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We study the behaviour of (nonconvex) solutions of a large class of fully nonlinear
curvature flows; specifically, we consider the evolution of smooth, connected, closed,
immersed hypersurfaces of Euclidean spaces whose pointwise normal speed is
prescribed by a smooth, monotone function of their curvature which is homogeneous
of degree one.

It is well known that solutions of such flows necessarily suffer finite time
singularities. On the other hand, under various natural conditions, singularities are
characterised by a curvature blow-up. Our first main area of study concerns the
asymptotic behaviour of the curvature at a singularity. We first prove a quantitative
convexity estimate for positive solutions (that is, solutions moving with inward normal
speed everywhere positive) under one of the following additional assumptions: either
the evolving hypersurfaces are of dimension two, or the flow speed is a convex function
of the curvature. Roughly speaking, the convexity estimate states that, for positive
solutions, the normalised Weingarten curvature operator is asymptotically nonnegative
at a singularity [4, 5]. We then prove a family of cylindrical estimates for flows by
convex speed functions. Roughly speaking, these estimates state that, for (m + 1)-
positive solutions (that is, solutions with (m + 1)-positive Weingarten curvature), the
Weingarten curvature is asymptotically m-cylindrical at a singularity unless it becomes
m-positive [1]. The convexity and cylindrical estimates yield a detailed description of
the possible singularities which may form under surface flows and flows by convex
speeds. Moreover, they are uniform across the class of solutions with given dimension
and flow speed, and given initial volume, diameter and curvature hull, which should
make them useful for applications such as the development of flows with surgeries.

Our second main area of study concerns the development, in the fully nonlinear
setting, of the recently discovered noncollapsing phenomena for the mean curvature
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flow; namely, we prove that embedded solutions of flows by concave speeds
are interior noncollapsing, whilst embedded solutions of flows by convex or
inverse-concave speeds are exterior noncollapsing [2, 3]. The noncollapsing results
complement the above curvature estimates by ruling out certain types of asymptotic
behaviour which the curvature estimates do not. (This is mainly due to the nonlocal
nature of the noncollapsing estimates.) As a particular application, we show how
noncollapsing gives rise to a particularly efficient proof of the Andrews—Huisken
theorem on the convergence of convex hypersurfaces to round points under such flows.
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