarly. Adopting the
notation of the proof of (26), A is defined by

xA)=A2=(w+x)A +wx —yz =0.
The first row of adj (Al —M) is

m)=(w =2 =0, 2, ~w -0
v uv
= ()’Z, EA, (A - W xyz)’
v uv
and the first column of adj (A — P) is

r=("7).
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Hence (modulo y) we have
TA)mA)=Vy+AVy,

where
z xyz
wyz X—[wx—yz] ——y—[w2+yz—wx]
v uv
Vo= wxyz? ’
—yzz 0 wxyz
uv
xyz  xyz
—-yz ——— ———[x-w]
v uv
Vi= z° xyz®
0o - _Xyz
v uv
Now
vz xy’s?
0 —_ [ A=
v uv
V()+WV1= 2
z
—y22 _wyz 0
v

Multiplying this by —(uv)/(yz?), we obtain
U =( 0 uy xy>’
uw uw 0
which satisfies UM = PU.
Now we consider a 3 x 3 matrix P = (P;) and its transpose P". Observing that
UP=P"U implies (U+U")P=P"(U+U"

for the symmetric matrix U + U", we seek a symmetric solution U of UP =P"U
such that the entries of U are non-negative integral combinations of monomials. Let

x a b
U={a y c]|
b ¢ z

By symmetry, we need only check UP = P"U in the three top right-hand positions
(1,2), (1, 3) and (2, 3). Working out UP and P"U in these three positions we see
that

6 o Q N e =

must satisfy the equation
§ & n Hu=0, ()
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where the block matrix

Py, =Py O (P2—P1y) P3; i =Py
S &€ n O={Ps 0 —Pu . Py v (P3—Pu) =P
0 Py —P3p Pis —Prz i (Py3—P2)

If
det S =P12P23P31_P21P32P13 =0’

then we may take
a=b=c=0, x=1, y=P,/Ps and z=P5/Ps3

to obtain a ‘non-negative’ solution. If det § # 0, defining

x
y |=(adj $)¢
z
we have for the vector
(adj $)¢
—det S
u= 0 ,
0
S & m Hu=8(adjS)¢—(det $)¢=0.
Similarly,
(adj $)m (adj $)¢
0 0
"=\ —dets | ™ *T) o
0 —det S

satisfy (*). Moreover u, v, w form a basis for solutions of (*¥). On computing adj S
* we obtain:
P23P31(P22—Pll)_P21P32P23+P21P31P13
(ad] S)§= P13P32(P22_‘Pll)_P12P32P23+P12P31P13 ’
P13P33(Py2 — P11} — P12Py3Pys+ Py P13Pys

Py3P31P3; — P31 P3y(P33— Pi1) — Py P31 Pos
(adj $)n =| P13P32P32— P12P32(P33— P11) — P12 P31 P2 |,
Py3Py3P3; — P12 Poy3(P33— Piy) — P2y PraPy2

—P33P31 P31+ P31 P33Py + P21 P31 (P33 — Pay)
(adj S){ = | —~P13P32P31+ P12P3,Py1 + P12 P31 (P33 — Pay) |.
—P13P33P31+ P12Py3Poy + P21 P13(P3z— Pay)

Recalling that rows, 4, 5, 6 of u, v, w are either O or
—det S = Py P35P13— P13P23P3, #0,
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one is led to seek non-negative integral combinations k, /, m of (ratios of) monomials
such that

V =(adj S)(ké +In+ml)
is divisible by det S and the entries of —(1/detS)V are non-negative integral
combinations. Without attempting to do this, we observe that a large number of

special cases have particularly simple solutions. For instance, if P,3 =0 and if one
of Py; or Py, — Py is zero, then taking k = 1, I = m = 0 suffices.
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