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RIGIDITY OF LINEAR STRANDS AND GENERIC
INITIAL IDEALS

SATOSHI MURAI anp POOJA SINGLA

Abstract. Let K be a field, S a polynomial ring and F an exterior al-
gebra over K, both in a finite set of variables. We study rigidity proper-
ties of the graded Betti numbers of graded ideals in S and E when pass-
ing to their generic initial ideals. First, we prove that if the graded Betti
numbers i, ,(S/I) = ﬁg+k(S/Gin(I)) for some ¢ > 1 and £ > 0, then

> k(S/I) = Boyyx(S/Gin(I)) for all ¢ > i, where I C S is a graded ideal.
Second, we show that if 87, (E/I) = B}, (E/Gin(I)) for some i > 1 and
k > 0, then Bk, (E/I) = Bh. i (E/Gin(I)) for all ¢ > 1, where I C E is
a graded ideal. In addition, it will be shown that the graded Betti numbers
e (R/T) = Bty (R/ Gin(D)) for all i > 1 if and only if I, and I(;41y have
a linear resolution. Here I(gy is the ideal generated by all homogeneous ele-
ments in I of degree d, and R can be either the polynomial ring or the exterior
algebra.

Introduction

In this paper we study rigidity properties of graded Betti numbers of a
graded ideal when passing to its generic initial ideal.

Let S = Klzi,...,x,] be the polynomial ring in n variables over a
field K with char(K) = 0 and I C S a graded ideal. Let 3°(M) =
dimg Tor? (K, M) and BZS](M ) = dimg Tor? (K, M); denote respectively the
i-th total and 4, j-th graded Betti number of a finitely generated graded S-
module M.

The generic initial ideal Gin(/) plays a fundamental role in investigat-
ing various homological, algebraic, combinatorial and geometric properties
of I. By definition, the generic initial ideal Gin([) is, after performing a
generic change of coordinates, the initial ideal of I with respect to the re-
verse lexicographic order. Here we consider the reverse lexicographic order
induced by z1 > --- > x,.
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The following inequality of the graded Betti numbers is well-known:

Bi;(S/I) < B3;;(S/ Gin(I)),

for all 4, j (see [9, Theorem 1.1]). Equality holds for all ¢ and j if and only
if I is componentwise linear (see [4, Theorem 1.1]). In his paper [9] Conca
asked whether the equality 3;(S/I) = 3;(S/ Gin(I)) for some i > 1 of the
total Betti numbers implies 3;(S/I) = 3;(S/Gin(I)) for all j > . This
question of Conca was positively answered in 2004 by Conca, Herzog and
Hibi in [10].

One of the main results of our paper is to extend this result of Conca-
Herzog-Hibi to graded Betti numbers. In Corollary 2.3 we show the follow-
ing: If for some i > 1 and k > 0, we have 85, (S/I) = 85, (S/ Gin(I)),
then

qq+k(S/I) qq+k(S/ Gin(I)) for all g > i.

We also study the same property for generic initial ideals over an exte-
rior algebra. Let K be an infinite field, V' an n-dimensional K-vector space
with basis e1,...,e, and E = @}_, /\k V the exterior algebra of V. For a
graded ideal J C E, we write Gin(J) for the generic initial ideal of J with
respect to the reverse lexicographic order induced by e; > --- > e, and de-
note by ; (E /J) the i, j-th graded Betti number of E/J over E. Somewhat
surprlsmgly, the followmg stronger property is true in the exterior algebra:
If B2 (E/J) = BE,, (E/ Gin(J)) for some i > 1 and k > 0, then one has

qq+k(E/J) qq+k(E/ Gin(J)) for all ¢ > 1.

Let R be either a polynomial ring over a field K with char(K) = 0 or an
exterior algebra over an infinite field and I a graded ideal of R. The above
property leads us to ask when a graded ideal I C R satisfies Bngk(R/ I =

“+k (R/Gin(I)) for all i > 1, where we fix an integer k > 0. We will prove
the following result answering this question.

THEOREM 0.1. Let R be either a polynomial ring over a field K with
char(K) = 0 or an exterior algebra over an infinite field, I C R a graded
ideal and k > 0 an integer. The following conditions are equivalent.

(i) er(R/I) ”+k (R/ Gin(/ )) for all 1 > 1;
(ii) I(ky and L1y have a linear resolution;

(iii) BR,(R/T) = A%, (R/Gin(I)) and 85 ,,(R/T) = BE ., (R/Gin(D)),
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where 11y denotes the ideal of R generated by all homogeneous elements in
I of degree k.

The above result is a generalization of [4, Theorem 1.1], where it was
shown that g(R/I) = g(R/ Gin(1)) for all 4, j if and only if I is compo-
nentwise linear.

In the end of the paper, we study the Cancellation Principle for generic
initial ideals [13]. We find the relation between our results for Betti numbers
of a graded ideal in a polynomial ring and the Cancellation Principle for
generic initial ideals.

This paper is organized as follows: In Section 1, we will give an upper
bound for graded Betti numbers in terms of generic annihilator numbers
by using the technique developed in [10]. In Section 2, we will generalize
Conca-Herzog-Hibi’s theorem for graded Betti numbers over a polynomial
ring. In Section 3, some basic facts about Cartan complexes and generic
annihilator numbers over an exterior algebra are studied. In Section 4,
we will generalize Conca-Herzog-Hibi’s theorem for graded Betti numbers
over an exterior algebra. In Section 5, we will study when [ has a linear
resolution from the viewpoint of generic initial ideals and give a proof of
Theorem 0.1. In Section 6, we will study the Cancellation Principle. The
results in the last section are closely related to the results in Section 1.

81. An upper bound for the graded Betti numbers

In this section, we will give an upper bound for graded Betti numbers in
terms of generic graded annihilator numbers, which were introduced in [10].
Note that most of the results in this section are refinements of the results
in [10, §1]. Though these results seem to be somewhat technical, they are
of crucial importance for the proof of one of our main theorems in the next
section.

Let S = K|[x1,...,z,] be the standard graded polynomial ring over
an arbitrary field K and m = (z1,...,x,) the graded maximal ideal. Let
M be a finitely generated graded S-module. For each nonnegative integer
i, the modules Tor? (K, M) are finitely generated K-vector spaces. The
numbers 37 (M) = dimg Tor? (K, M) and BZS](M) = dimg Tor? (K, M); are
called Betti numbers and graded Betti numbers of M, respectively. As ﬁfj
are invariants under base field extensions, from now on we may assume the

field K to be infinite.
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Let y1,...,yn be a sequence of generic linear forms for the module M.
For each p =1,...,n, the modules

Ap = (y17 cee 7yp—l)M ‘M yp/(y17 cee 7yp—1)

are Z-graded S-modules of finite length. We define o,(M) = dimg A,
which we call the generic annihilator numbers of M. We denote by a, ;(M)
the vector space dimension of the jth graded component (A4,); of A, which
we call the generic graded annihilator numbers of M.

Let H;(p, M) be the Koszul homology H;(y1,...,yp; M) of the partial
sequence yi,...,Yp. We set hi(p, M) = dimg H;(p, M) and h;j(p, M) =
dimg H;(p, M);. We omit M and simply write 52-5;-, Bis, a;j, o, Hi(p);,
H;(p), hij(p), hi(p) for the above defined terms, if the module under con-
sideration is fixed. Then we have the following long exact sequence (see [6,

Corollary 1.6.13]):

- — Hi(p—1) 2% Hi(p— 1) — Hi(p) — Hi1(p—1)

$0,p—1

(1) "
- — Hy(p — 1) —— Ho(p — 1) — Ho(p) — 0.

In the above sequence ¢; ;1 is the multiplication map on H;(p — 1) with
multiplication by +y,. One may notice that A, is given by the kernel of the
map @op—1. Hence we get the following exact sequences with all the maps
of degree zero:

0 —Imp, 1 — Hi(p—1) — Hi(p) — Ap(—1) — 0
for all p, and
0—Imepip-1 — Hi(p—1) — Hi(p) — Hi—1(p—1)(-1)
— Imp;_1p-1 — 0,

for all p and ¢ > 1.
Let 0; j 1 = dimg (Im ; ;). From the above exact sequences, we obtain
the following equations for each integer k > O:

(2) hik(p) = hik(p — 1) + apr—1— S1p-14>
and for all 4 > 1,
(3) hiitk(®) = hiivk (@ — 1) + hic1ic146(P — 1) = Gip—1,i4k — Oi1,p—1,i+k-

By using (2) and (3), we obtain
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ProposITION 1.1. For all nonnegative integers ¢+ > 1 and k, one has

p—b-1 p—b-1
— Z |:< i—a >5a’b’a+k+<i_a_1>5ayb,a+k+l:|a

where the set A;p = {(a,b) e N> : 1 <b<p—1 and max{i —p+b,1} <
agi}.

Proof. We will prove the above formula by induction on p. For p = 1,
we have from Equation (2) and Equation (3):

arp ifi=1,
m”%u):{o i>9

which is what the formula given in the statement of the proposition suggests.
Now we assume p > 1 and we assume the result to be true for p — 1.
Let first ¢ = 1. By induction hypothesis and from Equation (2), we get:

hii4k(P) = hia+e(P — 1) + apr — 61 p—1,14k

S (p-1-j p—b—2
= Z < O >a]7k B Z < ]- —a >(5a’b’a+k + ap’k - (517p_171+k

Jj=1 (a,b)eAl’p_l
p
p—b—1
D ITEED D[y LA
Jj=1 (a,b)€ALp

which is what the formula suggests.
Now let ¢ > 1. From Equation (3), we have:

hiivk(P) = Riig(® — 1) + hictici4k(P — 1) = Gip—1,itk — Oie1 p—1,itk-

Note that one has (}) + (bil) = (‘ZH) for all integers a > b > 0. Then,

using induction hypothesis, the right hand side of the above equation is a
sum of the following three terms:

(5) pfl{ <p Zi I 1) + (p ;i ; 1) }aj,k = pfl (f: i) Ak

j=1 j=1
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p—b—2
(6) —{ Z < i —a >5a,b,a+k + i p-1,itk
(a,b)EAiyp_l
p—b—2
" Z <Z —a— 1> 5a7b7a+k}’

(a,b)EAifl’pfl

and
—-b—-2
(7) —{ Z <f_ . 1>5a,b,a+k+1 +0i-1p-1itk
(a,b)

EAi’p,1
p—b—2
+ Z <z Ca— 2> 5a,b,a+k+1}-

(a,b)GAi_l,p_l

The term (6) can be written as:

—b—2
—{ Z (p . >5a,b,a+k
1T—a
(avb)eA@P—l
p—b—2
D VRN (i) LR ST

(a,b)EAi,p,1
which is further equal to
p—b—1
S IR () LYW R
(a,b)EAiyp_l
which in the end equals
p—b—-1
©) - (7
(a,b)EAi,p
Now we notice that the term (7) can be written as:

p—b—2 p—b—2
—{( b)z (Z o 1>5a,b,a+k+1 + ) <Z Cu— 2>5a,b,a+k+1

EAi’p,1 (a,b)EAi’p,1

p—2
+ E Oi—pibbi—prbik+l T 5i—l,p—l,i+k}-
b=p—i+1
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This can be rewritten as:

1 ()
i—a—1 a,b,a+k+1
(a,b)

D)EA; p—1

p—2
+ E Oi—pibbi—ptbik+l T 5i—l,p—l,i+k}7
b=p—i+1

which then is equal to

p—b—1
9) - > <z Cuo 1>5a,b,a+k+1-

(a,b)EAiyp
Hence h; ;,(p) is the sum of (5), (8) and (9), as required. 0

Remark 1.2. Notice that summing the formula stated in Proposition
1.1 over k, gives us back the formula given in the proof of [10, Proposi-
tion 1.1].

Proposition 1.1 implies the following fact.

COROLLARY 1.3. We have

(@) hiivr(p) < Zp i (Z 1)04]k
(b) For given integers i > 1 and p > 1, the following conditions are equiv-
alent:

(i) ZH-k( ) = Zp o (Z 1)a]k
(ii) (Im@ap)(ark) = 0 for all (a,b) € A;p\ {(z —p+bb):b<p-— 1}
and (Im g p) (a4-x41) = 0 for all (a,b) € A;p\ {G,b):b<p—1}.
(iii) (mHa(b))(a+k) =0 for all (a,b) € Aip\ {(i—p+b,b) : b<p—1}
and (mHa(b))(a+k+1) =0 for all (a,b) € A;p\{(i,b) : b < p—1}.

Proof. Statement (a) is clear from Proposition 1.1. The equivalence of
(i) and (ii) follows immediately from Proposition 1.1. Indeed, h;;+x(p) =
Zp i (Z 1)0@-,;@ if and only if all graded maps appearing in the formula
in Propos1t10n 1.1 vanish whenever their binomial coefficients are nonzero.
And for the equivalence of (ii) and (iii), we may notice that a generic linear
form annihilates (Hqy(b)) . if and only if m annihilates (Ha(b)) . U
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The next corollary is a special case (p = n) of the above corollary.

COROLLARY 1.4, (a) B, < Y050 (1) ayw for all i > 1.
(b) For given i > 1 the following are equivalent:

() B = > S () g
(ii) (Im @ap)(ark) = 0 for all (a,b) € Ajn\ {(i —n+b,b),b <n—1}
and (Im @ap) (g+k+1) = 0 for all (a,b) € Aiy \ {(i,b),b <n—1}.
(iii) (mHa(b))(a+k) =0 for all (a,b) € A;n \{(i—n+b,b),b <n—1}
and (mHa(b))(a+k+1) =0 for all (a,b) € A;n\{(3,0),b <n—1}.

82. Graded rigidity of resolutions and linear components

In this section we generalize [10, Theorem 2.3] of Conca-Herzog-Hibi.
They gave an upper bound of total Betti numbers in terms of generic an-
nihilator numbers, and proved that if the Betti number 37(M) for some
1 > 1 reaches its upper bound, then the Betti numbers ﬁf (M) also reach
their upper bounds for all ¢ > . We show that if a graded Betti number
55 4+1(M) for some i > 1 reaches its upper bound given in Corollary 1.4,
then so do all the graded Betti numbers 5qq (M) for g > i. Here we need
the assumption ¢ > 1 as we will see later in Remark 2.4.

We state the main theorem of this section:

THEOREM 2.1. Let M be a finitely generated graded S-module. Suppose

for some i > 1, we have ﬁ£+k(M) = Z?:_liﬂ (Z._J)a]k(M). Then

n—g+1 o
55 (M) = (Z_J>aj,k<M> for all g > i

‘ 1
7j=1

Before proving the theorem, we recall the following vanishing property
of Koszul homology. For a sequence of elements yp,...,y, € S and a set
ACA{l,...,r}, weset ya = {y; : j € A}.

LEMMA 2.2. Let I O (y1,...,Y,) and assume that (IHZ-(yA;M))
0 for all AC {1,...,r} for some i, k. Then (IH;11(ya, M))
allAC{1,...,r}.

itk

irpyr = 0 for

The proof of Lemma 2.2 is the same as [10, Corollary 2.3]. Hence we
skip the proof.
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Proof of Theorem 2.1. First we notice that it is enough to prove the
claim in the case when ¢ = i + 1. Therefore we only need to show that
(mHa(b))a+k =0 for all (a,b) € Ajy1, \{(i+1—n+bb):b<n—1} and
(mHa(b))aJrkJrl =0 for all (a,b) € Ajp1,,\ {(i+1,b) : b <n—1}, as is clear
from Corollary 1.3.

By assumption, (mHa(b))a+k =0 for all (a,b) € A;n \ {(i —n+b,b):
b<n-—1} and (mHa(b))aJrkH =0 for all (a,b) € Ajn \ {(i,0) : b<n—1}.
Also a routine computation implies

AZH’”\(AW\{(Z—n—Fb,b)b§n—1})z{(z+1,b)b§n—l}

and

(Aig1 o \{(E+1,0) :b<n—1})\ (Ain \ {(4,0) : b<n—1})
= {(i,b) : b<n—1}.

Therefore, we need to show that (mHi+1(b))z'+1+k =0 and (mHi(b))Z.JrkJrl =
0 for all b < n — 1. However, from assumption (mHZ-(b))Hk = 0 and
(mHZ-_l(b))Hk = 0 for all b <n—1, now it follows from Lemma 2.2 that for

all b <n—1, we have (mHi+1(b))i+1+k =0 and (mHi(b))Z.JrkJrl = 0. Hence

we are done. [

A graded ideal I C S generated in degree d is said to have a linear
resolution if the regularity reg(l) = max{k : ﬁf;Jrk(I) # 0} of I is equal
to d. Also, a graded ideal [ is said to be componentwise linear if the ideal
Iy has linear resolution for each k. A monomial ideal I C S is said to be
strongly stable if ux, € I implies ux, € I for any 1 < p < ¢ < n. Note that
generic initial ideals are strongly stable if char(K) = 0, and strongly stable
ideals are componentwise linear.

Theorem 2.1 has a nice meaning in the special case M = S/I where I is
a graded ideal in S. Let I C S be a graded ideal and Gin([]) its generic initial
ideal with respect to the reverse lexicographic order. It follows from [10,
Theorem 1.5] that a graded ideal I C S is componentwise linear if and only
if the Betti numbers of S/I reaches the upper bound given in Corollary 1.4.
Also, it is not hard to show that «; ;(S/I) = «; ;(S/ Gin(1)) for all i and j
(see [10, Lemma 2.5]). Then, since Gin(I) is componentwise linear, we have

n—i+1 n— i
(10) ﬁiSiJrk(S/ Gin(I)) = Z (2 B f)aj,k(S/I) for all 7 and k.

=1
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This fact and Theorem 2.1 immediately imply

COROLLARY 2.3. Suppose char(K) = 0. Let I C S be a graded ideal.
If for some i > 1 and k >0, 85,,.(S/I) = 35, (S/Gin(I)), then

65q+k(S/I) = qq+k(S/ Gin(/ )) Jor all g > 1.

Remark 2.4. The assumption ¢ > 1 in Theorem 2.1 (and Corollary 2.3)
is necessary. In the case when i = 1, we notice from the proof that we need
to show that (mHg(b))2+k = 0 and (mHl(b))2+k =0foralb<mn-—1.
As the set Aj, \ {(1,b), b<n-— 1} = (), the second equality does not
follow. Moreover in the case when M = S/I where I C S is a graded ideal,
we always have 37, (S/I) = B7, (S/Gin(I)) = E;”Jrll ajdy—1(S/I) where
dp is the minimum of the degrees of generators of I. So if Theorem 2.1
would have been true for i = 1, then it would follow that 3 w1 (S/T) =
> ok (- 1)0z] do—1(S/I) for all i, which is false in general.

As we see in Remark 2.4, Corollary 2.3 is false for ¢ = 1. However, the
following property is true for the first graded Betti numbers.

COROLLARY 2.5. Suppose char(K) = 0. Let I C S be a graded ideal.

Then for a given integer k, the graded Betti numbers BZZJrk(S/I) =

”+k (S/Gin(I)) for alli > 1 if and only zfﬁl’kH(S/I) = ﬁl,k+1 (S/ Gin(I))
and 51,k+2(5/f) = 51S,k+2 (S/ Gin(1)).

Proof. First, we will show the “if” part. Since 5fk+1(S/I) =
ﬁfkﬂ (S/ Gin([)) and ﬁfk+2(S/I) = ﬁfk+2 (S/ Gin([)), Corollary 1.4 says
that mH1(b)1+, = 0 and mH1(b)oyr = 0 for all b <n — 1. Thus Lemma 2.2
says that mH,(b)g1, = 0 and mHy(b) g1 k11 = 0 for all (a, b) With a € Z and
b < n — 1. Then, by Corollary 1.4, we have 35 ,,(S/I) = 35, (S/ Gin(I))
for all ¢ > 1.

Next, we will show the “only if” part.  Since ﬁﬁkH(S/I) =
ﬁf . (S/ Gin(I )) follows from the assumption, what we must prove is
5fk+2(S/I) = ﬂfk+2(S/ Gin(I)). Since 5§k+2(S/I) = B2S,k+2(5/ Gin(I)),
Corollary 1.4 says that mH(b)(q4r4+1) = 0 for all (a,b) € Agy \ {(Q,b)
b < n-— 1} = Ai,. This fact and Corollary 1.4 imply ﬁﬁk+2(S/I) =

B ji2(S/ Gin(1)). 0
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For any monomial v € S, write m(u) for the maximal integer i such
that z; divides u. We recall a result of Eliahou-Kervaire [12] which we need
in the proof of our next proposition. They proved that if I C S is a strongly
stable ideal then

(11) Biivi(I) = Z <m(uz) a 1> for all 4 and j

ueG(I),deg(u)=j

where G(I) is the set of minimal monomial generators of I. Aramova-
Herzog-Hibi [4, Theorem 1.1] proved that a graded ideal I in S with
char(K) = 0 is componentwise linear if and only if BiSj(I ) = ﬁg(Gin(I )
for all ¢, j. We will refine this result in terms of the maximal degree of
minimal generators.

PROPOSITION 2.6. Suppose char(K) =0. Let I C S be a graded ideal,
and let d be the mazimum of the degrees of the generators of I. Then the
following conditions are equivalent.

(i) I is componentwise linear;

(ii) “+k( ) = ﬁ“Jrk(Gln( ) for alli >0 and all k < d;
(iii) ﬁll+k( ) = ﬁll+k (Gin([)) for all k < d;
(iv) B5.(I) = By (Gin(I)) for all k < d+ 1.

Proof. (i) = (ii) follows from [4, Theorem 1.1] and (ii) = (iii) is ob-
vious. On the other hand, we already proved that if 87, (I) = 35} (Gin(I)),
then we have 35 (I) = 35, (Gin(I)) in the proof of Corollary 2.5. This fact
implies (iii) = (iv).

Now we show (iv) = (i). We have 85, ,(I) = B, (Gin(I)) = 0,
by assumption. Now, since Gin([/) is strongly stable, by Eliahou-Kervaire
formula (11) we have ﬁz‘é:z‘+d+1( ) = 67 itdl (Gin(I)) = 0 for all i > 0.
However, the equality of graded betti numbers 37, o) = B +2(Gin(1)) =
0 implies the equality 50d+2( ) = 50d+2 (Gin([)) = 0 as we see in the proof
of Corollary 2.5. Then again we have 3} ivare(l) = B i d+2 (Gin(I)) = 0 for
all 4 > 0. Arguing inductively, we have 50]( ) = BOJ (Gm(I)) for all j > 0.
Then Corollary 2.5 implies that 3;;(1) = 8;;(Gin(I)) for all i, j. Hence I is
componentwise linear. [
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83. The Cartan-complex and generic annihilator numbers

In this section, we recall some basic facts about Cartan complex intro-
duced by Cartan and consider generic annihilator numbers in an exterior
algebra.

Let K be an infinite field, V' an n-dimensional K-vector space with basis
e1,...,en and E = @j_, /\k V' the exterior algebra of V. For any subset
S ={i1,...,1g} with 1 <i3 < --- <ig <n, the element eg = e;; A---Ae;, €
FE is called a monomial of E of degree d. Let v1,..., v, € Ei be linear forms.
The Cartan complex Co(v1,...,vy; E) of the sequence vy, ..., vy, is defined
as the complex whose i-chains C;(vy,...,vy; F) are the elements of degree
i of the free divided power algebra E(z1,...,Zy). Thus Ce(vi,...,vm; F)
is the polynomial ring over E in the set of variables

29 i=12. m j=12...,
modulo the relations

G,k _ UK k)

ST T
where we set mgo) = 1 and a:l(.l) = x; for ¢ = 1,...,m. The algebra
Co(v1,...,0m; E) is a free E-module with basis z(®) = xgal) . '-ac,(ﬁm) with

a € Zm.
The E-linear differential 0 on Ce(v1,...,vny; E) is defined by

8(x(a)) — Z vi . mgal) “ee x(,ai_l) o .. x(am)

(3 m
a; >0
It is easily verified that 9 o @ = 0, so that Ce(v1,...,vy;F) is indeed a
complex.

Let M be the category of finitely generated graded left and right FE-
module M satisfying ax = (—1)deg(a)+deg(x)xa for all homogeneous elements
a € E and x € M, where M € M. The complex Coq(v1,...,0m; M) =
Co(v1,...,0m; E) @ M is called the Cartan complex of M with respect to
Uiy ..., Uy € E1, and its homology He(vi,...,vn; M) is called the Cartan
homology. We recall two basic properties of the Cartan homology. (See [2]
or [14] for the detail.)

LEMMA 3.1. ([2, Theorem 2.2]) Letvy,...,v, € E be linearly indepen-
dent linear forms and M € M. One has

Hi(vl, v ,'Un;M)j = TOI‘iE(K, M)]
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LEMMA 3.2. ([2, Corollary 2.4]) Letvy,...,v, € E be linear forms and
MeM. Forp=1,2,...,n— 1, there exists a long exact sequence

Vi, "3,
. ﬂHi(vl,...,vp;M) ﬂHi(vl,...,va;M)

i, Vi-1,

=B Hi 1 (v1,. ., vpy1; M)(—1) = Hi 1 (v1,...,0p; M)
i—1,

:f) Hi_l(vl,. .. ,Up+1;M) —_— -

where 1, is the map induced by the inclusion map and the maps v;, and
Vip are defined as follows: If z = go + g1Tpt1 + -+ + gixgll is a cycle
in Ci(v1,...,vp41; M) with each g, € Cyi(vi,...,v,; M), then 1/1i,p([2]) =
i—1
91 + g22ps1 + - + gix;@(g:-l )] and ’Yi,p([z]) = [govp+1]-
Next, we will introduce generic annihilator numbers in the exterior al-
gebra. Let M € M and let vq,...,v, € E be generic linear forms of M.

Forp=1,2,...,n, set
(12) AP(M) = ((v1,- -y 0p-1)M iag vp) /(01,0 0p) M

and
ap (M) = dimg (AP (M)y,).

Note that AP (M) = Ker(yop-1) for p = 2,3,...,n. These numbers
oy, (M) are constant for a generic choice of linear forms vi,...,v, € Ej,
and will be called exterior generic annihilator numbers of M. In the rest
of this section, we will give the formula to compute the graded Betti num-
bers of generic initial ideals in the exterior algebra from exterior generic
annihilator numbers.

A monomial ideal J C F is said to be strongly stable if eg € J and
J € S implies that e s\ (j1)uqy € J for all ¢ < j with ¢ ¢ S. It is known that
generic initial ideals are strongly stable ([2, Proposition 1.7]).

LEMMA 3.3. Let J C E be a graded ideal. Then one has

apk(E/J) = |{es € G(Gin(J)) :max (S) =n—p+1}|

k+1
forp=1,2,... n,

where |A| denotes the cardinality of a finite set A and G(Gin(J))k+1 is the
set of minimal monomial generators of Gin(J) of degree k + 1.
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Proof. By a generic change of coordinates, we may assume that in(J) =
Gin(J) and vi,v2,...,Upt1 = €n,€n—1,...,n—p. Then, by (12), we have

APT(ELT) = ((ens -+ en—pi1) + T 5 enp)/((€ns- - senp) +J),

where p=0,1,...,n— 1. Set

BPO(E/T) = ((eny- -y en—pi1) +n(]) :5 en—p) /((ens - s enp) +in(J)).

Since we consider the reverse lexicographic order induced by e; > --- > e,
it follows from [1, Proposition 5.1] that

in((erw s 7en—p+1) +J ‘E en—p) = ((env s 7en—p+1) + ID(J) ‘E en—p)

and

in((en,...,enp)+J) = (en,...,en—p) +in(J).

Since ((en, cosln—py1)+J B en_p) D (én,-..,en—p)+J and taking initial
ideals does not change Hilbert functions, it follows that B®*D(E/.J) and
APTD(E/J) have the same Hilbert function. Thus we have o, ,(E/J) =
dimg B®)(E/.J)y, for all k > 0.

Then, to prove the claim, it is enough to show that the set of monomials

(13) {[es] € E/((en,--.,en—p) +in(J)) :
max(S) <n —p, es Aen—p € G(in(J))pp1 }

forms a K-basis of BPTD(E/.J);.

If eg satisfies the condition of (13), then we have eg & (e, ..., en—p) +
in(J). Thus the set (13) is indeed the set of K-linearly independent mono-
mials belonging to BP*+Y(E/.J). Hence we need to prove that any nonzero
monomial eg € BPTD(E/.J) of degree k is contained in the set (13).

Let [es] € BPTD(E/.J)\ {0} be a monomial of degree k. Then we have
es N en—p € (€n,...,en—pt1) +1in(J). Also, since [eg] is not zero, we have
es & (en,...,en—p). Thus we have max(S) < n —p and egs A e, € in(J).
Since in(J) = Gin(J) is strongly stable and es ¢ in(J), any monomial
er € E of degree k which divides eg A e,,—, does not belongs to in(.J). Thus
we have eg A e,—p, € G(in(J)), and [eg] is contained in the set (13). [
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For a monomial eg € E, let m(eg) = max(S). If J C E is a strongly
stable ideal, then it follows from [2, Corollary 3.3] that

p—1+i—1

TR DD DI (R
p= k-‘rlesEG( )k+1
m(es)=p

for all # > 1 and all kK > 0.

Since every generic initial ideal is strongly stable, the above equality to-
gether with Lemma 3.3 imply the next lemma.

LEMMA 3.4. Let J be a graded ideal in E. Then one has

n—i—k (E/ Gln = z_: <n _ijlz a 1) ap,k(E/J)

for alli > 1 and all k > 0.

84. Rigidity of resolutions over an exterior algebra

In this section, we will prove similar results studied in Section 2 for
generic initial ideals in an exterior algebra.

Let M € M. Throughout this section, let vq,...,v, € E7 be generic
liner forms and write H;(p)x, hir(p) and ay, j, for Hy(vi,. .., vp; M)y, dimg
(Hl-(vl, e, Ups M)k) and ay, (M) respectively. Set 0; ;1 = dimg (Im(’yi,p)k)
for ¢ > 0 and 6¢p, = 0 for all p, k.

For an integer j > 0, Lemma 3.2 yields the following exact sequence

Vi, i, i, Yi-1,
B Hy(p); =5 Hi(p+1); =5 Hioa(p+1)j-1 — Hioa(p)j —
where p=1,2,...,n — 1. Then, in the same way as Section 1, we have
(14) hig(p+1) = h1k(p) + apr1h—1 = 01 pk

and, for ¢ > 1, we have

(15) hiitk@+1) = hiink(®) + hictivh—1(0+ 1) = {0 pivk + di1,p itk }-
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PropPoOSITION 4.1. With the same notation as above, one has

(16)  hiivk(p) = Z <p - Zji B 1) Qjk

J

1 p—1 ) )
p—1l—j+i—-1—(s—1) | |
Z 1 < 1—1— (3 — ]_) {53,],8—{-}4 + 53—1,],s+k}-

s=1j

p

—_

Proof. The proof is quite similar to the proof of Proposition 1.1. So
we will skip some detail calculations.

We use induction on p and ¢. First, we will show the case p = 1. Recall
that Ce(v1; M) is the complex

0 0
- — Cipa(vi; M) — Ci(vi; M) — Cia(vi; M) — -
with the differential 8(33@) = vlacgi_l). Thus we have
Hi(D)ip = (M g v1)/vi M), = AD (M),

and therefore we have h; ;1 5(1) = aj ) for all ¢ > 1 and all £ > 0. This is
equal to the formula (16).

Second, we will consider the case i = 1. Since we already proved
hi14k(1) = a1k, the equation (14) says that

hiaik(p) = {ark + - +apry — {011,006+ + 01 p- 1,14k}

which is equal to the formula (16).

Finally, the formula (16) for ¢ > 1 and p > 1 follows from the equation
(15) together with the induction hypothesis in the same way as Proposi-
tion 1.1. []

Next, we will show the following vanishing property of Im(v;,), which
is an analogue of Lemma 2.2.

LEMMA 4.2. Let ¢ > 1 be a positive integer. If 6; 1, = 0 for all 1 <
p <n—1, then one has dj1¢pr+t =0 for all 1 <p <n—1 and all t > 0.

Proof. 1t is enough to prove the claim for ¢ = 1. Remark that d;,; = 0
if and only if the map n;, : Hi(p)r — Hi(p + 1)x is injective. Let 8?) :
Hii1(p)k+1 — Hi(p)x be the map defined by

O (g0 + grwe + 9o + - + gzl V) = [g1 + e+ + giaay),
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where 1 < ¢ < p and each g; does not contain the variable :1728) for all s > 1.

Thus 81(,17 ) is equal to the map ;41,p—1 which appears in Lemma 3.2. Set

oP) = 1 8§p ). Then we have the following commutative diagram.
o)
Hi1(p)est £=1 H;(p)x

)| B

o(p+1)
Hip1(p+ 1)rga ’ Dy Hilp + 1)

where h,, is the map defined by hy(z1, ..., 2p) = (nip(21), - .-, Mip(2p),0) and
fp is the map defined by fy(2) = ni+1,(2).

Then 1) is injective since 9 ([g¢+1ajgi+1)]) = [g¢+1x§i)]. Also, by
the assumption, the map n;, : H;(p)r — Hiy1(p + 1)i is injective for all
1 <p < n-—1. Thus h, is injective for all 1 < p < n —1. We will show that
if 8 is injective then 8P+ is also injective.

Set u € Ker(d®*+1). Then we have 81(5:1)@) = Yit1p(u) = 0. Thus,
by the long exact sequence in Lemma 3.2, there exists w € H;;1(p) such
that we have 7;11,(w) = f,(w) = u. Since h,0dP) (w) = 9PV o f (w) =0
and hy o 9?) is injective by the induction hypothesis, it follows that w = 0
and 9®+1) is injective.

Now, we proved that %) is injective for all 1 < p < n—1. Thus hpoﬁ(p)
is injective for all 1 < p < n—1. This fact together with the commutative di-
agram imply that the map 111, : Hip1(p)k+1 — Hit1(p+1)k41 is injective
for all 1 < p <n — 1. Hence we have 0,1 pp+1 = dimg (Im(fyi+17p)k+1) =0
forall1<p<n-1. [

Proposition 4.1 and Lemma 4.2 imply the next theorem.

THEOREM 4.3. Let M € M. Suppose that for some i > 1 and k > 0,
we have B (M) = Y27, ("7 au(M). Then
" n—j+i-1
551+k(M):Z< i—1

>aj7k(M) for all g > 1.
j=1

Proof. Since all binomial coefficients in the formula (16) are nonzero,
the assumption says that d, p s+ = 0 and d5_1 p o4 = O forall 1 < s < i and
all 1 <p <n—1. Then Lemma 4.2 says that d5, s+ = 0 and 6s_1 p s4r = 0
forall s > 1 and all 1 < p < n — 1. Thus, the statement follow from the
formula (16). U
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Next we consider the case M = FE/J. Lemma 3.3 says that, for any
graded ideal J of E, one has a; ,(E/J) = 0 for j > n—k. Thus for any i > 1
and k > 0 we have 37, ("I Ny (E)T) = Z;‘:—f ("I Ny k(B ).
Then the following corollaries follows from Lemma 3.4 and Theorem 4.3 in
the same way as in Section 2.

COROLLARY 4.4. Let J C E be a graded ideal. If erk(E/J) =
2 (E/Gin(J)) for somei>1 and k >0, then

Bl w(E)T) =B (E/Gin(J)) for all ¢ > 1.

COROLLARY 4.5. Let J C E be a graded ideal. Then, for a given
integer k, the graded Betti numbers 85, (E/J) = BE., (E/Gin(J)) for all
i > 1 if and only if ﬁka(E/J) = ﬁka(E/Gin(J)) and ﬁfk+2(E/J) =
B2 (E/ Gin(J)).

Remark 4.6. Notice that the above Corollary 4.4 and Corollary 2.3
in Section 2 are similar. But as we see Corollary 4.4 is relatively more
stronger. We give here an example to show that in the case of a polynomial
ring one cannot have the stronger result as in Corollary 4.4. Consider the
ideal I = (z12%, 23, 2373) C S = C[z1, 22,23, 74]. The minimal graded free
resolution of S/I and S/ Gin(I) are given by:

0— S(=7) — S(—4) @ S?(—6) — S3(-3) — S — S/I — 0,
and

0 — S(=7) — S*(—4) ® S(=5) © §*(-6) —
S3(—=3)® S(—4) @ S(=5) — S — §/GinI — 0.

From above resolutions, we see that ﬁ§2+4(S/I) = ﬁ§2+4 (S/Gin(I)) = 2
and ofcourse then B§3+4(S/I) = 5§3+4(S/ Gin(I)) = 1. But the graded
Betti number 5fl+4(S/I) =0#1= BEIH(S/ Gin(I)).

In the case of exterior algebra, the notions of regularity, linear resolu-
tions and componentwise linear ideals are defined in the same way as in the
case of polynomial ring. In [4, Theorem 2.1] it was proved that a graded
ideal J in E is componentwise linear if and only if J and Gin(J) have the
same graded Betti numbers. Theorem 4.4 and Corollary 4.5 provide the fol-
lowing new characterization of componentwise linear ideals in the exterior
algebra. (See also [19] for other characterizations of componentwise linear
ideals.)
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THEOREM 4.7. A graded ideal J in the exterior algebra E is compo-
nentwise linear if and only if BF(E/J) = BF (E/Gin(J)) for some i > 1.

o,

Proof.  Since 5“+k(E/J) < ZZJrk,(E/ Gin(J)) for all ¢ > 1 an

k > 0, the equality 8F(E/J) = BF(E/Gin(J)) implies 87 . (E/J) =
A (E/ Gin(J)) for all k£ > 0. Then Theorem 4.4 and Corollary 4.5 say

that BF(E/J) = BF(E/ Gin(J)) for some ¢ > 1 if and only if J and Gin(J)

have the same graded Betti numbers. Hence the claim follows. 0

§5. Linear components and graded Betti numbers

Throughout this section, we assume that R is either the polynomial
ring S over the field K with char(K) = 0 or the exterior algebra E over an
infinite field.

First, we will extend Corollaries 2.3 and 4.4 to lexsegment ideals and
generic initial ideals with respect to any term order. For a strongly stable
ideal I in R and for integers ¢ = 1,...,n and k > 0, let

m<q(I, k) = [{u € I : uis a monomial with m(u) < q and deg(u) = k}|.

LEMMA 5.1. Let I C R be a graded ideal and I' C R a strongly sta-
ble ideal with the same Hilbert function as I. Assume that I' satisfies

m<q(I',d) < mgq(Gin(I) ) for all q, d and “+k(R/I) = ZZJrk( /1)
for some i >1 and k > 0.

(i) If R =S, then one has qu+k(S/I) = qurk(S/I’) for all g > i.

(ii) If R = E, then one has E/I) = E/I') for all g > 1.

qq-i-k( qq—i—k(

Proof. We will show the case R = S. (The proof for the case R = F
is same.) It follows from [7, Proposition 2.3] that, for any strongly stable
ideal J C S, we have

(17) 845(810) = dimg gy (")

_§WSq(J,j+1)<f:11> _ zn: qu(Jaj)<kZ_,1>

q:i q:i—i—l

for all s and j. (A similar formula for graded Betti numbers over the exterior
algebra appears in [2, Theorem 4.4].) Then by (17) and the assumption,
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we have ﬁZ-Sj(S/I) < ﬁfj (S/Gin(I)) < ﬁisj(S/I’) for all ¢, 7. Thus, by Corol-
lary 2.3, what we must prove is B[qurk(S/ Gin(I)) = 8 quk(S/I’) for all
q > i. However (17) and the assumption imply that m<,(Gin(I),k + 1) =
m<q(I',k+1) for all ¢ > i and m<q(Gin(I), k) = m<q(I', k) for all ¢ > i+1.
Hence for all ¢ > ¢, we have qu+k (S/Gin(1)) = qurk,(S/I’) as desired. []

Let I C R be a graded ideal. We write Lex(I) C R for the unique
lexsegment ideal of R with the same Hilbert function as I defined in [7] (or
[3] for the exterior case) and Gin,(I) for the generic initial ideal of I with
respect to a term order o. It is known that Lex(I) and Gin, (/) satisfy the
assumption of Lemma 5.1 (see [9, §5] and [19, §5]). Thus we have

THEOREM 5.2. Let I C R be a graded ideal, 0 a term order and let
J be either Gin,(I) or Lex(I). Suppose that @Hk(R/I) = ZZJrk,(R/J) for
some ¢ > 1.

(i) If R =S, then one hasﬁq+k(S/I) = qurk(S/J) for all ¢ > 1i.

(ii) If R = E, then one has qurk,(E/I) qurk(E/J) for all g > 1.

Next, we consider when a graded ideal J satisfies 8%, ,(E/J) =
n+d(E/ Gin(J)) for all i > 1, where we fix an integer d > 0. The next
lemma follows from [5] and [1, Theorem 5.3].

LEMMA 5.3. Let I C R be a graded ideal. Then, I has a linear resolu-
tion if and only if Gin(I) has a linear resolution.

We also require the following.

LEMMA 5.4. (Crystallization Principle) Let I C R be a graded ideal. If
1 is generated by elements of degree < d and 5{3“ (R/ Gin(I)) = 0, then
reg(l) <d.

The Crystallization Principle was proved by Green [13, Corollary 2.28]
for generic initial ideals over a polynomial ring, however, this fact can also
be proved for generic initial ideals over an exterior algebra in the same way.

PROPOSITION 5.5. Let I C R be a graded ideal. The following condi-
tions are equivalent.

(i) Ik has a linear resolution;
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(ii) B (R/T) = Bl (R/Gin(I)), that is, the number of elements of
degree k + 1 belonging to the set of minimal generators of I is equal
to that of Gin(I).

Proof. Let m be the maximal ideal of R. Since Bfi_ | (R/I) is the
numbers of generators in G(I) of degree k + 1, we have

ﬂﬁﬂ_l(R/I) = dimK Ik+1 - dimK(mI<k>)k+1

= dimg Iy 1 — dimg (L)) x4
and

Bii1(R/ Gin(D)) = dimg (Gin(1)41) — dimg (m Gin(Zy)) -
Then, from above equations we have 8f; . | (R/I) = pfi | (R/Gin(I)) if and
only if dimK(I<k>)k+1 = dimK (m Gin([<k>))k+l’

Suppose I has a linear resolution. Then, by Lemma 5.3 Gin(/y) has
a linear resolution. Hence

dimK (m Gin([<k>))k+1 = dimK (Gin(I<k>))k+1 = dimK(I<k>)k+1.

Hence we have (17 | (R/I) = pft .| (R/Gin(I)) as required. On the other
hand, if 8f(R/I) = B}, (R/Gin(I)), then dimg (mGin(Iy)), , =
dimg (Gin(I<k>))k+l. This implies Bﬁ,ﬂ (R/Gin(Iy)) = 0. Then the Crys-
tallization Principle says that I;;) has a linear resolution. 0

Now, Theorem 0.1 immediately follows from the above proposition to-
gether with Corollaries 2.5 and 4.5. Indeed, (i) < (iii) of Theorem 0.1 follows
from Corollaries 2.5 and 4.5. Also, (ii) < (iii) of Theorem 0.1 follows from
Proposition 5.5.

EXAMPLE 5.6. Let I = (22,23, z12923,23) C S = C[z1,22,23). Then
we have

: 2 3,2 2 4 5 .6
Gin(I) = (27, 122, T, T5T5, T1T3, TaT3, T3).

Then Proposition 5.5 says that ;) has a linear resolution for k = 3,4,7,8,
9,.... Inparticular, for k = 4,8,9,10, ..., we have ﬁ5+k(1) = ﬁ£+k (Gin([))
for all ¢ > 0.
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86. The Cancellation Principle

Let K be a field of characteristic 0. In this section, we will study the
relation between our results in Section 1 and the Cancellation Principle for
generic initial ideals, which was considered in [13]. This observation would
help us to understand why we require the assumption ¢ > 1 in Corollary 2.3
and why we need to consider /) and Iy in Theorem 0.1.

First, we recall what is the Cancellation Principle.

LEMMA 6.1. ([13, Corollary 1.21]) Let I be a graded ideal in S and o a
term order. The minimal free resolution of I is obtained from that of in, (I)
by cancelling adjacent terms, in other words, there exists integers ; i1 with
1<i<n-—1and k > 0 such that

B (ing (1)) = B3 x(I) + Tiipk + Tivripn for all i >0 and all k > 0,
where we let 1o = 0 for all k > 0.

We refer the reader to [13, Example 1.35] for further information about
the Cancellation Principle.

Let I be a graded ideal in S. Then Lemma 6.1 says that there exists
integers ¢; ;41(f) with 1 <4 <n —1 and with £ > 0 such that

Bk (Gin(D)) = B (1) + ciipn(D) + civrivn(D)
foralli>0andall £k > 0,

where we let ¢o (1) = 0 for all & > 0. It can be easily verified that the

integers ¢; ;41(I) are uniquely determined for a given ideal I. We will call
the integer ¢; ;4 (I) the (i,i + k)-th cancellation number of I.

EXAMPLE 6.2. Let
3.2 2 .3 .2
I = (z7,x{x9, m125, 5, x1T3, x12324) C S = Clr1, T2, T3, T4].

Then we have Gin(I) = (23, 2229, 2123, 23, 2223, v17973, £173). The mini-
mal free resolution of I is

0 — S(—5) @ S(—6) — S°(—4) ® S(~5) — S¢(-3) — T — 0,
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and that of Gin([) is
0 — S%(=5) ® S(—6) — S7(—4) @ S*(—5) — S°(—3) @ S(—4)

— Gin(I) — 0.

Hence we have ¢ 4(I) = 1, c25(/) = 1 and all other cancellation numbers
of I are 0.

In Section 2, we already proved that (see Proposition 1.1 and (10))

ﬁ5+k(1) = 55% (Gin([))

B Z n—b—1 5 n n—b—1 5
i—a+1 a,b,a+k—1 i—a a,b,a+k |

(a,b)EAi_H,n

where dq p g4+ = dimg (Imgpa,b)a I and where @, is the map which appears

in the long exact sequence (1). This formula enables us to write the cancel-
lation numbers in terms of the Koszul homology of generic linear forms.

LEMMA 6.3.  With the same notation as above, one has

-b—1
Ciivk(l) = Z <n - > dimy (Im@a’b)wk

(a,b)GAi+17n t—a
for alli >0 and all kK > 0.

Proof. For alli > 0and all k > 0, we set C; ;4 = Z(a,b)eAiH § (n—b—l)

i—a
dlmK (Imwavb)a—kk and C;,i-i—k’ = Z(a,b)EAH_Ln (7;—_134_-%) dlmK (Imwavb)aﬁ-k—l'

Then we have
ﬁg-i-k(l) = ﬁ£+k (GiH(I)) —Ciivk — Cz(,i-i-k'

Notice that we only need to show that CZ’Z +r = Ciy1i4k. Recall that, in
the proof of Theorem 2.1, we already proved that

Aivon \{(i+2,0):b<n—1} =A 1, \{(i—n+b+1,b):b<n—1}.

Now, since the binomial (?__;;11) =0 for all (a,b) € {(i+2,b):b<n—1}
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and for all (a,b) € {(i —n+b+1,b) : b <n— 1}, we have

n—b—1\ ..
Cit1,itk = Z <Z e+t 1> dims (Tnpap) o p
(a,b)eAi+2,n

n—b—1\ ..
= Z <2 Cas 1) dim g (Imcpmb)aJrk_l
(a,b)€A; 420 \{(i+2,b):b<n—1}

n—b—1\ ..
= Z <’L at 1) dlmK(Imgomb)aJrk_l
(a,b)€Air1,n \{(i—n+b+1,b):b<n—1}

n—>b—1\ ..
= Y <z st 1> dimp (Tmpap) o p g
(a,b)GAi+17n

/
itk

This concludes the proof. 0

By using Lemma 6.3, we can prove an analogue of Corollaries 2.3
and 2.5.

THEOREM 6.4. Let I be a graded ideal in S. If ¢; ;41 (I) = 0 for some
i>1 and k > 0, then one has cqq+x(1) =0 for all g > i.

Proof. It suffices to show the case ¢ = ¢ + 1. Remark that
dimK(Imgoa,b)aJrk = 0 if and only if (mHa(b))a+k = 0. In the proof
of Theorem 2.1, we proved that if dimg (Imgpa,b)aJrk = 0 for all (a,b) €
Aitin\ {(Z +1,b):b<n-— 1}, then dimK(Im¢a,b)a+k = 0 for all (a,b) €
Aivan \ {(i+2,b) : b < n—1}. Then, since ("_b_l) = 0 for any (a,b) €

1—a+1
{(z +2,b):b<n-— 1}, Lemma 6.3 says that ¢;41 ;414 (I) = 0. 0

COROLLARY 6.5. Let I be a graded ideal in S. Then c;i1x(I) =0 for
all i > 1 if and only if 11y has a linear resolution.

Proof. Since the graded Betti number 5&k+1 (Gin(I)) = 56g,k+1(1) +
c11+%(I), we have ﬁﬁq,k-u (Gin(I)) = ﬁ&kH(I) if and only if ¢; 144(f) = 0.
However, by Theorem 6.4, we have ¢ 145(/) = 0 if and only if ¢; j1,(1) =0
for all 4 > 1. Also, by Proposition 5.5, we have ﬁ(ik-‘,—l (Gin(])) = ﬁ&kH(I)
if and only if I3y has a linear resolution. Thus the assertion follows. 0
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Observe that Theorems 6.4 and Corollary 6.5 are stronger than Corol-
laries 2.3 and 2.5. Indeed, Corollary 2.3 immediately follows from Theo-
rem 6.4, since the graded Betti numbers 35, ,(I) = 85, (Gin(I)) if and
only if ¢; ;1 (I) = 0 and ¢;41,34%(1) = 0.

We also remark the next fact which follows from Lemma 6.3.

COROLLARY 6.6. Let I be a graded ideal in S. Assume that Iy has a
linear resolution.

(i) ffﬂfq+k+2(1) B ko (Gin(I)), then
fI+1,q+k+2(I) q+1,q+k+2( D(I))

(ii) Ifﬂ k1) = 5Sq+k (Gin(I)), then
szg 1,q+k— (1) = q 1,q+k— 1(G1n(1))

Proof. By Corollary 6.5, we have cggi(f) = 0 for all integers
¢ > 1. Then, we have the graded Betti numbers 5q+1 Grkt2 (Gin(I)) =

ﬁf+1,q+k+2(1) + Cg+1,g+k+2(1) and ﬁs La+k— 1(Gm( )) = 55 1q+k—1(I) +

Cq.q+k—1(1). On the other hand, if the graded Betti number ﬁq grkrad) =

B, qu,{/,JFQ(Gm( )) then we have cgi141k1+2(1) = 0. Also, if 5q grk—1(d) =
ﬁ£q+k—1(Gm( )) then we have ¢4 q1—1(1) = 0. Thus the assertion follows.

0

As for any graded ideal I, I;;y always has a linear resolution, it fol-
lows that if ﬁ£q+3(Gin(1)) = ﬁiq+3(1) then we have ﬁf+1’q+3((}in(1)) =
ﬁf+1,q+3 ().

Since it is not difficult to find the Betti numbers of a strongly stable
ideal J, one may expect to find all possible Betti numbers of graded ideals
I such that Gin(/) = J by using Betti numbers of J and by considering all
possible cancellations. However, this problem is far reaching as pointed out
in [13, Example 1.35].

Thanks. All of the examples that we have presented in the paper are
computed by the computer algebra system CoCoA [8]. We also mention
that computations of generic initial ideals are done by a random choice of
matrices.
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