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A HYBRID MEAN VALUE OF
THE INVERSION OF L-FUNCTIONS AND
GENERAL QUADRATIC GAUSS SUMS*

WENPENG ZHANG anD YUPING DENG

Abstract. The main purpose of this paper is, using the estimates for character
sums and the analytic method, to study the 2k-th power mean of the inversion
of Dirichlet L-functions with the weight of general quadratic Gauss sums, and
give two interesting asymptotic formulas.

81. Introduction

Let ¢ > 2 be an integer, x denotes a Dirichlet character modulo ¢q. For
any integer n, we define the general quadratic Gauss sums G(n,x;q) as
follows:

q na2
(1) G(n,x;q) = >_ x(a)e (—) :

a=1 q

where e(y) = e?™¥. This sum is important, because it is a generalization
of the classical Gauss sums and quadratic Gauss sums. But about the
properties of G(n,x;q), we know very little at present, we do not know
even how large |G(n,x;q)| is. The main purpose of this paper is, using
the estimates for character sums and the analytic method, to study the
asymptotic distribution of the 2k-th power mean

G(n,x; 4
2) ZﬁZM’

2k
pSQp. x mod p ’L(LX)‘

and give a sharp asymptotic formula, where @) is any positive number with
@ > 2, p denotes an odd prime, L(s,y) denotes the Dirichlet L-function
corresponding to character y mod p. In fact, we shall prove the following:

Received April 28, 2000.
2000 Mathematics Subject Classification: 11M20.
*This work is supported by the N.S.F. and the P.N.S.F. of P.R.China.

https://doi.org/10.1017/5002776300002540X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300002540X

2 W. ZHANG AND Y. DENG

THEOREM 1. Let p denote an odd prime with p < Q. Then for any
fized positive integer k and integer n with |n| < Q, we have the asymptotic

formula
1 G(n, x:p)[* 1
2 2. =3-C(k)-7(Q) + 0 (Q7F),
Pl =17 Lo L) ( )
1)2 212 k\2
where C(k) = H 1+ (01“2) + (CIZ) +--- 4 (Cgk) , Z denotes the
p p p p x mod p

summation over all characters modulo p, H denotes the product over all

2
primes, ©(Q) denotes the number of all primes p satisfying 2 < p < Q, €
|

denotes any fized positive number, and C}, = W
—1)l!
THEOREM 2. Let @ > 3 be a real number. Then for any fized positive
integer k and any integer n with |n| < Q, we have the asymptotic formula

! 1 |G(n7X;p)|6 1.
S AP 0. O(k) - 0 (Qz+e),
pzs:Q pi(p—1)2 xn%):dp IL(1, ) W) m@ (Q )

where Y denotes the summation over all primes p with p < Q and p =
3mod4, m(Q) denotes the number of all primes p satisfying 2 < p < Q
and p = 3mod 4.

§2. Some lemmas

In order to complete the proof of the theorems, we need following several
lemmas.

LEMMA 1. Lety > 2 be a real number, k be any positive integer. Then
for
rin) = Y p(n)---plng),

ning--NE=n

we have an estimate

Ssup| 32 r()| <ap yllny) A +y TFQ(Q))",

q<Q xéy nsz
n=a(q)

where p(n) is the Mébius function, A is any positive number, < 4, denote
the constants implied by the symbols < depend only on parameter A and k.
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Proof. (See reference [5]).

LEMMA 2. Letp denote an odd prime with p < @), x denote a Dirichlet
character modulo p. Then for any positive integer k, we have an estimate

! 5 # 5te
23| X g 0@

where € denotes any fized positive number.

Proof. For convenience, firstly we write

> x(mr(n),  Blwy)= Y x(n)r(n)

P
P<n<y p<n<y

where a is any positive integer with 1 < a < p. If Re(s) > 1 and x # xo
(principal character mod p), then we have

1 > n)r(n
(3) Lk(S’X) _ Z x(n)r(

n=1

From (3) and Abel’s identity we have

() -y M A

S X n<N

By the property of Dirichlet L-function and L(1,x) # 0 we know that (4)
is also correct if s = 1. So we have

1 n)r(n +oo A(y,
R

n)r(n oo ,
S X( 31( )+/p B(;y)dy'

Hence from (3), (5) and note that L(1 Tixg = 0 we get

x(a) x(n
Z |L(1aX)|2k_ Z Z

x mod p x mod p
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Xx mod p 1<n<Z <m<p
3 o 2, ) (] )
+X§;px(a) (1m<p Y(mT:L“ (m)) </;00 %do
[ ([ 2

/
where Z denotes the summation over all nonprincipal characters mod
x mod p
p. So from the above we have

1= x(a)
(6) dow> | > TP
p<Qp2 a=1 |y modp
p—1
<> — Z |My| + | M| + | Ms| + [Mqy]).
p<QP2 a=1

Now we shall estimate each term in expression (6). From the orthogonality
relation for characters modulo p we know that for (p, mn) =1,

_ ) p—1, if n=mmodp;
Z x(n)x(m) = { 0, otherwise.
x mod p

From this identity we can easily get

S | 3 Xt )( M)mw

x mod p 1<n<p
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1D DD DERAL LTS
1<"<5 a1n<Tn<<§>
r(n)r(an
—p-1 Y L )+o<p6>
1<n<?® an
2
pr(a r(n .
1<n<kE
00 2
pr(a r(n .
< C(L) > 'Sﬂ)' +0(p).
(=1
Note that
Crl 2 Cr2 2 Ck: 2
G
pi V4

= I1[1+%
P1 p1
P17#P

o0
n=1
immediately get
1]

> 3 Z My <), Z
p<Qp

< C,

rp)=1
an absolute constant, and the estimate r(n) < di(n) < p¢, from (7) we

+> 3 ZP < Q7.

p<Q p

(8)
p<@Q p2 a=1
1
(9) Z 3 Z ‘MQ,
p<Q P? a=1
1= ; x(n)r(n)
=)= > x| Y =
p<Q P? a=1|xmodp n<?2
12t /
< — Z x(a) Z n
p<Q P? a=1|xmodp n<2
p—1
1 / X
+2 32| 2 x@| X
p<Q P2 a=1 x mod p n<§
p—1
n)r(n
SZ_QZ ZX(“) ZX()()
p<Q P? a=1|xmodp n<®
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p<m<y y2

dy
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S r(m) |dy +0(Q2+€)

1 pil rin +0o0 1
+Y =Y |r(n)| /2k 1
p<QP? a=lnpce YO Y pimsy
a mznap
1 P! (n)r(n) s Z X(m)r(m)
x(n)r(n <m<
<> = x(a)| > / A dy
p<Q P? a=1|xymodp n<§ n p Yy
>° r(m)|dy | +0(Q)

So from Lemma 1 (taking A = 2) and (9) we have

1=
(10) > > My
p<Q P? a=1
2k 1 pl 1
<> = / 7 SNy Z m) dy+O(Qa+e)
p<Q p2 a=ln<® apn<7:ln<(g)
1—L1 4
+QUn(yQ))!| dy )

1, [t01
+0 <Q2+ /QQk 7 { (Iny) ™t +y

1p1 Q2 l
SCADIE DD I

p<Qp2 a= 1 <p

+0 <Q§+e /C;:O [y‘l(ln y)

—0 (Z p—%+€> +0 (Q%Jrﬁ)
p<Q

6

‘#Q(lnw))ﬂ ay )

_ 0 ().
Applying the same method of proving (10), we also have the estimate
1 5=
> =D IMs|
p<Q P? a=1
1R X(m)r(m) \ (7 Ax,y)
=S Y Y e |3 M) ([T ARG,
p<Q P? a=1|xmodp m<p a Y
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=, Q" Ay,
Bl (5 (25
p< a x mod p m<p a
1= oo A(x y)d
+1§2p§;x§dpx (XS: )(/Q2k 2 y)

- - ” Z x(n)r(n
Sy LY Zx<a>(2Wﬁ EEM

1 2L oo r(m)
+ Y / — r(n)|dy+ O (Qz "
ngP% et v mz<:p m gg;gy ( )
an=m(p)
127t
Yy [0 LY x Ml o (i)

Q¥ YT <0 iy | n<s
n=a(p)
k 1 €
1 Q" y-5-p
oL &Y [ iy | o (i)
p<Q P2 m<p M /& Y
zo(Q%Jrﬁ)

where we have used the estimate r(n) < n¢ and for any fixed positive
integers h and m, the number of the solutions of equation an = hp+m (for
a and n ) is < d(hp + m) < p°. Similarly, we can also get the estimate

p—1 ’ oo oo Y.
(1203 =3 | 5w [ 5y [T 2

p<Q P? a=1|xmodp a

Combining (6), (8), (10), (11) and (12) we obtain the estimate

=0(Q>").

Ly 1 # 5t+e
p%pg az:l Xr%;dp L(1, x) 2 (Q )

This proves Lemma 2.
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LEMMA 3. Let Q > 2, then for any fized integer k, we have the asymp-
totic formula

1 1 . N
ZW > W:§.c(k).w(¢g)+o(@2+)_

p<Q XFX0
x(—1)=1

Proof. For prime power p®, note that u(1) =1, u(p) = —1 and u(p’) =
0 if 4 > 1. So that we have the identity

rp®) = ) u(m)u(nz)'“u(nk)Z{éjl)acg’ (;fhijlfe

ning--nE=p

and the asymptotic formula

(Ck) (CR)?

> r2(n Ck)2
> CWo T e TR I
i Pl pl P P
(n,p)=1 P1#P

-~ cm+0(;).

from the orthogonality relation for characters and the method of proving
Lemma 2 we can easily get

X#X0 ok
x(“n=1 [M<€

:¢(p) Z T Z Z T(n)r(m)—l—O(Qe)

2 X nm
n<Q? n<Q2 §Q2
(n,p)=1 m==n(p)
m¥#n
=) oy 0@,

1 r(n)x(n o Aly, 1.,
Tam = | T L Tt wer

n
xﬁ%oil nSQQk
and )
1 > Ay, 1
3 o) 3 ‘/Qk (y2X)dy‘ < Qe
p<Q p X#X0 Q y
x(=1)=1
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where A(y, x) = Z r(n)x(n). Note that the identity

Q¥ <n<y
1 X r(n)x(n) r(n)x(n) /°° Ay, x)
LE(1,%) nzz:l n n<z:QQk n o 92

Combining the above asymptotic formula and the estimates we have

1

x(=1)=1
1 r(n)x(n < A(y,Xx
T & | S e
p<Q chj%o:l n<Q2*
1 r(n)x(n < Aly,
+3 o D> (n)x(n) /2k (y2x)dy
p<Q PP x7xo n<Q2* < Y
x(—=1)=1 -
1 Ay, x)
Y os 3 dy
pSQ ¢(p) z”%O ) QQk y2
(1)

This proves Lemma 3.

LEMMA 4. For any integer ¢ > 1, we have the calculation formula

NG Z:f g =1 (mod4);
G(I;Q):%\/a(lJri) (1+6_gzq) = ?\/g th Zzggggi;:
(1+4)y/q if ¢=0(mod4),

where G(1;q) = zq: e <a_2>

a=1 q
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Proof. This is a remarkable formula of Gauss. See the formula (30) of
[1].

LEMMA 5. Letp be an odd prime, x be any nonprincipal even character
(i.e. x(—1) =1 and x # xo0) mod p. Then for any integer n with (n,p) = 1,
we have the identity

n p! a’® —
G x:p)? = 2p + (5) G(1:p) S x(a) ( 1) ,

a=1 p

n

where (5) 1s the Legendre symbol.

P 2

Proof. First we let G(n;p) = E e <E> Then for p J/n, from the
— p
a=1

formula (29) of [1] we know that

(13) G(n;p) = (%) G(1;p).

Applying (13) we can get that if x is a nonprincipal even character mod p,
then

p—1p—1 na? — nb2
G(n,x:p)* =D > x(a)x(b)e <7b>

a=1b=1 p
p—1p—1 nla? — b2
—ZZx(a5)6< : . ’ )>
a=1b=1
p—1lp-1 nb2(a2 —
—ZZx(a)e< ’ (p D)
a=1b=1
p—1 P .
a=1 b=1 p
—1 p—1
=Y x(a)G(n(a® —1);p) = > _ x(a)
a=1 a=1
p—2
=2G(0;p) + Y _ x(a)G(n(a* - 1);p)
a=2
p—1 CL2 -1
=2p+ <—> G(l;p);x(a) < 5 )

This proves Lemma 5.
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83. Proof of the theorems

In this section, we shall complete the proof of the theorems. First note
that if x is an odd character modulo p (or x # xo and p|n), then

P a2n
G(n,x;p) = Y _ x(a)e (—) =0.

a=1 p
So for any integer n, from Lemma 5 we have

1 |G(n,x;p)|*

19 2 om0 2 Toa P
B 1 |G(n, x;p)|*
= L 00 2 LR

r<Q X#X0

(pn)=1 x(—1)=1
1 n p-l a?—1 ’
= — 2p + (—) G(1;p) ) x(a) ( )
,;2 pH?(p) X;O P a; P
(p,n)=1 x(—1)=1
1
|L(1, x)[%*
1 n pl a? —1
= — 4p* + 4p (—) G(L;p) ) x(a) < )
,;2 pH(p) X;O P ; P
(p,m)=1 x(—1)=1
1
|L(1, x)[?
—lpol —1\ (-1
> S s Sy () (%)
p<Q p¢2 x#xo a=1b=1 p p
(p,n)=1 x(—1)=1
1
|L(1, x)|?+

On the other hand, we have the identities

p—1p—1 a2 — 2 _
(15) 22x<ab>< 1><b 1)

a=1b=1 p p

:”z‘:l”z‘:lx(a) <a252 - 1) <b2 - 1)

a=1b=1 p p
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()5

p p

(e SR (50) (5)

a0 x(a)
Z( ) XTI

a=2\ P /=

N~ (a2t (@)
-5 (57) = msmr

P/ =1

From the Lemma 1 of [8] we can also deduce the estimate

p—1 b2 — g2 b2 1
(16) Z( » )( ) )<<\/1_), a® # 1 mod p.

b=1

Now combining (14), (15), (16), Lemma 2, Lemma 3 and Lemma 4 we have

1 |G(n, x;p)*
2 000 2 LA

p<Q x mod p
p<Q p¢2(p) p X?on ’L(]‘?X)‘Qk
(p,n)=1 x(—1)=1
p 1 2
n a”—1 x(a)
- X (e (50) £
(p<)Q1 p a=1 p 2#1);01 ’L(LX)Pk
p,n x(—=1)=
.S >z(‘b) (Fh) s
FE p¢2 P =i p p o |L(1, x)[*
p,n x(=1)=
6p* — 6p 1
= a5 T 0 (Q°)
=L o1 2 P
x(—1)=1
oL ISy o
p<Q P o X#X0 X)

—3-C(k) - 7(Q) + O(QFT).
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This proves Theorem 1.
Now we prove Theorem 2. From Lemma 5 we have

r 1 |G (n, x;p)|°

17 o A, X BT

U0 2 3o 2 LA a@
o1 |G(n, x;p)|°
__;éﬁ&@)g% [L(1, x)|?*

(p,m)=1 x(—1)=1

—1 2 _ ’
O NI 1)] o

a=1

Z/ Z
rP<Q X#X0
(pn)=1 x(-1)=1

For (p,n) =1 and p = 3 mod 4,

anp |G(n, x;p) I
X#XO XFX0 | X |
_ 6
Yy §x<a>e(‘"a2) L
212 p )| Za
_ 6
-y §x<a>e(‘"a2) L
X#Xxo |a=1 p ‘ (1 X)’

—1 2 ’
%+C§)anm2kw%a {ﬂ'ﬁﬁiﬁﬁ

a=1 p

XF#X0
x(—1)=1

-1
Note that (—) = —1, from (15), (16), (17), (18), Lemma 2, Lemma 3

p
and Lemma 4 we obtain

! |G(n, x;p)[®
2 2o 2 LA

p<Q x mod p

1 |anp |G(n, x;p)|°
S £ i+ T i =

p<Q x#x p<Q x#xo
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S s e (S (22))
= NCYGYIRY 1% % P x\a
p<Q p2¢2 (p) X#X0 a=1 p
(p,m)=1 x(—1)=1
1
|L(1,x)|%*

=10-C(k) - m(Q) + 0 (Q>*).
This completes the proof of Theorem 2.

Note. For general integer m > 3, whether there exists an asymptotic

formula for )
Z 1 Z |G(n7X§p)| "
m—1(m _ 1)2 2k
s e =12 e LX)

is an unsolved problem.
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