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COMMON FIXED POINTS OF TWO NONEXPANSIVE MAPPINGS
IN BANACH SPACES

TOMONARI SUZUKI

In this paper, we discuss a necessary and sufficient condition for common fixed points
of two nonexpansive mappings. We then prove a convergence theorem to a common
fixed point. Finally, we discuss the existence of a nonexpansive retraction onto the
set of common fixed points of nonexpansive mappings. In these theorems, we do not
assume the strict (uniform) convexity of the norm of the Banach space.

1. INTRODUCTION

A mapping T on a closed convex subset C of a Banach space E is called a non-
expansive mapping if \\Tx — Ty\\ < ||z — y\\ for all x,y e C. We denote by F(T) the
set of fixed points of T. We know that F(T) is nonempty if E is uniformly convex and
C is bounded; see Browder [4] and Gohde [15]. Kirk [21] extended these result to the
case that C is weakly compact and has normal structure. A subset F of C is called a
nonexpansive retract of C [5, 13] if either F is empty, or there exists a retraction from C
onto F which is a nonexpansive mapping. In 1970, Bruck [5] shows that if E is reflexive
and strictly convex, then F(T) is a nonexpansive retract of C; see also [6]. The existence
of common fixed point for families of nonexpansive mappings was established by several
authors; see Belluce and Kirk [2, 3], Browder [4], DeMarr [9], Lim [24] and others. In
1974, Bruck [7] prove the following generalisation of these common fixed point theorems.

THEOREM 1 . (Bruck [7].) Suppose a closed convex subset C of a Banach space

has both the fixed point property and the conditional fixed point property for nonexpan-

sive mappings, and C is either weakly compact, or bounded and separable. Then for any

commuting family S of nonexpansive mappings on C, the set of common fixed points of

S is a nonempty nonexpansive retract of C.

Convergence theorems for nonexpansive mappings using Mann's iteration process
([27]) also have been studied by several authors; see Edelstein [11], Edelstein and O'Brien
[12], Groetsch [17], Ishikawa [18], Krasnoselskii [22], Opial [28], Reich [30] and others.
For example, Edelstein and O'Brien [12] proved the following.
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2 T. Suzuki [2]

THEOREM 2 . (Edelstein and O'Brien [12].) Let E be a Banach space with the
Opial property and let T be a nonexpansive mapping on a weakly compact convex subset
C of E. Let xi € C and define a sequence {xn} in C by xn+1 = ctTxn + (1 - a)xn for
n G N, where a is a constant number in (0,1). Tien {xn} converges weakly to a fixed
point ofT.

Ishikawa [18] proved the following strong convergence theorem.

THEOREM 3 . (Ishikawa [18].) Let T be a nonexpansive mapping on a compact
convex subset C of a Banach space E. Let x\ € C and define a sequence {xn} in C
by xn+i = anTxn + (1 — an)xn for n G N, where {an} is a sequence in [0,1] satisfying

oo

limsupnan < 1 and 53 an = oo. Then {xn} converges strongly to a fixed point ofT.

Convergence theorems for families of nonexpansive mappings are proved in Atsushiba
and Takahashi [1], Crombez [8], Ishikawa [19], Linhart [26] and others.

In this paper, we discuss a necessary and sufficient condition for common fixed points
of two nonexpansive mappings. We then prove a convergence theorem to a common
fixed point. Finally, we discuss the existence of a nonexpansive retraction onto the set
of common fixed points of the nonexpansive mappings. In these theorems, we do not
assume the strict (uniform) convexity of the norm of the Banach space.

2. PRELIMINARIES

Throughout this paper, we denote by N and K the set of positive integers and real
numbers, respectively. We put N(k, £) = {i G N : k < i < 1} and N{k, oo) = {i € N :
k ^ i) for k, £ G N. For an arbitrary set A, we also denote by $A the number of elements
of A. Let E be a. Banach space. In this paper, we assume that a Banach space E is real.
We denote by E* the dual space of E. E is said to have the Opial property ([28]) if for
each weakly convergent sequence {xn} in E with weak limit ZQ,

liminf ||xn — zo|| < liminf | | in — ill
n—>oo n—too

holds for all x G E with x ^ z0. All Hilbert spaces, all finite dimensional Banach spaces
and C (1 ^ p < oo) have the Opial property. A Banach space with a duality mapping
which is weakly sequentially continuous also has the Opial property; see [16]. See also
[23], [25], [29] and [31]. We know that every separable Banach space can be equivalently
renormed so that it has the Opial property; see [10]. We also know the following.

PROPOSITION 1 . Let Ei,E^,...,Ek be Banach spaces with norm || • ||i,
II • ibi • • • > II" \\k, respectively. Let p be a constant in [1, oo) and put E = E\ x E2 x • - • x Et,
where the norm of E is given by

for all (x\,x2, • • -,Xk) G E. Then the following are equivalent:
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[3] Common fixed points

(i) E has the Opial property;

(ii) each Ej has the Opial property.

PROOF: If a sequence {xn} in Ej converges weakly to z, then a sequence

in E converges weakly to

Using this fact, we can prove easily (i) implies (ii). Conversely, let {x^} be a se-
quence in E which converges weakly to z, and let w belong to E \ {z}. We put
i(<1 = (4B ) ,4") .--- .4")) forn G N, z = (Zl,z2,... ,zk) and w = (wu w2,.. .,wk).
Since {x^} is a bounded sequence, there exists a subsequence {x^} of {a;(n)} such that

liminf ||x(n) - w\\p = lim \\xM - w\\p,
n-»oo t^oo

and that the limit of {\\x{"{) - Zj\\j} exist for all j e N{l,k). Since Ej for j e N(l,k)
have the Opial property,

.lim Wx^ - Zj\\
P < liminf \\x™ - Wj\\P

hold for a l l j € N(l,k), and

lim | |^n i ) - zt\\
p

e < liminf ||x^ni) - IU^IJ

holds for some £ € A^(l, k) because z ^ w. Therefore we have

liminf | |z(n) - z\\" ^ lim ||a;(ni) - z\\p

lim \\x^ - w\\"
1-4OO

= liminf||x(n)-iy||p
n-KM

and hence
liminf ||z(n) - z\\ < liminf ||z(n) - toll.

n-»oo n-*oo

This completes the proof. D

The following lemma plays an important role in the proof of Theorem 4.
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4 T. Suzuki [4]

LEMMA 1 . Let Ai,A2,A3,...,Ak besubsets ofN2. Put Aj{n) = N(l,n)2 n A,
for n G N and j G JV(1, k), and put

^4^
Suppose a > 0. Then

lim inf ——— > a

holds and

N{n, oo)2 n ( p | A, J ^ l

hold for all n G N.

PROOF: From the assumption, we have

lim inf ^ lim inf
n—>oo 71 n—>oo

= a.

Fix n G N. Then we can choose m e N satisfying

^ 3n , V = 1 / 2
m > — and ; > -a.

a m2 3
From

k \ o
^ ( m ) J > - a m 2 ^ 2mn > m2 - (m - n)2 = |(AT(1, m)2 \ N(n •

we have

h

2 ,= Ar(n + l ,m) 2 n [ \Aj

This completes the proof.
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[5] Common fixed points 5

3. C O M M O N FIXED POINT

In this section, we discuss a necessary and sufficient condition for common fixed
points of two nonexpansive mappings. Let 5 and T be nonexpansive mappings on a
closed convex subset C of a Banach space E. Then we put

(1)
n

for n € N and x 6 C. Note that a mapping M(n, •) on C is nonexpansive for each n €
because

\\M{n,x) - M(n,y)\\ < \ £ £ WS^x - S'T>y|| ̂  \ £ £ \\x - y\\ = \\x-y\\
n i=i i=i n i=i i=x

for all x,y € C.
The following theorem is one of the main results in this paper.

THEOREM 4 . Let E be a Banach space with the Opial property and let C be a
weakly compact convex subset of E. Let S and T be nonexpansive mappings on C with
ST = TS. Then for z€C, the following are equivalent:

(i) z is a common fixed point of S and T;
(ii) {M(n,z)} converges weakly to z;

(iii) tiere exists a subnet {M(i/p,z) : j3 € D} of a sequence {M(n,z)} in C
converging weakly to z.

It is clear that (i) implies (ii) and (iii). We prove only (ii) implies (i) because we can
similarly prove that (iii) implies (i). Before proving this, we need preliminaries. In the
following lemmas and the proof of Theorem 4, we put

d = lim suptWS'Tiz - z\\ : i > k,j > k},

A(nJ,e) = {(i,j) € N(l,n)2 : /(S'T'z - z) < e)

for n e N U {oo}, / € E* and e > 0, and

B(n,e) = {(i,j) € N(l,n)2 : {{S'Th -z\\>d-e)

for n e N U {oo} and e > 0.

LEMMA 2 . For every (i,j) € (N U {0})2,

\\S{Tjz -z\\^d

holds.
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6 T. Suzuki [6]

PROOF: Fix (iuji) € (NU{0})2. By the Hahn-Banach theorem, there exists / G E*
such that

= 1 and f{ShTjiz -z) = \\S{iT^z - z\\.

Fix 6 > 0. Then there exists mx e N such that ||S'T**-z|| ^ d+6 for (i,j) € N{mu oo)2.
For n S N with n > ̂  + jx + mi, we have

\\SilTilz-z\\ = f{ShTjlz-z)

= f(SilT»z - M(n,z)) + f(M(n,z) - z)

^ Il/H • ||S*>r«z- M(n, z)\\ +f(M(n, z) - z)

= WS^T^z - M(n,z)\\ + f{M(n,z) - z)

and hence

n2-{n

+ f{M(n,
i n

t=ti+mi + l

E n5ilT

— i\ — m\){n —
n2

z)-z)
n

E I I - '
7 = ?i+mi+l

-z-S'l

ji — mi) r.. ..
2sup{|jx||

7t

f(M(n,z)-z)
— ii- mi)(n - j t - mi)

6>

f{M{n,z)-z)

: x€ C}

Since <5 is arbitrary, we have \\SilTjiz - z\\ s$ d. D
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[7] Common fixed points

LEMMA 3 . Fixp,qeN and let f € E* with

||/|| = 1 and f(S"T"z-z) = \\S"T"z-z\\.

Let 6 be a positive real number satisfying

\\SpT"z -z\\>d-5.

Then

£ + 0
hold for all e > 0.

PROOF: For (i,j) S N2, by Lemma 2, we have

\\SpT"z - ST^zll < \\SpT"z - z\\ + WST'z - z\\ ^ Id

and hence

f(S{Tjz -z)= f(S{Tjz - SpTqz) + }{SpT"z - z)

^-\\f\\-\\SiTjz-SpT"z\\+d-S

Z-d-5.

For (i,j) € N(p + 1, oo) x N(q + 1, oo), by Lemma 2, we have

\\SpTqz - STTizW ^ H S ' - T ' - ' z - z|| < d

and hence

- z) = /(5*r^z - SpT"z) + f(S"T"z - z)

^-\\f\\-\\SiTjz-SpT"z\\+d-S

P u t t i n g A n = A(n, f, e) fl N(p + 1, n ) x 7V(g + 1, n) for n G N with n > max{p , q}, since

l , n ) 2 = (N(p +l,n)xN(q + l,n)\ An) U A n

U (Ar( l , n ) 2 \ (N(p + 1, n) x 7V(g + 1, n ) ) ) ,

we have

n , / «IA. , , ^ n 2 - ( n -
1- ^ — o ; — T - + (—a — 0)

n2- n 2
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= £(n-p)(n-q)_ ( e + f)jA,+ n>-(n-p)(n-q)
n2 n2 n2

n
and hence

/,g) f » ^ e
n2 " e + 8-

We obtain the desired result.

LEMMA 4 .

* )

iioid for all e > 0.

PROOF: We fix e > 0 and TJ e R with 1/2 < 77 < 1 and put

We note that 0 < S < e/2. By the definition of d, there exists (p,q) £ N2 such that

\\SpTqz -zWzd-8.

Fix f € E' with
= 1 and f{SpTqz - z) = \\SpT"z - z\\.

So, using Lemma 3, we have

.l i m i n f >

n->oo n2 e/2 + 6

Fix n > max{p,g} and (i, j) € A(n, /,e/2) D (N(p,n) x N(q,n)). Then we have

^ f(SpTqz - S

= f(SpT"z ~z) + f{z - S

= \\SpT"z - z|| + /(z - S'Th)

>d-6-£-

> d-e

and hence (i — p,j - q) € B(n , e). So, we obtain

/ , e / 2 ) + (n - p + l ) (n - 4 + 1) - n2 ̂  j j (y l (n , / ,e /2) n {N(p,n) x JV(g,n

Therefore we have

liminf
n—>oo
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[9] Common fixed points

Since r\ is arbitrary, we obtain the desired result. D

P R O O F O F T H E O R E M 4: By the definition of d, there exists (pi, gi) € N2 such that

Fix / i € E* with

N/ill = 1 and MS^T^z - z) = ||SPlT"z - z||.

By Lemma 3, we have

l l m l c fM(.. / , ,(2/3) ') > *
n-HX> n2 22 + 1

We now define inductively sequences {pn} and {qn} in N and {/„} in E* such that

fc+i,gfc+i} > max{pk,qk},
1

7k+l7 _ z | | > A

z z\\ ? a ^k+2>
2t+1

"^z - z ) ^ — for t G

= 1 and fk+1(S
p^T"^z - z) = \\Sp^T<>^z - z\

for all k £ N. Suppose p^, gi € N and fk € £" are known. Since

.. . JB(n,l/3k+2) , ^ , , fM(n,/,,(2/3))
hm inf —^ ^ + > hm inf — r - k

n ^—' n—>oo

we have

iV(max{pfc, qk) + 1, oo)2 n B(co, l/3*+2) n f | >4(oo, ft,
£ = 1

by Lemma 1, that is, there exists {pk+i,qk+i) in N2 such that mi

2t+l
a n d fe{SPk+iT"^z - z)
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for £ e N(l,k). Fix fk+1 e E* with

||/t+1|| = 1 and fk+,{Sp^T'^z - z) = ||SP*+'T«*+'z - z\\.

Note that
. JA{n,fk+1,(2/3)k+*) ^ 2fc+2

hminf—* - >

by Lemma 3. Hence we have defined {pn}, {qn} and {/„}. Since C is weakly com-
pact, there exist subsequences {pnt} and {qnic} of {pn} and {qn} respectively such that
{5p"*T'"*z} converges weakly to some point u € C. If nk > i, then

oM-l

So we obtain
2e+l

/<(« - 2) ^

for all e € N. Since

^ ft{S"T«z - u)

= /^S'T'^ -z) + ft(z - u)

= \\S>"T«z-z\\+ft(z-u)

for £ € N, we have

and hence

liminf ||5""*T«"*z - z\\ ^ d ^ liminf \\SPlTqtz - u\\ ^ liminf ||5p"*r«"*z - u||.
fc-»oo /—»oo k—xx>

By the Opial property of E, we obtain z = u. We also have

liminf ||Sp"*r»"*z - Sz\\ < liminf | | 5""*" 'T^z - z|| ^ d

and hence Sz — u. Similarly we can prove Tz = u. Therefore z — Sz = Tz = u and we

complete the proof. U

R E M A R K . In Theorem 4, we may replace the condition "E has the Opial property"

with the following condition: for each weakly convergent sequence {xn} in C with weak

limit z,
lim inf | | i n — z|| < lim inf | | i n — x||

n-*oo
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[11] Common fixed points 11

holds for all x € C with x ^ z. If C is compact, then the above condition is satisfied.
Indeed, if a sequence {xn} in C converges weakly to z, then {xn} converges strongly to
z. Hence the following holds.

lim ||xn — z\\ = 0 < ||z — x\\ = lim \\xn — x\\
n—*oo n—Kx>

for all x G E with x ^ z. So we can prove the following, which is proved in [32].

THEOREM 5 . (Suzuki [32].) Let C be a compact convex subset of a Banach space
E and let S and T be nonexpansive mappings on C with ST = TS. Then for z 6 C, the
following are equivalent:

(i) z is a common fixed point of S and T;

(ii)
, n n

" " = 0

holds.

lim inf

4. NONEXPANSIVE RETRACTION

In this section, we discuss the nonexpansive retraction onto the set of the common
fixed points of nonexpansive mappings. Let 5 and T be nonexpansive mappings on a
weakly compact convex subset C of a Banach space E. Define M(-, •) by (1). We now
define a nonexpansive mapping U on C by using the notion of universal net. A net
{xg : P € D} in a topological space X is called a universal net [20] if for each subset A
of X, there exists 0O € D such that either {xp : ft ^ /30} C A or {a^ : ft ^ /30} C X \ A
holds. We note that if X is compact, then {xp} always converges. From the Axiom of
Choice, there exist a directed set (D, ^ ) and a universal subnet {v$ : 0 £ £>} in N of a
sequence {n : n € N} in N, that is,

(i) for each n € N there exists /?o € D such that /? ^ 0o implies up ^ n; and

(ii) for each subset A of N, there exists /?0 € D such that either {up : /3
SJ A,} C A or {up : /3 ^ fa} C N \ A holds.

For x e C, since {vp : 0 £ D} is a universal net, {M(vp,x) : ft € D} is also a universal
net in C. Hence, by the weak compactness of C, {M(i/p,x)} converges weakly. Now, we
define Ux as

(2) Ux = weak-lim M(vp, x)

for all x E C. Such U is a nonexpansive mapping on C because

for x,y € C.

\\Ux - Uy\\ ^ l iminf | |M(^,x) - M(up,y)\\ < \\x - y\\
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THEOREM 6 . Assume that either of the following holds:

(i) E is a Banach space with the Opial property and C is a weakly compact
convex subset of E; or

(ii) E is a Banach space and C is a compact convex subset of E.
Let S and T be nonexpansive mappings on C with ST — TS. Define a nonexpansive
mapping U on C by (2). Then F(S) n F(T) = F(U) holds,

PROOF: We first assume Sz = Tz = z. Then M(n,z) - z for all n € N and hence
Uz = z. Conversely, we next assume Uz — z. Then in the case of (i), since

z = Uz — weak-limM(f0,z),

we obtain Sz — Tz = z by Theorem 4. In the case of (ii), we also have

liminf||M(n, z) - z\\ ^ lim||M(^,2) - z\\ = 0.

So, by Theorem 5, we obtain Sz = Tz = z. D

Using Theorem 6, we obtain the following convergence theorems to a common fixed
point of nonexpansive mappings.

THEOREM 7 . Let E be a Banach space with the Opial property and let C be a
weakly compact convex subset of E. Let S and T be nonexpansive mappings on C with
ST = TS. Define a nonexpansive mapping U on C by (2). Let x\ £ C and define a
sequence {xn} in C by

xn+i = aUxn + (1 - a)xn

for n G N, where a is a constant number in (0,1). Then {xn} converges weakly to a
common fixed point z0 of S and T.

PROOF: By Theorem 2, {xn} converges weakly to a fixed point ZQ of U, which is a
common fixed point of S and T, by Theorem 6. This completes the proof. D

THEOREM 8. Let C be a compact convex subset of a Banach space E and let S
and T be nonexpansive mappings on C with ST — TS. Define a nonexpansive mapping
U on C by (2). Let Xi e C and define a sequence {xn} in C by

xn+l = ctUxn + (1 - a)xn

for n £ N, where a is a constant number in (0,1). Then {xn} converges strongly to a
common fixed point z0 of S and T.

PROOF: By Theorem 3, {xn} converges strongly to a fixed point z0 of U, which is a
common fixed point of 5 and T, by Theorem 6. This completes the proof. D

Using Theorems 7 and 8, we prove the existence theorem.
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THEOREM 9 . Assume t ia t either of the following holds:

(i) E is a Banach space with the Opial property and C is a weakly compact
convex subset of E; or

(ii) E is a Banach space and C is a compact convex subset of E.

Let S and T be nonexpansive mappings on C with ST — TS. Then there exists a

nonexpansive retraction Q from C onto F(S) D F(T) such that Q = Q2 — QS = SQ

= QT = TQ.

P R O O F : We first define a mapping Q on C. Fix x 6 C. Define a sequence {xn} by
Xi = Ux and

in+i = 2Ux" + 2Xn

for n € N. where U is a nonexpansive mapping on C defined by (2). Then as the proofs
of Theorems 7 and 8, {xn} converges weakly to a common fixed point z0 of 5 and T. We
put Qx — zQ, that is,

(3) Qx = weak-lim(\u + li) Ux,
n-KJo y2 2 J

where / is the identity mapping on C. Since x € C is arbitrary, we have defined the
mapping Q on C. For x,y € C, we have

\\Qx - Qy\\ ^ liminf - [ / + -I) Ux - i-U + -I) Uy\\ < \\Ux - Uy\\ ^ \\x - y\\
n—>oo \ Z Z / \ Z Z / II

and hence Q is nonexpansive. For x € C, we also have

\\USx - Ux\\ < liminf||M(i/^

1 ""
= lim inf

^ lim inf — 2 ^ \\S^+lTjx - STjx\\

SV • t 1 II C « II

^ lim i n f — p ffx — x\\

= 0

and hence USx = Ux. Therefore QSx = Qx for all x € C. Similarly we can prove
QTx = Qx. By the definition of Q, Qx e F{S)nF{T) for all x 6 C. From Theorem 6, it is
clear that Qz = z for all z e F{S)nF{T). Hence we also have Q2x = Qx = SQx = TQx
for all x € C. This completes the proof. D
REMARK, (i) In the case that E is a Hilbert space, {M(n,x)} converges weakly to a
common fixed point of 5 and T for all x G C; see [34, p. 83]. Therefore a nonexpansive
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14 T. Suzuki [14]

mapping U itself is a nonexpansive retraction from C onto F(S) D F(T). U also satisfies
US — UT = U. Therefore the following question arise: In our setting, is U always a
nonexpansive retraction onto F(S) D F{T)1 The answer is negative; see Example 2 in
Section 5.

(ii) Gossez and Lami Dazo [16] prove that every weakly compact convex subset
of a Banach space with the Opial property has normal structure. So, Bruck's result
(Theorem 1) shows that there exists a nonexpansive retraction Q from C onto F(S) n
F{T). However, Theorem 1 does not assure QS - QT — Q.

As a direct consequence of Theorem 9, we obtain the following.

COROLLARY 1 . Assume that either of the following holds:

(i) E is a Banach space with the Opial property and C is a weakly compact

convex subset of E; or

(ii) E is a Banach space and C is a compact convex subset of E.

Let T be nonexpansive mappings on C. Then there exists a nonexpansive retraction Q

from C onto F{T) such that Q = Q2 = QT = TQ.

5. APPENDIX

In this section we give two examples. We first state an example concerning Theo-

rem 4.

EXAMPLE 1. ([14, Example 3.7].) Let Co be the Banach space consisting of all sequences

in R converging to 0 with supremum norm. Define nonexpansive mappings 5 and T on

Co by
S x - x a n d T ( x i , x 2 , x 3 , . . . ) = ( x i , l - \ \ x \ \ , x 2 , x 3 , X 4 , . . . )

for all x = (xi, x 2 ,x 3 , . . . ) e CQ. Then 0 € Co is not a fixed point of T and

t=l j=\

holds.

P R O O F : It is clear that

for all x, j / € Co and hence 5 and T are nonexpansive. We put

(*)
efc = (0 ,0 ,0 , . . . ,0 , l , 0 , 0 , 0 , . . . ) € c o

for ifceN. Then the following hold:

TO = e2l
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Tej = elt

Te2 = e3,

Tek = ek+1.

We suppose that x = (xi, x2, x 3 , . . . ) € Co satisfies Tx = x. Then we have x2 = x3 = x4

= • •• and hence

x2 — x3 = z4 — ... = 0

because {xn} converges to 0. Therefore ||x|| = \xi\. So, we have

0 = x2 = 1 - ||x|| = 1 - \xi\

and hence X\ = ±1, that is, x = e\ or x = —e\. Conversely, we also have Te\ = e\ and
T ( - d ) = -ev Therefore

This shows that 0 is not a common fixed point of 5 and T. Since S'T^O = eJ+i for
i,j E N, we have

This completes the proof. D

We finally state a counterexample concerning the remark of Theorem 9.

EXAMPLE 2. ([33, Theorem 15].) Define a compact convex subset C of (R2, || • ]]„) by

C = {(xj, x2) : 0 ^ x2 ^ 1, —x2 sj Xi ^ x2 j .

Define nonexpansive mappings 5 and T on C by

Sx = x and T(x!,x2) = ( - i i , |xi|)

for all x = (xi,x2) E C. Then the nonexpansive mapping U defined by (2) is not a
nonexpansive retraction from C onto F(S) n F(T), and

Q(l,l) ^clcolS'T^l,!) : i , j e N u { 0 } } ,

where Q is the nonexpansive retraction from C onto F(S) D F(T) defined by (3), and
'clco' means the closed convex hull.
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PROOF: Since

\\M(n,x) - (0,\xi\)\\ = 4 ^ - (0,

p
|

we have limn M(n,x) — (0, |xi|) for all a; = [xi,x2) £ C. Therefore

1,12) =(0,11x1)

for all x = (xux2) G C. From C/(l, 1) = (0,1) and T(0,1) = <0,0), U is not
a nonexpansive retraction onto the set of common fixed points of 5 and T. Since
F(S) n F(T) = {(0,0)}, Qx = (0,0) for all x G C, and hence Q(l, 1) = (0,0). On
the other hand,

clco{SVF(l, 1) : i, j G Nu{0}} = {(x,, 1) : - 1 ^ Xl ^ l } .

This completes the proof. D
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