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EXTENSION OF SET FUNCTIONS TO MEASURES
AND APPLICATIONS TO INVERSE
LIMIT MEASURES

BY
D. MALLORY

Introduction. In measure theory and probability it is often useful to be able
to extend a set function g to a measure u. One situation in which such an extension
arises is that of obtaining limit measures for inverse (or projective) systems of
measure spaces ([1], [5]).

Since such extensions do not exist in general, conditions must be placed on g
in order to guarantee the existence of a measure which is an extension of g.

A condition frequently assumed for this purpose is that g can be approximated
from below on every countable family of sets in its domain by a family of sets €
with properties very similar to those of compact sets. Specifically, % is assumed to
be such that for C;, C,,...€%, N C,=2 iff for some n, Ni C;=02
(Marczewski [3]).

In order to obtain inverse limit measures one then places on the inverse system
restrictions which will guarantee that the generating set function satisfies the above
conditions.

In this paper we show that approximation of g by families of sets satisfying a
weaker condition (descending property) than Marczewski’s is sufficient to guaran-
tee extension to a measure.

We then apply the result to inverse systems of measures and show that inverse
limit measures exist for systems which satisfy conditions other than those required
by previous workers.

1. Extension of Set Functions to Measures.

1.1. DerINITIONS. A family of subsets & of a space X has the descending property
iff for every sequence of non-empty sets Dy, D,, ..., €2 with D;>D,> D; -+ -
we have Ny Dp# 3.

(Clearly, families of sets with Marczewski’s property have the descending
property. However, the converse does not hold (see example 1.3).)

Let g be a real valued non-negative set function on a family of sets 5. Then
€< is an inner family for g on S iff for every H e H#,

g(H) = sup{g(C):Ce ¥, C < H}.
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A family of sets &7 is a semi-ring iff for every 4, Be &/, A N Be &/ and A~B=
U1 4, for some 4, ..., A, € .

1.2. THEOREM. Let g be an additive, real valued non-negative set function on a
semi-ring # of subsets of a space X, and let Z < have the descending property
and be an inner family for g on 5. Then there exists a measure x on the o-field
S(2) generated by o such that u(H)=g(H) for every H e .

Proof. Let H= U, _, H, where H, H, ..., eJ¢. Then it follows from Theorem
1.2 Sec. I of [2] that it suffices to show that g(H)< >, g(H,), ie., that g is
countably subadditive.

Let t<g(H) and choose D € &, D< H with g(D)>t. Then let D~H,= U:-';l H
where {H’1 ;1=1,2,...,m} is a disjoint family in 5. Now choose D!, D2, .. .,
D,, €Z such that Dc H’ and

gg(D"Hg(Hl) >t

Similarly, by recursion on n choose disjoint families

%51 ..... in — {Hf1 ..... jn,jﬂ+1:jn+1 —_ ]’ 2, R n,lj1 ''''' ]ﬂ} c %
such that
. . Mjise..,in . .
Dy in ., Hn,‘_l — U Hive- Tniins1
d Jns1=1
an
@J‘; ..... in {Dil.jz ..... jﬂﬂ':jn-\—l — 1’ 2’ . , nljl ..... ’n} <9
such that D™=+ fretc gy Jan1 gpd
n
2 gDt 3 g(Hy) >
(Gpoeees in+1) €T k=1

where T is the set of all n-tuples used as indices.

If for every n, >; ; g(H,)<t, then there exists a sequence k,, ks, . . . such that
D"+ Fnzt &5 for every n (because the families at each stage are finite). Letting
Dm=D""*"*m we see that D;, D,, ... is a descending sequence of non-empty
sets in &, so that N, D,# @ and thus D4 {J,_, H,, contradicting the choice
of D.

Thus > g(H,)>t, hence >, g(H,)>g(H).

The following example shows that if a family with the descending property is
extended so as to be closed under finite unions or intersections the resulting
family may not have the descending property.

1.3. EXAMPLE. Let Z=% % (0, 1) and for t € Z, 0<e<1 let
D(t, &) = {(x, y):lx—1] < &}
U {(x, p):x > 1,y > e(x—t—1)+1}
U{(x,y):x <t y>e(t—x—1)+1}
(D(t, &) has a “cocktail glass shape.)
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Then
D = {D(t,e):teR,0< e < 1}

has the descending property since

D(t;, &) © D(ty, &) iff t; =ty 6 <eé,.
(note that

sup{x—t:for some y € (0, 1), (x, y) € D(¢, &)} = 1)

so that for a descending sequence Dy, D,, ..., e, for some ¢ the “line” x=t¢
is contained in every D,.
However, for #,7#1, and |t;—1,| <1,

1 1
F, = D{t;,, —) N D|t,, —
" (1n+1) (an)#g

and F,, F,, . . . is a descending sequence with (,_; F,=.

Furthermore, if we let
D( 1 ’ —1_-) )
n+1 n+1

G, = D(__l_ 1 ) g
n+1 n+1
Then Gn+lc Gn but n:’:lGn___ Q .

1.4. REMARK. Let for each i € I(X;, .#,, ;) be a measure space, and if for each
iel,D,is a family of subsets of X;, let

Rect(D) = {D: D=T] D, D, = X,
) 4
for all but a finite number of i € I, D; € &; otherwise}.
Then if g is a non-negative additive set function on Rect(.#) for which g(m_l (M]))=
1;(M) (7, representing projection onto the i-th coordinate) wheneveri e I, M € 4,
the extension of g to a measure is a (indirect) product measure (cf. [4]).

Clearly, if for each i € I, %, is an inner family for u; on .#; and %, has the de-
scending property then Rect(%) has the descending property and is an inner family
for Rect(#) whenever the measures u, are o-finite. Hence by Theorem 1.2 g could
be extended to a measure, i.e., an indirect product measure would exist.

2. Inverse Limit Measures.

2.1. DEFINITIONS. An inverse system of measure spaces will be denoted by (X, f,
u, I) where:

(i) Iis an index set directed by <.
(if) For each i € I X, is a space.
(ili) Fori<jel, f;: X;—~X, and if i<j<k ek eI, f; * tyn=fy.
(iv) For each i € I u, is a measure on a o-field ., of subsets of X;.
(v) Fori<jeland Me M, f;}[M] e M, and p;(f7; [M])=p,(M).
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If (X, f, I) satisfies (i), (ii) and (iii) above we will say (X, f, I) is an inverse system
of spaces. The inverse limit set of such a system is

= {x el Xi:fis(x;) =x; foralli,jel,i <j}.
tel

For (X, f, u, I) an inverse system of measure spaces, ¥ is an inverse limit measure
iff » is a measure on a o-field ./// of subsetsof Land forallie I, M € M, M0
Le ./// and »(z [M] N L)= y,(M ) (where again 7, represents projection onto the
ith coordlnate)

To obtain our result on existence of inverse limit measures we first establish a
set theoretic property on a special class of inverse systems.

A family of sets € will be called compact iff for every subfamily {C;:1 e A}<= ¥,
N,cr C, € % and we have N, C;=@ iffforsomey, ..., 4, €4, Nj1 Ciy=0.

2.2. LeMMA. Let (X, f, I) be an inverse system of spaces such that f;; is onto
whenever i<j, i,j €I and I={iy, iy, iy, . . .} where i,<i,., for every non-negative
integer n. Also for every i € I, let €; be a compact family of sets such that for i<j,
C e €, we have f;[C1 € ¥,.

Then

={m'[CINL:iecl,Ce%;}

has the descending property.

Proof. Let C;, C,, . . . be a descending sequence of non-empty elements of &.
Let, for each n, C,,=77,T1:(”)[Kn] N L where K, € C,-mm and m(n) is the smallest
integer for which this can be done.
Then if k<l and m(k)<m(l)
Simayimn Kl = Ko
and if k</ and m(l)<m(k)

[K}] = K,.

lm(l)lm(k)
So that if we let for every integer p>0
N, = {n:m(n) > p}
and
n j;pzm(y.)[Kn]
we have i
& # fiipnl Ll < T,
whenever N, is infinite, since for any n € N,, there exists n, >n with m(n,)>p.
If there exists p with N, finite, let
r=1lub{m:N,, # z}.
Then

T = n fim(n)t,[Tm(n)] # g
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(Note that only finitely many m(n) exist.). Choose x, € T and let x,,(,,= i (x,) e
T n(ny for all n. Thus j}ml);mmz)(xm(nz,)=xmm1, if m(n,)<m(n,). Then
g # n ﬂ’;r:»l(m[{xm(n)}] NLc n Cn'
Nopninmy# 2 n=1
If no such p exists, define by recursion for every i € I and ordinal «, T; y=1T; and
T;.a = n f;a'[Ti.a-I]
i<j

unless « is a limit ordinal, in which case let 7; ,=;s_, T}, 4. Then T; ,7# @ for
every i, oo. Now let for every x e [[;; T

o(x) = inf{oc:x ¢1]I' T,-_a},
provided there exists « with x ¢ [ [..; T5.,, and let

y = sup{O(x):x € 11 71;
Then [ Ticr Ti.yra=11ics T:.,» and since T} ., < T, , for every i, « we have T} ;=
T;,, for every i € I. But for i<

fii[Ti.yﬂ] =f;i[Ti.7] < Té,y = Tf't.y-H
and

Jill Ty yal = fisl Ti51 2 Ty
SO thatf,-,[]}_y_,_ll= ]v’i,y—l-l‘

Let x, € T, 411, and choose by recursion onn x,,,, € T, v+l such that f; ;
(Xp41)=X,. Then

o %)= Amiix) =L and )= A, o

n+l

Clearly, a similar argument would hold provided the families %; contained the
intersection of subfamilies of sufficiently high cardinality.

The following example shows that the family % need not have the Marczewski
property.

2.3. EXaMPLE. Let I={0, 1}, X;={0, 1}, X;={1/n:n an integer, n>0} L {0}
and %, €, be the families of sets which are compact in the topology induced by
the usual topology on the real line. Also let

=1 if x#0

Then the system satisfies the hypotheses of Lemma 2.2 but if K, =[0, 1/n] N X,
for n e N, and K,={1} then for every n

7 Kol NN a7 K] NL # &
m=1
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but
7 [Ko] NN 77K, ] N L= 3.
m=1

We now turn to the construction of an inverse limit measure.
For (X, f, p, I) an inverse system of measure spaces let

B ={m'[A]NLiiel, Ac ;]

and for « € 4 let g(«)=pu,(4) where 4 € #; and a==;'[4] N L.

We shall assume that (X, f, u, I) satisfies sequential maximality, i.e., if i<
iy<ip---isasequence in/and if {y,:y, €i,} is such that f; ; (y,)=p,, m<n then
there exists y € L with m; (y)=y, for every n.

It is easily seen (cf. [1], [5]) that the above definitions and conditions imply that
% is a ring and that g is finitely additive on &, hence an inverse limit measure
exists iff g is countably subadditive on Z.

2.4. THEOREM. Let (X, f, u, I) be an inverse system of measure spaces which
satisfies sequential maximality such that for each i € I there exists a compact family
€< M ; which is an inner family for p; on #,, and for i<jel, f;[Cle C;
whenever C € C;. Then (X, f, u, I) has an inverse limit measure.

Proof. In view of the above we have only to show that g is countably subadditive

on 4.
Let By, By, By -+ € # and B,< U, B,. For each m let B,=n; [4,] N L
where 4,,<#; and {,<iy<ip.... Let {i,, i,...}=I', and consider the sub-

system (X, f, u, I') with inverse limit set L'. Define g', &', =; for this system as
g, A, m; are defined for (X, f, u, I). Then if we define the mapping s: L—L’ by
s(x)=y where x; =y, for all integers n>0 then

slm4,) N L] = 7 4,1 N L
and

s a4, N L] = 74,1 N L
(because of sequential maximality). We also have

g(ml[4,] N L) = g'(w7'[4,] N L).
But

¢ = {m[CINL:Ce%,}

is an inner family for g’ on #’, and has the descending property by Lemma 2.2.
Hence by Theorem 1.2

g'(@ 4] N L) < Zlg’([mf,.‘ 4,1 N L)
so that

[=e]
8(Bo) < 3 8(By)
and an inverse limit measure exists.
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Note that previously obtained existence theorems along similar lines require
either special properties of inverse images of points ([1], [S]) or stronger conditions
on the measures of the system ([2]).

REFERENCES

1. J. R. Choksi, Inverse limits of measure spaces, Proc. London Math. Soc. 8 (1958) 321-342,

2. D. J. Mallory and M. Sion, Limits of inverse systems of measures, Ann. Inst. Fourier,
Grenoble 21, 1 (1971) 25-57.

3. E. Marczewski, On compact measures, Fund Math. 40 (1953) 113-124.

4. E. Marczewski and C. Ryll-Nardzewski, Remarks on the compactness and non-direct products
of measures, Fund. Math. 40 (1953) 165-170.

5. M. Metivier, Limites projectives de mesures, Martingales Applications, Ann. di Mathematica
63 (1963) 225-352.

DEPARTMENT OF MATHEMATICS
SIMON FRASER UNIVERSITY
BURNABY, BriTisH COLUMBIA
CANADA V5A 1S6

https://doi.org/10.4153/CMB-1975-099-1 Published online by Cambridge University Press‘


https://doi.org/10.4153/CMB-1975-099-1

