
A NOTE ON COMBINATIONS 

M. Abramson and W. Moser 

We call k integers x j < x^ < . . . < xn chosen from 
1 2 k 

{ 1, 2, . . . , n} a k-choice (combination) from n . With 1, 2, . . . , n 
ar ranged in a c i rc le , so that 1 and n a re consecutive, we have 
a c i rcu lar k-choice from n . A. part of a k-choice from n is a 
sequence of consecutive integers not contained in a longer one. 
Let A (n,k;w) denote the number of c i rcular k-choices from n 

r w 
with exactly r par t s all < w. Of course A(n,k;w) = 2 A. (n, k;w) 

r = l r 

is the number of c i rcular k-choices from n with all par ts < w. 
In this note we prove that 

(1) Â (n,k;w) =~(n'k) Z l - l ) 1 ! ' ) ^ ' " 1 ) , 0 < k < n , r n-k r . . l r - 1 
i = 0 

and deduce an expression for A(n,k;w), the numbers mentioned 
in [1 , p. 593]. 

To establ ish (1) observe that c i rcular k-choices from n 
can be conveniently represented by n-k symbols 0 (one for each 
integer not in the k-choice) and k symbols 1 (one for each 
integer in the k-choice) arranged in a c i rc le , with one of the 
symbols marked (by a* say) corresponding to the integer 1 
(rising order being clockwise). For example, for n = 8 , 

0* 0 0 1 

0 0 0 1* 

1 1 1 1 

1 0 

represents represents 

2, 5, 6, 7 1, 2, 4, 8 
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We find the a r r a n g e m e n t s r e p r e s e n t i n g the c h o i c e s coun ted in 

A (n ,k ;w) a s fo l lows . A r r a y n - k s y m b o l s 0 in a c i r c l e , 
r 

f o r m i n g n - k c e l l s (the s p a c e s b e t w e e n ) ; l a b e l the c e l l s so tha t 
n - k 

they a r e d i s t i n g u i s h a b l e . C h o o s e r of t h e m in ( ) w a y s . 

The k s y m b o l s 1 m a y be d i s t r i b u t e d in to the r c h o s e n c e i l s , 
w i th none e m p t y , in C(k, r ;w) w a y s , w h e r e C(k, r ;w) i s the 
n u m b e r of r - c o m p o s i t i o n s of k with a l l p a r t s < w. We now 
m a r k one of the n s y m b o l s wi th a*, ob ta in ing 

n - k 
n( ) C(k, r ;w) c o n f i g u r a t i o n s . R e m o v i n g the l a b e l s f r o m the 

r 
c e l l s , t he c o n f i g u r a t i o n s fail in to s e t s of n - k e a c h w h i c h a r e 
the s a m e by r o t a t i o n . T h e s e 

n . n - k 

a r r a n g e m e n t s r e p r e s e n t the k - c h o i c e s f r o m n wi th r p a r t s a l l 
< w . Since [4 , p. 124] C(k, r ;w) i s the coef f ic ien t of x k in 

2 w r 
(x + x + . . . + x ) , it e a s i l y fol lows t h a t C(k, r ;w) = 

i r k— iŵ— \ 
2 (-1) ( .) ( ), and h e n c e (1). F u r t h e r m o r e 

i = o * r _ 1 

r - k - i w - 1 , i . j 
A(n ,k ;w) = —-r 2 (-1) 2 ( )(. )( 

n - k . r l r - 1 
i = 0 r = l 

r . , k - iw-1 . . . . 
n t , / .v1 , n "k x ^ ,n-k- i % , k - i w - l s (-D ( . ) s r . )( \ ) n - k . i r - i r - 1 

i = 0 r = l 

n z (-oYrV"^'1"1) n - k . i n - k - 1 
i = 0 

A s i m i l a r a r g u m e n t in the " s t r a i g h t l ine c a s e y i e l d s 

(3) Ar(n,k;w) = f ^ ) } (-l)* Ù^') • 

S u m m i n g (3) o v e r r y i e l d s [ l ] 
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« , , i , n - i w - i n -k+1 
A(n ,k ;w) = Z (-1) ( )( ) 

n - K l 
i=0 

If we a g r e e to let A(n, k;w) = 0 when n < 0 or k < 0 o r 
n < k, the following r e c u r r e n c e r e l a t i o n ho lds for a l l v a l u e s of 
n , k, w excep t n = k = w + 1 : 

(4) A ( n , k ; w ) = A ( n - l , k ; w ) + A ( n - 2 , k- 1 ;w) + A ( n - l , k - l ; w ) 
r r r - 1 r 

- A ( n - 2 , k - l ; w ) - A ( n - w - 2 , k - w - 1 ;w) 
r r 

F o r suff ic ient ly l a r g e v a l u e s of w (say w = n ) , (1), (3) 
and (4) r e d u c e r e s p e c t i v e l y to r e l a t i o n s (5), (3) and (7) given in 
[2] . (The proof of (5) in [2] i s i n c o r r e c t , b e c a u s e of an 
unfo r tuna te e r r o r , a l though the fo rmu la i s c o r r e c t . ) 

Ca l l ing a p a i r of c o n s e c u t i v e i n t e g e r s i, i+1 a s u c c e s s i o n , 
we see tha t a k - c h o i c e f r o m n with exac t l y r p a r t s c o n t a i n s 
exac t ly k - r s u c c e s s i o n s . Hence the n u m b e r of s t r a i g h t l ine o r 
c i r c u l a r k - c h o i c e s f r o m n con ta in ing s s u c c e s s i o n s and having 
a l l p a r t s < w i s r e s p e c t i v e l y A, (n ,k ;w) or A, (n, k;w) . 

— k- s k- s 
With w l a r g e , the f o r m e r r e d u c e s to a t h e o r e m of R i o r d a n [3]. 
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